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Abstract. Out of a right, circular cylinder 2, of height H and cross-section a disc of radius
R + o€ one removes a stack of n ~ H/e parallel, equi-spaced cylinders C;, j = 1,2, ... ,n,
each of radius R and height ve. Here o, v are fixed positive numbers and ¢ is a positive
parameter to be allowed to go to zero. The union of the C; almost fills €2, in the sense
that any two contiguous cylinders C; are at a mutual distance of the order of & and that
the outer shell, i.e., the gap S, = Q. — €2, has thickness of the order of ¢ (€2, is obtained
from €2, by formally setting & = 0). The cylinder 2, from which the C; are removed, is an
almost disconnected structure, it is denoted by €., and it arises in the mathematical theory
of phototransduction. -

For each ¢ > 0 we consider the heat equation in the almost disconnected structure 2.,
for the unknown function u,, with variational boundary data on the faces of the removed
cylinders C;. The limit of this family of problems as ¢ — 0 is computed by concentrating
heat capacity and diffusivity on the outer shell, and by homogenizing the u, within the
limiting cylinder €2,,.

It is shown that the limiting problem consists of an interior diffusion in €2, and a bound-
ary diffusion on the lateral boundary S of €2,. The interior diffusion is governed by the
2-dimensional heat equation in €2,, for an interior limiting function u. The boundary dif-
fusion is governed by the Laplace—Beltrami heat equation on S, for a boundary limiting
function us. Moreover the exterior flux of the interior limit u provides the source term for
the boundary diffusion on S. Finally the interior limit #, computed on S in the sense of the
traces, coincides with the boundary limit us. As a consequence of the geometry of €2, local
arguments do not suffice to prove convergence in €2,, and also we have to take into account
the behavior of the solution in S,. A key, novel idea consists in extending equi-bounded
and equi-Holder continuous functions in e-dependent domains, into equi-bounded and equi-
Holder continuous functions in the whole RY by means of the Kirzbraun—Pucci extension
technique.
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The biological origin of this problem is traced, and its application to signal transduction
in the retina rod cells of vertebrates is discussed.
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1. Introduction
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The figure represents the axial cross-section of a right circular cylinder €2, of
height H and with transversal cross-section a disc Dgy4e, Where H, R and o are
fixed positive numbers and ¢ is a small positive parameter. Introduce coordinates
X = (x1,x2) and x = (X,z) so that,

Q. ={X <R+oe}x{0<z<H}; Q={x<R}x{0<z<H]

The cylinder €2, is included in €2, is coaxial with it, and it is formally obtained
from €2, by setting ¢ = 0. The cylinder €2, houses a vertical stack of n parallel,
thin, equally spaced cylinders C;, j = 1,2, ...,n, coaxial with £, and with cross-
section a disc Dg. They are thin in the sense that their thickness is ¢ < H. Their
mutual distance is ve, where v is a fixed positive number. The first C; has distance
%ve from the lower face of the cylinder 2, and the last C, has distance %ve from
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the upper face of €2,. The indicated geometry implies that,

n
VOl(szl Cj) 1 dof

(1.1) = = 0,; ne = = Ho,.

vol(£2,) 14+v 14+v
The spaces between two contiguous cylinders C; and C;4; and within €2, are the
interdiscal spaces. For j = 1,2, ...,(n — 1) these are equal cylinders coaxial with

Q,, with the same radius and of height ve. We label them by /;, j = 0,1,2,....n
by defining [, as the space between the lower face {z = 0} of €2, and the lower face
of Cy, and I, as the space between the upper face {z = H} of 2, and the upper
face of C,. The upper and lower faces of the interdiscal spaces I; are denoted by
8114[. We also denote by L ; the lateral surface of the discs C;, and by A ; the lateral
surface of the interdiscal spaces /;. The gap between 2, and €2, is the outer shell
Se, 1.e.,

Saz{R<|f|<R+68}x{O<z<H}.

For each of the either three-dimensional or two-dimensional domains introduced,
consider the corresponding space—time cylindrical domain over a time interval
(0,T), for a fixed T > 0. For example 2, 7 = 2, x (0,T],S:.7 = Se x (0,T], etc.

1.1. The family of e-problems

We will compute the limit ¢ — 0 of solutions of the heat equation set in the domain
2, from which the discs C; have been removed, with non-linear variational data
on the faces 81;.:, and where the mass is concentrated in the outer shell S,. Set,

1 for x € UI-, N no_ n
(]2) as(x)z j=0 QSZQS—UCj:UIjUSsv
£ Z i
=2 forx € Sg; J= i=0
&

where ¢, € (0,1) is fixed and ¢ € (0,¢,]. Consider the family of problems

ue € C(0.7: L*(Q0)) [ L*(0.T: W' ()
(1.3) 5 B
ag(x)gug — diva,(x)Vu, =0  weakly in Q. r,

with the variational and initial data,

S, j=0,....(n =1,

1
Vu, - n=——ev(u, — on
¢ 2 eV e = J) ., j=1,....n,

(1.4) z=0andz=H
Vu, - n=0 onyL; j=1,....n
[X] = R + oz,

ug(-,0) = u, in
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where n is the unit exterior normal to S~25 on the indicated surfaces. The initial datum
u, is a given positive constant. The function f is the restriction to the indicated
surfaces of a non-negative, bounded function with bounded gradient, defined in
R3 x R. The set of constants {o,v,H, &0, R, T, u,, sup f,sup|Vy, fl}, are the data,
and we say that a constant y depends only upon the data if it can be determined
a priori only in terms of these quantities and it is independent of ¢. The formulation
(1.3) implies that u, is continuous from within each of the interdiscal spaces /;
into S, through the cylindrical surfaces A ;.

1.2. Homogenization, concentrated capacity and motivation

For ¢ = ¢, the problem (1.3) is the heat equation in S~28. For 0 < ¢ < ¢, the mass
of u. in the outer shell S; is concentrated. Roughly speaking, the mass is divided
by ¢ to account for a shrinkage of S, of the same order ([C1-9]). We will let e — 0
and n — oo in such a way that the second of (1.1) continues to hold, i.e., the ratio
between the volume of the discs and the volume of 2,, remains 6,,.

The geometry of €2, exhibits two thin compartments, available to the diffusion,
i.e., the interdiscal spaces and the outer shell surrounding the stack of discs. In the
limit §~28 tends to 2, with no discs in it. The outer shell S, tends to S, the lateral
boundary of 2, defined by

S={%| =R} x {0 <z<H).

The problems in (1.3)—(1.4) tend, in a sense to be made precise, to:

i. aboundary diffusion, by the Laplace—Beltrami operator on the limiting surface
S (Section 2.2);

ii. a family of 2-dimensional diffusion processes, parametrized with z € (0,H)
taking place on the disc Dg x {z} (Section 2.1).

Moreover:

iii. the exterior fluxes of these transversal 2-dimensional diffusions serve as source
terms in the boundary surface diffusion on the limiting outer shell (Section 2.2);

iv. the trace on S of the solution of interior diffusion coincides with the solution
of the boundary diffusion (Section 2.2).

The precise formulation of the homogenized-concentrated limit is in Sec-
tions 2—4 where we discuss its meaning, and establish its uniqueness.

This problem of homogenization-concentration is motivated by the diffusion of
the second messengers cGMP (cyclic guanosin monophosphate) and Ca®* (calcium
ions) in the cytoplasm of a rod outer segment in visual transduction. A rod outer
segment in the retina of vertebrates, looks like €2, . The cytoplasm is the region €2,
from which the discs C; have been removed. The diffusion equation (1.3)—(1.4)
should be replaced by a system (for cGMP and for calcium) with somewhat more
structured boundary conditions. The homogenized limiting process is suggested
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by the actual physical dimensions of R, H, and &,." The form of the fluxes in (1.4)
is also generated by the physical problem, where the function f is a non-linear
function of calcium. Finally the problem starts from dark equilibrium, where cGMP
is uniformly distributed in the rod outer segment. This motivates the assumption
that u,, is constant. The results are not affected by this assumption and u, could be
taken as the restriction to €, of a smooth non-negative function defined in R3.

We have chosen to present the main mathematical ideas in the context of
a single equation and postpone to Appendix B a description of the visual transduc-
tion cascade generated by a photon captured by a disc C;,. There we discuss its
mathematical setting and compute the corresponding homogenized-concentrated
limits.

