FOUNDATIONS oF

Foundations of Computational Mathematics COMPUTATIONAL
https://doi.org/10.1007/510208-023-09621-y MATHEMATICS
Check for

updates

Error Analysis for 2D Stochastic Navier-Stokes Equations in
Bounded Domains with Dirichlet Data

Dominic Breit'2 . Andreas Prohl3

Received: 5 October 2022 / Revised: 18 May 2023 / Accepted: 13 July 2023
© The Author(s) 2023

Abstract

We study a finite-element based space-time discretisation for the 2D stochastic
Navier—Stokes equations in a bounded domain supplemented with no-slip boundary
conditions. We prove optimal convergence rates in the energy norm with respect to
convergence in probability, that is convergence of order (almost) 1/2 in time and 1 in
space. This was previously only known in the space-periodic case, where higher order
energy estimates for any given (deterministic) time are available. In contrast to this,
estimates in the Dirichlet-case are only known for a (possibly large) stopping time. We
overcome this problem by introducing an approach based on discrete stopping times.
This replaces the localised estimates (with respect to the sample space) from earlier
contributions.
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1 Introduction

We are concerned with the numerical approximation of the 2D stochastic Navier—
Stokes equations in a smooth bounded domain @ C R? supplemented with no-slip
boundary conditions. They describe the flow of a homogeneous incompressible fluid
in terms of the velocity field u and pressure function p defined on a filtered probability
space (2, 3§, (§+), P) and read as

du = pAudt — (u- Vyudt — Vpdt + ®(u)dW in Or,
divua =0 in O, (1.1)
u(0) = ug in O,

P-as.in Or := (0,T) x O, where T > 0, u > 0 is the viscosity and uy is a given
initial datum. The momentum equation is driven by a cylindrical Wiener process W
and the diffusion coefficient ® takes values in the space of Hilbert-Schmidt operators;
see Sect. 2.1 for details.

Existence, regularity and long-time behaviour of solutions to (1.1) have been studied
extensively over the last three decades, and we refer to [23] for a complete picture. Most
of the available results consider (1.1) with respect to periodic boundary conditions.
In some cases this is only for a simplification of the presentation. For instance, the
existence of stochastically strong solutions to (1.1) is not affected by the boundary
condition. Looking at the spatial regularity of solutions the situation is completely
different:

e If © = T? — the two-dimensional torus — and (1.1) is supplemented with peri-
odic boundary conditions one can obtain estimates in any Sobolev space provided
the data (initial datum and diffusion coefficient) are sufficiently regular; cf. [23,
Corollary 2.4.13].

e If, on the other hand, O is a bounded domain with smooth boundary and (1.1) is
supplemented with the no-slip boundary condition

u=0 on(0,7T) x 30, (1.2)
it is still an open problem if the solution satisfies
E[IVa(T)|7;] < oo (1.3)

for any given T < oo, cf. [18, 22]. Regularity estimates are only known until a
(possibly large) stopping time and even with this restriction the spatial regularity
seems limited; see Lemma 3.1 (¢) and Remark 3.2.

Moment estimates such as (1.3) are crucial for the numerical analysis. If they are not
at disposal it is unclear how to obtain convergence rates for a discretisation of (1.1).
Consequently most, if not all available results are concerned with the space-periodic
problem. In particular, it is shown in [5] and [12] for the space-periodic problem that
forany § > 0
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@ Springer Lﬁjog



Foundations of Computational Mathematics

M
[maxm 0tn) = w75 + X pey TIVUER) — Vg mll3,
X X

(1.4)
— -] o

as h,7 — 0 (where o < % and B < 1 are arbitrary); see also [3, 4] for related

results. Here u is the solution to (1.1) and wy ,, the approximation of u(t,) with
discretisation parameters T = T /M (time) and & (space). The relation (1.4) tells us
that the convergence in probability is of order (almost) 1/2 in time and 1 in space. It
seems to be an intrinsic feature of SPDEs with general non-Lipschitz nonlinearities
such as (1.1) that the more common concept of a pathwise error (an error measured in
L2()) is too strong (see [26] for first contributions). Hence (1.4) is the best result we
can hope for. The proof of (1.4) is based on estimates in L2(2), which are localised
with respect to the sample set. The size of the neglected sets shrinks asymptotically
with respect to the discretisation parameters and is consequently not seen in (1.4). The
localised L?(2)-estimates in question rely on an iterative argument in the m-th step of
which one can only control the discrete solution up to the step m — 1 (to avoid problems
with (§;)-adaptedness), while the continuous solution is estimated by means of the
global regularity estimates being available in the periodic setting (recall the discussion
above).

In this work, we consider for (1.1) the semi-implicit space-time discretisation
scheme (4.1), with general stable mixed finite element pairings as detailed in (2.8)—
(2.10). We remark that many pairings are available in the literature that satisfy criterion
(2.10), see e.g. [6, 7, 17, 19]; the convective term is treated in a semi-implicit, sym-
metrized way, which is a well-known strategy in the deterministic setting that goes
back to [29] to enhance stability of this discretisation of the nonlinearity in the context
of only discretely divergence-free functions; see (4.1),. As a result, this amounts to
solving linear (coupled) problems in the m-th iteration. It is due to the used Dirichlet
data for (1.1) that a related error analysis of this scheme (4.1) is more difficult if com-
pared to the periodic situation. In fact, in the Dirichlet-case estimates in stronger norms
for the solution of (1.1) are only known for a (possibly large) stopping time since the
equality fO (u- V)u- Audx = 01is no longer available. Incorporating the latter case
into the framework of the localised estimates, the iterative argument just mentioned
fails: controlling the continuous solution in the m-th step only until the time #,,_1 is
insufficient for the estimates, while “looking into” the interval [#,,_1, t,,] in this set-up
destroys the martingale character of certain stochastic integrals we have to estimate.
We overcome this problem by using an approach based on discrete stopping times,
which replaces the localised L?(2)-estimates from earlier contributions. This allows
to control all quantities even in the interval [t,,_1, ;] and, at the same time, preserves
the martingale property of the stochastic integrals (see also the discussion in Remark
4.3). As a result we obtain ‘global-in-Q2’ estimates up to the discrete stopping time;
cf. Theorem 4.2. The discrete stopping times are constructed such that they converge
to T, where T can be any given end-time. Consequently, the convergence in proba-
bility as in (1.4) follows for the Dirichlet-case, see our main result in Theorem 4.4.
We believe that this strategy will be of use also for other SPDEs with non-Lipschitz
nonlinearities.
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We work under the structural assumption of a solenoidal diffusion coefficient which
vanishes at the boundary. This is crucial in the regularity estimate from Lemma 3.1 (b)
in order to control the correction term V" (¢) in the proof. Due to the counterexamples
concerning the regularity for stochastic PDEs in bounded domains, see [21], this seems
to be unavoidable. In fact, the same assumptions are made in the analytical paper [18]
on which we built on.

