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Abstract. Inthis paper we study transition layers in the solutions to the Allen-Cahn equation
in two dimensions. We show that for any straight line segment intersecting the boundary of
the domain orthogonally there exists a solution to the Allen-Cahn equation, whose transition
layer is located near this segment. In addition we analyze stability of such solutions and
show that it is completely determined by a geometric eigenvalue problem associated to the
transition layer. We prove the existence of both stable and unstable solutions. In the case
of the stable solutions we recover a result of Kohn and Sternberg [13]. As for the unstable
solutions we show that their Morse index is either 1 or 2.
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1. Introduction

In this paper we consider the following elliptic problem:
2Au+ fu) =0 in 2,
duu =0 on 052,

(1.1)

where f(u) = u(l — u?), 2 € R? is a bounded domain with smooth boundary, ¢
is a small parameter and 9, denotes the derivative in the direction of the outward
normal. Equation (1.1) is know as the Allen-Cahn equation and was introduced in
[2] as a model describing the evolution of antiphase boundaries.

The stationary problem (1.1) and its parabolic counterpart have been a subject
of an extensive research for many years and now we have a very complete picture
of the development, existence and dynamics of transition layers in the solutions
to (1.1). In order to describe some of the known results we define the Allen-Cahn
functional

s = [ [Evap—F Fu) = — 21 — 2
<“>—/9[3| uf? - <u>] (0 =~ 31 —u).
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By Per; (A) we denote the perimeter of the set A C §2. Intuitively the gradient flow
of J, in the limit as ¢ — 0, reduces to the gradient flow of Pery,. It is known that the
gradient flow of Pery; is simply the motion by mean curvature of dA. Summarizing:
transition layers in the Allen-Cahn flow evolve, as ¢ — 0, by their mean curvature.
On the level of formal asymptotics this fact was established in [17].

Chen in [5] and de Mottoni and Schatzman in [7] proved that initially developed
interfaces evolve by mean curvature as long as the classical solution to the mean
curvature flow exists. In [9, 11] analogous results were proven assuming the exis-
tence of mean curvature flow in an appropriately generalized sense. Finally, Soner
[18] was able to prove those results for a large class of initial data.

Convergence of the Allen-Cahn equation to the mean curvature motion for the
interfaces intersecting the boundary was studied in [5] and in [12].

Since the Allen-Cahn flow shrinks interior interfaces to points, nontrivial sta-
tionary states to (1.1) are possible only if their transition layers intersect the bound-
ary and their mean curvature approaches 0 as ¢ — 0. This situation was studied
in [13]. The authors used I"-convergence techniques to show a general result that
states that in a neighborhood of a local, isolated minimizer of Perg, there exists
a local minimizer to the functional J. They further used this idea to show the
existence of stable solutions for (1.1) in two dimensional, non-convex domains,
such as a dumbbell. In [16] Padilla and Tonnegawa proved that local minimizers of
the Allen-Cahn equation necessary converge to local minimizers of the perimeter
functional.

In this paper we study the Allen-Cahn equation in two dimensions and show
that for any smooth, stationary and nondegenerate solution to the mean curvature
flow there is a corresponding stationary solution to the Allen-Cahn equation. This
result in some sense completes the results described above as it establishes the
connection between functionals J and Perg; on the level of their critical points.

Throughout this paper we assume that a curve y € £2, our candidate for an
interface, is such that:

(i) the curvature of y is O (y is a straight line segment);
(ii) y intersects 052 at exactly two points yy, y1 and at those points y L 0§2;
(iii) y is nondegenerate in the sense described below (see (1.6) to follow).

Our first goal is to prove the following:
Theorem 1.1. Let U be the unique heteroclinic solution to
Uy + f(U) =0, —00 < 1] < 09,
U(f£oo) = 1, U0) = 0.

(1.2)

Let d(y; x, y) denote the signed distance of a point (x, y) € 2 to the straight line
that contains y. For each sufficiently small ¢ there exists a solution u® to (1.1) such
that

l[u®Cx, y) = Ud(y; x, y)/e)ll coy = Ce, (1.3)

where C > 0 is independent on ¢.



Existence and Morse index for Allen-Cahn equation 19

Our second goal is to analyze the stability of the solution described in Theo-
rem 1.1. More precisely we study the following eigenvalue problem:

AV 4+ W)V = —AV  in £,
2,V =0 on 052.

(1.4)

The Morse index of u® is simply the number of negative eigenvalues of (1.4).

To state our result we need to define a geometric eigenvalue problem that, as
we will see, plays an important role in our considerations. Let x50 (y;), i = 0, 1 be
the curvatures of 952 at the points of intersection with y. Consider the following
eigenvalue problem

_GSSZ)"Oa 0<S< |y|9
Oicae2 (vo) + 65 = 0, s=0, (1.5)
—Okan(y1) + 05 =0, s=1yl,

where y is parameterized by arclenght in such a way that s increases from yj to y;
and 052 is oriented counterclockwise from yyto y;. We say that y is nondegenerate if
(1.5) does not have a zero eigenvalue. This is equivalent to the following condition:

ka2 (Vo) + kag (1) — ke (Yo)kae (Y1) |y ] # 0. (1.6)
We can now state our second theorem.

Theorem 1.2. The Morse index of the solution to (1.1) described in Theorem 1.1
equals the number of negative eigenvalues of (1.5). Moreover for any k* > O there
exists epx such that, for all € € (0, g+, if { Axti=1.... i+ are the first k* eigenvalues
of the linearized problem (1.4) then Ay = re&? + 0(2), where {Ak}k=1,.. 1+ are the
first k* eigenvalues of (1.5).

Remark 1.1. We will distinguish 3 cases:

(1) The spectrum of (1.5) is positive-we refer to this case as the minimum axis
case.

(2) The spectrum of (1.5) contains one negative eigenvalue-we refer to this case
as the short axis case.

(3) The spectrum of (1.5) contains two negative eigenvalues-we refer to this case
as the long axis case.

By an explicit calculation one can show that (1.5) has at most two negative
eigenvalues. For example if both curvatures are negative then the spectrum is
positive. In this case y is a local minimizer of the perimeter and this situation was
treated in [13].

If both curvatures are positive then:

o If
o If

+
+

1 1 . .
oo T eeon > |y| then (1.5) has one negative eigenvalue.
< |y| then (1.5) has two negative eigenvalues.

1 1
k322 (Y0) Ky (1)
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The terminology short and long axis case is used because of the special situation
when §2 is an ellipse-the case that originally motivated our study.

Obviously, except a degenerate case, any combination of the curvatures gives
rise to one of the three cases described above.

Some key ideas of our present work were greatly motivated by [1]. In this
paper the authors considered the dynamics of the mass conserving Allen-Cahn
equation. Starting from a one parameter family of approximate interfaces with
constant mean curvature intersecting the boundary they were able to construct an
approximate invariant manifold to the parabolic PDE consisting of small drops
moving along the boundary. Their construction relies on the fact that the interfaces
for the mass conserving Allen-Cahn equation evolve by volume-preserving mean
curvature flow [4].

At first sight it seems that in our case a family of translates of y should
provide a one parameter family of interfaces, which then could be used to construct
an approximate solution to (1.1). This turns out not to be true. Main effort in
this paper is to construct a family of approximate interfaces that are appropriate
perturbations of y and this is done in parallel with the process of constructing an
approximate invariant manifold to (1.1). Our construction depends heavily on the
geometric properties not only of the boundary at two points of intersection with
the interface but also on £2 itself.

Once the approximate invariant manifold is constructed the existence of so-
lutions to (1.1) is proved using a spectral estimate and the Lyapunov-Schmidt
reduction. Our results regarding the Morse index of the solution and the asymp-
totic behavior of the eigenvalues are a byproduct of this approach.

This paper is organized as follows: in Section 2 we construct an approximate
solution to the invariant manifold equation. In Section 3 we study the linearized
eigenvalue problem, and in Section 4 we give proofs of our main results. The paper
concludes with some remarks about possible generalizations of our results.

The author would like to thank Manuel del Pino, Patricio Felmer and Peter
Sternberg for the discussions during the preparation of this paper.

