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Abstract

We study the computational complexity of (deterministic or randomized) algorithms
based on point samples for approximating or integrating functions that can be well
approximated by neural networks. Such algorithms (most prominently stochastic gra-
dient descent and its variants) are used extensively in the field of deep learning. One
of the most important problems in this field concerns the question of whether it is
possible to realize theoretically provable neural network approximation rates by such
algorithms. We answer this question in the negative by proving hardness results for
the problems of approximation and integration on a novel class of neural network
approximation spaces. In particular, our results confirm a conjectured and empiri-
cally observed theory-to-practice gap in deep learning. We complement our hardness
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results by showing that error bounds of a comparable order of convergence are (at
least theoretically) achievable.
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approximation
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1 Introduction

The use of data-driven classification and regression algorithms based on deep neural
networks—coined deep learning—has made a big impact in the areas of artificial intel-
ligence, machine learning, and data analysis and has led to a number of breakthroughs
in diverse areas of artificial intelligence, including image classification [24, 29, 32,
471, natural language processing [53], game playing [34, 45, 46, 51], and symbolic
mathematics [31, 42].

More recently, these methods have been applied to problems from the natural sci-
ences where data driven approaches are combined with physical models. Example
applications in this field—called scientific machine learning—include the develop-
ment of drugs [33], molecular dynamics [18], high-energy physics [5], protein folding
[43], or numerically solving inverse problems and partial differential equations (PDEs)
[4, 17,26, 37, 40].

For this wide variety of different application areas, one can summarize the under-
lying computational problem as approximating an unknown function f (or a quantity
of interest depending on ') based on possibly noisy and random samples ( f(x;))/" ;.
In deep learning this is being done by fitting a neural network to these samples using
stochastic optimization algorithms. While there is still no convincingly comprehensive
explanation for the empirically observed success (or failure) of this methodology, its
success critically hinges on the properties

A. that f can be well approximated by neural networks, and
B. that f (or a quantity of interest depending on f) can be efficiently and accurately
reconstructed from a relatively small number of samples (f (x;))7 ;.

In other words, the validity of both A and B constitutes a necessary condition for a
deep learning approach to be efficient. This is especially true in applications related
to scientific machine learning where often a guaranteed high accuracy is required and
where obtaining samples is computationally expensive.

To date most theoretical contributions focused on Property A, namely study-
ing which functions can be well approximated by neural networks. It is now well
understood that neural networks are superior approximators compared to virtually all
classical approximation methods, including polynomials, finite elements, wavelets,
or low rank representations; see [15, 22] for two recent surveys. Beyond that it was
recently shown that neural networks can approximate solutions of high dimensional
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PDEs without suffering from the curse of dimensionality [21, 27, 30]. In light of
these results it becomes clear that neural networks are a highly expressive and ver-
satile function class whose theoretical approximation capabilities vastly outperform
classical numerical function representations.

On the other hand, the question of whether property B holds, namely to which extent
these superior approximation properties can be harnessed by an efficient algorithm
based on point samples, remains one of the most relevant open questions in the field of
deep learning. At present, almost no theoretical results exist in this direction. On the
empirical side, Adcock and Dexter [1] recently performed a careful study finding that
the theoretical approximation rates are in general not attained by common algorithms,
meaning that the convergence rate of these algorithms does not match the theoretically
postulated approximation rates. In [1] this empirically observed phenomenon is coined
the theory-to-practice gap of deep learning. In this paper we prove the existence of
this gap.

1.1 Description of Results

To provide an appropriate mathematical framework for understanding Properties A
and B we introduce neural network spaces which classify functions f : [0, 1]¢ — R
according to how rapidly the error of approximation by neural networks with n weights
decays as n — oo. Specifically we consider neural networks using the rectified linear
unit (ReLU) activation function, i.e., functions of the form

g=Tro(@oTL-1)o---0(goTy), (LD

where
Tex =Apx + by (1.2)
are affine mappings and o((x1, ..., x,)) = (max{x, 0}, ..., max{x,, 0}). Referring

to L as the depth of the neural network (1.1) and to total number of nonzero coefficients
of the matrix-vector pairs (Ag, by) 5:1 in (1.2) as number of weights of the neural
network, we can formalize the property of being well approximable by neural networks
as follows.