1.3. Novelty and significance

Limits of concentrated-capacity and homogenized limits are extensively treated in
the literature in separate settings. A novelty here is their simultaneous occurrence.
However the main mathematical significance of this investigation is in the novel
way of computing the homogenized limit. In most of the homogenization literature
the “holes” to be removed are “ball-like” and their shrinking to points does not
disconnect their ancestor domain. In the homogenized geometry of 2., the cylinders
C; tend to discs and tend to disconnect €2,. For this reason the solutions u,
of (1.3)-(1.4) have a topological barrier of communication between the layers
of Q.. The main technical point consists of establishing that the family {u.} is
equi-Holder continuous away from the outer shell. Since the discs essentially
disconnect the rod, one needs to generate a suitable continuity estimate across the
discs. What makes such an estimate possible is that u, solves similar parabolic
problems in neighbouring interdiscal spaces and that its mass in the outer shell has
been concentrated. This is established is Sections 8-12 and it is of independent
interest as it introduces novel techniques in homogenization theory. Whence such
a compactness has been established, the actual computation of the homogenized
limit requires that the approximating solutions be extended in some fashion with
regular functions defined in the whole R®. Such an extension is realized by the
Kirzbraun—Pucci theorem valid for functions with concave modulus of continuity
([G1, pp. 197-198]). This is also a novel approach to homogenization.

Homogenization procedures for structures resembling the rod are in [H4] where,
however, due to homogeneous flux conditions, regularity and extensions issues are
immaterial.

In Section 2 we provide a rigorous formulation of the homogenized-concen-
trated limit problem, in a pointwise and respectively weak form. In Section 3
we prove a uniqueness result for such a limit problem. The remaining sections
are devoted to the calculation and identification of the homogenized-concentrated
limit.

I For the Salamander H ~ 22 wm, R &~ 5.5um, g, ~ l4nm,ve, ~ 14nm, og, ~
15nm, n, =~ 1,000; Pugh and Lamb [S5]. We refer to the review article [S6] for a detailed
description of the rod anatomy.
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In Appendix A we include another way of extending the approximating solu-
tions with functions defined in the whole rod and uniformly in a Sobolev norm.
While such an extension would provide sufficient compactness to compute the ho-
mogenized limit, the Holder continuity is of relevance in the physical problem of vi-
sual transduction. This is clarified in Appendix B (Remark B3.1), where we discuss
the phototransduction cascade, set it in mathematical terms, and compute its limit.

Acknowledgement. We would like to thank R.E. Showalter for enlightening conversations
and in particular for pointing out that the proof of uniqueness also contains the proof
that u, € L?. This implies the regularity of the solutions by a bootstrap argument.

2. The homogenized-concentrated limit

As ¢ — 0 the family of problems (1.3)—(1.4) tends, in a sense to be made precise,
to a problem involving two limiting functions

u, defined in 2, 7 called the interior limit;

i1, defined in S7 called the limit on the outer shell.

2.1. The interior limit

u € C(0,T; L*(R,)),|Vxul € L*(Q,7); ( *? )
¥ = .

2.1 — 4+ —
@D ax% Bxg

uy — Ayu = —(u — f) weakly in Q, 7;

These are diffusion processes, parametrized with z € (0,H), taking place on the
disc {|x] < R}. Also, the homogenized limit transforms the boundary fluxes in
(1.4) into source terms holding in €2,,.

2.2. The limit in outer shell

Denote coordinates on the limit surface S by 6 € (0,2r] and z € (0, H). The level
z traces on § a circle £, = {|x| = R} x {z}. The restrictions of {u.} to the outer
shell S, converge to a function # defined in S and satisfying

2.2) i € C(0,T; L*(S)),|(@iz.2t0)| € L*(S1).

These functions are related to the interior limit u as follows. First by virtue of (2.1)
the function u has a trace on {|X| = R}, and such traces are in L?(S7). Then,

2.3) ud,z,t) = u(f,z,t)’mzR in LQ(ZZYT) forall z € (0,H).

Next, denoting by A s the Laplace—Beltrami operator on the limiting surface S, and
by p the radial variable on Dg,
. . (1—16,)
—Asi = —— 2y | _
ay M A= b
u(0,0,t) = u,(0,H,t) =0 forall r € (0,7) and 6 € [0,27).

weakly in St;
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The regularity requirement (2.1) is not sufficient to insure that u, has a trace in
L'(S7). In Section 6 we establish that (2.1) and (2.4) are meant in a classical sense
and that the solution of (2.1)—(2.4) is unique.

2.3. Weak form of the homogenized limit

The following is the equivalent, weak form of (2.1)—(2.4). The functions u and i
are in the regularity classes (2.1), (2.2) and satisfy,

2.5 (1-6, / { —uer + Vsu - Vep + (u — f)o}dxd:
QD,T
—/ uo(p(x,O)dx}
1) interior
408, / {—ﬁcpt + Vil - V5<p} dndt — / u,,(p(x,O)dn} =0,
St S outer shell

for all testing functions ¢ € C'(2,,7) vanishing for t = T. Here Vi is the gradient
on S and dn is the surface measure on S.

The homogenized limit will be established in the weak form (2.5). In Section 6
we also establish that it is unique.

3. Compactness

Proposition 3.1. Let u, be a solution of (1.3)—(1.4) and denote by y a constant
depending only upon the data and independent of €.

(3.1 0 <us(x,0) <y, forall (x,1) € Q.1

62w VauCols +Vavil,s, < v
<t=< !

T—h
(3.3) f ﬁ acluc(t +h) —ue(n)’dxdt < yh,  forallh € (0,T).
0 R

Since u,; = 0 for z = 0 and z = H, by a periodic even reflection, (1.3)—
(1.4) can be regarded as set in the infinite cylinder Dgys. x R from which one
removes a periodically layered sequence of equal discs {C;}. By the same token,
after redefining /, and /,, the interdiscal spaces {/;} form a periodically layered
sequence of equal cylinders.

Proposition 3.2. Let I; be a fixed interdiscal space and let {z = i} and {z =
&oiv1} be the planes containing the faces 8Iii. For(0 < § < 1 set

(3.4) 1(8) = {Ix] = (1 = )R} x ({21, 52i+1) 1(6,T) = 1(8) x (0,T].
There exists a constant y independent of € and 8, such that,

(3.5) sup {1Vl + lue,l) < %
18,T) )
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Proposition 3.3. Fix two distinct interdiscal spaces I; and I; and let h be such
that I; = (0,0,h) + I;. For a fixed 6 € (0,1) let I(8,T) be defined as in (3.4). There
exists a constant a € (0,1) depending only upon the data and independent of ,h, 6,
and a positive constant y(8) depending only upon the data and § and independent
of h and &, such that

(3'6) Sup }ua(faz’t) - Ms(faz +h7t)’ S Vlhla-
1(6,T)

Next we compute the homogenized-concentrated limit of (1.3)—(1.4), by as-
suming Propositions 3.1-3, whose proof is postponed to Sections 7—12.
4. The interior limit

In writing the weak formulation of (1.3)—(1.4) within 2, 7, fix § € (0,1) and take
testing functions ¢ € C5°(2,.7), ¢(-,0) = 0, ¢(-,T) = 0, and such that

@1) ¥ — ez € CC({[Xl < (1 -8)R)) forallz € (0,H),r € (0,T].

Within such a domain a, = 1. Taking into account the variational boundary data
(1.4),

n T n T
“2) > f / {—uegr — us Aspldxdt + / f Ue @ dxdt
j:0 0 Ij j:0 0 Ij
1 n T 1 n—1 T
= —=ve (ue — fledxdt — —ve / (ue — fedxdt.
2 ;./(; /31]— ’ 2 ; o Jort ’

Forall j =1,...,n,

T
va/ (ue — f)edxdt
o Jor;

r T
— ./0 /I.(ua — fedxdt _/o /; (§2j+1 —Z){(us _ f)(p}z dedt.

By the energy estimates (3.2), the last term on right-hand side are infinitesimal of
the order of O(¢) and remain so even after we add them for j = 1, ... ,n. A similar
formula holds for the last integral on the right-hand side of (4.2). Therefore (4.2)
takes the form

/f { — Uspr — U Ax@ ZX! dxdt + // Ug 29z ZXdeth

QD,T QD.T j=0

f f ~ e Z xa;dxdt + O(e).