2. Approximate manifold equation
2.1. Statement of the problem

Throughout this paper C, ¢ will denote generic constants whose values may vary
from line to line. Function U = U(n) will be the heteroclinic solution to (1.2) such
that U(£o00) = +£1.

In this section we will construct for each n > 1 a solution, up to order 7 in ¢,
of the following problem:

Au+ fu) =c@) - Veu+g®  ing2

. 2.1
ot = h on 052.

The unknown functions here are: u = u(x, y, §), ¢ = ¢(é), g° = g°(x, y,§) and
h® = h®(x, y, £). The above equation is to be valid for (x, y) € £2, |§| < §, some
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8 > 0, with £ € R and ¢ € R in the minimum and short axis case and & € R?
and ¢ € R? in the long axis case. We speak of solution up to order n of (2.1) if
g° = 0(&") and h* = O(¢"~"). We will denote such a solution by " or, if it does
not cause a confusion, by u.

The solution to (2.1) up to an arbitrary order will be constructed by using formal
asmptotics expansion techniques.

We will consider |£] < §, where § > O is an arbitrary but from now on fixed
number.

2.2. Preliminaries

In order to prepare for finding a solution to (2.1) we will first study some auxiliary
problems which are important in what follows.

Proposition 2.1. Equation
V,],,—i—f/(U)V:@, —00 < 1 < 09,

has a unique solution if and only if

o0
/ U, dn=0.

o

Moreover if |®(n)| < Ce = then |V(y)| < Ce =M, with similar estimates for the
derivatives.

Proposition 2.2. Consider

Vion + Vuu + f[()V =, —00 <n<00,0<pu< o0,
2.2)
V=1, —oo<n<oo,u=0.

Assume that |W(n, n)| < Cmin{e =", e ="} and | ()| < Ce =M. Problem (2.2)
has a unique solution if and only if

o o o
/ / YU, dudn = / YU, dn.
0 —00 —00

|V(n, w)| < C minf{e " e =},

Moreover

with similar estimates for the derivatives.

Proposition 2.1 is a well known result. For the proof of Proposition 2.2 we refer
the reader to [1,8].

In the sequel by A; we shall denote the eigenvalues and by 6;, i =1, ..., the
corresponding eigenfunctions of (1.5).
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At each step in the process of constructing an approximate solution to (1.1)
solvability conditions in Proposition 2.1 and Proposition 2.2 lead to boundary value
problems which are of the following general type:

¢ -Vep+b-0 -9, =A(y,8), O<y<1,|& <$§
hoo + ¢y = Bo(8), y=0,[§ <34 (2.3)
hie + ¢y = B1(8), y=11§ <34,
where
01, —218) in the minimum and short axis case,
(©,¢) = (2.4)

61, 02, —A1&1, —A2&), in the long axis case,

and the unknowns are ¢ and b. Function ¢ depends on y and the parameter £, and
b is a function of £. Constants /g, i/ satisfy the nondegeneracy condition

Y — I + hihY # 0. (2.5)

In what follows hj = Ky (yo) and b = —kye(y1). Assuming that |y| = 1 (which
can be done without loss of generality) we see that conditions (1.6) and (2.5) are
equivalent.

Lemma 2.1. Let function A(y, &) be a polynomial with respect to & with coeffi-
cients that are C*, k > 1 functions of y, 0 < y < 1. Assume also that functions
By (&), B (&) are polynomials with respect to &. The maximum degree of polynomi-
als A(-, &), Byo(&), By (&) will be denoted by K.

There exists a solution (¢, b) to (2.3) with the following properties:

(i) Function ¢ is a CY% function in &, with some o > 0, and C**2 function in y.
(ii) In the short axis case ¢ is a polynomial with respect to & of degree K and of
the following general form

K
0,6 =Y eu(»E".
n=0
A similar formula holds in the long axis case.
(iii) Function b(§) is also a polynomial in &, such that b(0) = 0.

Proof. We claim that without loss of generality we can consider (2.3) with homo-
geneous boundary conditions. Indeed, let p = ¢ + my + b where

—B\h! + Boh!! By — Bo(h! — 1)
m=m@E=——0—==> b=bl¢=——— "
hy — b + hihg hy — hY + hyh
Then § satisfies
¢ -Vep+b-O—p,=A(85, O0<y<lI§ <3,

h{®+ ¢, =0, y=11[§ <4,
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where A = A + ¢ - Ve(my + b). We observe that still A is a polynomial with
respect to £. The claim now follows.

Since (2.6) is a linear equation its solution can be built by taking a superposition
of a solution to

—@yy = A(y, 0), 0<y<l,
hip + ¢y =0, y=1,

and a solution to (2.6) with the right hand side replaced by A(y, §) — A(y, 0). Thus,
to solve (2.3), it suffices to show that there exist solutions to (2.7) and to (2.3) with
A(y,0) =0.

We will first solve (2.7). Observe that by the Fredholm alternative and (2.5)
there exists a unique solution to this equation.

We will now solve (2.3) under the assumption that A(y, 0) = 0. We chose b by

setting:
1
bi Z/ A9i dy,
0

where i = 1 in the minimum axis and short axis case and i = 1, 2 in the long axis
case. Since A(-, &) is a polynomial with respect to & and A(-, 0) = O therefore the
same is true for b. In addition the choice of b implies that ¢ is orthogonal to ® in
L?(0, 1).

To find ¢ we consider separately the minimum axis, the short axis and the long
axis case.

Minimum axis case. We will solve for § > & > 0 first. Introduce new variable
£ = §e ' In terms of ¢, ¢ solves

O — @y = A(y, ) — b1 (16;.

Since we want to find any solution to (2.3) we will take ¢(t, y) = 0, t = 0. From
the orthogonality condition it follows that

1
/ (p91 dy =0.
0

Using the assumption on A we also have
|A(y, 1) = b1 (61| < Ce ™",
hence
lgll 20,1y < Ce ™,

with similar estimates holding for other norms in (0, 1).

To prove the required regularity of ¢ with respect to & observe that we only
need to consider small £ or, equivalently, large ¢. Let the expansion of ¢ in terms
of eigenvalues of (1.5) be given by

o, ¥) = Y ¢n (00, (),

n=2



24 M. Kowalczyk

and corresponding expansion of the right hand side:

A, ) = b0 =Y ay()0,(y).

n=2

Observe that since A(y, £) is a polynomial with respect to £ and A(y, 0) = 0,
an(1) = an &) + - - + apnE™ (1) = Same 1 4+ O(e M), ast — 00.

One can calculate that

t
on(t) = / an(s)e 7" ds.
0

And in particular, setting ¢, = min{2A, %}, we get
Sape ! —Ai8ay e Mt
n=——"—+ 0" "), @=—"—"——+ 0 "),
@ o €@ ™), Ons o (e™™)

ast — 00. Since @, ; = (—A1&)@,.¢, we get

Aanl _
— 0 cn/r—1 ,
Pn & *y — Mg + O )

as & — 0T. Exactly the same result holds if we replace § by —4, hence the lemma
follows.

Short axis case. In this case it is more convenient to work directly with (y, &)
variables. By the choice of b;

K 1
AGLO—bity =3 AWE", / biAndy=0.n=1.....K.
0
n=1

If we look for ¢ in the form

K
0.6 =Y on(»E",
n=1

then each ¢, solves

_n)"lgon — @n,yy = An-
From the orthogonality condition we can solve uniquely for ¢;. When n > 1 then,
since nA; < 0, we can solve uniquely as well thanks to Fredholm alternative. The
rest of the lemma follows now immediately.
Long axis case. We proceed exactly as in the short axis case, i.e. we look for
a solution in the form

n+m=K

91O =Y Gum(NEE

n,m=1
Again solvability follows from the orthogonality condition and Fredholm alterna-

tive. We omit the details.
The proof is complete. O
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We observe that in the minimum axis case even though the right hand side and
the boundary conditions in (2.3) are polynomials with respect to &, the solution
@ is not. A slight modification of the proof in the minimum axis case yields the
following:

Corollary 2.1. Consider the minimum axis case and assume that functions A, By,
B are Cl*"‘/functions with respect to &, for some o' > 0, and |A(-, &) — A0, §)| <
CI&|, |E| < 8. Assume also that A is a C*, k > 1, function of y. There exists
a solution (@, b) to (2.3) with the following properties:

(i) Function ¢ is a C"*, for some a > 0, function in & and C**?* function in y,
which has the following general form

o =0E ) +¢* (),

where |p| < C|&|, |§] <.
(ii) Function b(§) is in C' and satisfies |b(§)| < C|&|.

