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Abstract. We study the regularity of the solutions u of a class of P.D.E., whose prototype
is the prescribed Levi curvature equation in R**! It is a second-order quasilinear equation
whose characteristic matrix is positive semidefinite and has vanishing determinant at every
point and for every function u € C2. If the Levi curvature never vanishes, we represent the
operator £ associated with the Levi equation as a sum of squares of non-linear vector fields
which are linearly independent at every point. By using a freezing method we first study
the regularity properties of the solutions of a linear operator, which has the same structure
as L. Then we apply these results to the classical solutions of the equation, and prove their
C® regularity.
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1. Introduction

We will study the regularity of the solutions of a class of equations modeled on the
mean Levi-curvature equation

(1 + |Vu|»)??

Lu=k(-,u in Q c R, 1
(- u) L+ (L
where
n 2 2
Uy, — Uy Uy Uy, + Uy, Uy uy, +us,.
Lu = Uy 4 tlyy, +220 0y, — 20 LUy Ly | .
lZ]:( iXi YiYi 1+ut2 it 1+ut2 yit 1+ut2 ”)

Here we have denoted (x, y, f) a point of R>*! withx e R",y e R" and ¢ € R,
uy; is the first derivative with respect to x;, and Vu the Euclidean gradient of « in
R+l andk : @ xR — Ris of class C*. If we identify R¥+2 with C"*!, the graph
of afunction u : 2 — R can be considered as a real hypersurface, and equation (1)
naturally arises in the study of its geometric properties: if ¢ = 16 info«r |k| > O,
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then the radius of €2 is bounded by 2n/c (see [2]). Hence k(-, u) can be considered
as a sort of mean curvature of u with respect to the complex structure and we call
it mean Levi-curvature.

The majority of the results known for equation (1) refer to the case n = 1. This
equation is a second-order quasilinear differential equation whose characteristic
form is positive semidefinite and has vanishing determinant at every point of
and for every function u. Hence it is not elliptic at any point. However it has
been initially treated as a strongly degenerate elliptic equation. With this approach
Debiard and Gaveau in [8] proved a weak maximum principle, and Tomassini
showed the following strong maximum principle (see [14]): if @ € R3 is open and
connected, k : Q@ x R — R is continuous and non-positive, u is a solution of the
equation (1) of class C? in Q and attains its maximum value at & = (xg, Yo, t) € Q
then u is a constant function on the set

{(x,y,0) e Q: t =19)}.

Later on Slodkowsky and Tomassini introduced an elliptic regularization of
the problem, and proved that, if @ C R3 is strictly pseudoconvex, and k satisfies
a geometric hypothesis related to the Levi curvature of 02 x R, then the Dirichlet
problem associated to equation (1) has a viscosity solution u € Lip(S2) (see [12]).
They also proved a similar result for a “Levi equation” in R***!, which however
is different from the one considered here, since it involves a curvature of the graph
of u analogous to the Gaussian curvature for the complex structure (see [13]).

When k = 0, an existence and regularity result was established by Bedford and
Gaveau with a geometric approach whose starting point is Bishop’s theorem on
a family of analytic discs: if @ C R is a strictly pseudoconvex set, ¢ € C"3(3Q),
the boundary of 2 and the graph of ¢ satisfy a technical geometric condition, then
the Dirichlet problem

L(u)=0 inQ
{ u=¢ onad2

has a solution in C"™ () N Lip(Q), with 0 < o < 1 (see [3]).

This is clearly a global result, since the regularity of the solution depends on
the boundary data. On the other hand E. Lanconelli conjectured that the interior
regularity problem could be afforded with a vector fields method. A new approach
was then introduced by one of the authors if k never vanishes. The first result in this
direction is a strong comparison principle for the solutions of (1) (see [4]). If the
dimension of the space is 3, a regularity result for classical solutions was proved:

If the Levi curvature k is smooth and always different from zero, any solution u
of (1) of class C2 with o > % is of class C*(K2) (see [6]).

In this paper we extend this result to the mean Levi-curvature equation in R>*+!,

In order to state our main theorem we need to recall some notations. Let
a = (ay,...,ay) and b = (by, ..., b,) denote the coefficients which appear in
the definition of the operator:

Uy, — UxUs
1+ u?

, b,~=b,~<u)=—% @)
t

a; = a;j(u) =
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and let X = (Xy,...,X,) and Y = (Yy,...,Y,) be the first-order differential
operators

Xi = ax; +aiats le = ax; +biat' (3)

Then £ can be formally represented as a sum of squares of these non-linear vector
fields, plus a first-order term:

Lu =Y (Xu+ Y u = (Xia; + Yib)ou)

i=l1

(see (8)). Moreover, a direct computation (see (11)) shows that

Zn:[x y]__ia
i=1 T 1+(8tu)2 a

Hence, if u is a solution of (1) and k is always different from zero in €2, then

n
Xi, Yi, Y (X0 Y] )
i=1
are linearly independent at every point. This condition, formally analogous to the
Hormander condition for hypoellipticity, is also crucial in this non-linear situation.
In particular it is possible to introduce a control distance d, and Lipschitz classes
C'’2“ associated to the vector fields X; and Y;.
Our main theorem is the following:

Theorem 1.1. LerQ c R ! andq € C*(Q xRx R xR), with q&, s, p, 1) #0
for every (&5, p, 1) € QxR xR xR Ifuis a solution of class C*>* (), with
o> 5 of

Lu=q& u,a,b,ou) inQ, (5)
where a and b are defined in (2), then u is of class C*°(S2).

Let us explicitly note that

" u? +u u +u +u2 u2 " w4 u?
3 (@ 57) = Z ) AU oSl
i= (1+u7) pri
hence
" u +u 14| Vul?

2
Z(a +b7) +1_Z e =1

i=1 i=1
and equation (5) simply becomes equation (1) if we choose

q&, u, a, b, du) = k(& w)(al® + > + DY2(1 +u?) .

Letus briefly sketch the proof. In order to study the regularity of the solutions of
equation (1), we fix a solutionu € C2%@. The coefficients a; = a;(u) and b; = b; (u)
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defined in (2) are obviously of class C'**, and the correspondent vector fields X;
and Y; are well defined. Hence it is natural to call the linearized operator of £ the
linear operator L, formally defined as £, in terms of these fixed vectors fields:

L,v= Z (Xizv + Y0 — (Xia; + Yibi)dv).

i=1

Linear operators written in this way have been intensively studied by Héormander,
Stein, Folland and Stein, Rothschild and Stein, in suitable spaces Ci‘;“ of Lipchitz
continuous functions defined in terms of the vector fields X; and Y;. However in
order to show, for example, that the solution of the equation

L= f¢ Cjc’“

is of class Cfc’“, their technique requires that the coefficients of the vector fields
X; and Y; are of class Ci:“, so that it is impossible to apply their technique to
our situation. On the contrary, for our challenge we will adapt a freezing method
introduced in [5] for the Levi equation in R3. We will call frozen vector fields of X;
and Y; at a fixed point &y the linear vector fields X; ¢, and Y; ¢,, whose coefficients
are the first-order Taylor developments of the coefficients of X; and Y;. Then we
define the frozen operator the linear operator Lg, formally represented as o£ but in
terms of these new vector fields

n

Ley =Y (X7 + Vi, — (Xiai + Yibi) (§0);). @)

i=1

Since X g, and Y; g, are linear, nilpotent and C* vector fields, which satisfy the
Hormander condition for hypoellipticity, there exists a fundamental solution I'g,
of Lg,. For every fixed &y an explicit estimate of it is known in terms of the control
distance dg, associated to Lg, (see [11]). However the dependence of I'g, and its
derivatives on the variable & was not known, and we study it here by means of
suitable singular integrals, always dependent on the variable &. Then we write
a representation formula for functions v € Cféa in terms of I'g; and L, v. Some of
the terms of this formula are singular integrals, and they can not be differentiated
in a standard way. Hence we introduce some third-order difference quotients in
the direction of the vector fields, and we use them to prove that, if L,v € Ci:“,
then v € Ci:“. Applying this result to the fixed solution u# of the Levi equation
we deduce that u € Ci:“ and d,u € Ci:“. To study the higher regularity of u we
iterate this technique: surprisingly, even though the operator is written in terms

of X; and Y;, we have to show that if u € Cﬁ‘“, its ordinary derivatives d,,u, dy,u

and 0,u are of class Cﬁ’ﬁ, in order to conclude that u € C:ZH’ﬁ forall 8 < «.