4.3)
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4.1. Extending u. by equi-continuity

Having fixed § € (0,1), by virtue of Propositions 3.2, 3.3 the functions {u.}
are bounded and Holder continuous in QS,T N {|f| < (1 - 8)R}, with uniform
upper bound, and uniform Holder constant and exponent. By the Kirzbraun—Pucci
extension theorem ([G1, pp. 197-198]) each u, can be extended with a function
1, defined in the whole R¥*! with the same bounds and the same modulus of
continuity. Therefore the net {u.} of the extensions of the {u.} is equi-bounded and
equi-Holder continuous in RV*!,

We may let § — 0 along a countable sequence and choose by the theorem of
Ascoli—Arzela and a diagonalization procedure, a sequence {u,, } such that

{te,} — u  pointwise in 2, 7 and uniformly on compact subsets of 2, 7.

In view of the uniqueness of Section 6.1, the selection of subsequences is immaterial
and we will continue to label by ¢ the various selected subsequences.

4.2. Taking the limit in (4.3)

By this extension the integral identity (4.3) can be written with u, replaced by ..
By the energy estimates (3.2),

n
{ﬁa,z Z X1 } is equi-bounded in LZ(QO,T).
j=0
Therefore the selection of subsequences can be carried to ensure,

n
Us,z lej — & weaklyin L*(Q, 7).
j=0

Lemma 4.1. Let 0, be the ratio of the volume of the union of the discs C; with
respect to the volume of 2, introduced in (1.1). Then

n
[0,H] >z — Z X1, — (1—6,) weakly in L*(0,H);
j=0
z n
[0,H] >z — / Zchdg“ —> z6, uniformly in [0, H].
0

j=1
Letting ¢ — 0 in (4.3) gives

(4.4)

(1-6,) // { —up; —ulzp + (u — f)(p}dxdt +/ Ep.dxdt = 0.
Qo.T

QD,T

Lemma 4.2. £ = 0.
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Proof. In (4.3) take the test function ¥ = ¢ [ > i_i Xc;dg and let & — 0 to
obtain

4.4y
(1—9,,)// {—u(p,—uA;(p—i-(u—f)(p}zdxdt—i—// &p, zdxdt = 0.
QD,T QD,T

Now write (4.4) with ¢ replaced by ¢z. Subtracting the expression so obtained
from (4.4) gives

// Epdxdt =0 forall p € C3°(Q,7). -
Qo.T

Remark 4.1. The proof of Lemma 4.2 follows [H4] with a different technical
handling.
These arguments establish the form of the interior limit as stated in Section 2.1.

5. The global limit

In the weak formulation of (1.3)—(1.4) we now take testing functions ¢ €
C'(R® x R), vanishing for t = T. Write down the weak formulation and di-
vide the various resulting integrals into the domains where the coefficients a, are
constant, i.e.,

/ { —us0r + Vug - Vgo}dxdt — f uop(x,0)dx
EZs,T*Ss,T 53*53

1 n—l/Tf 1 n T
+—ve (ue — fHodxdt + —ve / f (ue — fodxdt
2 ; o Jor ‘ 2 ; o Jor; ‘

interior

+ =8—0 // { —ugp; + Vg - V(p}dxdt _ u,,(p(x,O)dx] =0.
€ Se,T € Se
’ outer shell

Let ¢ — 0 and use the results of the previous section, to obtain

G.D

(1-16,) {/ { —up + Viu - Vo + (u — f)(p}dxdt — / uow(x,O)dx}
Qo1 interior

Qo

& )
+ lim {—" / / { —ue + Vue - Voldxdt — = uo(/)(x,O)dx}
o € Se.t & Js outer shell

=0.

Indeed the regularity claimed in (2.1) of Vzu follows from standard arguments
relying on the energy estimates (3.2). To compute the limit in (5.1), transform the
integrals extended over S; in cylindrical coordinates and set

) 1 R+oe )
e (8,z,1) = ;f u(pcost,psind,z,t)dp;  @(0,z,1) = ¢ ImzR .
R
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Now require that for |X| > R the testing function ¢ be independent of |x|, so that

1 1 .
Vug - Vo = ue 0, + ?usﬂ(/)ﬁ + Ue 0, = ?Msﬂ(/)e + Ue . provided p > R.

Taking also into account that ¢ is smooth we transform the terms under the limit
in (5.1) as,

go H// {— usp: + Vuy - V(p}dxdt — / u,,(p(x,O)dx]
€ SS.T Ss
outer shell

T H 2 1 R+o¢ 1
= og, f f / f {—uawt ( u89¢e+usz<pz>}pdpd9dzdt
o Jo
H 2 1 R+o0¢
(5.2) —0'80/ / / u,ppdpdbdz
o Jo

T H 2
= GSOf f / {—ﬁafp, + Vit - stp} RdOdzdt
o Jo Jo

H 2
— 0'80/ / u,Rddz + O(e).
o Jo

By the energy estimates (3.2), the nets {ii. } and { Vi, } are equi-bounded in L2(S7).
Moreover, also taking into account the uniform time-regularity estimates in (3.3),
the net {ii,} is pre-compact in L>(S7). Therefore for subnets relabelled with &,

{ﬁa} — i strongly in L>(S7)  and {Vsl:tg} — Vit weakly in L2(S7).

Letting ¢ — 0 in (5.2) and recalling that Rd6dz is the surface measure on S,

11m — {/f —ug; + Vg - V(p}dxdt / uop(x, O)dx}
Ss T Se

53)

outer shell
= o8, {/ {—lft(p, + Vil - Vs(p} dndt — / uo(p(x,O)dn} .
St S outer shell

Putting this in (5.1) establishes the homogenized-concentrated limit in the weak
form (2.5). Finally the trace identification in (2.3) follows from the energy estimate
(3.2) and the uniform Holder estimates of the Kirzbraun—Pucci extensions u, via
the triangle inequality.

6. Regularity and uniqueness

The integral in (2.5) extended over €2, 7, does not impose any restriction on the
derivatives of ¢ with respect to z. Therefore, up to an approximation process, the
testing function ¢ is not required to be regular in the variable z within {|X| < R}. The
integral extended over S however requires that ¢, be in L?(S7). To summarize,
the testing function ¢ is only required to satisfy ¢,, V¢ € L?(2,.7). Moreover ¢
must possess traces ¢ on Sy such that ¢, Vs € L%(S7).
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These remarks suggest we construct testing functions of the following form.
First take a function € W'-2(Sy) so thatits traces (8,1) — @(6,z,t) arein L>({,.1)
forall z € (0,H). Then for each fixed z € (0, H) extend such traces into {|x| < R}
with a function (x,7) — ¢(x,z,f) such that ¢; and Vz¢ are in L2(Q,),T).

For 0 < h < T let Fj, denote the Steklov time-averages of a function F €
LllOC (RM*1). A testing function in (2.5) could be constructed by starting with
i, € WH2(Sy_p,). Then i1y, is extended with uy, for z € (0, H). The starting function
iy, and its extensions are multiplied by a smooth function of 7 that vanishes for
t>T—h.

A standard change of variables shows that (2.5) holds with u replaced by their
time Steklov averages u;, and it takes the form

©1)  (1-6) { / {100 + Vs - Vi + (1 — fw}dxdt}
Qo1

interior

+ot, {/ {19 + Vsity - Vsp} dﬁdl} = O(h),
St

outer shell

for all testing functions ¢ € C 1 (§0,T) vanishing fort > T — h.

For a fixed 2k € (0,7) let 6;(-) be a smooth, non-negative function defined
in R, vanishing for + > T — h and equal to one for ¢ < T — 2h. Then, following the
previous discussion, one could take in (6.1) the testing function ¢ = u;, 6. After
standard calculations and limiting processes, this implies that

A

223

””f”;QDJ + || Axu ”2,9” + 250 =V

for a constant y dependent only upon the data. Next we take into account the
explicit form of the second of (2.1), when written in polar coordinates; we employ
a straightforward approximation argument as well as the estimate above, and show
that

H”ﬂ”2,sT + | Asi Hz,sT =V,

so that Uyx; € LZ(QO,T). By abootstrap argument and classical Schauder estimates
one finds that u is as regular as permitted by f. Thus (2.4) has a strong pointwise
meaning.