2 Mathematical Framework
2.1 Probability Setup

Let (2, §, (§1):>0, P) be astochastic basis with a complete, right-continuous filtration.
The process W is a cylindrical {1-valued Wiener process, thatis, W (t) = =1 Bjt)e;
with (8;) j>1 being mutually independent real-valued standard Wiener processes rel-
ative to (§;);>0, and (e¢;) j>1 a complete orthonormal system in a separable Hilbert
space 4l. Let us now give the precise definition of the diffusion coefficient @ tak-
ing values in the set of Hilbert-Schmidt operators Lo(4; H), where H can take the
role of various Hilbert spaces. We define de((’) R?) and WOl iV(O R?) to be the

closure of CZ%; (O, R?) — the solenoidal C°(©, R?)-functions — in L2(0O, R?) and
0’ ((’), RZ), respectively, see e.g. [15, Chapter III]. We also work with fractional
Sobolev spaces W??(0, T; X) for p € (1,00) and 0 € (0, 1) and a Banach space

(X; || - llx) with norm given by

TIF@ ~ fOIG
1 W07 = ||f||Lp(0TX)+// O asar

Similarly, W% (O, R?) is the fractional Sobolev space with norm given by

[ve) = V(I
ol = 1oty + [ [ B2 avay.
0JO

|x — y|>*or

We assume that ®(u) € La(8k de(o R?)) for u € L} (O,R?), and ®(u) €
Lo (8 Wy 3, (O, R?)) foru € Wy'g, (O, R?), together with

1D @) — @MWz, qr2) < clu—vl2  Vu,ve L, (O,RY, 2.1)
IP@I L, w2y < c(l+ il 2)  VYue W0 dw(o R?), 2.2)
||ch(u)||L2(u,£(L§’L%)) <c Yu € de(o, Rz) (23)

If we are interested in higher regularity, some further assumptions are in place and we
require additionally that ® (u) € L, (L; W>2(O, R?)) foru e W22 WO dw(@ R2),
together with

Fol:"ﬂ
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1P, 22y < c(1+ ||u||f}v1,4 +llufy22) Vue w220 Wy 2O, R?), (2.4)

ID*® W)l w0 £012x22:22)) < ¢ VU € L, (O, R?). (2.5)
Assumption (2.1) allows us to define stochastic integrals. Given an (§;)-adapted
process u € L?(€:; C([0,T1: de((’)))), the stochastic integral

t
t— / d(u)dW
0

is a well-defined process taking values in Ldlv(O, R2); see [13] for a detailed
construction. Moreover, we can multiply by test functions to obtain

t
(/ @ (u)dW, ¢> / (@ (wej, $)2dB; Ve L*(O,R?).
0 x j>1

Similarly, we can define stochastic integrals with values in W0 dw(O R?) and
W22(0, R?), respectively, if u belongs to the corresponding class.

2.2 The Concept of Solutions

In dimension two, pathwise uniqueness for analytically weak solutions is known under
the assumption (2.1); we refer the reader for instance to Capiriski—-Cutland [11],
Capinski [10]. Consequently, we may work with the definition of a weak pathwise
solution.

Definition 2.1 Let (2, §, (51):>0, P) be a given stochastic basis with a complete right-
continuous filtration and an (§;)-cylindrical Wiener process W. Let ug be an §o-
measurable random variable with values in L(zﬁv((’), Rz). Then u is called a weak
pathwise solution to (1.1) with the initial condition ug provided

(a) the velocity field u is (§;)-adapted and
u € Cloe([0, 00); LE, (0. ®R?)) N L, (0, 00; Wy 3, (O, R?) P-as.,

(b) the momentum equation

/u(t)~(pdx—/uo~(pdx
O O
t t
—//(u~V)u~<pdxds+,u/fVu:V(pdxds
0 JO 0 JO
t
+//d>(u)~(odxdW
0 JO

holds P-a.s. for all ¢ € Wy '3, (O, R?) and all > 0.
FoE""I
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Theorem 2.2 Suppose that © satisfies (2.1). Let (2, §, (§t)r>0, P) be a stochastic
basis with a complete right-continuous filtration and an (§;)-cylindrical Wiener
process W. Let ug be an Fo-measurable random variable such that wg €
L7 (%, Lﬁiv(o, R?)) for somer > 2. Then there exists a unique weak pathwise solution
to (1.1) in the sense of Definition 2.1 with the initial condition uy.

We give the definition of a strong pathwise solution to (1.1) which exists
up to a stolpging time t, cf. [18, 22]. The velocity field here belongs P-a.s. to
C(10, t]; Wy 4y (O. R?)).

Definition 2.3 Let (2, F, (3:):>0,P) be stochastic basis with a complete right-
continuous filtration and an (§;)-cylindrical Wiener process W. Let ug be an
Fo-measurable random variable with values in Wéﬁiv (O, R?). The tuple (u, t) is called
a strong pathwise solution to (1.1) with the initial condition ug provided

(a) tis aP-a.s. strictly positive (§;)-stopping time;
(b) the velocity field u is (§;)-adapted and
1,2 2 2 . w22 2
u( A t) € Cl()C([O7 OO), WO,diV(O’ R )) N L]()c(()’ 03 w (07 R )) I[D'a~s-’

(c) the momentum equation

fu(tAt)-tpdx—f ug - @ dx
@ @
N At
:—/ /(u-V)u-godxds—i—u/ / Au - @ dxds (2.6)
0 @ 0 @

At
+// ®(u) - @ dW dx
0 Jo

holds P-a.s. for all ¢ € C*. (O, R?) and all r > 0.

c,div

Note that (2.6) certainly implies the corresponding formulation in Definition 2.1. The
reverse implication is only true for analytically strong solutions.
We finally define what a maximal strong pathwise solution is.

Definition 2.4 (Maximal strong pathwise solution) Fix a stochastic basis with a
cylindrical Wiener process and an initial condition as in Definition 2.3. A triplet

(u’ (tR)REN’ t)

is a maximal strong pathwise solution to system (1.1) provided

(a) tis aP-a.s. strictly positive (§;)-stopping time;
(b) (tr)Rren is an increasing sequence of (F;)-stopping times such that tg < t on the
set [t < o0], as well as limg_, oo tg = tP-a.s., and

tg :=inf {t €0,00) : [lu(@®)ll12 > R} on [t < oo], 2.7
with the convention that ty = oo if the set above is empty;

FoC'T
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(c) each tuple (u, tg), for R € N, is a local strong pathwise solution in the sense of
Definition 2.3.

We talk about a global solution if we have (in the framework of Definition 2.4) t = co
P-a.s. Otherwise it is called a local solution. The following result concerning the
existence of a global solution is shown in [24]; see also [18] for a similar statement.
In the 3D case strong solutions are only known to exists locally, cf. [2, 8, 20].

Theorem 2.5 Suppose that (2.1)~(2.3) hold and that uy € L*(2, Wg;jiv(o, R?)).
Then there is a unique global maximal strong pathwise solution to (1.1) in the sense
of Definition 2.4.

2.3 Finite Elements

We work with a standard finite element set-up for incompressible fluid mechanics;
see e.g. [17]. We denote by .7}, a quasi-uniform subdivision [6] of O into triangles
of maximal diameter 2 > 0. For K C O and £ € Ny we denote by & (K) the
polynomials on K of degree less than or equal to £. Let us characterize the finite
element spaces V" (O, R?) and P"(O) as

VIO, R?) == {vy € Wy 2 (O, R?) @ wilx € (Z:(K))? VK € T3},  (2.8)
P (0) = {7 € LA(O)/R : mylx € P;(K) VK € Ty}, (2.9)

where i, j > 0. In order to guarantee stability of our approximation we relate
Vh(©,R?) and P"(O) by the discrete inf-sup condition, i.e., there exists a positive
constant C not depending on % such that

fO divvy mp dx i
sup  —————— > Clmllp2 Vmp € PH/(0). (2.10)
wevhiorzy Vvl g

A well-known class of inf-sup stable pairings are the ‘conforming Stokes elements’,
with the simplest choice i = 2 in (2.8) and j = 0 in (2.9); see e.g. [7, Ch. 6] or [19,
Rem. 3.4] for further admissible examples of pairings.