The paper is organized as follows: in Sect. 2 we give the definition of derivatives
in the directions X; and Y; and we describe the structure of .£. In Sect. 3 we study
the frozen operator L, and in Sect. 4 we prove Theorem 1.1. The representation
formula is stated without proof in Appendix A.

This work is part of the PhD dissertation of A. Montanari, completed under the
direction of Prof. E. Lanconelli and partially of the first author. The authors wish
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to acknowledge their debt to Prof. E. Lanconelli for his many suggestions on the
subject of the work and for his constant encouragement. They also thank Prof. S.
Coen for providing them with some references about the geometric aspects of the
problem.

2. Structure of the Levi operator

In this section we will always denote by u a fixed function of class C2, and we will
prove in detail some properties of the vector fields X and Y, introduced in (3) and
of the operator .£. Then we will give the definition of some Lipschitz classes C ?éa,
naturally associated to o£.

First note that, by (1), (2), and (6),

Lu = Z (“X;Xi +iyy + 2aiuxil + 2biuw + (az‘2 + b%)u”)

i=l1

(since uy, y, +2a;u +ai2u,, = (0 +a;0,)%u— (0y, +a;0;)a;0u = Xlzu — X;a;o;u)

n
=Y (X7u+ Yu — (Xia; + Yib) o), (8)

i=1

see also [5] for the proof of the same property in R>.
Moreover a; and b; satisfy the following crucial relation

Xiu = <8x, + = —b; )

Uy, — Ux; Uy Uy + Uy Uy
S R =X
1 +u? 1 +u?

and

Uy, + Uy.U; Uy — Uy Ut
Yiu= (8, — 2009 Ju=-L—1" =q,.
1+ u; 1+ u;

As a consequence we will represent Lu as a sum of squares of vector fields,
times a multiplying factor. Indeed
(Xia; + Yib;)ou
(by (9))
= (XiYju — YiXu)du = [X;, Yiludu = (Xibi — Y;a;)(du)
(always by (9))
= —(Xizu + Yizu)(a,u)z.
Hence, substituting in (8)

n

Lu =Y (XPu+ Y7u) (1 + @u)). (10)

i=1
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Moreover, if u is a solution of equation (5), then the commutator can be
computed as

Y IXi Vil =) (Xib; — Yia)o, (11)
i=1 i=1
S Lu q(. u, a(u), b(u), du)
=— Xu+4Yu)d = ——— 0, = — .
2 (X4 Vo =~ T+ @u?

i=1

Since k is always different from zero, then the last term in (11) does not vanish.
Thus 9, is a derivative of “length” 2 in the direction of X; and Y;. Besides the vector
fields

n
Xi. Yio ) X, Y]
i=1
are linearly independent at every point. Hence we can introduce a control distance d,
associated to £ exactly as in [9]. Since a; and b; are Lipschitz continuous with
respect to the Euclidean metrics, for every & € 2 there exists an unique integral
curve y; of X;, starting from &,. We will call y; the exponential curve and we will
denote it by

vi(s) = exp(sX;) (o).

Definition 2.1. Let K be a compact subset of Q. For all £, & € K there exists an
unique ® = (&1, ..., ®op1) € R such that

& =exp()_(PiXi + DY) + Py 10) ).

i=1

The numbers ®; = ®;(£, £) are called local coordinates of & around & with respect
to the vector fields X;, Y;, 0;.
Let us denote by |®|, the induced norm,

2n
@1 = (D7) +03,.0) "
i=1

and d the associated quasidistance
d(§, &) = | P& &). (12)

Definition 2.2. If y; = exp(sX;) (&) we define the Lie derivative of a function f
in& as

d
X f(60) = %(f o Vi),

when the right-hand side exists and is finite. The set of functions f such that X; f
and Y; f exist and are continuous for alli = 1, ..., n will be called CJC. If a; and
b; are of class C\., then we will say that a function f is of class Cfc if X;f and
Y; f are of class C ch and we will similarly introduce classes C';. Finally we say
that f is of class C'y'°, if its derivatives X;, Y; of order m are Holder continuous
of exponent o, with respect to the quasidistance d.
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3. The freezing method

We present here a generalization of the freezing method introduced in [5] for
the Levi equation in R3. Since the structure of £ depends on X;, Y; and their
commutators, it is necessary to introduce frozen vector fields X; ¢, and Y; g, such
that for every i and j, [X; ¢, Y} 5] = [X;, Y;] at the point &. This is made with
the Taylor development at the first-order of the coefficients of X; and Y;. If the
dimension of the space is 3, the resulting operator Lg, is, up to a chance of variable,
the Kohn Laplacian on the Heisenberg group, and its fundamental solution can be
explicitly written. In a higher dimension the situation is completely different, since
the structure of the Lie algebra generated by X, ¢, and Y; ¢, is different from one
point to another and Lg, is not invariant with respect to any family of dilations.
Hence in this section we have to introduce a new definition of the singular integral,
and study its properties in detail. As a consequence we will be able to deduce some
properties of the fundamental solution of Lg,, which will be crucial in the proof of
the regular properties of the solution.

Every function v € C;“(Q) has the following Taylor development (see [5,
Remark 2.3]):

v(€) = P () + 0(d' (&, &), (13)
where
PL (&) =v(&) + Y Xiv(Eo) (x; — x0.) + Yiv(6) (i — yo.1)
i=1

and we have denoted &y = (xo, Yo, f0) = (X0,1, +--, X0,1n5 Y0,15 -++» Y015 10)-
Hence it is natural to call the frozen vector fields

e; 0
Xl'fo = 0 and Yi,éo = 4] s (14)
Pél a; Pgl b;
0 0

foreveryi = 1, ..., n. By simplicity we will also denote
Digy = Xigys  Dn+igy = Yisgs (15

foralli=1,...,n.
The frozen operator of £ will be formally defined as (8), but in terms of the
linear vector fields X; ¢, and Y, g,

n

Ly =3 (X2 + Y2, — (Xiai + Yib) (50)d,). (16)

i=l1

For a fixed & the operator L, is an Hormander-type operator. Indeed X; ¢, and
Y; &, have C* coefficients and satisfy

[Xig, Vgl = (Xibj — Y;ja;)(&0)0;.
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In particular if u is a solution of equation (5) then, arguing as in (11), we have

q(8o, u(6o0), a(6o), b(%0), du (o))
1+ (9:u(&0))?