6.1. Uniqueness

Proposition 6.1. The solution of (2.1)—(2.4) in its weak form (2.5) is unique.

Proof. Letu;, it; fori = 1,2 be solutions of (2.1)—(2.4) originating from the same
initial data u,. Write (6.1) for & = 0 and for u;, and subtract them to obtain an
integral identity for (1; — u5). In this take the testing function (u; — u5), which is
admissible in view of the previous discussion. O
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7. Proof of Proposition 3.1

The positivity stated in (3.1) follows from a weak form of the maximum principle.
One multiplies (1.3) by —u_, up to Steklov averages, and examines the signs of
the resulting integrals. This implies #; = 0. Assuming the upper bounds (3.1), the
energy estimates (3.2) and the time regularity in (3.3) are standard. To prove such
an upper bound, in (1.3) take the test function (#, — k), modulo Steklov averages,
where k > u, is to be chosen. This gives,

-negati 1 & r
non-negative energy} _ 1. Zf / (e — F)ue — K)o dTdt
2 o Jar;

terms for (u, — k)¢
(7.1)

1 n—1 T
— —ve (e — f)(up — k) dxdt.
) ;[} 31}*‘ £ 3 +

Divide 6)1;‘L into the two portions, [(ua - f) = 0] and [(us - < 0]. The portion
of the integrals extended over [(us - f) = O] gives a non-positive contribution
and is discarded. On the remaining portion, u, < f. Therefore if k is chosen as
max{u,; sup f} all the terms on the right-hand side of (7.1) can be discarded. This
in turn implies u, < k a.e. in S~28,T. O

8. Proof of Proposition 3.2

Introduce the change of variables and the transformed function,

_ _ R _ _ ve
F=F (=—G-0)i  UGE)=u (Rt o).
Ve R
The cylinder /; is transformed into /g = Dy x (0, R) and (1.3)—(1.4)is transformed
in

R\2
U, — AU — <—) Ugr =0 in I x (0,T];
Ve

Ux,2,0) =u, on Ig x {0};

®-D R 2U RO = —LR(U for ¢ = R:
<E) ¢ (X, ’t)__i( - f) or¢ =R;

R 2U x,0,t —IRU f =0
<E) ¢ (0.0 = JR(U - f) or¢=0.

A solution of (8.1) is classical in Tr, away from |X| = R. Take the derivative of
U with respect to the variable x, for some £ = 1,2,3,4, where we stipulate that
x3 = ¢ and x4 = t. Multiply the equation so obtained by the testing function
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+(U,, — k)¢, where ¢ € C}(Dg), and integrate by parts over Iz x (0,7] for
t € (0,T]. This gives,

”(U)% - k)i‘/’”;le{r} +2 ”‘/’v(sz - k)i”;lm

=F4 // Uy, — B)+9Vze - Ve(Uy, — k)rdxdt
IR

(8.2) R 2 et
:I:2(—> / / Use, (Uy, — )2, R, D@ ddr
Ve 0 JDg

R\’ [!
F2 <—> / / Ugy, (Uy, — k)+(%,0,7)¢(¥)dxdr.
Ve 0 JDg

Assume first that £ = 1,2,4 and consider the integral on the right-hand side, written
over Dg x {¢ = R} and for (U,, — k). Using the variational boundary conditions
in (8.1), it can be majorized by

t
R/O / Uy, =+ & RO (| fr,| — Us,) *dxdr.
Dgr

Therefore if k is chosen to satisfy k > sup |V f], this integral gives a non-positive
contribution and it can be discarded. Similar arguments hold for (U,, —k)+(x,0,7).
The resultis that, if ¢ = 1,2,4, for such a choice of k, the last two boundary integrals
on the right-hand side of (8.2) can be discarded. If £ = 3 so that x3 = ¢, the first
boundary integral on the right-hand side of (8.2) is transformed and estimated by
means of the boundary conditions in the penultimate equation of (8.1), and it takes
the form,

t R 2 R 2
0 JDp ve ve

+

' 2
= f f Uy, (X.R,7) (—R(U -f-=2 (5) k) p*dxdr.
0 Jpg ve N

If k| > ysup(U+ f) and ¢ < &,, this integral vanishes. The last boundary integral
also vanishes for such a choice of |k|. The first integral on the right-hand side of
(8.2) is majorized by the Schwarz inequality. The resulting inequalities are

sup (U =050 gy + [0V =015,

<y f / Uy, — 02|V dxdt,
IR, T

for a constant y depending only upon the data. From this and a standard iterative
technique,

172

T R
14 2
sup U, | gsup(U—i—f)—i—W(/ / / |Uy | dxdt) ,
Ig 7O{Fl<(1-28)R) 0 Jo Jm<-9)r
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for a constant y depending only upon the data and independent of §. Returning to
the original coordinates,

y 1 T r&ivl 5
sup ey, | < ko + 7 (—/ / / |ite.x, | dxdzdt)
125.7) J ve Jo Jo, [Fl<(1—8)R

Assume first that £ = 1,2,3. From the equation in (1.3),

ff Vu. P dxdr <y,
Iyt 8

for a non-negative, piecewise smooth cut-off function in Dg such that it equals one
on {|x| < (1 — 8)R} and such that |Vyp| < y/§. If £ = 4, multiplying (1.3) by
Ug 1, gIVes

// |us,,|2q)2dxdt < 12 // |Vu8|2<p2dxdt
Ii,T 8 Iir

1 T
— e f / Pite, (e — )R 0dFds
2 Jo Jog

1/2

1 T
~ e f / Pite, (ue — f).0.0d5dr
2 Jo Jog

&

= V3—2~

9. Proof of Proposition 3.3. Part I
Having fixed /; and /; and £ as in the statement, set

u(x,z,t) = ug(x,z,t) — us(x,z + h,t)
9.1 _ N - in ;.
f(x,z2,t) = f(x,z2,t) — f(X,2+ h,1)

Then u satisfies the boundary-value problemin /; r

u, — Au = 0;

u(x,z,0) =0;

- r —
uZ(x7§2i+l’t) = _Ev‘g (l/l - ?) (x’é‘ZH*l’t);
o | _

MZ(-xvééiyt) = Evs (M - ?) (X,Qi»f)-

(9.2)

This boundary-value problem does not contain the values of u on the lateral bound-
ary A; of I;. While such information is not directly available, it turns out that to
establish the Holder estimate in (3.6) it suffices to have only an estimate of such
boundary values in their L' (A; r)-average.
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9.1. Estimating the L' (A; r)-average of u

Lemma 9.1. There exists a constant y depending only upon the data and indepen-
dent of € and h, such that,

1
©.3) o f f [@GE.2.0|dndt < y/TH,
|Ai,T| Ait

where dn is the surface measure on A;.

Proof. Let f be a smooth function defined in 58,7. In terms of cylindrical coordi-
nates,

R
J(R,0,2) = f(p,0,2) —l—/ f-(r.0,2)dr for p> R.
P

Integrating this in dp over (R, R + o¢) gives,

R+%(rs

1 R+loe (R
Soe (R0, = / F0.0.2)dp + f / F(r0,2)drdp.
R P

R
Write this for z € (£2,82i+1) and 2 + h € (&2),82j+1) take the difference and
integrate the absolute value of such a difference over A;, i.e., integrate in dn =
RdOdz for 6 € [0,2m) and z € (&2i,82i+1)- These operations yield

/ | f(R.0,z+h) — f(R,0.2)|dn
A

2R [%it+l 2 R+%(,8
= oo / / / | f(p,6.2+h) — f(p,6,2)|dpdbdz
0 Jg 0 R

2i

2R L+l [2m R+%(rs )
+ —/ / / / {l/:(r.0.2+h)| + | f(r.0,2)|}drdpdodz
og s 0 R R

2i
2R 2R
=L +=—h.
o€ o€

9.4)

To estimate /; observe thatas p ranges over (R, R+ %ae) the argument of f remains
in the outer shell S;. Therefore,

Qiy1 p2m pRyLoe pzth
I < / / / / | £2(0.6.0)|d¢d pdbd
loN] 0 R z

1/2
5u,/%maw (/S |fz(p,9,c)l2dx) :

Similarly /> is estimated as

12
L < |2V 53022 (/ |fr(r,9,z)’2dx> .
R S,
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Combining these estimations in (9.4) and dividing both sides by ’A,-| gives

12
) Rez - f(R,e,z)|dn<y(J|7+f)< f|w; dx) .