We define the space of discretely solenoidal finite element functions by

V(ﬁ’vi((?, R?) := {Vh e VH(O,R?) : / divv, mp,dx =0 Vmy, € Ph’j(O)}.
@

Let 1), : L?(O,R?) — V(ﬁ\’/i(O, RR?) be the L2(O, R?)-orthogonal projection onto
Vd};’vl (O, R?). The following results concerning the approximability of ITj, are well-
known (see, for instance [19, Lemma 4.3]): there is ¢ > 0 independent of / such that
we have

IV = Tl 2 + hIVY = VILv| 2 < chl|VV 2 2.11)

FolCT
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forallv e Wolﬁiv((’), R2); moreover, the arguments in [19, Section 4] together with
standard interpolations arguments (see e.g. [17, Lemma A.2]) also imply for 8 € (0, 1]
that

IV = TVl 2 + hIVY = VILvl 2 < ch P vl iep0 (2.12)

forally € W'*A2nWy 3 (O, R?). Similarly, if [T} : L2(O)/R — P™J(0) denotes
the L?(©)-orthogonal projection onto P/ (©), we have

lp— Hﬁpllii < ch|Vplp2 (2.13)

forall p € WH2(O)/R.

3 Regularity of Solutions

In this section we analyse the regularity of the continuous solution as well as the
associated pressure function. For various purposes we need the Helmholtz-projection
P LP(O, Rz) — L(zﬁv((’), R2), for 1 < p < oo, given by

Po = ¢ — VA, dive. (3.1)

Here Aél div is the solution operator to the equation

Ah=divg in O, vo-(Vh—g) =0 on 090,

where v denotes the unit normal of dO. Note that VA(_QI div satisfies (since 00 was
assumed to be sufficiently smooth)

VAR div: WP (O, R?) — WP (O, RY), (3.2)

forall p € (1, 00) and all » € N, where WP (O, R?) = LP(O, R?); see [1] for the
case r € N and [15, Chapter IV] for the case r = 0. Clearly, (3.2) transfers to P.
With the help of the Helmholtz projection we can define the Stokes operator as

Ai=PA: WP AWk (O R?) — LE (O, R?). 3.3)
Due to well-known estimates for the Stokes system there is ¢ > 0 such that

lullyrezr < el Aullyrr, we W20 Wk (O, R, (3.4)

for all p € (1, 00) and all r € Ny, see, e.g., [15, Thm. IV. 6.1.], which uses sufficient

smoothness of 0. Moreover, there is a system of eigenfunctions to the Stokes operator

(ug) C W(i’dziv((’), R?) with strictly positive eigenvalues (1) such that Ay — oo as

k — oo. It is possible to choose the uy’s such that the system (uy) is orthonormal in
Elol:;ﬂ
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L%(O,R?) and orthogonal in Wol’z((’), R2). Finally, we can assume that the uy’s are
sufficiently smooth due to the assumed smoothness of 0. Since A is positive, its root

A2 is well-defined with domain Woly’(ﬁV(Q, R2), and we have

L,
IVullp < c|A2u]p < ClIVullp, we Wy§ (O, R, (3.5

/O A0 wdx = /Ou AV wdx, ue W(},’dpiv(o» R?), we WS,’J?;(O, R?), (3.6)

where ¢, C > 0; cf. [16].

3.1 Estimates for the Continuous Solution

In this section we derive crucial estimates for the maximal strong pathwise solution
from Definition 2.4, which hold up to the stopping time tg. Here R > 0 is a fixed
truncation parameter and 7 > 0 an arbitrary but fixed time.

Lemma3.1 Let (2, 5, (51)r>0, P) be a given stochastic basis with a complete right-
continuous filtration and an (§;)-cylindrical Wiener process W.

(a) Assume thatuy € L™ (2, leﬁv((’), R?)) for some r > 2 and that ® satisfies (2.1).
Then we have

r :
E[( sup ||u(r>||i§+f0 IVulZ, dr) }5 CE[1+lwl;]. 37

0<t<T

where u is the weak pathwise solution to (1.1); cf. Definition 2.1.
(b) Assume that ug € L" (L2, W(}ﬁiv(o, R?)) for some r > 2 and that ® satisfies
(2.1)—(2.3). Then we have

T Atg %
E[( sup [lu(t AR 1o + / ||u||$vz,zdr) ]
0<t<T x 0 x (3.8)

= RV E[1+uol,. .

where (u, (tp)reN, t) is the maximal strong pathwise solution to (1.1); cf.
Definition 2.4.

(¢) Assume thatug € L' (R, W22(O, R1)) N LY (Q, Wy'3 (O, RY)) for some r > 2,
we have Auy — P(ug - Vug)|s0 = 0 P-a.s. and that (2.1)—(2.5) holds. Then we
have forall B < 1

) T Atg 5 %
E[( sup [u(t A tR)||W1+ﬁ +/ ||u||W2+/3,2 df) ]
X O X

O<t<T

(3.9)
< RV E[1+ o,z + w2, ],

where (u, (tp)reN, t) is the maximal strong pathwise solution to (1.1); cf.
Definition 2.4.

FoL g
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Herec = c¢(r, T, B) > 0 is independent of R.

Proof Part (a) is the standard a priori estimate, which is a consequence of applying
1t6’s formula to ¢ — ||u||

For part (b) we follow [24] where the solution to a truncated problem is considered.
For R > land ¢ € C°([0,1)) with 0 < ¢ < 1 and ¢ = 1 in [0, 1] we set
LR :=2¢ (R~1.). Similar to Definition 2.1 we seek an (§,)-adapted stochastic process

R .
u” with

uf € C([0, T); L3, (0. RH)) N L3 (0, T; Wy 3, (O.R?) P-as.

such that

/ uk () - wdx—/ u - <pdx+/ ¢r(IVu ||Lz>/ uf @ uk : Ve dxds

—/L/ / vuf Vgodxds+/ [ dJ(uR) @dxdW (3.10)

holds P-a.s. for all ¢ € W0 dlv((’) R?) and all 7 € [0, T]. Arguing as in [24, Lemma
3.7] one can show that a unique global strong pathwise solution to (3.10) exists in the
class C([0, T1; Wy '3, (O, R?)),! and that it satisfies

T
]E[ sup [IVuR(@)[|3, dx+f IV2u®|2, dt] < c¢(r,R,T). (3.11)
0<t<T * 0 x

The proof of (3.11) in [24] is based on a Galerkin approximation which we mimick
now in order to prove (3.8) and (3.9).
1) Galerkin approximation. Let (ug) C W(}”;V(O, R2) be a system of eigenfunc-

tions to the Stokes operator, cf. (3.3). For N € N let HY .= span{uy, ..., uy}, and
consider the unique solution u®" to

t
/uR’N(t)-(pdx:/u0~(odx—u/ / vulN . Ve dxds
@) @ 0 JO

t
+/ cR(IIVuR'Nlle)/ uBN @ulN  vgdrds (3.12)
0 “Jo

t
+//<I>(uR’N)~¢dxdW
0o JO

forall ¢ € HV. By Py we denote the L?(O, R?)-projection onto H" . Problem (3.12)
can be written as a system of SDEs with Lipschitz-continuous coefficients. Hence it
is clear that there is a unique strong solution, i.e., an (§;)-adapted process defined on

! Different from the solution obtained in Theorem 2.5 it can be constructed for any given deterministic
T > 0.