n
Y [Xigy Yiggl = — o (17)
i=1

and the Hormander condition for hypoellipticity is satisfied. Also note that the Lie
algebra generated by X; ¢, and Y; ¢, is nilpotent, since all the commutators of order
3 are zero. Hence there exists a control distance dg, and a fundamental solution
g, associated to Lg, : dg, can be formally defined as in Definition 2.1 with X;, ¥;
replaced by X;¢,, Yi . Moreover, because of condition (17), the results in [9]
ensure that I'g, is locally equivalent to dg_OQH, where Q = 2n + 2. Let us note
explicitly that, if n > 1 the Lie algebra generated by the frozen vector fields is
not free, and this implies that there is no dilation group associated with the vector
fields. Obviously this will be the main obstacle in the introduction of the singular
integrals. However I'g, and its derivatives satisfy the following estimate from above
(see [11]): for every compact set K C €2 for every &, &, ¢ € K,

1Dj sy -+ Dy Ty (6 O < Codgy 975, 0), (18)

where the constant C; only depends on K, and the derivatives D; ¢, defined in
(15), act with respect to one of the two variables on which I'g, depends. However
this estimate of I'g, and of its derivatives are not sufficient to obtain our regularity
result, and we also have to study the dependence of I'g, (&, ¢) on the variable &.
First of all we state a relation which holds between different frozen distances:

Remark 3.1. If & and &; are two points fixed in €2, the distances dg, and dg, are
not equivalent, but they can be written almost explicitly as in [5, page 492]. Then
for every compact set K, there exist M, M, and M3 such that for every &, &, for
every 6 and ¢ in K we have:

de (91 C) < d%‘o (9’ é‘),

ds, (0, 0) < dz, (0, 0) + My d(6, 0)d)* (&1, &)

and
Myd(&1, Q) < dg (&1, ) < M3d(&1, 0),

where d, is the Euclidean distance (see [5, Remark 2.8], for the proof of the same
assertion in R3).

Let us now begin the study of the fundamental solution with the following
remark

Remark 3.2. For a fixed & the function 0,I'¢, satisfies the following conditions

0,0, (5.0 < Cd °(£.¢) and / 1 9,y (€, 6)do = 0.
a<lg ! €0)<b
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Indeed the first one follows from (18), and the fact that the derivative 9, can be
represented as (17), while

f L ATy 0 =
asTy | (6.0)<b
integrating by parts
1 0,g, (&, 0 1 0,Ts (£,6
= f 6 &0 yog L / G0 o).
b ra)] (&,0)=b |VF$0(57 6)| a ra)] (€,0)=a |VF§O (S’ 0)|

Integrating again by parts we get the assertion.

The previous remark allows us to give the following definition

Definition 3.1. If & is fixed, f is a Hélder continuous function such that the
application 0 — ]‘(O)d;;0 Q(G, &y) is integrable in a neighborhood of 0o, we define
a principal value integral depending on &y as follows:

PVe, f 9, Te, (£, 0) f(6)dO =

lime—.o / ATy 0(O) — f©)d0 + / 0T (.0) fO)d
e<ly ' €0)=<R R<

gy €6)
for any fixed R, and the value does not depend on R.

Proposition 3.1. Let & and & be fixed in 2. If we denote TI'¢, the fundamental
solution of Lg, and T, the fundamental solution of Lg, we have the following
representation formula

2n

6.0 = = 3 [ Die T (6. 0)Die Ty (6. 16
i=1

2n
~Y Py, / Dy Te, (6. 0)(Dyy — Digy)Tey (6. )0
i=1

—c(§1) PVg, / e, (§,0)0: ¢, (0, $)do

where c(&)) = Z?:l Xia;(&1) + Y;b;(&1), all the derivatives are taken with respect
to 0, and D ¢, is defined in (15).

Proof. 1f L denotes the formal adjoint of Lg, and I';, is its fundamental solution
we have

0= / Lt T}, (6.6 s, (6, H)do =

('):egf‘gol (9,;)51\4}
{9:551“%1 (g,e}}
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using the fact that D;f £ Fgl (0,8) = —D;g e, (§,0)

2n
= f (Y. D2, Te, (£.0) — c(61)3Te, (£, 0))Tg (6. )do =

Y i=1
. ©.o=m}

{9:e5rg]] (s.@)}

O:e<I’

integrating by parts

2n . X _
_ X2 Di T 60D T 0.0) — e GO 0.0 1 (o
[VIg, (0, O

{ezrgo‘ .=}

leil Di,f] FS[ (§5 G)Di,él F§0(95 {) - C(SI)FEI (S? e)atrf()(eﬁ {)
IV, (6, 0]

+ [g, (0, H)do(0)
{oors) 0.0=m}
Y (Dig Te (£.0)% — cG)Tg, (6. 0)9 T, (5. 0)
VI (€. 0)]

[, (6, Hdo(6)
{ezrgl‘ 6=}

2n
- / (> D1 Te, (6. 0)Di g, T (6. 0)) — c(61)Ts, (6. 6)0 T, (6. )

{ozesrgol (G.C)SM} =1

{e:egrgl‘(g,e)}
=L+ bL+5L+ L.

In I; we use the fact that I'g, is constantly equal to e!

parts:

and we integrate by

I = - Z / L; T: (60,6)d0 = 0.
i=l {or 0.0=¢}

In order to study I, we first note that {6 : Fgol 6,0 = MyC {0 : ;M@ <
de, (0,0 < coM 1/(@-21 for suitable constants ¢; and ¢,. We can choose a cut-
off function ¢ such that ¢ = 1 on the set {6 : clMl/(Q’z)/Z < dg(6,0) <
20,MY @72} ¢ = 0 on the set {§ : ;M@ /4 > de,(0,0), or dg(0,0) >

4, MV (@Q=21 and |Dj @ (0] < M~1/(C=2) Then, using the fact that "¢, is con-
stant on the integration set, we have

i o(6) it P T (6. 0)Die Ty (0.0 — cl6n)Te (6,00 T 0,
VI
M{Q:Fgo‘(e,;):/w} VT, (6, Ol

I = do(6)
integrating by parts, since Lg I'r, = 0, we get

2n
== / > Dig dO) Di e, T, (6. 6) — c(EDB PO, (€. 6)db.

{9:1";01(0,;)5114} i=1
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By Remark 3.1 di, (6. ¢) > dg,(6.¢) — Mid}/*(60.¢) dy* (5. &) = CoM'/(@
—M'2C=D> cMY(©@=2 Consequently

D16, 9(0) Dig, T, (6, 0)) < CM /@24 © V0, ¢) < cM~2/(@

and,

1
M
{o:com/(Q=D <a 0.0
dg, (e,;)gcle/(Q—Z)}

1
L < CM—2/C2gp < cﬁ — 0 as M — oo.

In order to estimate /5 we first note that

S (D T, (£,0)? + T, (5. 0)8, T, (£, 0)

do(®) = 1

{e:rgl‘ & 0)=}

for all € > 0. This assertion is standard. For example in [7] it is proved as a general
representation formula for regular functions, which implies the stated assertion, if
applied to the function constantly equal to 1. Hence

I =—Tg (0

Y (Dig T, (5.0)° + Tg (£, 0)0, T, (5,0)
IVIg, (. 0)]

- / (Tgy (0, &) — Ty (8, ) do(0).
{ezrgll E0)=c}

Now arguing as in the estimate if I, we have
I3 — —Tg(,0) as e — 0.
Then

h=-Y [ DulaGoDr6.0d
i=1 {(-):egf‘gol((-),{)gM}

{9:551“%1 (s,e)}

2n
“Y [ DaTaEoDu - Dy 6.0
i=1 {0:651"501 (9,;)51\4}
{ezegrgll@,e)}

(&) / Te, (5, 6)3, T, (6, £)d6.