To prove the lemma write this with f = u, and integrate it in dt over (0,7]. This
gives

1 _ 1 .
Tl f/m |i(R,6,2,0)|dndr <y (\/W+ JE) (; //ST V| dxdt)

The conclusion now follows recalling that ¢ < & and using the energy estimates
(3.2) and the form (1.2) of the function a,(-). |

172

10. Proof of Proposition 3.3. Part IT

To proceed, in (9.2) perform the change of variables z — (z — ¢;) and continue
to denote by z the transformed variables and by u the transformed function. The
domain /; is mappedinto I = {|x| < R} x{0 < z < ve}and (9.2) continues to hold
in Ir with the same boundary conditions. Denote by A the lateral boundary of Z,
which is the transformed image of A;. Fix a non-negative function &, € C°(I)
and consider the boundary-value problem,

@ € Wh(0,T; L*(1)) ﬂ L?(0.7; Wh(D)):

@+ Ap = =&
o, T)=0;  ¢Xz.0) |,=0;

(10.1) |
(pZ(Y’O’t) = EUS (p(x707t)9

1
o, (x,ve,t) = —Eve o(x,ve,1).

Remark 10.1. The solution of (10.1) is non-negative and it can be constructed by
the Galerkin procedure. This gives ¢, € L?(Ir), with upper bounds depending
upon the L?(I7)-norm of ;.

Multiply (10.1) by u and integrate by parts the Laplacean of ¢ over Ir. Next
take ¢ in the weak formulation of (9.2). Adding the resulting inequalities,

(10.2)

T x
ff Eudxdt = —/ / Vo - —udndt
Ir 0 JA R

T
—%ve /0 / {(¢f) @0.0 + (¢f) &, ve,0) }dxdt
Dgr

T
+y8/0 L {olf|@.0.0 + ¢ &, ve,n} dxdr.

X
Vo - —udndt
R % R n
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These calculations are rigorous and can be justified by local regularization. The
continuity of u, will result from estimating the right-hand side of (10.2) independent
of e, h and the choice of the &, € C°(I). This is preceded by some estimations of
the function ¢.

11. Estimating ¢ away from the support of &,

Select &, € C;°(Ir) as an approximation of the identity at some point of the
interior of I, say, for example,

(11.1)
(¥0.20,10), Where [X,| < (1 — 8)R forsome § > 0,0 < z, < ve,0 <1, < T.

The kernels &, satisfy
/ Edxdt=1 Vi>0 and lim/ EY(x,z,0)dxdt = lp(fo,zo,tg),
Ir A—0 Ir

for all continuous functions i defined in I7. Set
I(6) ={(0—=98)R < |x| < R} x{0 <z < ve}; I(5,T)=1(5) x(0,T].

Proposition 11.1. Let § > 0 be fixed as in (11.1). There exists a constant y
depending only upon the data and independent of €,\,8 such that
y 1 x y 1

11.2 su < —=—; 0<—-Vgp-—| <—-"———.
(-2 I(a,l;)w T 8 YR A~ 82|In(1—9)|e

Proof. The problem (10.1) can be rescaled as in Section 8 into the new domain
Ir = Dg x (0,R) with lateral boundary Ag = {|x| = R} x {0,R}. The solution
of the transformed problem is then estimated, by an iteration technique, conducted
near Ag, i.e., by using cut-off functions vanishing for |x| < (1 — §)R. After we
return to the original coordinates, the resulting estimate takes the form

1
(11.3) sup ¢ < 12— // odxdt,
16.7) 8 e JJrusm

for a constant y depending only upon the data and independent of § and . The
integral on the right-hand side of (11.3) is estimated by referring back to (10.1).
Integrating it over I x (¢,7T),

T p—
/(p(f,z,t)dfdz—/ /V(p~ idndr
1 r Ja R

1 T
(11.4) + —vs/ / {0x,0,7) + ¢(x,ve,7) }dxdr
2 )i Jpg

T
- / / £ dxdr < / £dxdt = 1.
t 1 Ir
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The boundary integrals extended over {z = 0} and {z = ve} are non-negative and
are discarded. Also the boundary integral extended over A is non-negative since ¢
is non-negative in Ir and vanishes on A.

Combining this with (11.3) proves the first of (11.2). The proof of the second
is based on the construction of a barrier. Set

y 1 K

v 1
I = i =8 MR

for (1 — 8)R < [x] < R.

One verifies that w is non-negative, it vanishes on A and satisfies the equation in
(10.1) within Z(8,T). Moreover it has zero flux on the upper and lower faces of
Z(5). Finally we may assume that w > ¢ on |x| = (1 — §)R, due to the first of
(11.2), provided the constant y in the definition of w is sufficiently large. Therefore
by the maximum principle ¢ < w within Z(8,7). Since both vanish on A,

=|

x -y 1
0<—-Vg-=| <—-Vw-=—=———"— .
R, R R&?In(1-38)e¢
12. Proof of Proposition 3.3 concluded

The first integral on the right-hand side of (10.2) is estimated by the second of
(11.2) and (9.3), and gives,

(12.1) 'f/ Vo - udndt
AiT

Of the remaining two boundary integrals we estimate only the first, by recalling that
f is smooth, and by referring back to (11.4). As indicated earlier, in this formula
all integrals on the left-hand side are non-negative. Therefore

= %7 (] ’\/W forall |x] < (1—98)R.

1 T _
—V8/ / o|f|x.0,ndxdt < yh,
2 0 JDg

for a constant y independent of ¢. Combining these estimates in (10.2) and letting
A — 0, gives

(12.2) |ﬁ(f,,,zo,t0)|§;/—3‘/|h| forall |%,| < (1—8)R.

This establishes (3.6) and concludes the proof of Proposition 3.3. O
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12.1. A variant of (12.2)

The proof of Proposition 3.3 is now concluded again, under the weaker assumption

(12.3) |fxz0| < 5 VI forall [x| < (1 —8)R.

#Tint 5]

As indicated earlier, the physical problem of visual transduction arises as a system,
and the bounded function f depends upon calcium which itself satisfies a diffusion
equation. The proof of a statement paralleling Proposition 3.3 requires that (3.6)
be established under the weaker assumption (12.3). The only difference is in the
estimation of the two boundary integrals in (10.2) involving }ﬂ We estimate the
first, the estimation of the second being similar,

T T
(12.4) / f | f|(x.,0,1) dxdt = f / | f|(x,0,1) dxdt
0 JDg 0 J{IxI<(1-8)R}

T
+ / / | f|(x.0,ndxd:.
0 J{(1-8)R=|X|<R}

The second integral is estimated by the size of the domain of integration. Let
T € (0,1), to be chosen. The inclusion

{A=8R=<Ix| <R} C{(1—-8)R<IX| <R}

and the estimation (11.2) with § replaced by 6° gives

sup ¢ = sup ¢ = %—-
(1-8)R<|X|<R (1=8T)R<|X|<R T e

Then,

1 T _
—va/ f o|f|(x.0,ndxdt < ys'~*".
2 Jo Jja-sr=mi<r)

The first integral on the right-hand side of (12.4) is estimated by using (12.3).
Therefore

T T
: / / o|F|0.0d%dr < L /ih] e / / $(5.0.0d5dr < /1A,
0 JiE<-5)R) 8 0 Jbpg )

where we have used (11.4) again. Combine this in (10.2) and let . — 0 to obtain
(12.5) [#Fpr20nt0)| < 513 ]+ 8 forall [%,| < (1—8)R.

Fix |h| < 1and 8 € (0,1).1f§ < |h|'/'2, then (3.6) follows from this for the choice
T = 1.1f § > |h|'/1> we observe that having established (12.5), for a fixed § > 0,
the same estimate continues to hold for any smaller 8. Then choose § = ||'/12, so
that the right-hand side is majorized by y|h|'/?*. O
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Appendix A: Extensions in L2(0,T; W'2(Q,))
Al. Extending u, with norms equi-bounded in L>(0,7; W'2(Q,))

The limiting process on Sections 46 hinges upon extending u, in R? x R with
equi-Holder continuous functions that coincide with u, on compact subsets of
Qo =Q, — U;l':l C;.