Fo C 'ﬂ
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(22, §, P) with values in C([0, T']; HY ) and moments of order r. Arguing as in [24,
Prop. 3.2] one can prove that as N — oo

T
sup [[uf(@) —u®N@)|7, +/ V@R —u®Ny2, dxdr — 0 (3.13)
0<t<T * 0 *

R,N”Z

in probability. Applying It6’s formulato 7 — |lu ;2 and using the cancellation of

the convective term one can prove forr > 2

T 5
E[( sup ||uR’N<t)||iz+/ [vu®N)2, dt) }5 c]E[1+||uo||’Lg], (3.14)
X O X X

0<t<T

where ¢ = c¢(r, T) is independent of N and R.
2) Proof of (3.8). By construction we have Au®" e C([0, T]; HY) P-a.s. such
that we can apply Itd’s formula to ¢ BN @), AuR’N(t))L)zC and use (3.12). This

yields using u®V |30 =0

IVut Y017, = — (N @), AutV (@) 5 = — (N @), AV D),

t
= Py Vg2 +2 / ERAVEEN ) (@RN - 9yuRY, Auk N, ds
x 0 A x

t N t
—2M/ I Au®N)2, ds+22/ (@@ M)er, AN , dpy
O X k:1 O X

N t
+ Z Ak / (CD (llR’N)ek, uk)iz ds
=1 0 !

=IO +---+VV0) (3.15)

P-a.s. forall ¢+ € [0, T]. We estimate now the terms Y, IVN and VV. First of all, we
have by definition of {g

t
V() =2 [ el ) g9 g Au s
i .

3

t 1
RN RN |2 RN RNy 3
<2 [ cRCITu Yl I R A ) s
O - X X

t 3 t
< cR¥? / AR 2,ds <8 / I AN |2, ds + c(8) RS,
0 X O X

where § > 0 is arbitrary. Moreover, we obtain by definition of u; and using (3.6) (and
recalling that ® Wl Nye € W()lﬁiv (O,R?) forallk e N by assumption)

FoC
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N N ot
VN = Z/(; (Q(UR’N)ek, \/ﬁuk)ii ds = Z/O (q>(llR’N)ek, Al/zuk)zds
k=1 k=1

N o
:Z/O (Al/zd>(uR’N)ek,uk)i% ds.
k=1

Furthermore, since ||ug|| 2= 1,

t t
VN <> / A2 RNy |7, el ds < ¢ f IVO@RN)e||7, ds
k=170 * ) k=170 !
! R,N~ 2 ! R,N |2
=c/0 IR P pra,ds < cfo (14 N2 12 ds,

using (2.2) in the last step. The expectation of the right-hand side is bounded by (3.14).
Finally, by Burkholder-Davis-Gundy inequality and (2.1),

E[( sup [IV(¢) |) 2]
0<t<T

N 5
< E[( sup ‘/OIZ(q’(nuR’N)ek,AUR’N)L% dﬂk’) i|

0<t<T k=1

— T %
<cE (Z/ (d>(~,llR’N)€k-AuR’N)i2 dt) }

L\ k=1 0 *

— T %
<cE (Z / Dk @®N)erl|7, [ Au®N |2, dr) ]
L\ =1 0 X x
o :

<cE (/O (1+||uR’N||%%)||AuR’N||i% dt) ]

5 T 2
5c(6)E[<1+ sup ||uR’N||iz> ]+8E[</ I Au®N)2, dt) ]
0<t<T * 0 *

T
<c(8) +8E[</ I Au®N2, dt)2i|
O X

using (3.14), where again § > 0 is arbitrary. Choosing § small enough and using (3.4)
we conclude that

r :
E[( sp [ VYOI, + [ v, dr) ]
0<t<T JO * 0 *

< RVE[1+ uol,.].  G16)
FeCT '
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uniformly in N. This implies that (u®")ycn is a bounded sequence in the function
space generated by the left-hand side of (3.16). After taking a subsequence we obtain
a limit object u® which is the unique global strong solution to (3.10) recalling (3.13).
Furthermore, we can pass to the limit N — oo and obtain a corresponding estimate
for u® due to lower semi-continuity of the involved functionals. Since u?(- A tg) =
u(- A tg) we obtain (3.8).

3) Proof of (3.9). The verification of part (c¢) proceeds in two steps. In the first step
we show an improved version of (3.16). Applying It6’s formula to the mapping

te VetV @7, (Y @), AtV ) 5.

equation (3.15) yields

t

R,N 4 _ 4 R,N 2 R,N 2

IVuRN 014, = Py Vuollt, — 4u / IRV 2, ARV |2, ds
X X 0 X X

t
+4 / cr(IVURN | ) VRN 2, (@B yukN | AuR V) ds
0 ¥ *

N
+43 /0 IVufV I, (@@ Y)er, AutN) 5 dpy
k=1

N t

2
+22Ak/ IVuf VI, (@@ N)er, up) ; ds
k=1 0 7

N o ot
+2Z/ (d)(-,uR'N)ek,AuR’N)i2 dr.
k=10 !

Following now step by step the arguments from the proof of (3.16) above we arrive at

r

T 3
E[( sup [Va®N @)}, + / IVuRN |2, v2afN)2, dt) }
X 0 X X

0<t<T

< RV E[1+ ol ]

Again we can pass to the limit in N obtaining

T 5
E[( sup [Va®@)[7, + / V|7, 1V2a®)7, dr) }
0<t<T x 0 x x

(3.17)
= RV E[1+ JuolZ. -

Now we turn to the proof of (3.9) stated in part (c¢) for which we use the mild
formulation of (3.10).
(c1) Due to the regularity proved in (3.16) and (3.17), [25, Proposition F.0.5, (i)]
applies and we can write
FoCT
s
@Sprmger L0



Foundations of Computational Mathematics

uk(t) = ey + f

0
where ggr:= ;R(||VuR||L§)P[(uR . V)uR].

t t
e =9 4gp ds +/ e Ap Py dw,
0

Here (e”A)lzo denotes the analytic semigroup on Lgiv((’), R2) generated by the

Stokes operator A. Setting

t
YR(t) := e "ug —i—/ e~ =9 Agp ds,
0

t
A0 ::/ e Ao Py dw,
0

we consider now the deterministic and stochastic contribution separately. We note that
Y? is the unique solution to a deterministic Stokes problem with initial datum ug and
forcing gr, whereas ZR solves a stochastic Stokes problem with homogeneous initial
datum and diffusion coefficient ® (u®) — both equipped with homogeneous Dirichlet
boundary conditions.

By Ladyshenskaya’s inequality we have

T 5 T 5
E[(/O ||gR||i%dr) ]sE[(/O ||uR||i§||VuR||i¢dr)]
T ;
cE[( / 2 VU2, V2uR) dt) }
0 X x X

RV E[ 1+ [uo] 2, .