2.3. Inner expansion

From now on we will not distinguish between the minimum, short and long axis
cases unless it is specifically stated. As we will see most of the computations in all
those cases are exactly the same.

Observe that, after rescaling, we can always assume that [y| = 1. We can
also assume that y is contained in the upper half plane, in the half line y > 0
and that the intersection points of y with 9£2 are (x,y) = (0,0) and (x,y) =
(0, 1), respectively. Then the usual Cartesian coordinates can be regarded as local
coordinates around y, with y € (0, 1) being the arc length of y and x € (—o, 0)
being the signed distance to y.

In what follows we will denote 0 = ¢'/2. We set £2, = (—0, o) x (0, 1).

By the inner expansion solution up order n we mean a function w™” =
w (x, y, £) which solves

2 Aw™ + f(w™) = (&) - Vew™ + g in2,, |€] <3, (2.8)

where g = O(¢"*!) and ¢ = ¢(£) is a function to be determined. Observe that
in (2.8) we do not insist that w™ satisfies the boundary condition. As we will see
in order to find the approximate solution to (2.1) we need to consider a boundary
layer expansion. This will be done in the next section.

To find the consecutive terms in the inner expansion up to order n we will
introduce a stretched variable as follows:

n—2

. wherep =@(y,£,6) =£-O0) + Y 'i(y,6).

i=1

X —&¢
e

We will assume that —oo < n < oo although one should keep in mind that we
need (2.8) to be satisfied only for n = % with (x, y) € £2,.
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Functions ¢;,i > 1 are at this point unknown and determining them is a part
of the inner expansion problem. In the sequel it will be convenient to denote

do(y,8) =& -6(y).

We now look for a solution to (2.8) in the form

n n—2
W= w9 = Y w0, @ =) .
i=0 =0

where ¢ is defined in (2.4).
In terms of the stretched variable n we have

wit + fw™) = —wi(c- Vep — £2¢,,) — ?¢wih + 267 wih
—g? w ytHe: w,S + g,

(2.9)

We set
Pw™, ¢, ¢) = —wi'(c- Vigp — &2¢yy) — 2powit 4 26°pywi

—&? wyy +c- wé
Observe that P is a polynomial with respect to &, wn , w,m, w’n"y, ww, wé , Ve,
¢y, ¢yy and c¢. In addition if all those functions are polynomials with respect to &
or C** functions of £ so is P.

We will also expand f(w™)
) = £(ulf) + () — ) + 47l 0 — )
+%fm(U)6n)(win _ wf)”)3.

Oth order expansion. Comparing terms of order 0 in & we obtain that wg' satisfies
Wiy, + f(wg') =0, —00 << o0, (2.10)

and thus we take wil = U.

1st order expansion. Including w " term in the formal expans10n for w and solv-
ing an appropriate equation one ﬁnds that necessarily w{" = 0. We omit this
calculation here.

2nd order expansion. Taking into account w{' = U we get for w’' the following

equation:

w?nn + f U)W = —Uy(ey- © — & - O,,) — Upy(& - 0,)%, o0 <1 <00
(2.11)

From Proposition 2.1 a unique solution to (2.11) exists, provided that
[o.¢]
f Up(eo-©® —&-Oy,)dn=0
—00

which holds if ¢ is taken as in (2.4).
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It follows that wé" is a polynomial in £ and it satisfies the following inequality
|wh'| < ClgPPe =M, (2.12)

with some ¢ > 0. Similar estimates hold for the derivatives of w5’

k > 2 order expansion. Expanding P in terms of powers of ¢ we find that the
coefficient of &, P, takes form

Py = —[Uy(co - Ve + €2+ O — ¢p_2,yy) +2U; € - Oyy2,]
+0s,

: : : in in in in in : :
where Qy is a polynorr}lal in wl.’n., Wi Wi s W Wi for0 <i <k—2,in
i, Vg(f)i, ¢j,y, (ﬁl’,yy anding¢;,0 <i <k-—3.

In a similar manner we can write the kth order term in the expansion of f(w™),
which does not include w;", in the form Ry = Ri(wy', ..., wy',), where Ry is
a polynomial function of its arguments.

We require that w!" satisfies the following equation

w;cy,lnn + f(U)w = —[Uy(co - Ve + k2 - ©
_¢k—2,yy) + zUrmé . @y¢k—2,y] + Qk + Rk.

(2.13)

Summarizing the above we have

Lemma 2.2. Assume that w;, 0 < i < k — 2 are smooth functions of (n, y) and
that \w;| < Ce =M with similar estimates holding for partial derivatives. Assume
further that ¢;, 0 < i < k — 3 are smooth functions of y.

In the minimum axis case we also assume that the functions mentioned above,
aswellasc¢;, 0 <i <k —3are C"?, for some o > 0, functions of & and in the
short and long axis case we assume that those functions are polynomials in §.

Then Qy, Ry are smooth functions of (n, y) and C"% functions of € in the short
axis case and polynomials in & in the short and long axis case. Moreover the
following estimate holds:

|Oxl, [Rx| < Ce=Ml.

From now on we will assume that all the functions involved in the asymptotic
expansion depend on the parameter £ the way it was described above.

Taking into account the solvability condition for the second order expansion
we then obtain the following solvability condition for (2.13):

[ (O + R dn
o Updn

€ Ve + 2O —Pr2yy = (2.14)

In order to solve (2.14) and determine w}'c” uniquely we need to solve for (cx—2, Pr—2)
first. This requires finding boundary conditions for ¢;_, and we will do it in the
next section.
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2.4. Boundary layer expansion

We will construct the boundary layer expansion near yy. The procedure is the same
near yj.

In order to define the boundary layer expansion we first have to extend functions
¢; for y < 0. Denoting the extension by the same symbol we set

P Lt 1> y>0,
(y, &) =

’ YrleP 0,8y, y=o.

In a similar manner we can extend ¢;, for y > 1. Observe that foreachi =0, ...,n

this extension is a C"*! function in y.

Since 0 = ¢'/2, we can assume that B(0, o) N 352 can be represented as
a graph of function y = ho(x); likewise, in a o-neighborhood of (1, 0), 352 can
be represented as a graph of y = h;(x). We clearly have /,(0) = 0 = 1{(0) and
ka2 (o) = h(0), ka(y1) = —h{(0).

As calculations near yy, y; are very similar we will only consider the boundary
layer expansion near yy. For brevity we set i = hg.

In B(0, 0) N 082 we can change variables
x—¢&p y —h(x)

n=——,

El

& &

where ¢ = Y &'¢; and ¢;’s are the extended functions defined above. The change
of variables we introduced here is not the standard change of variables used in
determining boundary layer expansions and sometimes it is referred to as corner
expansion.

Lemma 2.3. Assume that ¢ = Z;’zo g'p; and ¢; are n + 1 times differentiable as
functions of y. Then for each j, 1 < j < n we have

x — e+ ¢0(0) — XL, e X;(n, w)| < Cje (1 + Iyl + )7+,
ly—en — YL, 6Yin, w)| < Cie/ (1 + Inl + )7,

where X;, Y; are polynomials in (n, i) with coefficients depending on ¢;(y), i =
0,...,j—1, h(x) and their derivatives up to order j aty = 0, x = 0, respectively.
Constant C; depends on L™ norms of derivatives of ¢;(y) i =0, ..., j, and h(x)
up to order j + 1.

We omit a straightforward proof of this lemma. Observe that with the help of
Lemma 2.3 we can express functions of (x, y) as functions of (1, u).
For each M > 0 we define a C*° cut-off function

1, u>2M,
™M =4{0<t™ <1, M<p<2M,
0, w<M.

Notice that for each sufficiently large M there exists a constant Cjs such that
w > M implies y > Cye > 0, provided that |x| = o < &!/2.
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Remark 2.1. In order to find the boundary layer expansion near y; we need to set
nw= % and define a cut-off function, analogous to T, appropriately. Below,
with a slight abuse of notation, we will use symbols p and ™ for those extensions.