Here we propose an extension of u, with functions u, equi-bounded in the norm
of L2(0,T; W"2(2,)), coinciding with u, in 50, and equi-Lipschitz continuous in
L%(R,.7). It should be pointed out that such extension is possible in view of the
energy estimates (3.2) when restricted to the outer shell S;. It would be, in general,
false for functions merely defined in 50, since this set is not connected.

Proposition A1.1. There exist functions u, € L>(0,T; W'2(R,)), such that

(AL1) we=u. in |\ JIi #] arwag,, < V5

j=0
(A1.2) [t + h) — w0 (o) ”z,sz,).r_h <yvh  forall he(0,T),
(A1.3) [@:(z + h) — e (2) ||mO_T < yh forall he (0,H),

for a constant y depending only upon the data and independent of € and h.

Proof. Since u, has zero flux for z = 0 and z = H, by an even reflection, it can be
regarded as defined in the infinite cylinder Dg x R and satisfying (1.3) there.

Fix a disc C; with faces on the planes z = ;1 and z = {3, and the
interdiscal spaces /;_; and /; adjacent to C;. A fixed z € [{2j-1,(2;] is reflected
about z = ¢»;_1, with weight v, to generate 7_ € [£2j-2,42j-1] belonging to the
interdiscal space /;_1, where u, is well defined. The same z is also reflected about
7 = &, with weight v, to generate 7y € [£2),82j+1], where u, is well defined.
The extension of u, in C; is obtained by interpolating the values of these functions
at Zy. Precisely,

[{2j-1,82j1 2 2 —> - =81 — (@ = &j-1); Zy =)+ vy — 2),

and for &1 <z < o,

- o~ i—1 — & o~ i — 2
Mg(x,Z,t) = Mg(.x,Z_,t) (1 + Cz}%) + uS(-x9Z+vt) (1 - QJT) '

One verifies that i, is well defined in Q, 7 and that u.(x,¢;,t) = u.(x,¢;,t) for
all j. Therefore u, is a continuous extension of u, from S~20,T into 2, 7. The time
regularity (A1.2) follows from the definition of the extension and the time regularity
estimate in (3.3). Also, from the definitions,

” Vi =y ” Vzite

“2,9” ”2,501'

The second of (A1.1) follows from this, in view of the energy estimates (3.2), and
from the estimate for u, , which we prove below.
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The definition of u, implies,

/ / |, .| dxdr < y / / |ue.|*dxdr
QD,T QD,T

(Al.4) + 8”—22;//“ lue(z + (1 +v)e) — ue(2)| dd,
J=! I

Also define % and f as in (9.1) and recall that they solve the boundary-value
problem (9.2). A uniform bound for the last term in (A1.4), and the proof of (A1.3)
follow from:

Proposition A1.2. There exists a constant y depending only upon the data and
independent of € and h, such that

(A1.5) Z// |u8(z +h) — Mg(z)’zdxdl < yhz’
i= Ii,T

where h is an integer multiple of (1 4 v)e.

The proof is in two steps. First one estimates the L(/; 7)-norm of u in terms
of its L2(A,-,T)—norm, i.e., their interior L?>-norm is estimated in terms of their
boundary L*>-norm. This fact is of independent interest as it can be regarded as
a form of the maximum principle in L?, for solutions of (9.2). The second step
consists of estimating the sum of these boundary integrals over A; 7.

A2. A form of the maximum principle in L>(1; 1) for u

Lemma A2.1. There exists a constant y depending only upon the data and inde-
pendent of € and h, such that for all i,

(A2.1)

f f |i|2dxdt <y f / liPdndt + yhe Y f / fldxa.
Iit A1 I UCk 41

{k|dist(1;, I} )<h}

Remark A2.1. The last term would be zero if f were constant. In such a case the
flux conditions in (9.2) would be a monotone function of u. In this sense (A2.1)
can be regarded as a form of a maximum principle in L?.

Proof. As in Section 10, introduce the change of variables z — (z — ¢»;) and
continue to denote by z the transformed variable and by u the transformed function.
The domain /; is mapped into the cylinder I introduced in Section 10, the lateral
boundary A; of I; is transformed in A, and (9.2) continues to hold in I7 with the
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same boundary conditions. Introduce the problem

@ € WH(0,T; L2(1)) N L*(0,T; W'2(D));
o+ Ap = —u;

e, T)=0;  @&.z.0) |, =0;

(A2.2) 1
0. (x,0,1) = Evecp(Y,O,t);

1
@.(X,ve,t) = —EUS(p(Y, Ve, 1).

This is the analogue of (10.1) where the role of the right-hand side &, was to
reproduce, as A — 0, the pointwise values of u. The role of the right-hand side of
(A2.2) is to generate the L?(I7)-norm of . Multiply (A2.2) by # and integrate by
parts over Ir. Also use ¢ as a testing function in the weak formulation of (9.2).
Adding the resulting equalities,

/ / W dxdt = / / Vo- —udndt
_ Eva /O fD ) {(0f)x.0.0 + (o) (X, ve.0) dxdL.

This provides an analogue of (10.2), i.e.,

y T T
/ / Wdxdt < = / f w>dndt + 60
Ir 0Jo Ja 0

T
+y8/o / {lo 71G.0.0 + |o f|GF.ve.n)} dxd.
Dg

X
Vo - —| dndt
<PR n

(A2.3)

for a fixed constant y depending only upon the data and for a positive parameter 0
to be chosen. The estimate (A1.5) will result from estimating the right-hand side
of (A2.3).

Assume that ¢ is of class C? up to {|X| = R} for all 0 < z < ve. Then,

AXI=R}

where d/ is the line measure on {|x| = R}. Integrate these in dz over (0,ve) and in
dt over (0,T). Using (A2.1) and standard energy estimates,

T 2
(A2.4) f / dndt <y / / wdxdt +y f f grdxdt.
0 JA Ir Ir

The smoothness required by these inequalities, can be achieved by smoothing # in
(A2.2) and by a limiting process. To estimate the last integrals on the right-hand
side, multiply (A2.2) by ¢;, modulo a Steklov time averaging, and integrate by
parts. This gives,

2 0d l 2— 2~ — —
@;dxdt + —ve sup {(p *>,0,0)+ ¢ (x,ve,t)}dx < u“dxdt.
Ir 2 0<<T Dy Ir

Vo -

f {1A]* + |Vzo* + ¢*} (x.2,0)d¥,
Dgr

X
Vzp - R
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Combining this with (A2.4) and (A2.3), and choosing 6 sufficiently small,

T
/ f wodxdt <y / / w>dndt
Ir 0 JA

—We sup/ {0*(x.0,0) + ¢*(x,ve,n) | dx

0<t<T JD
T

+V5/ f {lef] &.0.0 +|of| @ ve,n} dxd,
0 JDg

for a constant y depending only upon the data and independent of ¢ and /4. The
last two integrals are majorized by the Cauchy—Schwarz inequality and the terms
containing ¢ are eliminated with the homologous one appearing negatively. Thus
returning to the original coordinates,

/ / Wdxdt <y / / W dndt
Iir Air

(A2.5) B .
te // {f @G0 + f F.2.) fddr.
Dg

From the definition of f,

/ 72 tos 0 d¥dt = f / Lot + ot — fFo Lo 1) At
DR Dg.T

2

T Gith
_ / / / fo o0 de| dxdr
D i
(A2.6) PR Oith
<h / / / [2&.¢.ndedxd
DR J &
<y / / f dxdt.
(k|dist{I; Ik }<h) LUCpn
The integral extended over z = {»;_; is estimated similarly. O

Remark A2.2. Since f is smooth, the penultimate term in (A2.6) could be estimated
by yh%. We have chosen, however, the less sharp estimate (A2.1) in view of the
applications of such an extension technique to the originating problem in visual
transduction, where f is a function of calcium and as such, possesses a lesser
degree of regularity.