IA

IA

where we used (3.17) in the last step.
(¢2) Interpolating W1/>2(0, T; W12(O, R?)) between W1-2(0, T; L?(©, R?)) and
L%(0, T; W22(0O, R?)) and applying P-a.s. classical estimates for the Stokes system

yields
R 2 :
E[(”Y ”W'/z((),T;WQ’Z)dt) :|

3
R 2 R 2
< E[<||Y ”W”(O,T;L@ +1Y IILZ(O‘T;W)%J) dt) i| (3.18)
TN )
= CE[(/ lgrll; - dl) :| =< CR3rE[1 + ||ll()||ut,,2].
0 x x

(c3) For ZR we apply the recent results from [30, Theorems 25 and 28] proving for
anyo < 1

Elol:;ﬂ
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R R
|:||Z ||C”/2([0 T1:L2) +1Z ”W“/2 200,T; W) )]

IA

c]E|:1+ sup fu®|t } (3.19)
0<t<T

cE[l + ||uo||‘;vg.2}

IA

using also (2.2) and (3.17). Combining (3.18) and (3.19) and recalling that u® is the
sum of YR and ZR gives

E[nuRnCU,Z([OT 12 I o 2)} < CE|:1+||UO||;,;.2:|- (320)

(c4) Due to our assumption on the noise from (2.4) we know that @ (uf)ey, with
k € N, belongs to the domain of the Stokes operator such that we can write

t
AZR (1) = / e~ DA fp k) dw.
0

We conclude that AZR is the unique weak pathwise solution to the stochastic Stokes
problem with zero initial datum, homogeneous boundary conditions and diffusion
coefficient A® (u®). It is standard to derive for r > 2 the estimate

3

E[( sup ||AZR||L2+/ IVAZR|2, ds) }
0=<t=<T *
p
< cE[(/O AP @I, . 12, ds) }
® 3
cE[(fo WO ey 05) |

2
C|:<~/(; (1+ Ju®p? mllu (i 22+|Iu I3, ) ) ]

applying It6’s formula to 7 — | Auf|? 12 and using Burkholder-Davis-Gundy inequal-

IA

IA

ity (and (2.4) in the last step). The propert1es of the Stokes operator from (3.4)

yield
;
[ ||ZR||222+/ 12510 0) |
0<t<T 3
t 2
= C[(/ (1+||uR||3VI.2||uR||§Vz.2+||uR||3VZ_2)ds> ]
0 x g 2
Fol:'TI
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(¢s) To sharpen the estimates for YX is slightly more involved as the convective term
gr does not lie in the domain of the Stokes operator since it does not necessarily have
a zero trace. We can choose p < 2 such that the embedding WLP(O) — Wo2(0)
holds. We obtain by continuity of P, cf. (3.2),

R R
lgrllyor < cligrllyne < cl@® - Vyuf|,

R 2 R 2 R 2
< e VuF I, + cluR )0 V2ugll 2 < e VuR] 1V 7ugl 2,
X

where we used Holder’s inequality with exponents 2/p and g := 2/(2 — p) as well as
Sobolev’s embedding W!2(0, R?) «— L7(©, R?) and Ladyshenskaya’s inequality.
By (3.17) we conclude that

gr € L2(0,T; WO2(O,R?) P-as. (3.21)

We argue now similarly for the temporal regularity of order o /2 obtaining for any
o' € (o, 1)

P
”gR”Wa/Z,p(O T LP)
/-T/T luR () Vak(r) —uR(s)VuR(s)H

|t _S|l+pa/2

f [ (IluR(t)—u‘R()llLXIIV R )” dr ds
S|U//2 Lq | S|1+(0720/W

f / (IIuR(S)IILKIIIVuR(t)—VUR(S)||L2>” dt ds
+ c

|t —s|°/2 |t — s

Ly drds

<c

R
< ¢lu ||£J’/2([0’T];L%)\/ [Vu (t)“pq ds

T [[Vu®(r) = Vu® ()1},
+ ¢ sup ||u (s)|| / / L dr ds

0<s<t |t — s|1+po/2

S L / (14 u® 017 2.) dr
R”[’

R p
+ ¢ sup [[u”(s)|l 12”“ Wol2p(0.7:W)2)

0<s<t

: c<”u ||C“//Z‘([O i) T o ”W“’/”(o rwi T 1)

T q
+c( sup [uB(s)| 12+/ Juk)2 zzdr> .
0<S<t

FoE'ﬂ
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The expectation of the right-hand side is bounded using (3.9) and (3.20); in particular,
forany o < 1

gr € WO'22(0, T; L>(O,R?) P-as. (3.22)

using the embedding decreasing the value of o and using Wo/%P(0,T) <
W",/Z’Z(O, T) for an appropriate choice of 0 > ¢’ and p < 2. By (3.21) and (3.22)
classical results on the Stokes system (see [28, Thm. 15] and note the compability
assumption Aug — P(ug - Vug) |30 = 0 P-a.s.) and interpolation yield

YR e w920, T; L>(O, R*) N L*(0, T; W>t%2(O, R?)) P-as.

and thus, again by interpolation and appropriate choice of o € (f,1) and the
embedding W%2(0, T) < L>®(0, T) fora > 1/2,

YR e L0, T; W20, R*) N L*(0, T; W?TA2(O,R?)) P-as. (3.23)

together with

T
R 2 R 2
sup [|Y ||Wl+/3,2 +./() Y ||WX2+,3,2 ds

0<t<T x

T
2 2 2
< 0l s Ul s 4 [ Tl d] P
x t X 0 *

Combining the estimates for YX and Z®, choosing « sufficiently small and using
(3.16) and (3.17) we arrive at

r :
E[( sup [uf ()11}, 10 dx + fo o1, 2 dr) ]

0<t<T

= RV E[1+ uollf,z + w0l 2. |-

uniformly in R. O

Remark 3.2 1. It seems not possible to prove Lemma 3.1 (c) for 8 > 1, see (3.23). In
fact, even for the deterministic Stokes system high regularity is only possible if the
forcing is regular in space and time or belongs to the domain of the Stokes opera-
tor. Since neither is true for the convective term P(u - V)u (its temporal regularity is
restricted by that of the driving Wiener process) we conjecture that the spatial reg-
ularity from 3.1 (c) is optimal. Interestingly, this is just enough to prove an optimal
convergence rate for the discretisation of (1.1) in Theorem 4.4.

2. Using a recent result from [30] we can show that the gradient of the velocity
field and hence the convective has a fractional time derivative of order 8/2 < 1/2.
This is optimal in view of the limited regularity of the driving Wiener process in the
momentum equation. It is classical for deterministic parabolic equations (see [28] for

Elol:';”
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the Stokes equations and [27] for the heat equation) that the solution gains two spatial
and one temporal derivatives compared to the right-hand side. Hence the regularity of
the latter has to be measured in space and time with respect to the parabolic scaling;
pure space regularity does not transfer unless additional assumptions are in place such
that we can only hope for 2 + B spatial derivatives.

3.2 Regularity of the Pressure

Since we will be working with discretely divergence-free function spaces in the finite-
element analysis for (4.1) in Sect. 4, it is inevitable to introduce the pressure function.
Note that the strong formulation of the momentum equation in (2.6) even allows test
functions from the class L(zﬁv((’), R?) (using a standard smooth approximation argu-
ment), i.e., functions which do not have zero traces on dO. Hence for ¢ € C2°(O, R?)
we can insert

Pop =¢ — VAL divg

with the Helmholz projection P; cf. (3.1). We obtain

IAtR IAtR
/u(t/\tR)-q)dx—/ /uAu-¢dxda+/ /(u-V)u-¢dxdo
O 0 @] 0 (@]

tAtR
=[ u(0)~q)dx+/ fndivgbdxdo
@] 0 @

tALR
—i—// P(u)dW - ¢dx, (3.24)
0 Jo

where
7 = —Ag'div((u- V)u— pAu).

In the following we will analyse how the regularity of u transfers to 7, where again
R > 0 is a fixed truncation parameter and 7 > 0 an arbitrary but fixed time.