('):egf‘gol (9,;)51\4}
{ezegrgll (s,e)}
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Since for example X; ¢, — Xi g, = (P a — P; a)d,, the second and third integrals
tend to singular integrals as € — 0. Precisely

2n
lim  Ly=-)" / D¢, s, (€, 0) D g, Te, (0, £)dO
i=1

e—>0,M—+o00
2n
-3 Py, / Dy, T, (5 6)(Ds &, — Dig) ey (6. 00
i=1

~e(6)PYe, [ T 6 00T, 6. 0.
Collecting all the terms we get the stated assertion.

Let us estimate the singular integrals in the preceding formula. The estimate is
similar to the classical one, but we have to take into account that dg, and dg, are
not equivalent.

Lemma 3.1. Let K be a compact subset of 2, let My, My, M3 be the constants
introduced in Remark 3.1, and let

S={¢:dE. 0 =AM MM, ' d(E1, &) ).

Then for every &, and &) in K, for every { € S the following estimate holds
PV [ ars . 0X,e T 6.0 = €70 .0,

where C is a constant depending only on the compact K.
Proof. Let us first note that, by Remark 3.1,

SCSo={¢:d (&1, 0 = 4AMids (50, &1},

hence we will prove the assertion for ¢ € Sp. From the estimate of I'z, and ', we
have

v, [ ar . 00Xi5T 0, 0

< lim / 19T, (€1 0) (X100 e (0, ©) — X Ty 61 )]

e—0

e<dde, (&1.0)<d, (£1.0)

+ / |3tré1 (51, 0) Xi gl (0, §)|d9
4d§1 (51,9)211;1 1,0
dg) (£1.0)<2dg (6.0

+ / [T, (51, )X 1.5,y 6, )|

4dg, (61.0)dg, (61,9
dg, (610022, 0.0

=L+ DL+
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Let us first study 7;. We will call
St =1{0:€ <4dg(§1,0) < dg (61,0}

Lety :[0,1] — R?>*1 be an integral curve of the vector ﬁeld§ X Yigy, Or 0
connecting & and 6. By the mean value theorem there exists 6 € ([0, 1]) such
that

| Xi6Te 6, ©) — Xi gy Tey (61, 0|
2n
< C(dey(0,6) Y | Digy Xi gy Ty (0, 0| + dZ, 0, €10 Xi 6,6, 0)])

i=l1

< C(dy (0. £1)d (0. 0) + d2 (0, £1)d 2710, 0)).

In order to evaluate I; we have to estimate this expression in terms of the dis-
tance dg, . By Remark 3.1

de, (0, &1) < de, (0. &) + Mid> (0. £1)d, (%0, &)
(by the definition of Sy and S;)
< Cdl0, £)d (¢, &).
Analogously dg, (0, ¢) can also be expressed in terms of de, . Indeed

de, (0,0 > dsy (&1, 0) — dg, (61, 0)

(since 0 € ([0, 1)
> dg (51,0 — dg, (81, 0)

(by Remark 3.1)
> di, (61, 0) — Mydy (¢, £0)dy* (€0, £1) — di, (61, 0) — Midy* (0, £)d, ko, &1)
(by the definition of Sy and S;)
1
= gdé'] (El s C)

Hence B B
de, (6, £1)dz, 2 (0, ) + dz, (6, £1)d,* ' (0, 0)

12 1-0 -0
< C(d*6.60d; % (. &) + de, 0. 61)d;, (2. 61))
(by the definition of the set S)

1_
< cd}* 6. &nd?° (. &).

Collecting these estimates we get

n=d @) [ 2706 Endo <al 0 g < Cd' 0 &),
N
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The estimate of /> can be done as follows:

-2
L < / R R
4dg, (£.61)=dg (0.5))

<d 2" @ &) <d 0@ 8.

Finally we can estimate /3. On the set
1
S = {6 dey (6.81) = 4 0.60). iy (0.0 < 35, 0.6
we have
1 1
dgy (0, 0) = Edsl (61,0) =< E(dsl (0,0 +dg, (61, 0)).
From Remark 3.1 it follows that
3 m?
d%'] (97 {) = Edgo(ev {) + Tdf,:] (é()v él)s

hence we can deduce from (19) that

ds, (0, 0) < Mids, (0, &) + 2dz, (&1, ) < Cdg, (&1, ),
by the definition of Sy. Then

I <d %, 0) g%, 0do < Ca 2 (&, 0.

dg) (0.0 =dg, (§1.0)
This concludes the proof.

With a simple integration by parts we have

Remark 3.3.

PV, /8,1"51 (&, 0Ig, (0, 0)do = —PVy, / [, (8, 0)0, T, (6, £)db.

Proof. Letus fix M > 0 such that
{o:1.' &0 <M}n{o:T.'6,0) <M} =0

By definition we have

PV, / 0,'g, (§,0)Ig, (0, 0)dO =

e—0

— lim / 8,7, (6. 0) (T, (0, ©) — T (€. 0))d0

{ezegrgll(g,e)gM}

+ / 0T, (&, 0)I'g, (0, £)do

{Q:Mgrgl‘ (g,@)}

19)
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(since I, is locally integrable)

e—0

= lim / 3 Te, (§,0)(Tey (6, 0) — T, (&, 0))db

e:egrgl] &0=<M}

+ / 8,Te, (£ O)Ts, (0. )b

{9:M5rg]] (g,e)}
{e:MgrgOl (e,;)}

+ lim / 3,Ts, (£, 0)Te, (6, 1)d6 =

9:551“&01 ©o=m}
{ezMgrgll (s.@)}

integrating by parts we have:

alrg] (%—7 6)

do (6
Ve € o 7Ot

e—0

~ _lim / [e, (€. 0) (T (6. ©) — Ty (6. 0)
{eze:rgl] &0}

0T (§.0)

do(0
VT, &, 0y O

+ / Te (€, 0)(Ty (6, ©) — Ty (5, 0))

{ezrgll(g,e):M}

e—0

— lim / T's, (€, 0)0,T, (6, {)dO—

ezegrgll(g,e)gM}

alrg] (%—7 6)

—= " " do(0
Ve, €0 7O

(o, Go=m}
atréo (97 g) d

— e (&, )T, (6, 0

{9:rg01 ©.0=M}

- / T's, (£, 6)0,Te, (6, 0)do+

e |

{“so ©.0=M
—1

g E&o=m}

§—0
{azagrgol ©.0<M}

lim ‘/ Ts, (5, 6)9,Ts, (6, 0)do—

al F%‘O (91 C)

00 G5 0)+
VT @, 0177

§—0
{9:rg01 ©.0=5}

lim / [s, (6 O)Ts, 0. O)
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al F%‘O (97 {)

e (§,0)g, (6,

{ezrgol ©.0=M}

=limc0s5-0l1 + ...+ Io.

Note that
I — 0 as €e =0,

[g (8, 0) / 3 Tg, (€,0)
M

I I =
2 Ve, € 0)]

do(©) =0,

{e:rgl] &0=M}

and, in the same way
Is+1y=0

while, by Remark 3.2

L / (Te, (6.6) — Te, (£, )T 6. ).

ezagrgol 0.0<M}

Hence
limeossoli + ...+ Iy =lime 055003+ s+ 17 =

= —PVg, / [e, (€, 0)0, g, (0, 0)db.