A3. Proof of Proposition A1.2 concluded

By calculations in all analogue to those of Section 9,

. — 2 [ €o 2 2
Z u-dndt < ylh|*| = |Vu,| dxdzdt | < ylh|*,
i=0 AiT & Se,T
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by the energy estimates (3.3). Putting this in (A2.1) and adding over i,

Z / / udxdt<yh2+y8h2 > / / fdxdt.

i=0 {kidist(I;; Iy)<h) LUCht1

Now for a fixed i there are, at most, /2 /¢ interdiscal spaces I such that dist(/;; Iy)
< h. Therefore in the double sum with indices i and k, the integrals extended over
a fixed I are repeated at most (h/¢)—times, and

yehz > / / frdxdr < yh? f f frdxdr .

i=0 (k|dist(I;; Iy)<h) LUCht1

Appendix B: Applications to visual transduction
B1. Diffusion of cGMP and Ca*"

The membrane on the lateral boundary of the rod outer segment contains ionic chan-
nels. These are kept open by the presence of cGMP (cyclic guanosin monophos-
phate), allowing the influx of calcium ions Ca®*. A steady state is maintained by
the presence of an ionic exchanger which expels calcium.

Both cGMP and Ca?* can diffuse within the cytosol, i.e., the portion of the rod,
not occupied by the discs. They cannot penetrate the discs, although cGMP can be
depleted or generated by sources located on the faces of the discs.

The rod functions as a light-capturing device. As a photon hits the rod, it is
captured by one of the discs, say C;,, and it triggers a biochemical cascade whose
net effect is the depletion of cGMP.

When cGMP is depleted the channels close, thereby causing a drop in mem-
brane current. Vision is modulated by these variations of ionic current on the
boundary of the rods [S6].

Denote by u,, and v,, the volumic, dimensionless concentrations of cGMP and
Ca”* in the cytosol and rescale lengths and times so that the various parameters, for
example R, ¢,, are all dimensionless. The functions u,, and v,, satisfy the diffusion
equations,

Ug, — kyAug, =0 L~
(B1.1) in Qg 7,
Ve, t — kyAve, =0

where k, and k, are the diffusion coefficients of cGMP and Ca’*, respectively.
Their non-linear coupling occurs through their fluxes on the faces BIjF,
1
- 5”80{)’0”80 - f(vsn)}

on al;r,j =0,1,...,(n, — 1),
B1.2) kyue, .= — X{z=z0)Us, J1 (Vs,, X, 1)

1 .
Evso{youao — f(vao)} on Blj J=1,...,n,,
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where y, is a given positive constant and f and f| are given, positive, bounded,
smooth functions of their arguments. The coordinate z = z, is that of the face
81;; hit by the photon (i.e., z, = {2,+1; note that i, = j, 4+ 1). The characteristic
function x;—.,, permits one to account for the depletion sources, localized at z,
and due to the action of the photon. Moreover cGMP does not penetrate the
discs C; through their lateral boundaries L;, nor can it exit the boundary of
the rod, i.e.,

(B1.3) Vug, - m=0 onLj,onl|x|=R+o0g,onz=0andz=H.

Calcium v, does not penetrate the discs C;, nor outflows the rod through its bottom
z=0ortopz=H,ie.,

(B1.4) Vi, -n=0 onLj,onBIf,onz=0andz=H.
However, it can flow through the lateral boundary of the rod,
(B1.5) kyVug, -n = —gi(ve,) + g2(us,) on x| = R + o¢,,

for given, positive, bounded, smooth functions g;(-) and g»(-). Here n is the
outward unit exterior normal to ﬁso, at the indicated surfaces. A complete de-
scription of the phototransduction cascade, as well as a detailed derivation of
the model (B1.1)—(B1.5) is in [S6,1]. There, the various boundary terms are jus-
tified and discussed. In particular the functions f,g;,g> are explicit and given
by

VI crs cy 8¢

B1.6) R" =1 . - , — ,
(B1.6) 55 —> f(s) B+ o 81(s) dts 82(5) &t

for given positive constants yy,8;,m,cy,c2,d;,d>,k. The model in [S1] assumes
that a single photon hits the rod at the disc C;, [S5-7]. However, the form of these
functions is independent of light intensity. The phenomenon starts at time t = 0
from a dark equilibrium. It is assumed that in absence of light the system is in
a constant steady state, i.e., u,, = u, and v,, = v, for two given positive constants
u, and v,.2

Bl.1. Homogenization and concentrated capacity

The geometry of the rod exhibits two thin compartments, available to the diffu-
sion: the interdiscal spaces and the outer shell surrounding the stack of discs. The
diffusion within the interdiscal spaces cannot be neglected in view of the reac-
tion terms acting on the faces of the discs. The diffusion along the outer shell
cannot be neglected because it regulates the opening and closing of the ionic
channels.

2 In dark equilibrium [cGMP] = 2—4 uM and [Ca®t) = 4 UM ([S6]). Thus u, ~ 3 and
v, X 4.
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The values ¢, < R suggest the homogenization process described in Sec-
tion 1.2. The only difference here is that by letting ¢ — 0 along a suitable se-
quence, the face z = z, is kept constant. Thus j, = j,(e) but & 41 = z, for
all ¢ < ¢,.

Consider the interdiscal space /;, whose face 81;; is hit by the photon. This
is the only physical compartment where cGMP can flow from the outer shell to
the depletion sites activated by the photon. To keep the spatial localization of the
activation site, the width of /;, is sent to zero by a capacity concentration similar
to the one in the outer shell.

The approximating problems encompassing both homogenization and concen-
tration of capacities are introduced in Section B2.

The homogenized-concentrated limit has the same structure as that in Sec-
tion 2, except that concentrating the mass on /;, gives rise to a further transversal
2-dimensional diffusion on Dy at the level z, both for cGMP and calcium (Sec-
tion B3.2). Their exterior fluxes at z,, serve as sources in the boundary diffusion,
localized through a Dirac mass at z, (Section B3.3).

B2. The approximating ¢-problems

The functions in play are u, and v, defined in S~25,T and representing dimensionless
approximations of cGMP and Ca’*. Set

1 forx € UI-;

(B2.1) a(x) = i#jo

€
f forerjOUSg.

The families {u.} and {v} satisfy,

ue.ve € C(0.7; L*(20)) () L2(0.T; W(Q0))

9
a.(x)—u, — k, diva.(x)Vu, =0 ~
(B2.2) o weakly in &, 7,

ad
a‘g(x)gvfS — kydiva.(x)Vv, =0,

with the following variational conditions on 3Q,:

1
—Eve{youg—f(vg)} ondlf,j=0,1,....(n = 1),j # jo;

kyug, =

1 _
(B2.3) Eve{youg — fwe)} ondl;j=1,....n

& 1 T
; kuua,z = _E‘)Eo{yous - f(va)} - uafl (ve,x,t) on aljo;
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Vu,-n=0 on z=0,z=H,L;|x|=R+o¢

(B2.4) 4
Vv,-n=0 on z=0,z= H,Lj,BIj ;

€0 _
(B2.5) ;kvVva ‘n=—gi(v) +g@u;) on [X|]=R+os,

where n is the unit exterior normal to S~2,S on the indicated surfaces. The initial
conditions are those of dark equilibrium, i.e., u.(-,0) = u, and v.(-,0) = v, for
two given positive constants i,, U,.

Remark B2.1. The problem (B2.2)-(B2.5) coincides with (B1.1)-(B1.5) for
¢ =g, .For0 < ¢ < &,, the mass of cGMP and Cat within the interdiscal space [,
and the outer shell S, is concentrated. Roughly speaking, in these domains the mass
is divided by ¢ to account for a shrinkage of the domain of the same order.

B3. The homogenized-concentrated limit

As ¢ — 0 the family in (B2.1)-(B2.5) generates three pairs of functions
u, v defined in €2, 7 are called the interior limit;

i, v defined in Dg x {z,} are called the limit on the special level z,;

it, v defined in S7 are called the limit on the outer shell.

B3.1. The interior limit

uv e C(0,T; LA(,)); |Veul,|Vev| € L*(Q.7);
u,v e Cy (2,7) for some « € (0,1)

U — kuAfu = _{you - fl (v)}
v, — kyAsv =0

(B3.1)
weakly in 2, 7.

This is a family of diffusion processes in D, parametrized with z € (0,H). The
boundary fluxes in (B2.3) are transformed into sources in €2,.

Remark B3.1. The solutions are C*° (2, 7) except across the hyperplane {z = ¢,},
but remain Holder continuous across z = z,.