Lemma 3.3 (a) Under the assumptions of Lemma 3.1 (b) we have

N ) % 3
E[(/O LIS dz) }5 RV E[1+ luoll2 -

(b) Under the assumptions of Lemma 3.1 (c) we have

T Atg ) ?1
E[( / ||n||WXndr) }s RV E[1+ luoll 0 -

Here ¢ = c(r, T) > 0 is independent of R.
Elol:;ﬂ
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Proof Ad (a). Arguing as in [5, Corollary 2.5] and using (3.2) we obtain

T Atg ) I
E|:<f ||7T||W1,2 dt) i|
O X

) T Atg ) 5
ScE[(lJr sup fullyo+ [ ||u||W2,2df> }
1[0, T Atg] ¥ 0 £

Consequently, Lemma 3.1 (b) implies (a).

Ad (b). Using (3.2) we have for p > 2 close to 2 and g := %

T/\iR % T/\tR 'Z
E[(f ||n||22,2dr) ]5 cE[</ u- Vul? l,zdf> ]
b W3 ) W)

B T Atg 4 T Atg 2 ) 2 7
< cE (/ IVl dr+/ luly I1V2ul?, dr) ]
| 0 X 0 X X

T At . 5 T Atg 5 I
<cE
<c (/0 ||U||W3+ﬁ,z dr+ sup IIUIIW;,z/O IIUIIWXsz,z dt) ]

0<t<TAtg

) T Atg 5 5
< B[ ( s Myt [ I dz) }
L X O X

0<t<T Atg

using the embeddings W!'tA2(O, R?) — WI4(O,R?) and W2tA2(O,R?) —
W2P (0, R?), which hold for an appropriate choice of 8 € (0, 1). Hence using Lemma
3.1 (c) completes the proof. O

Corollary 3.4 (a) Let the assumptions of Lemma 3.1 (b) be satisfied for some r > 2.
Forall o < % we have

B[ (¢ A to)llcsorian ) | = RV E[T+Twlr,] 329)

. . 1
(b) Let the assumptions of Lemma 3.1 (c) be satisfied for some r > 2. Foralla < 5

we have

E[ (I8¢ A ) llcagorpw) | = R E[1+ ol + luolZy. ] (3:26)

Here c = c(r, T, a) > 0 is independent of R.

Proof As in [5, Corollary 2.6] we can combine Lemmas 3.1 and 3.3 to conclude the
result concerning the time regularity of u form (a). As far is (b) is concerned we
analyse each term in equation (3.24) separately. Lemma 3.1 (b) implies

Atp
/ Audo € L"(Q2; L0, T; WP2 (0, R?))),
0

FolCT
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whereas Lemmas 3.1 (¢) and 3.3 (b) yield
Atp -
/ (dive®u) + Vr)do € L2(Q; L*(0, T; WF2 (O, R%))).
0
Finally, we have
Atp
/ ®(u)dW e L™ (2; C¥([0, T]; L*(O, R*)).
0

by combing Lemma 3.1 (a) with (2.2). We conclude that

r

2 Sr r 2r
E[ (16 A )l eugo e, | = R E[1+ 100l2 + ol -

forall B < 1. Interpolating this with the estimate from Lemma 3.1 (c¢) gives the claim.
O

4 Error Analysis: Direct Comparison

Now we consider a fully practical scheme combining a semi-implicit Euler scheme in
time with a finite element approximation in space. It is defined on the given filtered
probability space (€2, §, (§;), P) on which W as well as the maximal strong pathwise
solution to (1.1) are defined. For a given 4 > 0 let u o be an §p-measurable random
variable with values in thi’vl (0, R?) (for instance ITjug; see (2.11)). We aim at con-
structing iteratively a sequence of random variables (W ;,, pn.m) such that for every
(@, x) € VIO, R?) x P"J(©) it holds true P-a.s.

./o W @dx + 1 /O (=1 - V)R + (divay Dy ) - @ dx

+urf Vuy ;, : Védx — ‘L’/ Ph.m dive dx

© o 4.1

=/ uh,m_l-«)dx+/ S Wip1) AW - @ dx |
(@) (@)

/ divuy ;- xdx =0,
(@]

where A, W = W(t,,) — W(t,—1). Here the interval [0, T'] is decomposed into an
equidistant grid of time points t,, = mt = m% with M € N. For our theoretical
analysis it is convenient to work with the pressure-free formulation of (4.1): For every
¢ € VI (O,R?) it holds true P-a.s.

Elol:;ﬂ
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/(; Upn,m - (de +7 L ((uh,m—l : V)uh,m + (divuh,m—l)uh,m) ¢dx
=/ Wy m—1-@dx — ,urf Vuy Ve dx 4.2)
@ (@

+/ S (p,m—1) AmW - @ dx.
1}

We quote the following result concerning the solution (uh,,,,)fz[:1 to (4.2) from [9,
Lemma 3.1].

Lemma4.1 Fix T > 0. Assume that up € L* (Q, Vi'(O,R2) with ¢ € N is
an §o-measurable random variable. Suppose that © satisfies (2.1). Then the iterates
(uh,m)f‘n’l=1 given by (4.2) are (§;,)-measurable. Moreover, the following estimate
holds uniformly in M and h:

M

) 2
El max |u 24t u 2 Vu,
[1§me w175 + k} P V9

< c(q, DE[1+ lup ol 23]

(4.3)

Our error analysis for (4.2) is based on an auxiliary problem which coincides with
(4.2) until a discrete stopping time. As we shall see below both problems coincide
with high probability. For every m > 1 we introduce the discrete stopping time

th = max {1, :1, < tg}, 4.4
1<n<m
which is obviously (F;,, )-stopping time (but not an (g, )-stopping time). Setting t X :=

t,ﬁ - trﬁ_l we introduce u}lf ., as the V(fi;,i (O, R?)-valued solution to

/Ou,’z{m ~@dx + R /O (@f - Vuf, + divaf,_Duf ) ¢dx

=/(9u}ﬁm_1~(odx—ur,,’f/OVu£:V¢dx (4.5)

R
T
+ 7 ch(u,ﬁm,l)AmW-q)dx

for every ¢ € thi’vi (O, R2). Obviously uff,m =y, in[t, = tﬁ]. Our main effort
is dedicated to the proof of an error estimate for (4.5) in the following theorem, for
which R > 0 is a fixed truncation parameter and 7 > 0 an arbitrary but fixed time.

Theorem4.2 Let ug € L3(Q, W>2(O,R?) N L2(2; Wy'3 (O, R?) be Fo-
measurable, we have Aug — P(ug - Vug) |30 = 0 P-a.s. and assume that ® satisfies
(2.1)—(2.5). Let

(u’ (tR)REN’ t)
Elol:';”
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be the unique maximal global strong pathwise solution to (1.1) in the sense of Definition
2.4. Let (t,’fl)%zl be defined by (4.4). Then we have forall R € Nandalla < %, B <1

M
R R 2 R R R 2
E[ Jmax Juct) — w7 + 3 ol Vadt) - V“’L’””*)] 4.6)

m=1

< cecR4 (hZﬂ —i—tz"‘),

where (u,li'n)%zl is the solution to (4.5) with u,’io = Ipug. The constant c in (4.6) is

independent of T, h and R.

Remark 4.3 1. In previous papers concerning the periodic problem, in particular [12],
the idea is to consider the equation for the error in the m-th step and multiply by the
indicator function of a set Qﬁiz] C 2. Hereby Qﬁlz] C Qs §;, ,-measurable and
certain quantities up to time #,,_1 are bounded in Q;’;l It is, however, not necessary
to control the continuous solution in this way since global estimates are available, see,
e.g., [12, Lemma 2.1] or [5, Lemma 2].