We look for the solution to (2.1) near y; in the form
w’ = My + (1 — MU + e,

where w™ is the inner expansion contribution from the previous section and v
the boundary layer contribution which is still to be determined.

Using (2.1) and substituting we obtain that near y; function v*¢ = v*(n, u, &)
should satisfy

A0 + U)W = ¢ Ve + 671 (1 — tM)e - ViU + e INH
—2eVIM . V(™" — U) — e(w™ — U)AT™  (2.15)
+elg),
where
Nbd — %f//(U){.L,M(win U — [tM " — U) + v
+5 /O W™ = U) = [M (™ — U) + 0™},
and g?¢ = O(¢"*!). In addition we also require boundary conditions, namely

90" = —8_1(3,,[] - th), near yy, (2.16)

where hbd O(g") is a function to be determined.
We will now express (2.15) and (2.16) in terms of the stretched variables (1, ).
Calculating directly we obtain that (2.15) takes form

ol 4+ U = pt g+l (2.17)
where
p, p.c) = —vli(c- Vep — 2¢yy) — 82¢>2 b — (>l
+2(h' + )l + en" vl — 82¢yyvf;d +e v
+e NP,
2 3
Nlbd(vbd) — %f”(U)(Ubd)2 4 %fm(U)(Ubd)S,
and

qU, w", ™. ¢.0) = —e~'(1 = ") Uyc - Vi
+ 27 M (W + ¢y (W™ — U), — wi]
—e'(w" — D{[(W)* + 1]z, —eh" )}
+&7 (NP — NP).
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Lemma 2.4. Assume that w" = Y " &' wf" is a smooth function of n,y and
v = Y"1 eV is a smooth function of (1, u). Moreover suppose that ¢ satisfies
the assumptions of Lemma 2.3. Then p and q have expansions

n n
p= Zeipl- + 8n+lﬁn+1, q= Zgi%' + 8n+167n+1
i=i

i=1

where p;’s are polynomials in terms of n, ;L and vgd e vf"_il and their derivatives,
and q;’s are polynomials in terms of 0, W, wé", el wﬁ'il, vgd, el vf‘fl and their
derivatives. The coefficients of p; and q; depend on ¢y, . . . , p;—1 and the derivatives

of those functions up to order n at y = 0. In addition if v?d, w;.", dj.cj, j =
0,...,i — 1 are C"* functions or polynomials in & so is p;, qi.

Furthermore if|w;"| < Ce—cll and|v?d| < Cmin{e ™ e~} 0 < j<i—l1,
with similar estimates for the derivatives then

|pil, 1gil < Cminfe ", e~c#},
Analogous estimates hold for the error terms py+1, Gun+1-

The proof of this lemma involves expressing functions of (x, y) in terms of
(n, ) by using Lemma 2.3, using Taylor polynomials to expand expressions for p
and g in terms of powers of ¢, grouping terms with equal powers of ¢ and finally
using induction. We omit the details.

Since near yy we have n = (W', —1)/\/m, we get
—0b P+ edy) — (W) = —Uy (7 0 + dy) + 2T+ ()2 (2.18)
Lemma 2.5. Assuming that v*¢ = o aivf’d we have at p =0
V= Uyl + ¢i(0)A"(0) + ¢iy (O] +ri,i =0, ..., n,

where functions r; are polynomials with respect to n, v?d, 0 < j <i—1andtheir
derivatives with coefficients depending on ¢;(y), 0 < j < i — 1, as well as their
derivatives at y = 0. Moreover if|vlj’-d(n, 0)| < Ce =", with similar estimates for
the derivatives, 0 < j <i — 1, then |r;| < Ce —clnl,

Oth order boundary layer expansion. For vg‘l we obtain
vgfl,m + vgfiw + (UMW =0, —00<n<00,0< <00,
v, = Uyl (0)(n + £ - ©(0) +& - ©,(0)], —00 < 1 < 00, jt = 0.
(2.19)
Using Proposition 2.2 we derive the following compatibility condition
h"(0)¢ - ©0) + & - ©,(0) =0. (2.20)

Taking into account 2" (0) = x(yp) we obtain the first boundary condition in (1.5).
Clearly similar considerations near y; lead to the second boundary condition in
(1.5).
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Since the right hand side of the boundary condition in (2.19) decays exponen-
tially in # therefore by Proposition 2.2 we obtain that the unique solution to (2.19)
satisfies

lvgd] < C minfe ", e =}, (2.21)

with similar estimates for the derivatives.

k > 0 order boundary expansion. For vzd, k > 0 we get

vzd?m + vzduu + f/(U)vllzd = Pk + 4x, —00 <N <00, 0< M < 00,

Ve = Uy [h" (0)(n + (0)) + ey ()] + 7%, —00 < 1 < 00, ju = 0.
(2.22)

Thanks to the solvability condition in Proposition 2.2 this leads to:

1 (0)4i(0) + iy (0) = 10 [ /0 / (pe+ g0 Uy dndys — / rkUndn]
(2.23)

where ng = ( ffooo U,% dn)~'. We observe here that solvability condition (2.23) has
form

h"(0)¢x (0) + ¢,y (0) = Bro(%),

where By is a C!"* function (in the minimum axis case) or a polynomial with

respect to & (in the short and long axis case) provided that all the functions involved

in definition of p, g and r; are C'* functions of & or polynomials in & respectively.
Clearly a similar solvability condition can be derived at y = 1 so that we get

hg(0)px + ¢ry = Bio§), y=0,

(2.24)
h{ (O + dry = Br1(§), y=1.

2.5. Approximate solution in §2

Summarizing the results of the two previous subsections we notice that:

(1) In order to determine kth term wzd in the asymptotic expansion of the inner
solution w we need to know ¢;_», ¢, first.

(2) Functions ¢y_», ¢k are obtained from solvability conditions involving wf”,
vf’d, 0 <i < k — 3, and lower order terms of ¢, c.

(3) These solvability conditions allow for solving not only for " but also for
bd
Ve,

These facts are the basis for setting up an induction proof of the next lemma.

Lemma 2.6. Let 0 = €'/? and ™ be the function defined above. Let Cy; be
a constant such that t™ (u) = 0 implies either Cyre > y or y > 1 — Cye.
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For each n > 2 there exist ¢(€) = &> Z;'_g glc; (&), |&| < 8 such that:

(i) Foreach0 <i <n —2, ¢;(£)isa CY® function of & such that |c;(§)| < C|&|
in the minimum axis case and a polynomial in & such that ¢;(0) = 0 in the
short and long axis case.

(ii) Functionw™ =Y""_, Ein” solves the inner expansion problem, i.e. for each

[E] <6,
Aw™ + f(w™) = ¢ - Vew™ + g in (0, 0) x (Cye, | — Cye),
with w™ = U(n) + Y1, ewi"(n, y, &), gb? = O("*). Here

n—2

L b=¢0.H=§-0+) ¢,

i=1

X — &
7”:
&

and function ¢ is a smooth function in y and C*%, for some a > 0, function
in & in the minimum axis case, and a polynomial in & with smooth coefficients
depending on y in the short and long axis case. Moreover the following
estimates hold

|wi"| < Ce eI, i=2,...,n,
|g£ln| < an-',-le—c|n|7 (225)

with similar statements for the derivatives of wf".

(iii) There exists a positive constant T, independent on € such that function w*® =
™w + (1 — t™)YU + ev®, solves the boundary layer problem up to order
n—1ie

AwP + f(wh) = ¢ - Vewhd + gb in 2, N {dist (-, 02) < 21},

n o
bd _ pbd
dw’ = hy¢, on 382 N {|x| < o},
bd _ ™12 i bd
where v = 15 el
In addition

|v?4| < C min{e 1", e~} i=0,....,n—2,
|gb| < Ce" min{e M, e ~c1}, (2.26)
b | < Cen~le—elnl,

with similar estimates for the derivatives.

Proof. We prove this lemma by induction.

Let n = 1. With the choice of ¢9 = & - ® and the choice of ¢y in (2.4) we
can satisfy the solvability conditions and solve for w, and vy as it is described in
previous sections. The rest of the statements of the lemma are easily verified in this
case by using Proposition 2.1, Proposition 2.2 and Lemma 2.1.