For o > 0 let

U :={f:[0,11 > R : foreveryn € N
there is a ReLU neural network g with depth L and
n weights of magnitude at most 1 such that || f — g]loo < n_‘"} (1.3)

In words, the sets U* consist of all functions that are approximable by neural networks
with depth L and at most n uniformly bounded coefficients to within uniform accuracy
< n™“. For the remainder of the introduction we will say that f can be approximated
at rate o by depth L neural networks if f € U®.
We emphasize that all our results apply to much more general approximation
spaces than the sets U“ (which is in fact the unit ball of some approximation space),
EOE';W
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incorporating more complex constraints on the approximating neural network while
considering approximation with respect to arbitrary L?” norms; see Sect. 2.2 for more
details. In any case, for the current discussion it is sufficient to note that membership
of f in such a space for large o simply means that Property A is satisfied.

For the mathematical formalization of Property B we employ the formalism of
Information Based Complexity (more precisely we will study sampling numbers of
neural network approximation spaces), as for example presented in [25]. This theory
provides a general framework for studying the complexity of approximating a given
solution mapping S : U — Y, with U c C([0, 1]¢) bounded, and ¥ a Banach space,
under the constraint that the approximating algorithm is only allowed to access point
samples of the functions f € U. Formally, a (deterministic) algorithm using m point
samples is determined by a set of sample points x = (x1, ..., x,) € ([0, l]d)m and a
map Q : R — Y such that

A =0(fx1), .o, fxm)) Y[ eU.

The set of all such algorithms is denoted Alg,, (U, Y) and we define the optimal order
for (deterministically) approximating S : U — Y using point samples as the best
possible convergence rate with respect to the number of samples:

B, S) = sup{,B >0:3C>0VmeN: inf  sup |A(S) — S(f)lly < C -m*ﬁ}.
AeAlg, (U.Y) ey

In a similar way one can define randomized algorithms and consider the optimal
order 8*"(U, S) for approximating S using randomized algorithms based on point
samples; see Sect. 2.4.2 below. We emphasize that all currently used deep learning
algorithms, such as stochastic gradient descent (SGD) [44] and its variants (such as
ADAM [28]) are of this form.

In this paper we derive bounds for the optimal orders ﬂfet(U ,8) and B*"(U, S)
for the unit ball U = U* and the following solution mappings:

1. The embedding into C ([0, 119), i.e., S = 1o fOr tng : U — C([0, 119), fe=f,

2. The embedding into L2([0, 119), i.e., S = 15 for 1o : U — L%([0, 119), f +— f,
and

3. The definite integral, i.e., S = Tf for Tf U—->R, f—> f[o,l]d f(x)dx.

1.1.1 Approximation with Respect to the Uniform Norm

We first consider the solution mapping S = i operating on U = U%, i.e., the
problem of approximation with respect to the uniform norm. Then the property
(U, teo) = o would imply that the theoretical approximation rate o with respect
to the uniform norm can in principle be realized by a (randomized) algorithm such
as SGD and its variants. On the other hand, if 8J*"(U, (») < «, then there cannot
exist any (randomized) algorithm based on point samples that realizes the theoretical
approximation rate o with respect to the uniform norm—that is, there exists a theory-
to-practice gap. We now present (a slightly simplified version of) our first main result
establishing such a gap for (.
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics

Theorem 1.1 (special case of Theorems 4.2 and 5.1) We have

1 o
U o) = B (U ko) = G g € 10 a)

Theorem 1.1 states that for every 8 < % . m and for every m € N there
exists an algorithm using m point samples such that every function f € U* (i.e.,
f can be approximated at rate « by depth L neural networks) can be reconstructed to
within L* error < m~#. Conversely, this rate is the maximally achievable rate. Note
the big discrepancy between the approximation rate & and the maximally achievable
reconstruction rate é . LL/gW’ especially for large input dimensions d. Probably
the term “gap” is a vast understatement for the difference between the theoretical
approximation rate « and the rate 8, < min{%, %} that can actually be realized by
a numerical algorithm. A particular consequence of Theorem 1.1 is that if all one
knows is that a function f is well approximated by neural networks— no matter
how rapidly the approximation error decays—any conceivable numerical algorithm
based on function samples (such as SGD and its variants) requires at least OE
many samples to guarantee an error € > 0 with respect to the uniform norm. Since
evaluating f takes a certain minimum amount of time, any conceivable numerical
algorithm based on function samples (such as SGD and its variants) must have a worst-
case runtime scaling at least as © (¢ ~%) to guarantee an error ¢ > 0 with respect to
the uniform norm—irrespective of how well f can be theoretically approximated by
neural networks. In particular:

e Any conceivable numerical algorithm based on function samples (such as SGD
and its variants) suffers from the curse of dimensionality—even if neural network
approximations exist that do not.

e On the class of all functions well approximable by neural networks it is impos-
sible to realize these high convergence rates for uniform approximation with any
conceivable numerical algorithm based on function samples (such as SGD and its
variants).

e [f the number of layers is unbounded it is impossible to realize any positive conver-
gence rate on the class of all functions well approximable by neural networks for
the problem of uniform approximation with any conceivable numerical algorithm
based on function samples (such as SGD and its variants).