In our situation, having only stopped estimates as in Lemma 3.1, it is necessary to
also control the continuous solution. For certain quantities, having control until time
t,n—1 is not sufficient (see, for instance, the estimates for I (m) and I3 (m) below, where
norms of u over [#,_1, t,] appear). Using §, -measurable sets Q},’,;T C Q instead is
not possible either as it destroys the martingale property of .# ! given below in (4.7).

Both problems are overcome by the use of the discrete stopping time t,’fl: we can
control norms of u over [f,,_1, ], and .4 is estimated at time tg > t,’fl such that the
martingale property can be used.

2. The (discrete) gradient of the noise term in (4.1) need not be subtracted here, as
is in [14], since a simultaneous space-time error analysis is used to prove Theorem
4.4 below.

Our main result is now a direct consequence of Theorem 4.2: Setting for & > 0
arbitrary R = ¢~ 1/*¢/—2¢Togmin{#, t}, we have for any & > 0

M

maxi<m<m [(tn) = W75 + Y ey TIVUER) = Va7,

X X >
h2B-2¢ + T2a—2¢

maxi<p<pm [uf) —uf 12, + 300, TR IVaf) — vaf 12,
= P|: h2P—2¢ 1 g2a—2e = é]

+P[{tg <T}] =0

as h,t — 0 (recall that tg — oo P-a.s. by Theorem 2.5 and that tf,l < tp implies
tg < T). Relabeling o and B8 we have proved the following result.

Theorem 4.4 Let (2,5, (§1)i>0,P) be a given stochastic basis with a complete

right-continuous filtration and an (§;)-cylindrical Wiener process W. Let uy €
Elol:;ﬂ
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L3(2, W22(O,R?)) N L2(Q; Wolﬁiv((’), R?)) be Fo-measurable, we have Aug —
P(ug - Vug)|yo = 0 P-a.s. and assume that O satisfies (2.1)—(2.5). Let

(u’ (tR)REN’ t)

be the unique maximal global strong pathwise solution to (1.1) from Theorem 2.5.
Then we have for any &€ > 0, a < % B <1

max i <m<p [0(E) — |2, + Yoy TIVU(ER) — VU ml?,
P 2 L >El—=0
h2B + 12
ash,t — 0, where (uh,m)nﬂf':1 is the solution to (4.2) with uy o = Ipuo.

In order to finish the proof of our main result stated in Theorem 4.4 above, we focus
now on proving the error estimate from Theorem 4.2 concerning the auxiliary problem
4.5).

Proof of Theorem 4.2 Define the error ey, ,, = u(ty) — uf, . Subtracting (3.24) and
(4.5) and recalling that functions from Wé’2((’), R2) are admissible in (3.24) we obtain

o
/ eh,m~¢dx+/ / pLVu(o):Vquxda—rn’f/ uvul Ve dx
o & Jo o ’
R

t”l
=/ eh,m_l-q)dx—/ f(u(o)V)u(o)-rbdxdo
] tf_ Jo

-1

+t,ff/o ((uff,mfl ~V)u,1im +(divu,lf)n171)uﬁm) - ¢ dx
R t
+// @(u(a))dW-q)dx—// ol AW - gdx
o JE_ O JiE '

m—1
i
+/ fﬂ(o)diV(bdxdo
tk_ Jo

for every ¢ € V/1(0, R?), which is equivalent to
/ erm-@dx + r,ff/ M(Vu(tﬁ) - Vuff,m) : Vo dx
o @
&
= / enm—1-@dx —i—/ / w(Va(t®y — vu(o)) : Vg dx do
o R JO
t
+/ f ((u(t,ﬁ_l) -VutR) — (o) - V)u(o)) ¢ dxdo
R Jo
— R /O (@) Vyuh) - (@f,—; - Vuf, + @ivaf,_uf,)) - ddx
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t t
+/ / (<1>(u(a))—<1>(u,§m_1))dw-<pdx+/ fn(a)divqﬁdxda.
O Ji ’ th JO

Setting ¢ = I1,ey ,, and applying the identity a- (a —b) = %(Ial2 —b>+la— b|2)
(which holds for any a, b € R") we gain

1 2 2 2 R 2
E(theh,m”L% — ITTnenm—1ll72 + I TTn€nm — Mnenm—1 ”L;) Tt illVenmly

=15 fOuVeh,m : V(a(t?) — Myud)) dx
&

+/R /M(Vu(t,’;)—Vu(a)):vnheh,mdxda
tk Jo

G
+/ / ((u(t’l’i—l - V)u(ty) — @) - V)“(U)) - pep,,m dx do
R Jo
— / (@) Vu) = (@f,_, -V +divaf,,_puf,,)) - They, dx
o

N
+/O/ (cb(u(a))—cb(u,fm_l)) dW - T,ep , dx
R ’

m—1

t
+/ / (o) divIlsep , dx do
R Jo

=:I1(m) +--- + Ie(m).

Eventually, we will take the maximum with respect to m € {1,..., M} and apply
expectations. Let us explain how to deal with E[maxm Ii(m)], ..., E[max,, I¢(m)]
independently.

We clearly have for any « > 0

Iy (m)

IA

KTy | Venmll 72 + et |V ty) — Thu) |7,

IA

R 2 2 Ry 2
KTy IVenmlly, +cl)h ﬂ”“(tm)”WlJrﬂ,z
) X

due to the le’z-stability of Iy, cf. (2.12). Note that the expectation of the last term
may be bounded with the help of Lemma 3.1 (c) using tf; < tg. We continue with
I, (m), for which we obtain

t,';
L(m) < kT, [VIThenmll7; +ce) / IV Q(ty) —u(0))ll7; do
* tm—l ¥
< kT [ Venmllz; + k7, [V () — ()17
1420 2
+ T IV, (kw2
FoC'T
I_I o
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where the last term can be controlled by Corollary 3.4 and the second last one by
(2.12) and 3.1 (c) as for I, (m). We proceed by

th
L(m) = —f / (u(t,’f;) Rutt ) —u@)® u(a)) . VITjpep m dx do
tk_Jo

&
kTR VI henml 2 + c(k) f o u@) @ut ) —u©) ®u)]; do
X tm,l X

=
< kT [Venml7z + € [V @ty) — Tpucty)l2
1420 2 2
+ C(K)T ”u”LOO((tﬁfpfyﬁ)xo)”u”Ca([t,ﬁfl’tr]SL];L%)
=

KT | Venmll 2 + et Th? a1y
1+2a 11112 2

+c(o)r ||u||Lm(t,§71,t,§;Wf’2)”u”C“([i,'f,,],tﬁ];L,%)’

where we used Sobolev’s embedding W22(0, R?) — L*®(0O, R?). We can apply

again Lemma 3.1 (c) and Corollary 3.4 to the last term. The term I4(m) can be
decomposed as

Ly(m) = I} (m) + 1Z(m) + I} (m),

L} (m) = -t /O(u(t,’f;_l Venm - (utd) — mpud)) dx,
12(m) = r,ff/O(eh,m_l V)epm - (utl) — Myuf)) dx
4ok /O (diven 1) - ((R) — Tyu(k)) dr.
I;(m) = -t /O (€hm—1 - V)TTes m - u(th) dx
R . R
- T, L(dlveh,m_l)nheh’m -u(t,) dx.