Assume now that for some k > 1 the lemma is true for all n < k. We will show
that one can find wy, vi—2, ¢r—2, Ck—2.
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From Lemma 2.2 and (2.14) it follows that in order to solve for ¢;_», ¢x_» we
need to solve

€ Vet +Cr2 O — Pz yy = Ar(y, &) (2.27)

where Ay is a function satisfying the assumptions of Corollary 2.1 in the short axis
case and Lemma 2.1 in the long axis case.
From Lemma 2.4, Lemma 2.5 and (2.24) we get the boundary conditions for

r2:
hg(0)r—2 + pr—2,y = Br20(§), y =0,
h{(0)r—2 + pr—2.y = Br2,1(§), y=1,

where Bi_> j(§), j = 0, 1 satisfy the assumption of Corollary 2.1 in the minimum
axis case and Lemma 2.1 in the short and long axis case. Consequently we can solve
uniquely (2.27) and (2.28) for ¢y, ¢x—» and those functions satisfy the assertions
of the lemma.

Now we solve for w;{” and viiz. We observe that from Proposition 2.1 and
Proposition 2.2 we get exponential decay estimates for w;;" and v,i"iz.

Finally we observe that the reminder term g};” = Qp+1 + Ri+1 and thus (2.25)
is satisfied thanks to Lemma 2.2.

Analogous statements are also easily proven for gid and hid . Notice that g,’jd =
Mgin 4 g,ﬁd. It suffices to observe now that functions hzd, g,ﬁd result from replacing
ho, hy and ¢ by polynomialsin (, i) in (2.15) and (2.18). Since functions hg, i1, ¢
are smooth, replacing them with Taylor expansions of order k — 1 introduces error
terms of the form e O(|n|* + u*). In addition those error terms are multiplied by
polynomials in terms of U, wf", vf’f 5> 1 =2,..., k and their derivatives and since
those functions decay exponentially in terms of |5| and © we obtain estimates
(2.26).

The proof of the lemma is complete. |

(2.28)

We need to define smooth cut-off functions in order to “connect” both expan-
sions. Let t be the constant in the statement of Lemma 2.6. Let x;, x2 be C°°(£2)
cut-off functions such that

1 if |x| < 0/2, dist (-, 3§2) > 21/3,
x1=30<xy1 <1ifo/2 <|x| <o, 1/3 <dist(:, 952) < 21/3,

0 otherwise,

1 if |x| < 0/2,dist (-, 9§2) < t/3,
x2=30<xy2<1ifo/2 <|x| <o, 1/3 <dist(-,382) < 2t/3,

0 otherwise.

In addition we assume that x; (x, ¥) + x2(x, y) = 1 for |x| < ¢/2 and all y.
We define now an approximate solution to (2.1) u by

u = xw" + xw + (1 — x1 — x2)U(|x]/e).

Using Lemma 2.6 we can prove the following:
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Proposition 2.3. Let w™ be the solution of the inner expansion problem up to
order n and w*? be the solution of the boundary layer problem up to order n. Then
Sfunction u is the solution of (2.1) up to order n with error terms satisfying

|g°] < Ce"e M/, |h°| < Ce" e MIE,
Moreover ¢ = €%(co + O(¢)).

The proof of this proposition is fairly standard and we shall omit it. We only
notice that the exponential estimate for v”? in (2.26) plays an important role
in matching w™ and w®® in the intermediate region where y e (t/3,27/3)U
1—-27/3,1—-1/3).

3. Eigenvalue analysis

In this section we shall consider the following eigenvalue problem:

AV + ffw)V = —AV, in 2,

0,V =0, on 952, G.1

where u is a solution to (2.1). We notice that the eigenvalues and eigenvectors of
(3.1) are, strictly speaking, different than the eigenvalues and eigenvectors which
are the subject of Theorem 1.2. Nevertheless, as we shall see later, the two are close
to each other provided that u is the approximation of high enough order.

The analysis of (3.1) follows the lines developed in [1].

In the sequel we will denote

LV = AV + f(u)V.

We will also use Ay, Vi, k = 1, ... to denote the eigenvalues and eigenvectors of
(3.1).

Let Yo = eu,. Let 2, = {dist ((x, y), y) < v} N 2. We will take v = v(g) =
£(In£)?. We will not emphasize the dependence of v on € unless necessary.

Lemma 3.1. The following formulas hold:

LYo =Upe O+ R in2,
o = —hg(0) Yo + 7 on 082, near yy,
o = h{(0)ro + r{ on 382, near y\,

where |R¢| < Cg3e ", e < Cege=M i =0,1.

Proof. We can write u = U(n) +&uy, where u; = u(n, i, y) and |u;| < Cee I,
with similar estimates for the derivatives. Differentiating (2.1) with respect to x
and multiplying by ¢ we get

Lo = ec- Veuy + e85 = Uyye- © + RE,

as claimed.
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We now need to compute d,u, on 352. We have near yy with hog = h,
Yo =uy —u,h'(x) =U, + svo - evo uh (x) + O(*)e <M,
Using the boundary condition for Uo we get
Vo, = Unlhg©O)(n+¢) +¢)] — v, + O(e)e =M
= UplhgO)(n+£-0) + £ - 0,1 — v, + O(e)e "
= —U,h{(0) + O(g)e .
Similarly near y; we get (since n = (—hj, 1)/m)

duo),, = Uyh{(0) + O(e)e ="
= Yok (0) 4+ O(e)e I,

This completes the proof. O

We introduce new variables in £2,, (x, y) — (x, z) by

(r.2) = <x y — ho(x) )
' "hi(x) —ho(x) )

Notice that z = z(x, y); conversely we can write y = y(x, z). For any function
@ = &(x, y) on £2, we have

/ d(x, y)dxdy_/ / @(x, 2)[1 + ji(x, 2)] dxdz, lj1(x, 2)| < Cv2.
2y

(3.2)
We also have for any function ¥(x, z), z = z(x, y),
S=wll+ 0l k)l <O a3
W=, + W j3(x, 2), | j3(x, 2)| < Cw.

We define an infinite subspace of L?(£2,) by

= {¥ € L*(2,)) | ¥(x. y) = Yo(x, »0R), z = z(x, y) }.

We will first analyze the bilinear form

By (Y1, ¥2) = / [£°Vyri - Vo — £/ () ¥ ],

2y

for ; € X.
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Lemma 3.2. Let y* = 0", v** = 0™ € X. The following formula holds:
1
B,(Y*, ¥ = 2 [h’{(ow*(l)e**(l) — h§(0)6*(0)6**(0) + / 010
0
1
+ 0<e>/ (0*1> + 16** + 107> + |9:*|2>] :
0

where oy = fﬂv 1,03.

Proof. We have

B, (Y, P = & f

82y

Yo,y dS — f VLY =1 + 11
2,

We first compute the boundary integral /. Observe that for each ¢ = o6 € X we
have by Lemma 3.1 and (3.3)

Wy = [ — h§ 0o + r§]0(0) + Y0, near yyp,
¥ = [hg(Dyo +r16(1) + 08,6, near y,
hence
I = ao[0* ()™ (A (1) — 6*(0)0**(0)hg(0)][1 + O(e)]
+&2 | y20*8,6™ ds.
082y,

We also have by Lemma 3.1 and integration by parts
I = —/ 0% 0™ * Yy LYo — 52/ [2Vro - VO™ + o A 1o 0*
2y £2,

1 v
= —/ / 0*0** [YoUyye - Ve(& - ©) + Ry |[1 + O] dxdz
0 J—v
+&2 | ygver-ver —&t | yl6*9,0" dS
2, 052,

=—II'+1I" —&* | 36*9,0"dS.
32,
Since [* YUy, dx = O(e /%),
1
|II'| < Ceay / |6%6*).
0
By a straightforward calculation we get

1
11" = % ( / 00> dz) [1+ 00
0

Combining expressions for 1, I1, II', II" we complete the proof of the lemma. O
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Corollary 3.1. The following estimate holds for any ¥ = o0 € X:

1
52/ 02 < Ce™'B,(y, ¢)+C5/ V2.
0 2y

This follows directly from Lemma 3.2 if we set 6* = 6** = 6 and use

1
/ 0> <ce ' | 2
0 2,

Let Xi—1, kK = 1, ... denote the collection of k — 1 dimensional subspaces

of X. We define
Mk = max min B, (Y, ¥).
$eX—1 yesl
11,2 gy =1
Let

1
J(6,6) = ! (0)6>(1) — h{}(0)6>(0) + / 02 dz.
0

From the Lemma 3.2 above there exists a positive constant Cy such that

2 . 2
Wk < &°0p max min J(6, 0) + CoellO|l7,1 s
$E€Xi  yesk [ H (0,1)]
Wl,20,,=!
fe > e max  min  [J(O,6) — C08||9||i,](0 bl
$€X k-1 yest ’
W2 0,)=!