Proposition 3.2. Let K be a compact subset of 2, and let S be defined as in
Lemma 3.1. Then for every & and &1 in K, for every ¢ € S, I'gyand Uy, satisfy the
following estimate: there exists ¢ > 0 such that

d(&o, &1) n d“(%m&))
d2-1(&,0 d2%&.0 )

ITgy (50, &) — I'e; (61, O SC( (20)

where ¢ depends only on K.

Note that, on the set S, I'g, (50, ¢) and I'¢, (&1, ¢) are of class C*°, since

d(&1, ¢) = 2d(&;, &)

and

d(§0,¢) = d(§1, 0) — d(%o,§1) = d(&1, o).

Proof. We apply the representation formula to the function I'; using the fact that
Iz, is the fundamental solution of L . Then we get

2n
I8 =— / ZDT,&OF?@(C’ 0)D;, T: (6. £)do
i=1
2n
=3PV [ D1 T @ 0Dl - Dk )T 0,540
i=1

—ele) PV [ T, 00T, 0. 610 =
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using the fact that D;f % Fgo (¢,0) = —D; 5T, (0, 0),

2n
=- Z/ Di 5T, (6, O Dig, Ty, (€, 0)db
i=1

2n
— D PVy / Di 5T, (0, £)(Digy — Dig))s, (§, 6)d6
i=1

+c(o) PV, / [e, (0, 0)0: g, (&, 6)d6.

Subtracting from this relation the expression of I'g, provided in Proposition 3.1,
and using Remark 3.3 we get

F%‘] (Ss C) - F?,-'() (Ss C) =

2n
-3 v, f Dy 6, (Diy — Dy )T, (€, 6)d6
i=1

2n
+3° Py, / Dy Te, (6. 0)(Dyy — Digy)Tey (6. )0
i=1

+(c(60) — c(§1)) PV /&Fsl(é, O)ley (6, £)db.

Since all these terms have the same behavior, we will consider only the first one:

PV, / (X7e, — X7 )Te, (€.0) X7 Te, (6, 0)dbO
= PV, / (P ai(6) — P ai(0))d,T¢, (€. )X, T, (6. 0)do
= (P ai(%0) — ai(£0)) PV, f 0,Te, (6, 0) X[ ¢, T, (6, )6

+ Z(Xjai(él) — Xja; (&) PV, / 0 I'g, (&, 0)(x0,; — xo,j)X?,gorgo 0, 0)do

J=1

D060 = Vi) PV, [ T €00~ 0, XLg, T 6. s

j=1

where we have denoted 6 = (xg,1, ..., Xg.n, Yo.1, ---s Yon, o) and X f) £ the derivative
with respect to the variable 6.

If we choose & = &, all the integrals appearing here can be estimated as in
Lemma 3.1, and, since a € Ch2, by (13) we obtain

d'" (&, &)

|F§0(Els 0) —Tg (61,0 < Cm-

1)
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Finally,
|F§‘0(é:07 {) - F&'] (El ) C)'

=< |F§‘0(é:07 {) - F&'()(E]s C)' + |F§‘0(éls C) - F&'] (Els C)'

(by the mean value theorem applied to I'g, (-, £), and the estimate of its derivatives,
and by (21))

<C(d<so,51> ECRD d‘+“<so,sl>>
T\ Gy Gy @ o)

for a suitable E, which belongs to an integral curve of X ¢,, Y; ¢, or d; connecting
& and &;. Hence also applying the definition of S,

1 ~
Zd(él, §) =d§,5) =4d1, 0.

Then (20) follows immediately.

In order to estimate the derivatives of I'g;, we also need the following remark:

Remark 3.4. If we denote & = (&1, ... ,&p11),and 6 = (01, ..., 62,41), a direct
computation proves that

2n
D; . T (£,6) = —Dj Te (£.6) = > (& — 0)[ Dy, Die )T, (6.0)  (22)
i=1

2n

= =D}, T (£.0) = Y (& — 0)cin(E)] Tg, (£, 0),

i=1

for functions c; ; of class C% (see [10, page 295, line 5] from below, for the proof
of the same assertion in a more general situation).

Proposition 3.3. Let K be a compact subset of 2, and let S be defined as in
Lemma 3.1. Then there exists C > 0 such that for every &y and &) in K, ¢ € S, the
following estimate holds

|Dji & - DjgTe (0,8 — Djy gy - .. Dj g, Ty (51, O

co(Ht | o) )
- d(§7sl)Q+571 d(;sl)QJrSiz .

Proof. We denote by v a function of class C*°(R, R) such that y() = 0if |7] < %,
Y(f) = 1if |t| > 2. Then we call

. %)
0) = ,
0 1//<d(§, C))
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so that I'g, (0, H)¢p(0) € C= (R¥*1 R). Since "¢, is the fundamental solution of
Lgl , then

= [ e 0L (P4 0.0~ T4 6. 0)0(600
2n
+22/ T¢ (8. 0)Dig, (T, (6. &) — T, (6, §) Dig, $(0)dO
i=1

+ [ T €. 0)(140.0) ~ T 6.0) Lo p0)d0
(since Lg, I'e (0, ¢) = 0 and Lg, g, (0, £) = 0 on the support of ¢).
= / T (8, 0)(Lg, — Lgy)Tg, (6, D9(6)dO
2n

+2Z/F§1 (£ 0)D; g, (Tgy (6, ) — T, (0, 0) Di g, $(0)d)

+ [ 04 0.0 — T4 6.0) L 008
(integrating by parts)
Z/Fél (6, 0)(Lg; — Lgy)T (6, H)@(0)do

2n

2n
—22/1}1 (£ 0)(Te, (6, ©) — T, (6, ) D7 . $(O)d
i=1

- [ Ta €. 01400 - T4 6.0) Lo p0)c
We will now differentiate this formula. We will study only the following two terms
A0 = / Fe, (6, 0)(Le, — Lgy)Tg, (6, 0)(6)db,

and

B& ) = / DY T, &, 0)(Tiy (6. ©) — T, 6, 0) Dy, p(6)d,

since all the others have the same behavior as B.
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The domain of integration of Bis {6 : D; ¢ ¢(6) # 0} C {6 : id(é, 0 <d@®,9

< %d(&, ¢)}. Hence on this set we have

3 1
d.0) 2 d(€. () —d©. ) 2 d. §) — 7dE. ) = 7dE. )

and the integrand has no pole. Hence we can take the derivatives under the integral

sign, and, also using (21), we get

d'te (g, &) L 4G, £)d(E Eo))
d(&, p)Q+s! d(g, &)=t )

Let us now take the derivative of A (£, &y):

IDj & .. Dj.BE, O] < C(

Dih& / F& (&, 9)(1451 - Léo)réfo ©, §)¢(9)d9

= / Di]f] Ie, (5, 0)(Lg, — L&o)réo 0, DHp(O)do
(by formula (22))
== / D?lsél Fél (S’ 0)(1‘51 - Léo)réo (0, §)¢(9)d9

2n

~3 e / (& — 00T, (5, 6)(Le, — Le )T, (6, )p(0)db
i=1

integrating by parts

- / e (6. 0)D . ((Le, — Lgy)Te, (0, O)p(6))do

2n
= &) / (& — 0)Tx, (€, 0)0] ((Le, — Ley)Te, (6, 0)p(6))db.
i=1

(23)

Since this term has the same structure as A, it can be further differentiated and

we get
|Dj g - D5 A O

—| / Fa 60D, , ... D (L, — Ley)Tey (6, O9(6))db

+ similar terms|

(arguing as in the proof of Proposition 3.2)

( d'teE &) d¥(%, &, Eo))
c + .

d et d(g, &)@t

Hence, also using (23), the same estimate holds for

IDji & - DjgTe (0,8 — Djy gy - .. Dj 5, T (51, O

and the thesis is proved.
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4. Regularity results

In this section we conclude the proof of Theorem 1.1. First we introduce a definition
of higher-order difference quotients in the direction of the vector fields and we
give a sufficient condition of differentiability in terms of them. Then we apply this
result to the representation formulas stated in the Appendix, and establish regularity
results for the solutions of the linearized operator L,. This result can be applied,
in particular, to the solution u of £, and ensures that, if  is of class C%“ then it is
of class Cfé“. Iterating this theorem we deduce Theorem 1.1.