Our findings disqualify deep learning-based methods for problems where high uniform
accuracy is desired, at least if the only available information is that the function of
interest is well approximated by neural networks.

1.1.2 Approximation with Respect to the L2 Norm

Next we consider the solution mapping S = ¢, operating on U = U?, i.e., the

problem of approximation with respect to the L? norm. Also in this case we establish

a considerable theory-to-practice gap, albeit not as severe as in the case of § = (0. A
slightly simplified version of our main result is as follows.

EOE';W
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Theorem 1.2 (special case of Theorems 6.3 and 7.1) We have

ran (yro det o ! l a
(U n), BE(U "2)6[2+2/a’2+LL/2J+“ .

We see again that it is impossible to realize a high convergence rate with any
conceivable algorithm based on point samples, no matter how high the theoreti-
cally possible approximation rate o may be. Indeed, the theorem easily implies

(U, ), BN UY, 1) < %, irrespective of . This means that any conceiv-
able (possibly randomized) numerical algorithm based on function samples (such as
SGD and its variants) must have a worst-case runtime scaling at least as OE"23 10
guarantee an L* error ¢ > O—irrespective of how well the function of interest can be
theoretically appr(l)ximated by neural networks. On the positive side, there is a uniform

lower bound of 5z for the optimal rate, which means that there exist algorithms (in
o

the sense defined above) that almost realize an error bound of O(m~1/2), given m point
samples, for « sufficiently large. Note however that the existence of such an algorithm
by no means implies the existence of an efficient algorithm, say, with runtime scaling
linearly or even polynomially in m.

Our findings disqualify deep learning-based methods for problems where a high
convergence rate of the L2 error is desired, at least if the only available information
is that the function of interest is well approximated by neural networks. On the other
hand, deep learning based methods may be a viable option for problems where a
low—but dimension independent—convergence rate of the L2 error is sufficient.

1.1.3 Integration

Finally we consider the solution mapping § = 7' operating on U = U*“. The question
of estimating ™" (U, T ) and pdt(ue, T}) can be equivalently stated as the question
of determining the optimal order of (Monte Carlo or deterministic) quadrature on neu-
ral network approximation spaces. Again we exhibit a significant theory-to-practice
gap that we summarize in the following simplified version of our main result.

Theorem 1.3 (special case of Theorems 9.1, 9.4, 8.1 and 8.4) We have

det(y7a 1 d
(U Ty) € [2+1/a’1+ 1L/2] +a]‘

ﬁ;a“(U“,Tf)e[l+ Lo ]
2 2% 2/a L2 +a

We see in particular that there are no (deterministic or Monte Carlo) quadrature
schemes achieving a convergence order greater than 2. Further, if the number of
layers is unbounded, there are no (deterministic or Monte Carlo) quadrature schemes
achieving a convergence order greater than 1. On the other hand there exist Monte
Carlo algorithms that almost realize a rate 1 for « sufficiently large. This again does not
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imply the existence of an efficient algorithm with this convergence rate; but it is well-
known that the error bound O (m~'/?) can be efficiently realized by standard Monte
Carlo integration, Theorem 1.3 implies that there is not much room for improvement.

1.1.4 General Comments

We close the overview of our results with the following general comments.

Our results for the first time shed light on the question of which problem classes can
be efficiently tackled by deep learning methods and which problem classes might
be better handled using classical methods such as finite elements. These findings
enable informed choices regarding the use of these methods. Concretely, we find
that it is not advisable to use deep learning methods for problems where a high
convergence rate and/or uniform accuracy is needed. In particular, no high order
(approximation or quadrature) algorithms exist, provided that the only available
information is that the function of interest is well approximated by neural networks.
As another contribution, we exhibit the exact impact of the choice of the architec-
ture, such as the number of layers, and magnitude of the coefficients. Particularly,
we show that allowing the number of layers to be unbounded adversely affects the
optimal rate B,.

Our hardness results hold universally across virtually all choices of network archi-
tectures. Concretely, all hardness results of Theorems 1.1, 1.2 and 1.3 hold true
whenever at least 3 layers are used. This means that limiting the number of layers
will not help. In this context we also note that it is known that at least |o/2d |
layers are needed for ReLU neural networks to achieve the (essentially) optimal
approximation rate % for all f € C*([0, 119); see [36, Theorem C.6].