Observe that for any functions ; = ¥v; € X,i = 1, 2, we have

1 v
W@:/ 0102{ w§[1+j1(x,z)]dx} dz
2, 0

1
= Ol()/ 191192[1 +k8(Z)] dZ,
0

where k° = O(e). It follows that the eigenvalue problem associated to J(6, ) —

C05||9||21<o,1> has form

—0,.(1 — Coe) + Coett = u* (1 + k),
R (0)3(0) + 9.(0) =0, (3.4)
R (0)9(1) 4+ 9,(1) = 0.

Clearly, a similar problem can be derived for J(6, 6) + C()8||9||i,](0 " Since (3.4)

is just a regular perturbation of (1.5), one can prove:

Lemma 3.3. For each positive integer K there exists eg > 0 such that for each
e €(0,exland eachk =1, ..., K the following estimate holds

e = 201+ 0(e)].
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We will now analyze B, (y*, ¥1), where ¢+ € X+ and the orthogonal com-
plement is taken in L2(£2,).
We begin with the following lemma:

Lemma 3.4. Let W, € H'(—v/e, v/¢) be functions such that

v/e
f U,¥, = o(1), ase — 0.

v/e

There exists a constant §* > 0 such that

v/e

v/e
f [1¥e* = )] = 8* / w2,

v/e —v/e

Proof. Since this is a well known statement we will only indicate the main steps in
the proof. We first notice that U, is the only element in the kernel of the following
linear operator:

LV =V, + f/(O)V, —00 < 1 < 00.

This follows from the fact that U, > 0, hence U, is the principal eigenfunction,
which in addition must be simple.

Taking the above for granted we argue by contradiction to prove the assertion
of the lemma. We assume that there exists a sequence {g,},=1,... such that

v/en ) , ) 1 v/en 5
/ [|Wsn,n| —f (U)'I’Sn] < ;/ v, - (3.5

v/en —v/én

Without loss of generality we can further assume that ||l1/82n 22 vjen,vyen) = 1. We
then have ||‘1’52,L||H1(—v/s,,,u/s,,) < C and thus we can pass to the limit obtaining
¥ € H'(—00, 00) such that (% U,¥ = 0and

/ [l 1> — f()w?] < 0.

One can also prove using (3.5) that there exist constants My, g > 0 such that for
each M > M, we have

f P2 < Cem*0M—Mo) f w2
n>M " n<My !

(we shall not do it here but refer the reader to the proof of Lemma 3.8 where
a similar fact is proven). This guarantees that [|¥ || 2(_ s ) > 1/2. We now obtain
a contradiction with the fact that U, is the unique eigenfunction corresponding to 0,
the principal eigenvalue of L. O

We can now state a counterpart of Lemma 3.4 in our setting.
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Lemma 3.5. There exists a constant vy > 0, independent on ¢ such that
1ol 12
8.0 v = [P
2y

for Yt € Xt. Moreover, vy > 0 can be chosen such that
8.0 = [ GIVUE ).
2y

Proof. We will argue by contradiction. Assume that for each positive integer n

there exists ¢, and ;- € X+, ||y[/L||L2(Q , = &n such that

n

B,y b < 2
n

We then have for each function 6 = 6(z)
v/ien pl
/ / VU,0(z) dzdn = o(1), asn — 00,
v/ep JO
hence almost everywhere in (0, 1) we have
v/en
Y-U,dn = o(1).
v/en
Likewise we get for all n
v/en v/€n
[ Cwbreoe [k p <
—v/en —v/en
almost everywhere in (0, 1). Using Lemma 3.4 we then have
v/en v/€n
/ (195, * = £ O] = 8 / W)
—v/en —v/en
Integrating the above formula with respect to z over (0, 1) we get
&n ofen / 152
;>B(1ﬁn,1ﬁ )>8n [, > = £ @) ] + olen)

v/en

v/en
= 8115*/ / (%L)2 +o(ey) = 8%e, + 0(ep).
0 J—

v/en

Dividing by ¢, and letting n — oo we obtain a contradiction. This proves the first
estimate of the lemma. The proof of the second estimate is left to the reader. O
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Lemma 3.6. For any € X Nspan{6ivo | i = 1,...,k}, ¢+ € X+ and any
k € (0, 1/2) the following estimates hold.:

B,(V, ¢1) < Ce* B, (Y, ¥) + Ce* f v’
2y
24k gLz L YO 12
+fv(e Vo2 + 19
B +¢7 ¥ +61) = B, WL+ 06D+ C N7 g

Yo 12

where 1131 o, = Jo, €IV + 1671

Proof. By a straightforward calculation we have
B¢ =6 | ¢rapdS— | oLy (3.6)
92, 2y
We also get

/ oAy = | [¢10AY0 + 201V - Vi + ¢ AG]
2,

2y

= ¢ yd,.0dS
a2,

+ [ 0408w+ 6190 Vi~ V6 - V')
2y
We will consider I = fﬂv YoV6 - Vé. We have, using (3.3)
I= / {V0b:0-2; + 0:6, 0w} = / Yob:p= + O) | 6:][Ve™].
.QV QV Qv

Since ¢ € X therefore for each function g = g(z) we have

vie pl
0= [ ot = [ [ wbpts@[1+ o] dzan

2y —v/eJ0

where
ljils izl < Cv.
Since g is arbitrary therefore for each z € (0, 1) we have

v/e

Yob-¢™[1+ ji(n.2)]dn = 0.

—v/e



Existence and Morse index for Allen-Cahn equation

41

Differentiating this last formula with respect to z we get

v/e v/e
Vo0 [1+ ji(n, 2)]dn = — Vo0 [1 + j{(n, 2)] dn
—v/e —v/e
v/e
— Vo0 ji.(n, 2) dn
—v/e
v/e
- Yo,:0-¢[1+ j{(n,2)] dn
—v/e
v/e
==/, Vo0~ ji.(n, 2) dn
—V/E

v/e
+ / Yo.:0.6"[1 + j{(n, 2)] dn.

v/e

Integrating now with respect to z we obtain

V V00,0, sc/ 10.11¢™ 1.
2, 2,

Isc/ |9Z||¢i|+cU/ 6.1V .
v QV

Consequently,

We now need to estimate /] = faﬂv 169,y dS. Since near y, we have

o = —hy(O)U, + rg = —hg(0)y + 7§, where |7| < ge

with a similar estimate near y;, therefore

2
m=>y" f ¢00, %0 dS + O(e %) pr6ds
2,NB(y;,v)

i=1 982yN{|x|=v}

2

=2/ ( Do 0h_, (0),/1+ (h_})? dx

i=1

+0(e /%) ¢t0ds
982yN{|x|=v}

zi 0 og o O T 2 = 1]
i=1 77

+0(e /%) ¢t0ds

a82y,N{|x|=v}

= 0(®) ¢0ds.
052,
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Using a trace inequality we find, for each o > 0,

C
/ o101 dS < a/ o> dS + —/ 0%ds
382y a2y o Jae,

< Ca/ [V ? + v gt 7]
2y

C 1
+— [/ 0% +6%(1) + 92(0)} ,

0
hence
2 12 —1 412 v ! 2 2
11 < Cav [IVo1? + v 1] + - (02 +6%). (3.7)
2, 0

Furthermore we need to estimate /1 = |, o, ¢-VOV . We have
VOV = 0:[VzVip] = O(1)0:,
hence

ms/ 16:116"1.
2y

Taking @ = ¢73/2, k € (0, 1/2) and using Corollary 3.1 we get from (3.6) and

estimates on I, I1, 111,

¢100,Y0dS
92,

B,(y,¢") < &

+ [ wotennen
2,
+CSZ/ 1611V Ve| + |9 1]
2,
<cen? [ igtilds
082,
+C [ 1061+ 100194 + vig 199
2,