Let us first introduce a simpler notation for the derivatives in the direction of
the vector fields: we will call

D;=X;, D,y =Y, (24)
foralli =1, ... ,n,. Then we give the following definition:

Definition 4.1. If g : Q — R, we define difference quotients in the direction of
the vector fields D;:

8" () — g(¥)

Aig(h)(§) = I

and in the Euclidean directions e;

g +h*e) — g(®)
h? '

A g(h)(é) =

where e; is the i-th element of the canonical basis in R+, For every m > 2 we
set

Al g()(E) = A (A7) g()(h)(&).!

Remark 4.1. Tt immediately follows from the definition that, if there exists
D:’?...im g(&), then these also exists

Iim A" . o(h
hlE)I(l) l1~~~lmg( )(5)7
and they have the same value.

Vice versa we have the following result:

Remark 4.2. If g € CJC(Q) and

Algm® "3’ f&), (25)

uniformly in &, then there exists Dl.zjg and

Djg=f.

! Let us note explicitly that this definition is weaker than the one introduced in [5], and it
seems to work better, because it requires the same increment in any directions.
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Proof. By definition we have
AGg(h)(&) = (g<e"D "Pig) — g("Pig) — g("Pi8) + () (26)
1 " 1D D N 1D
= /0 Dig(@ 1 Pedy — o / D;g(e*Pig)dx
If we choose & = ¢*Pi &, and integrate (25) on the interval [0, t] we get
T T
/ fePgo)ds = lim / A (h)g(e*PEo)ds = 27
0 —0Jo

(by (26))

T

1 T h 1 h
= lim — / ( / D; g(ewfe<h+s)0fgo)d,\)ds - ( / D; g(ewfefogo)dA)ds
0 0 0

h—0 h2 h?

(using the change of variable 4 + s = s’ in the first integral)

_;}1_)0 h2/ / D; g(e)‘DfeSD’SO)dA ds — —/ / ng(e)‘DfeSDiSO)d)\)ds

1 T+h h Di sD: 1 h h D D
= lim h2/ (/0 D;g(e*Pie 'so)dk>ds— h—2/0 (/0 Djg(e*Pie lso)dk>ds
since g € C,
= D;jg(e™ &) — D;g(&).

Because of (27) we obtain
T
Djg(e™i&) — Djg(§0) = f fePigo)ds,
0
and, since f is continuous because of (25), then there exists Dl.zj g(&), and

D.g(k0) = f(&)

for all & € 2. Higher-order difference quotients can be treated in an analogous
way and we have

Remark 4.3. If g € C";(2) and

AT ey "3 e, (28)

ll At

uniformly in &, then there exists Df’:ﬂ g and

Dm+1 g= f

ERUIES
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The same result also holds for mixed difference quotients:

Remark 4.4. If g € CfC(Q) and J;g € CJC(Q)

h—0

AL (Do, 8 E) = [(E), (29)

uniformly in &, then there exists
D;o,g = f.

We can now apply these results to the representation formulas stated in the
Appendix. Since u € C*“ is a fixed solution of equation (5), the coefficients
a; = a;(u) and b; = b;(u) are fixed, and the squares of the vector fields X; = X;(«)
and Y¥; = Y;(u) can act on any function v € Cfé“. According to (8) the linear
operator L, may be written as

n
L,v= Z (Xizv + Yizv — (Xja; + Yibi)atv)a
i=1

and here we study the solutions of the equation

L,v=g. 30)

Proposition 4.1. If a and b are in C"%, v € C?é“(Q) is a solution of (30) with
v, g € CL*(Q) and 8,g € C%(R) then Vv € CXF(Q), for all B < a.

Proof. Let us prove that d;v € Cféﬂ(Q), to begin with.

We can obviously represent v as in Theorem A.2, and we will differentiate this
formula. The proof is divided in three steps: in the first one we show that the terms
denoted as B; j, which are the most singular, can be uniformly approximated by
a family of smooth functions. In the second step we prove the existence of the third
derivative of v, and in the third we show that the derivative is of class C#. We only
give a short outline of the first and the third step, since they are a generalization of
[5, Theorem 4.2]. We will prove in detail only the second step, where we use the
properties of the new difference quotients introduced here.

Step 1. Let us assume that v is represented as in Theorem A.2, and let us study
the last term in B, 1:

w(E) = f 8T, &, O (bi(0) — PLBi(D) (3r0(0) — PLaw(©)d(0)de.

Note that this is a principal value integral (in the sense of Definition 3.1). However
we can define

wi (&) = / D2.02Te, (60, ) (b:(0) — PLb:i(©) (9:0(0) — PL3,u(0)$(0)dg
and the integral is well defined, since

| D30T, (0. ) (bi(©) — PLbi(0)*(8,0(0) — PLaw(0)] < d=2 (&, 0).
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Let us fix a function # € C*°(R) suchthat 0 <0 <1, 6(t) =0 forall t < 1 and
0(t) = 1 for all T > 2. For every ¢ > 0 let us define

dey (&,
w(§) = f 8,Tg, (&, g)(bxo—Pgob,-(o)Q(a,v(o—Pgoafv@))me(@)d;

Arguing as in [5], by estimates (28) and (29) it is possible to prove that

sup e (&) — w@)| < 187, @31
dg (€.50)<e/2
and
sup | DJoiwe(§) —wi(§)] < 2™, 32)
dg (§,50)<¢/2

where the positive constants ¢y, ¢; do not depend on &.

Step 2. In order to show that v is three times differentiable, here we study its
third-order difference quotients. Let us start again with the last term in B; ;, always
called w. By (31), choosing ¢ = |h|, we get

AljBen, (B E0) = Afj Ay, wi (1) o) + ORI
(for a suitable 5)
= Djjdywy(€) + (A1) = wi(§) +o(1) as h — 0

Hence there exists
;lll_rR) A%/AeZnH w(h) (o) = wi (o)

uniformly for & € 2. Since all the terms in B;; can be treated in the same way,
there exists

]}lg(l) Alzj Aeyyiy Bis1 (h)(80). (33)
Let us now consider A (&, &). It is standard to see that
DA E &) = - / Py, 00 (Lavd)(O)dg € C°,

and, since Dj = D¢, + (aj — Pgoaj)(é)at, then
D;o, A1, &) = — / DT (8, 00 (Lyv)(§)ds —

—(a; - PLa;)® / 8,0, (£, 03, (Luv)(0)de.