B3.2. The limit on the special level z,,

O

TRINS (0 T; L*(Dg x {2)));: | Vsul,|Vev| € L2(Dr7 % {20});

Uy — ky Azt = —{you — fi(v)}
(B3.2) 1o o
__ufz(v7x9zlht)
Ve, weakly in Dg 7 X {z,}.

v; — kyAzv = 0.
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Thus at the special level z, the concentrated limit is a diffusion equation holding
on a disc and with sources inherited from the fluxes in (B2.3). The solutions are
C*(Dg.1)-

B3.3. The limit in outer shell

The restrictions of {u.} and {v.} to the outer shell S, 7 converge to functions i,
defined in S7 and satisfying

(B3.3) i,d € C(0,T; L*(5));

(iiz,20) || (2, 0)| € L*(S1).

El

These are related to the interior limits « and v, and to 1 and v by sharing their
traces, i.e.,

u(0,z,t) = u(f,z,t)hfl:R in Lz(ﬂz,r), forall z % z,:
B34 1(0,20,0) = UE0)] ;g in L€, 1);
. D(0.20.0) = DE.0| in L2(¢, 7);

: 2
20.2.0) = v(T.20)| g in L?(¢.7), forallz € (0,H).

Since z — #(6,z,1) is continuous in L*((0,27r] x (0,T1), (B3.4) implies
(X200 5 _g = z‘i(f,z)}m:R i L2((0,27r] x (0,T1).

Therefore, while the interior limit u(x,z,f) and the limit ft(f,t) in the special
interdiscal space, might differ for {|X| < R}, they coincide for |x| = R. The limits
it and D satisty

1 —6,)k, ky o
o [¥|=R o IX|=R
R N (1 —6,)k, vkyo
U — kyAs) = ————v, —8y. v, .
(B3.5) 08, [¥l=R Yo g=g  weaklyin Sy

1
— a—go{gl(ﬁ) — @}

01.,0.(0,0,) = 0,,0.(0,H,t) =0 V0 € (0,27] ¥t € (0,T].

Both 2 and v are C*°(S7) except across z = z,,. The regularity requirements on u

and  are not sufficient to ensure that u pand u o have traces in L'(St)and L'(¢,.7),
respectively. In Section B4 we establish that this is the case.
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B4. Weak form of the homogenized limit, regularity and uniqueness

The functions (u,bot,ﬁ) and (v,to),f)) are in indicated regularity classes and satisfy

(B4.1)

/ {— up; + k,Vsu - Vy(p}dxdt — / u,p(x,0)dx
Qn,T

(1 - 90) ?
+f (ygu - N (v))godxdt
Qo1 interior
+ 080{ {—tp; + k,Vsit - Vsp}dndt — / uow(x,O)dn}
St N outer shell
f [~ ug; + ky V=it - Vg }dxdt — / uoe(x,0)dx
+ ve, DR T | Dgr
+ / {Volt — f1(V)}pdTdr + — 1t f2(0,%,20,1)pdXdt _
Dg 1 o JDg T lse[zzljl
=0,
for all testing functions ¢ € C 1 (501) vanishing fort = T
(B4.2) (1-— 90){ f {— vy + kyVzu - Vgtp}dxdt - f vgtp(x,O)a’x}
Q17 Qo interior
f {= 0¥ + kyVsd - Vi fdndt — / Vor(x,0)dx
+og, {57 ! 5
+ / {£1(0) — ga2(@) }yrdndr
0o Jsy outer shell

+ vso{ / {— ;)w, + ky V0 - Vyl/f}dfdt — / vgw(x,O)df}
Drr1

special
D
R level z,

=0,

for all testing functions ¥ € C'(S,.7) vanishing fort = T.

The same arguments of Section 6 may be applied here for the construction of
suitable test functions. As a consequence, u;, Asu € L>(2,.7), il;, Asit € L*(Sr)
and ;,,Ay; € LZ(DR,T). This implies that u, has a trace in L%(S7) and ;p has
atrace in L2 (€,) so that (B3.5) have a pointwise meaning. By a bootstrap argument
i€ C®(St — {z,}) and likewise u € C* (2,7 — {z0})-

Finally the uniqueness of Section 6.1 carries to this novel setting by minor
variants.

BS5. Variants of the proof

The calculation of these limits and the needed compactness follows the same lines
of Sections 3—12 with some minor differences to which we point next.
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Statements of Proposition 3.1 hold for both u, and v,. The only difference
occurs in the proof of equi-boundedness of v, and it is generated by the non-
homogeneous flux conditions in (B2.5). Such an upper bound is established by the
barrier

w(x,1) = Cit + C; (I — B2’ + Cs,
where the positive constants Cy,C,,C3 are chosen so that
a,w; — kydiva,Vw > 0 in 5()’(5&7).

The upper bound is then established by an integral, weak form of the comparison
principle, so that 0 < v, < w. Energy and a time-regularity estimate of the type
(3.2)—(3.3) for both u,, v, and 138, 88, are standard.

The gradient estimates of Proposition 3.2 are first established for v,. The proof
is simpler than the one in Section 8, in view of the homogeneous flux conditions
of v, on 81;:. Similar estimates for u, are proven in all interdiscal spaces /; except
the special interdiscal space /;,. In each of the /;,j # j,, the function f(v,) now
becomes a Lipschitz continuous function of (x,z,f) so that the same arguments as
in Section 8 apply.

A similar flow of arguments holds to prove an analogue of Proposition 3.3. One
proves it first for v, in view of its homogeneous flux conditions on 81;:. Then the
function f(v,) appearing in the flux conditions for u, becomes a Holder continuous
function of z € (0, H). The indicated modifications are reported in Section 12.1. It
should be noted that the two interdiscal spaces /; = (0,0,h) + I; in the statement
of Proposition 3.3 and in the arguments of Sections 9—12 must both be taken to be
different to /;,. Since the thickness of /;, is ve < h, the equi-Holder continuity of
u, continues to hold across /;,.

B5.1. The limit process

The interior limit, as well as the limit on the outer shell, follow the argument in all
similar ways to Sections 4-5. The new element here is the concentrated limit on
the special interdiscal /,. Set,

o 1 $2jo+1 _ o _ 1 $2jo+1 _
u,(x,1) = —/ u,(x,,0de;  v(x,1) = —/ v (X,¢,0d¢.
VE Jiy;, Ve Joj,
By virtue of the energy estimates, subnets can be selected and relabelled with ¢
such that {u,}, {vs} — u,v strongly in L2(Dg. 7) and {Vxit.}, {VsVs} — Vg, Vv
weakly in L*(D r.7)- Moreover

1 $2jo+1 _ o 1 $2jo+1 _ o
_f Ve (%,8,0dE ¢ — Vo, _f ue (X,¢,0d¢ ¢ — U,
Ve Jaj, Ve Joj,
weakly in L? (Dg 7). One identifies Vxu and Vv as the weak gradient of u

and v with respect to the Xx-variables. However the two functions U, and V_ are
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momentarily not identified. It will be shown later that they are both identically zero
in Dg 7. By the energy estimates it follows that

T
/ fwe) () dxdt = / fve)dxdt + O(e).
o Jpg L1

A similar estimate holds for the integral over 81;; generated by the last of (B2.3).
Proceeding as in Section 5, one writes down the weak formulation of (B2.1)—(B2.5)
and divides the various integrals into the domains where a, is constant. The two
terms for u, and v, corresponding to the set /;, are singled out and the limit is
taken for ¢ — 0. The limit of these terms corresponding to u is

f [~ ug: + ky V=it - Ve + k, Uy, Ydxdt — f ¢ (x,0)dx
ve Dpr.1 Dpg
! 1
+ f Vot — f(V) }odxdt + — i fi (v, X, 0)pdxdt.
DR T VEo JDg 1 special
’ ’ level z,
Similarly, the limit corresponding to v is,
Ve, / = 0 + ko Vi - Ve + &, V, o, Jdxdr — / VoY (X, 0)dx .
Dp Dg special
level z,

One incorporates these two limits into the global weak formulations of (B2.1)—

(B2.5) and arrives at (B4.1)—(B4.2) with the extra two integrals involving U, and V.
In this identity one chooses first a testing function ¢ € C*(R? x R) independent
of z, and then the test function z¢ for the prev1ously chosen ¢. Comparing the two

expressions so obtained yields that U = V =0.
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