1
K —2K VO
< ce*t / (16,1 + 161%) + & 2/ |V¢L|2+Z/ "2
0 2y 2y

< Ce*B, (Y, ¥) + Ce** / s
2y
32 12, Yo, 12
+/Qv(s Vo' + 16"

The first assertion of the lemma follows from the above. The second follows by
taking k = 1/4. O

Let X}_ denote the collection of kK — 1 dimensional subspaces of L%(£2,). We
define

Mp = max min B, (¥, ¥).
SeXy—i west

19112 g,)=!
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We will decompose ¥ = y +¢*, where € X, ¢~ € X*.Letd, ..., 6 bethe
eigenfunctions of (1.5) and let S;—; = span{y6;,i = 1,...,k—1}.If¥ € S,ﬂ-_l
then

O=/ Uob; = Yob;, i=1,...,k—1.
‘QV QU
From Lemma 3.6 it follows then

wp > min B, (¥, ¥)

wesi
91,2 =1
> min {i%u(w, WL+ 0E™H = | 42
WESk{I 2,
2 2 _
W15 g, HIBH I 6 =1
Vo 1.2
+_
2 Ja o~ }
. Y
> min {Ak82[1+0(81/4)] Ilf2+—0f |¢L|2}
WESI}_I 2, 2 2
2 2 _
W22 g, HI85 125 g =

> e[l 4 0.

On the other hand assume that for each § > 0 there exists kK — 1 dimensional
subspace Ss such that

min B, (¥, ¥) > (A +9).
lI/eSL

¥l 1

L2~

Suppose that S5 = span {¥y9; + ¢>l.l, i=1,...,k— 1}. (Some of the components
#;’s may be equal to 0). It follows that there exists a vector ¥ = ¥ such
that ¥ € S5, [[¥ll;2(,) = 1 and in addition [, yo;0 = 0. Thus ¥ € S|,
Sm—1 = span {Yp3;, ¥; # 0}, where m < k. We can assume that

min B,(P, D).
L

ves

B,(Y,¥) = min B, ¥) =
VESm—1
1912, =1
We then have by Lemma 3.3
&0 +8) < Bu(W, ¥) < & (h + Co),
a contradiction. Thus we have proved:

Lemma 3.7. The following estimate holds:

&2 — Ce'y < i < (v + Ce).
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We will now consider the linearized operator and it associated bilinear form
on the whole domain £2. More precisely let (Vi, A;) denote the eigenvectors and
eigenvalues of (3.1). Let

B, ¥n) = / VY Vi — f .
2

We will show that for any constant M > 0 and any & such that 1y < M + 1 the kth
eigenvalue of (3.1) satisfies Ay = £2A; +o0(g?). Before we do that we need a lemma
which basically states that the critical eigenvectors of (3.1) (i.e. corresponding to
eigenvalues of order £?) decay exponentially away from the transition layer.

Lemma 3.8. Let M > 0 be fixed and let Ay be an eigenvalue of (3.1) satisfying
Ay < Még>. There exists positive constant p, independent on € and such that

[ IVUE £ P S G g VR= 0. G)
|x|>R €

Proof. We fix k and denote V;, = V, A, = A. For each 8 > 0 we define a function
VP =Mty
Calculating directly we obtain
LV = —(A+ VP +2ep0,VE.

Multiplying the above equation by V# and integrating by parts we get

—B(VA, VP +82/

VA3 VP dS = —(A+ BHIVPIl 20 + 28,3/ VP, VP,
082 2

(3.9)

We will first deal with the boundary integral above. Using a trace inequality and
0,V = 0 we find

82/ VP, VP dS‘ =
052

8,3/ [V |20, dS‘
a2

BNV 1) IVP L2y + CBEIVA 2,

IA

1
28NV 1) + CBB + DIV I -

IA

From (3.9) we get

e 812 / 812
—/ [VVZ —/[f W) +A+CBB+)]VF|” <0. (3.10)
4 Jo I7)

Observe that, since A < Me?, there exist positive constants Ry, By and c¢ such that

')+ A+ CB(B+e) < —co, [x| > Roe, 0 < B < fo.
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Thus we have for each R > Rye

82
- |vvﬂ|2+cof

|vﬂ|25C/ [2IVVP]E + VAP
4 Jix=r Ix|> R x| <Roe

Taking By smaller if necessary we obtain

@3.11)

f P[EVVE + V] < CIVIE -
x>R €

Modifying the constant on the right hand side of the above estimate we can extend
(3.11) for 0 < R < Rye.

An analogous to (3.11) estimate can be proven in the region x < —R if we take
VP = ¢ P/ and repeat the above argument.

Estimate (3.8) follows now immediately. O

Lemma 3.9. Let M > A be fixed and let k* = max{k | A,y < M}. Let ¥, =
axYobk, where ay is chosen such that |||l 2o,y = 1. Then for each k < k* we
have

Ap = M&[1 4 0],

(3.12)
IV =Yl ) = Cv.

Proof. We will prove the result using the induction with respect to k. Let k =
1 <k*.
We first define a C*°(£2) cut-off function y, as follows

! 20 {lx| = v/2},
Xw=30<yx, <1 £2N{v/2 < x| <v},
0 2n{v < x|}

Consider a test function ¥ = ; x,,. Using Lemma 3.3 and Corollary 3.1 we find

1
BW, W) < B,(1, Y1) + Ce f (2061 + 161 ?]
0

< B,(Y1, YD1 + O™ + Ce ™ Yl
< M1+ 0.

Thus we conclude that
A < a1+ 0('H). (3.13)

Observe that, since || V1,2 = 1, we have ||V} ||H£1 () < C. From Lemma 3.8 we
get

BV1, V1) = B,(V1, Vi) = Ce P Vi,

= me Vil 2@l + OEYH] = Ce PV, 0 (3.14)

> M2 Vill gl + O]
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From (3.13) and (3.14) we get
Ay = 1’14 0] (3.15)

Hence we have proven the first of the inequalities in (3.12) in the case k = 1. To
show the rest of (3.12) let W; = V) x,. Since supp W; C $2, therefore we can
decompose

Wi=aiyn+v¥ +9, Jex, iy =0, yteXt
2y

We can calculate
LW = AW, + 2P,

where
P, = VlAX\} +2VV; - VXV.

Multiplying the above equation by v + v+ and integrating by parts we get
£v(a1wl’ ‘(ﬁ + ‘&L) + £v(lﬂ + ‘&L’ ‘(ﬁ + ‘&L) = Al (”12}”12(9") + ”&LHiZ(Q"))
+el [ (@ +yHP. (3.16)
2y
We have

B(a1¥, ¥ + ) = Bularyn, ¥) + Bu(@y, ). (3.17)

Using Lemma 3.2 one can show that for any functions ¥* = 406*, ¥** =y06* € X
we have

1
B, (U, ) = 2 [h’l’(O)e*(l)O**(l) — hy(0)0*(0)0**(0) +/ 076" dz}
0
+0E)[ B, ) + EIV 72 g, + B, ¥
+E V720, (3.18)

where we have made use of Corollary 3.1 as well. We also have
~ 1 ~
0= l/mpzoco{/ 919[1+O(v)]dz}.
2, 0

It follows from (3.18) with ¥* = v and y** = v that
Bu(@ryn, ¥) = 0©)ai[ B, y) + ev¥il} g ]
+0E (8., ¥) + vVl 0, (3.19)

From Lemma 3.8 we get

1Pl 2@,y < Ce P72 (3.20)

v) —



Existence and Morse index for Allen-Cahn equation 47

By Lemma 3.6 and (3.16), (3.19), (3.20) we get, since |a;| < 1,

[h2e’(1+ OE") = M) 12 g, + CI 151 g, < CEPv. (32D

Since Ay = A182(1 + O(e'/*)) and A, — A1 > 0, we get
1011720, + 19 151 ) < CV (3.22)
hence
lar] = Vil 2@, = W1 = Vill 2, — IV 1202y — 19 1120,
>1—00W'?).