The structure of this term is similar to B, 1, and arguing as in the proof of (33), but
using first-order difference quotient, it is possible to show that there exists

lim A;D;3;A1(h) (o),
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which, by definition, means that there exists Dlzj 0;A1(&o, &). Then, by Remark 4.1
it follows that there exists

lim A7 Acy, ., A1(h) (Go) (34

uniformly for &y € 2. Finally note that the terms C; (&, &) and F; (&, &) are of class
C®, since they are the convolution of I'g, with a function of class C*, identically
zero in a neighborhood of the pole of I's,. Hence, by Remark 4.1 there exist

lim A7 A, Ci(h)E0) and lim A% Ae,,,, Fi(h) (E0)- (35)

Summing up all the terms we deduce that there exists f such that
AL Ay, v (E0) = f(E0)

uniformly in Q2. Then, by Remark 4.4, there exists D,zj ov=f.

Step 3. Let us prove the regularity of the third derivatives of v. The expression of the
function f is explicit, and depends on I'g, and its derivatives. Using the estimates
of I'g, proved in the previous section, and arguing exactly as in [5, Theorem 5.1],

we obtain a Holder estimate of ij d;v, which implies that d;v € C?C’ﬁ forall B < a.

The proof that d,; v and 9y, v are of class Ci:ﬁ is similar. Indeed, since v € Cfc’“
and v € C}“ then 8, v = X;v — a;d,v € C;* and d,,v = Y;v — b;dv € CL*.
Besides, since g € Cjc’“ and ;g € C% then d,,g € C% and d,,g € C%. Hence
arguing as before we also get the existence of Dlzj Oy, v and D%jaykv, and their
Holder estimates.

If we assume that the coefficients of the operator are more regular, we can prove
a better regularity result.

Proposition 4.2. If a,b € C3*(Q), v € C3*(RQ) is a solution of (30) with g €
CLUQ) then v € CYP(Q) forall B < a.

Sketch of the proof. The proof is similar to Proposition 4.1 but makes use of Theo-
rem A.1, instead of Theorem A.2. In this way it is possible to show that there exists
fe Ci, B < «, such that

Ajv(h) (E0) — f(o)
uniformly for &, € Q2. Then, by Remark 4.3, there exists D?jkv = f.
Iterating this result we get the following:

Theorem 4.1. If L, is a linear operator with coefficients a; and b; of class C';5, .

withm > 2, and v € Ci:a is a solution of
Lov=geC)." (36)

then v € C:c"jolciﬂfor all B < «a.
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Proof. The proof can be carried out by induction arguing as in [5, Theorem 6.1]
(where the same assertion is proved in R?), but making use of Propositions 4.1 and
4.2, just proved.

Now we can apply these results to function u, since it is a solution of
Lyu=q(-,u,a(u),b(u), du).
Proposition 4.3. Ifu € C>%(Q) is a solution of (5), then
a(u), b(u) and du e CF(Q)
forall B < «. In particular u € Cféﬂ(Q).

Proof. By hypothesis u € C%%(Q), so that q(,u,au), b(u), du) € CH¥(Q). By

Proposition 4.1 we deduce that Vu € Ci:ﬁ for all B < «, hence by the definition

of a; and b; given in (2) it follows that a, b € C”. Because of (9) this implies that
3.8

ueCzl.

The derivatives in the directions 9, and X; do not commute, but the following
relation holds:

Remark 4.5. 1f d,u € C">"*, then 3, X,u and 8, Y;u € C" .

The derivatives 9, X;u and 9,Y;u, obviously exist, since u € C2, and we only have
to prove that they are of class C:Zil’“. Indeed

0, X;u = X;0;u + 0;a;0:u

(by 9))
= Xjaﬂ/l + 3,Y,'M3,M = Xjaﬂ/l + (Y,a;u + 8;1),’8&!)3,1/{
(by (9))
= X;0u + (Y;d,u)du — 3, X;u(du)?,
so that

O Xiu(l+uf) = X;du + u,Y;0,u. (37)
By dividing up equality (37) by 1 + u? we get
Xjaﬂ/l + utYiatu

8X,'I/l=
' 1+ u?

(38)

Analogously we get
Yjatu — M[Xl'atu

8Y,~u=
' 1+ u?

(39)

The claim is proved, since X;0,;u and Y;0,u are of class Cﬁfl’“ by hypothesis.

Let us now prove Theorem 1.1, by using Theorem 4.1 and an iteration pro-
cedure. We can not apply the iteration procedure directly to the functions X;u and
Y;u, since these functions satisfy equations analogous to (36), but with the second
member not regular enough to apply Theorem 4.1. On the contrary we apply the
iteration to the derivatives in the directions d;, 9y, = X; — a;0;, and 9,, = ¥; — b;0;.
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Proof of Theorem 1.1. As we have already noted in Proposition 4.3, we can assume
that

ueCyhy, and BueCh (). (40)
Hence, by Remark 4.5 we also have
dYiu 8 Xu e CHh (). 1)

Differentiating equation (5) with respect to ¢, we get

n
Lyt == (20,YiuX;u — 20, XuY;du) + 9, (q(€, u. a, b, du))

i=1

(see [5, page 522]). In order to take the derivative of ¢, we will call (§, s, p, 7) €
Q x R x R?" x R a generic element in the domain of ¢. Hence v = ,u is a solution
of

8 n
<Lu — 8—3(5, u,a,b, a,u)a,>u - ; (20,Y;uX;du — 20, X;uY;0,1)
+3t51($a u, da, bv atu) + 3sq@:» u,a, bs alu)atu

n

n 8q Bq
+ ; a—pi(g, u,a, b, d,u)d,Yiu — ; o (& u,a, b, du)d,Xu.

Obviously L, — g—z (&, u,a, b, d,u)d, is a linear operator with C i: ﬁo . coefficients,
hence we can apply Theorem 4.1, and deduce that

3,
du € C..

Now we can differentiate equation (5), with respect to the vector field X; — a;0,,
writing Lu as in (10). Let us begin with the derivative with respect to X;.

Xi (G477 u =

(X5 4 Y7) Xiu + [ X, Xj1X ju + X (X0, Xjlu+ (X, YiYju + Yi[X;, Y)lu =

= (X§ + sz) Xiu+ XX, XjJu+ Yi[X;, Yilu+ T}, (42)

where
T = [Xi, Xj1Xu + [ X, Y)Y ju

= (Xia; — X ;a3 X ju+ (X;ibj — Y;a)d,Yju € Cf\,.

by (40) and (41). The second and third term in (42) can be evaluated as follows
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X (IXi, X jJu) + Y, (X, Yilu) = X ((Xiaj — Xjaidu) + Y ((Xibj — Yjai)du) =

(by (9))
= Xj(Xinu — X]Ylu)alu + Yj(—Xinu — Y,Ku)&,u

+(Xia; — Xja)Xjou+ (X;bj — Y;a;)Y;0,u =
(ifwe set lej = (Xia; — Xja;))X;jou+ (X;b; — Y;a;)Y;ou € C:éﬁac)
= (XX, Yju— X; X Yiu — Y, X, X ju — VY Yi)du + T, =
= (X}, XilYju + Xi([X;, Ylu) 4+ [Xi, V)X ju — X3Yiu — Y;Yiu) ou + T3, =
= Xi([X,. YJw)du — (X2 + Y Yudu + T3,

where we have called Tl3] = le] + (X, Xi1Yju + [Xi, Y;1X ju) du.
Inserting this identity in (42) we get

Xi(X5+Y ) u = (X5477) Xiu+ X ([X, YjJu)du — (X5 4+ V3 ) Yudu + T} + T, =
= (X34 Y])Xiu + Xi(X;bj — Yjap)du)du — (X5 + V) Yudu + T, + T, =
(using (9) in the second term)
= (X5+7Y;) Xiu — X; (Xu + Yju) @)’ + (X;b; — Yja;) X;dudu
—(X3+Y)Yudu + T, + T3, =
= (X +7Y;) Xiu — X; (X5u + Yju) Qu)* — (X5 4 Y7)Yiudu + T,

where
Tyu =T} + T, — (X;b; — Yjaj) Xidu.