We obtain for any « > 0

Ii(m) < T Venmll 72 lutty Dl lutt) — T

IA

1 1
CTy 1 Venmll 2 1Dl 12 Tuct) = a7 () — Mrudgh]

IA

T IVenmll2h PR Iu) s

A

< kT [Venml7z + @ PRI g2
by the embedding W!2(0, R?) — L*(O, R?), Ladyshenskaya’s inequality, the def-
inition of t,’f,, and (2.12). The first term can be absorbed for x small enough, whereas
the second one (in summed form and expectation) is bounded by K2+ R12 due Lemma
3.1 (c). Similarly, we have
FoC Tl
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1Fm) < X IVenmll 2 llenm—1l s [utR) — Tuch)l s

+ o IVenmillz2llenm s lucth) — Thuch)ll e
< TR Vel 2 1 12 1V 2 U 1
et Vel el Vel uC) o
= w5 (IVenm—113; + IVennl?; )
() 7yt P max flenallF, ) GG, s

The last term (in summed form and expectation) can be controlled by Lemma 3.1 (c)
(withr = 8) and Lemma 4.1 (with g = 2). Note that we have either have uy, ,, = u}lf’ m

or 7,8 = 0. Finally, by definition of tX,

3 R R
130m) < TRV TLe 0l 2 111 ()
R R
+ Ty “Veh,m—l ”L% I l_[heh,m ”Lﬁ ||ll(tm) ”Lﬁ
R 3 I (R
=< Ty IVenmllr2llenm—1ll o IVenm—1ll; a2
- X X

1 1
R 2 2 R
+ T IVenm—1ll 22 1Tlenmll [ | VIThenm |l [ a2
X X

IA

2 2 R p4 2 2
kTR (IVenm112, + IVTThenml?s ) + ce tRRY (IThenm 152 + lenm—11%
LX LX LX LX

IA

R 2 2 R p4 2 2
KTy | IVerm-1lly2 + IVermlly2 ) + ) T R (ITThen,mll72 + ITThen,m—1172
LX LX LX LX

+ () Ty [V () = M) 7, + o) gy R Jucty ) — Myuty )17,

The second last term will be dealt with by Gronwall’s lemma leading to a constant
of the form ce¢R*. The final line is bounded by (i) tRRY 2P llutR ) ”%VH"” using

(2.12) and hence can be controlled by Lemma 3.1 (c).
In order to estimate the stochastic term we write

m m t»If
My =Y Is(n) = Z/ /R (@) — @@f,_))dW - TThey,, dx
n=1 n=1 o Gy
m ff
= Z/ / (@) — ®@f, ) dW - Tjep -1 dx
n=1 o trltefl

m trlf

Y / f (D@ — SR, ) dW - TTy(en — e 1) dx
n=1 o t§71
& M

:/ Zl[,"fl,,n)/o(qnu)—cb(u,ﬁnf]))dw.nheh,,,_ldx
0 n=1
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m t§
+ Z/O /R (P(w) — @ (ug,_)) dW - Ty (enn — €nn—1) dx
n=1 ¢

n—1

= (R + .42 4.7

Since the process (.# Lt A tr))r>0 is an (§;)-martingale we gain by the Burgholder-
Davis-Gundy inequality (using that tff,l < tg by definition)

IE|: max |///1(t,f;)|:|§IE|: sup |///1(s)|]§E|: sup |//{1(s/\tR)|:|

l=m=M sel0,tR ] 5€[0,T]

1

Thie X R 2 2 2
cE[( f S 1[,n_1,,,,>||<1>(u>—<1><uh,n_1>||Lz(uLz)nnheh.n_lnudz) ]
O T X X

n=1

IA

1

T Atg M R ) 7
(/E[ lgiXM ”l-[heh,n ”L)zc ([} Z 1“;;—]1’;1)”(1)(“) - cb(uh,nfl)”LZ(ﬂ’L'%) dt) ]

n=1

) Tatg M R )
KE[  max ||Hheh,n||L%:| + ¢ E[/ D My aplle—uf, 72 d’]-

n=1

IA

IA

Here, we also used (2.1) as well as Young’s inequality for x > O arbitrary. Since
u,lfnfl =epn-1+ U(tfffl) is V(ﬁ;,’ (O, R?)-valued, we further estimate

E|: max |%1(tﬁ)|:|
l<m<M
2 e I R 2
< KE[@;XM nnheh,nn@] + c(x)E[ /O 2 Moo 1w = (G DI dt]

n=1

TA{R M R R 5
+ C(K)E[f E L, i lla(t,— ) — Hpu(t,_ Dl dt}
0 X
n=1

T Atg M )
+ C(K)E[/ E L,y e ITTR€R -1l dl]
0 X
n=1

We bound the last term by
T Atg M M+1
E[/ D L) IThennill7 dt} =< E[ > o ihen a1l df]
O X X

n=1 n=1

M
< E[Zr,fnnheh,nni; dt}
n=0
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using that tg A1y < tfy, and X < o} | with ¢ := 7. Applying (2.12) as well as
Lemma 3.1 (b) and Corollary 3.4 (b) we gain

IE|: max |/// (tR)|:|

l<m<M

M
< kE| max |I1,e 2 c(k)E R m,e 2
< [1<n<Mll nenallyz | + c) ZO T a7
n=

+ c(K)rzaE[Ilullza([O TAtR]LL2) ]+ C(K)hHﬂE[zes[ng] /(9 [Vu(t A tR)|2dx}

M
2 2
< KE[IQZ"M ||Hheh,n||L§] + C(K)E[Z;)T”Hheh,n”%]
n=

+c(k)T?* R + ()P RO,

Similarly: on using Cauchy-Schwartz inequality, Young’s inequality, It6-isometry and
(2.1) we have fork > 0

| mx, 131

I<m=<

M 2

=< E|: Z <K||Hh (eh,n - eh,nfl)”i% + c(x)

n=1

(R

/R" (D) — o@f,_))dw

n—1

)

L3

A

M M R

< KE[Z T (enn — eh,nfl)nig] +c<x>E[Z f [T 3 dr]
n=1 ’ n=1 G ’

M

M trll,\’
< K]E[Zl 1T (e — eh,H)ni;] +c<K)JE[Z[R [ERHCARP] dr]
n=
ZT ITThep, n— 1||L2i|

n=1

M
+cK1E[Zr,fh||u(t,§_l) — Mpu(ty_ 1)||Lz] + c(x)IE[
n=1

M

M
< KE[Z 1T, (e — eh,n_l)uig] + c(x)E[ernnheh,n_l ||i§]

n=1 n=1

+c()T2*RY + c(k)h*R®

as a consequence Lemma 3.1 (b) (using also (2.11)) and Corollary 3.4 (b).
Finally, we have by (2.13)

I¢(m) = / / n — dlvl'lheh ndx do
tR

A

m
2 2
C(K)fR lr — M7 ll, do + s [IVIThen mll7
tmfl ’ ’
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R

< c(k)h? / o IValfado + et [ Venml s,

m—1

where k¥ > 0 is arbitrary. The first term is summable in expectation with bound
c(k)h?*R'? due to Lemma 3.3 (b) and the last one can be absorbed. Collecting all
estimates, choosing x small enough implies

M M
2 R 2 R 2
E[@%XM ITTnenmlly> + E T ITLn (€nm — €nm—1)ll72 + E Ty ||Veh,m||L%)i|

m=1 m=1

M
4
< cR4IE|: Z rmR max ||eh,,,||izi| + ceR (hz’S + 1:2“).
1<n<m X

m=1

Controlling the error between ey, ,,, and I1,e; , by (2.11) as well as Lemma 3.1 (b)
and applying Gronwall’s lemma yields the claim. O
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