The second part of (3.12) follows now from (3.22) and (3.23).

Assume now that (3.12) holds fork = 1, ..., m and thatm < k*. We will show
that (3.12) holds for (An+1, Vins1)-

Let

(3.23)

Yo = Vmt1 Xv — Z ka Vivm+1 Xo-
k=1

v

From Lemma 3.8 and the inductive assumption it follows that

Ill2q,, = 1+ 00,

hence we have

Ampr=_ min BV, V) < B, v)IWll 3,
VLVik=1,..m ()

1Vl2(0)=1

< Bv(Ymt1, YD1 + OW)]
< Amp1€[1 + O('/M)]. (3.24)

Define now functions
m
W, = m+1Xv — Z dfk wkvm-HXu-
Q
k=1 v

From Lemma 3.8 we get

IWoll32q,, = 1+ OW),

and thus we can estimate
Ant182 < By(Wy, Wo)[1 4+ O(v)]
< [BVit1, Ving1) + Oe ™)1 + OW)] (3.25)
< Ap[1 +O0W)].

Combining (3.24) and (3.25) we obtain the first inequality in (3.12) holds for A, 4.
In order to prove the second of the estimates in (3.12) for V4, we argue
similarly as in the proof for V;. We omit the details.
The proof of the lemma is complete. |
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Corollary 3.2. (i) Let Yx, k = 1,...,m be functions defined in the statement
of Lemma 3.9 and let \J} = i x,. Assume that v satisfies f_Q vy = 0,
k=1,...,m. Then

B, v) = Apsi [l + O] -

ii) Assume that v satisfies |, vug. = 0, i = 1 in the minimum and short axis case
2 51
andi = 1, 2 in the long axis case. Then we have

B(v,v) > A[l + 0(81/4)]”1)”%2(9), minimum and short axis case,

B, v) > A3[1+ 0(81/4)]||v||§2(9), long axis case.

Proof. We will prove part (i) of this lemma. Proof of (ii) is similar and is left to

the reader. We define
m
ﬁ:v—ZVk/ N

k=1 £

From our assumption and Lemma 3.9 it follows

f ka
2

B@, ) 2 Ans110l132.q) = Ams1 100172 [1 + OW)].

12
<Ol 2

Furthermore

On the other hand

m 2
B@. D) =B, v) — Y A (/ ka> )
k=1 2

Our assertion now follows. O

4. Existence of and stability of stationary states

Proof of Theorem 1.1. The main idea of the proofis to use the method of Lyapunov-
Schmidt reduction. For that we need two steps:

(1) Solve (1.1) in the orthogonal complement of Vzu, for each fixed &.
(2) Find a particular value of £ for which the Lagrange multiplier ¢(€) is equal
to 0.

Step 1. Let F(u) = _411(1 — u?)2. It is well know that  is a solution to (1.1) if and
only if u is a critical point of

82
J(u) =/ [E|V”|2 — F(u)i|.
2
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Let u" be an approximate solution up to order n, n > 5 to (2.1). We will show that

for each & there exists a function v* = v"(x, y, &, ¢) such that

inf  JWw'+0) =Ju" +v")
T;LVSu”
1912y =2

and

3)/2
V'l 20y < Ce" 372,

For each v we can write
JW" + ) = Jw") + DIW")v+ B@, V) + N (D),
where N (D) = fg " + }11”)4). We first observe that
inf  J@w" +v) < J@u").

TJLVEM”

= 4
1912 <¢

On the other hand we have
DJW™)p = &2 / vhe — f DLu"
a2 Q
=82/ ahf—c-/ avgu"—/ vg*
a2 Q I?)
:82/ ﬁhe—/ f)ge,
a2 Q

hence, using a trace inequality, we get

DJu")D = —&*||h¥|| Lo 10l L1 agy — N0l 2 1851 12¢02)
> —Ce?|hf ||l I0ll 20y — 1012 185 122)

_C8n+5

v

Furthermore we have

N(V) = —C(||17||i3(9) + ||l7||i4(9))
> —C(1 + ||1~)||H'(Q)||1~)||L2(9))||1~)||H1(9)||1~)||iz(9)
> —Ce*(1+ &*10ll y1@) 101l 1) 101 12(2)
> —C83||17||i,£1(9)-

4.1

4.2)

(4.3)

(4.4)

Now, if v" is a minimizer of J(u"+7?) then, from (4.2), (4.3), (4.4) and Corollary 3.2,

it follows

Ce" = B, V") — CENV" 17,1,
&

Z Am[l + 0(81/4)]”1}”22(9)7

4.5)
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where m = 2 in the minimum and short axis case and m = 3 in the long axis case.
From Lemma 3.9 we conclude (4.1). As an easy corollary we obtain

0" | g1y < Ce™ D72, (4.6)

Step 2. Since, for n > 5, we have # > 4 therefore the minimizer v" obtained

in Step 1 is a weak (and, by elliptic regularity, classical) solution to the following
problem
E2AW" + V") + f(u" +v") =& Veu", in £2,

0, V" = —0o,u", on 952,
Jo V' Veu" =0,
where ¢ is a Lagrange multiplier. We can write the above equation in the form
LV = (€ —c¢) Veu" — g+ NQ"), 4.7)

where N(v") = 2u” (v")? + (v")*. Multiplying (4.7) by V,,, m = 1 in the minimum
and short axis case and m = 1, 2 in the long axis case, integrating by parts, using

/ Vi LV"
17,

/ﬂ%wnz—éﬂ%j+ogmm,
£2

CS(”+5)/2

IA

and estimates (4.1), (4.6) we obtain
€ —¢| < Ce /2, (4.8)

Clearly ¢y (0) = 0. Since, 1, # 0(wherem = 1 in the minimum and short axis case
and m = 1, 2 in the long axis case) therefore using (4.8) and the definition of ¢y, by
a standard topological degree argument we obtain &(€) = 0 for some &, || < Ce.
Consequently, u" (5) + V" (é) is a solution to (1.1). Moreover |¢(§, y)| < Ce and
thus

lu" (@, y, &) — Ux/) I co) < Ce.
Standard elliptic regularity and (4.6) give

V" [z < Ce" 727K, (4.9)
Setting k = 2 we conclude (1.3). The proof of the theorem is complete. O
Proof of Theorem 1.2. Using estimate (4.9) with k = 2 and taking n > 5 we obtain
V" [l oy < Ce™ V% < Ce2.
Consequently the linear operator
AV 4+ fu" + ")V = AV

is a O(¢/?) perturbation of .£. The statement of the theorem follows from Lem-
ma 3.9 by a straightforward argument. We omit the details. O
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5. Concluding remarks-generalizations

In this paper for simplification we have chosen f to be a cubic nonlinearity.
Our results can be generalized when f is a bistable, smooth nonlinearity with
polynomial growth at oo by using Taylor’s expansion of f.

Another possible and straightforward generalization is to consider an interface
consisting of multiple, isolated straight line segments. One can construct the ap-
proximate invariant manifold by “gluing” manifolds of the separate components.
It can be easily done due to the fact that away from the interface the solution to the
approximate invariant manifold equation converges at an exponential rate to £1.
In other words-isolated interfaces interact very weakly with one another.

The works of Bronsard and Stoth [3] and Nakashima and Tanaka [14] suggest
that there are solutions with interfaces that collapse onto each other as ¢ — 0
(phantom interfaces). Their interaction is stronger and should influence the asymp-
totics.

A more difficult than our setting situation happens if two straight line segments
intersect at the right angle-this corresponds to a nonsmooth, stationary solution to
the mean curvature flow. We expect that a solution to (1.1) can be constructed in
this case, as suggested by [6], however our method in its present form does not
apply. Similar in the spirit problem is to consider the vector valued Allen-Cahn
equation with triple well potential F. Flores and Padilla constructed in this case
stationary solutions of Morse index 2 [10] by using a variational approach.

5.1. Added in proof

In the recent work Pacard and Ritoré [15] proved a generalization of the existence
result presented here. Namely, they showed that any nondegenerate minimal hy-
persurfaces in (n 4 1), n > 1, Riemanian manifold is a nodal set of a solution to
the Allen-Cahn equation. The key idea in their approach is to invert the linearized
operator in carefully chosen weighted spaces.
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