Bringing the second term to the left hand side we deduce that
(1+@u?) X (X54+Y7)u (43)
= (X3 +Y7) Xiu — (X5 + Y7) Yiudyu + Tyju.

Now we will compute the derivative with respect to a;9;. As in [5, page 522], we
have

—a;d; (X5 +Y])u=—a; (X3 +Y}) 0u + 0,Xa;0u + 9,Y;b;ou)
—a; (20,a; X j0u + 20,b;Y;0,u)
= —a; (X5 4 Y7) 0u + 3, (IX;, Y;1u) du)
—a; (20,a; X ;9,u +23,b;Y;d,u) .
Let us remark that
O (1X;, Ylu) = 0, (X ;b — Yja;)du)

(by (9)
=0, (=X = Y;)u) du + (X;bj — Yja;)o5u.



C regularity of solutions of an equation of Levi’s type in R>'*! 55

Hence

—(1+ @) a;d, (X5 + Y7 u=—a; (X5 +Y7) 0u) + Kyu,  (44)
where

Kiju = —a; (X;b; — Y;a,)0pudu + 20,a;X jd,u + 28,b;Y ;0,u)

is a function of class C}éﬁac.
Finally, summing up (43) and (44) we get

(1+ @u)*) (Xi — a;dy) (X3 + Y7 ) u
= (X3 +77) Xju — (X5 4+ Y7) Yiudu — Yiu (X5 + Y7) du + Tyju + Kiju
= (X5 4Y7) (X; — aid)u + 2X ja; X ;du + 2Y;a; Yy + Ty + Kyju,
where
2Xjain8,u + 2Yjain8,u + Tiju + Kiju € Cjézﬁloc'
Then

L(X; = aidpu) = (1+ @u)?) Y (X5 +Y7) (Xi — aidu

J=1

= (1+ @)’ (X — a;d,) (w)

1+ (3,u)?
— (14 @w)?) Y (2XjaiX ;0 +2Y ja;Y jdu + Tyu + Kyu) € CF°
j=1
and, by Theorem 4.1,
(Xi — aidu € C,..
foreveryi =1, ...,n.
In the same way one can prove that

(Y; — bidpu € Cyly

foreveryi =1, ..., n.
Hence
Xou = (Xi —a;0)u + (Y; — bidy)udu c 3P
i 1+ (8;”)2 £L,loc?
(Yi — bid)u — (X; — a;0,)udu 3.8
Yiu=-— eCy,
u 1+ (alu)z £L,loc

andu € Cféﬁac- We have proved that
ueCylhy, and BueCY) ().

Finally, iterating the procedure that we have applied to deduce this from (40), we
get the result.
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A. Appendix

We assume that u € C> is a fixed solution of equation (5) and for every function
v €E Cfé“ we state a representation formula in terms of L,v. This formula is the
principal tool in the proof of Theorem 1.1. Since this is a local result, we can
always fix three open sets 2, € and 2 such that Q, CC Q; CC €2, and
a function ¢ € C5°(L2) such that ¢ = 1in Q. Then we study only viq, = vg|q,.

Theorem A.1. If v € Cféa(Q), then for every & and & € Q2 we can represent
v(&) = vo(§) in the following way:

Pv(E) = A€, &) + ) _ Bio(& &) + du(E0) Y Ci&, &) + Y Ei(& &),
i=1 i=1 i=0

where

A &) = / Fey (6, O Lav(O(Q)de,

ifPé?0 0;v(8) = 0,v(&) then for k = 0, 1 By is the following function

Bi(£,8) =2 / Te, (€, O (Xiai(0) — Xia;(§0))¢(0) (9,v(0) — PL d,v(0))dC
-2 f Xi g Tey (6. 0)(ai(0) — PLai(©)d(0)(3,v(0) — PE 8,v(0))dg

=2 Xn:(Xkai — Xiax) (&) /(xg,k — x0,1)0:Lg, (6, )
pos
(@i () = P ai(©) () (9:v(2) — P div(0)dE
23 ear — Xib)(E) / (et — o0 Ty
py
(ai(Q) — P ai(0)) () (3:v(0) — PL ,v(0))d¢
- / 8Ty (5. 0)(ai(0) — PLai(©)’¢(0)(8v(0) — PEdw(0))dg
+2 / Ty (8, ) (Yibi(§) — Yibi(£0)) (9 (3iv(§) — P 8,v(0))d¢

2 [ Y Pa 6. D00 = PLB@)O0 (000) — Phdia(o))de

230~ Fiad @) [ Grei — 3608 T

k=1

(bi (@) = PLbi(0) () (0v(8) — PE B v(D)de
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23 b~ Yibo &) [ s v
pa
(bi1(©) = Py bi(©)¢(9) (3rv(8) — Py drv(9))dg
- / 8,Tsy (5. O (b:(0) — PLbi(D) ¢(0)(8,0(0) — P dv(0)de,
Ci(. &) = —2 f Fey (€. 0)(ai(0) — PLai(©)) Xiqy$(0)de
) / Feo & 0 (b1 () — PLbi0) Yy $(0)d
- / Ts, (5, O (a0 —Ph ai() 8,0 — / Ts, (5. O (b1 —PL bi(0)*8p(D)de.
Eo(§, &) = f Tey (€. D)v(0) Le p(0)dL.
Ei(§.6) =2 f Tey (€, O Xiv(0) X1 gy p(0)dg
+2 f Te (€, OYiv(0)Y; 5, (0)de
+ [ T (e 0@ - Phao) av©nowde

+ / [y (& ) (b:(0) — PLbi(©) 8,00 8,6(Dde,

We omit the proof, since it is similar to the analogous result in [5]: here we
have used (22) in the expression of Bj.

If v is more regular we also have the following formula:

Theorem A.2. Assume that v € Cféa(Q) and dv € Cjéa(Q). Then for every
¢ € C3°(2) we have

Pv(&) = A1 &)+ ) _ Bia(&. &) +0v(E) Y Ci(E. &) +DiE &)+ Fi(E &)
i=1 i=1 i=0

where B;1 and C; have been defined in the previous theorem, and

Di(&, &) = t(Py,0,v(§) — dv(£0)),

A6 &) = [ Tae 0(Lav© =2 Y (@Xidiuteo) + bi¥idu(eo) (o)
i=1

Fo(£. &) = / Tey (€. O (W(E) — 1(PL (&) — 8,u(60))) Ley(§)ds
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Fi(§,50) = 2/ Te, (€, O (Xiv(0)—1Xi8,v(50) —ai (Py, 9:v(E)—:v(80)) ) Xi 5, $(0)dC

+2 / Py (& 0 (Yi0(0) — 130,0(60) — bi(PL 8,0(8) — B,0(&))) iy (0
+ / [y (& 0)(a:(0) — PLai(©)2 (300 — PLa,(0) (@)

4 / [y (& 0 (b:(0) — L) (0000 — PLav(0)8,6()de.

Proof. The assertion can be proved by applying Theorem A.1 to the function

w(€) = v(&) — 1(Pg dv(§) — dv(&)).
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