Our hardness results hold universally across all size constraints on the magni-
tudes of the approximating network weights. Furthermore, a careful analysis of
our proofs reveals that our hardness results qualitatively remain true if analogous
constraints are put on the £2 norms of the weights of the approximating networks.
Such constraints constitute a common regularization strategy, termed weight decay
[23]. This means that applying standard regularization strategies—such as weight
decay—will not help.

In many machine learning problems one assumes that one only has access to
inexact (noisy) samples of a given function. Since this noise can be incorporated
into the stochasticity of a randomized algorithm, our hardness results also hold for
the case of noisy samples.

1.2 Related Work

To put our results in perspective we discuss related work.

1.2.1 Information-Based Complexity and Classical Function Spaces

The study of optimal rates B, for approximating a given solution map based on point
samples or general linear samples has along tradition in approximation theory, function
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space theory, spectral theory and information based complexity. It is closely related to
so-called Gelfand numbers of linear operators—a classical and well-studied concept
in function space theory and spectral theory [38, 39]. It is instructive to compare
our findings to these classical results, for example for U the unit ball in a Sobolev
spaces W5 ([0, l]d) and S = (0. These Sobolev spaces can be (not quite but almost,
see for example [49, Theorem 5.3.2] and [16, Theorem 12.1.1]) characterized by the
property that its elements can be approximated by polynomials of degree < n to within
L®° accuracy O(n~%). Since the set of polynomials of degree < n in dimension d
possesses =< n? degrees of freedom, this approximation rate can be fully harnessed by
a deterministic, resp. randomized algorithm based on point samples if ﬂge‘(U , S ) =
a/d, resp. B2" (U .S ) = «a/d.Itis aclassical result that this is indeed the case, see [25,
Theorem 6.1]. This fact implies that there is no theory-to-practice gap in polynomial
approximation and can be considered the basis of any high order (approximation or
quadrature) algorithm in numerical analysis.

In the case of classical function spaces it is the generic behavior that the optimal rate
B« increases (linearly) with the underlying smoothness «, at least for fixed dimension
d. On the other hand, our results show that neural network approximation spaces have
the peculiar property that the optimal rate B, is always uniformly bounded, regardless
of the underlying “smoothness” «.

To put our results in a somewhat more abstract context we can compare the optimal
rate B, to other complexity measures of a function space. A well studied example is
the metric entropy related to the covering numbers Cov(V, €) of sets V c C[0, 1.
The associated entropy exponent is

s¢(U) :=sup{A>0: 3C>0Veec(0,1): Cov(U,e) <exp(C- S—I/A)}7

which, roughly speaking, determines the theoretically optimal rate O (%) at which
an arbitrary element of U can be approximated from a representation using at
most m bits. On the other hand, g, determines the optimal rate O (m~P*) that can
actually be realized by an algorithm using m point samples of the input function
f € U. For a solution mapping S to be efficiently computable from point sam-
ples, one would therefore expect that 8, = sy or at least that B, grows linearly
with s,. For example, for U the unit ball in a Sobolev spaces W ([0, 1]d) and
S = oo We have 5,(U) = BINU, to) = BE(U, too) = €. In contrast, U% =
U“(]o, l]d) satisfies sy (U"‘) > o according to Lemma 6.2, while Theorem 1.1
shows B3 (U, o), I (U, o) < 3—1 independent of &, and even B (U, 1os) =

ran(U « Loo) = 0 if the number of layers is unbounded. This is yet another manifes-

*
tation of the wide theory-to-practice gap in neural network approximation.

1.2.2 Other Hardness Results for Deep Learning

While we are not aware of any work addressing the optimal sampling complexity on
neural network spaces, there exist a number of different approaches to establishing
various “hardness” results for deep learning. We comment on some of them.
A prominent and classical research direction considers the computational complex-
ity of fitting a neural network of a fixed architecture to given (training) samples. It
Elol:;ﬂ
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is known that this can be an NP complete problem for certain specific architectures
and samples; see [9] for the first result in this direction that has inspired a large body
of follow-up work. This line of work does however not consider the full scope of
the problem, namely the relation between theoretically possible approximation rates
and algorithmically realizable rates. In our results we do not take into account the
computational efficiency of algorithms at all. Our results are stronger in the sense that
they show that even if there was an efficient algorithm for fitting a neural network to
samples, one would need to access too many samples to achieve efficient runtimes.

Another research direction considers the existence of convergent algorithms that
only have access to inexact information about the samples, as is commonly the case
when computing in floating point arithmetic. Specifically, [3] identifies various prob-
lems in sparse approximation that cannot be algorithmically solved based on inputs
with finite precision using neural networks. The deeper underlying reason is that these
problems cannot be solved by any algorithm based on inexact measurements. Thus,
the results of [3] are not really specific to neural networks. In contrast, our hardness
results are highly specific to the structure of neural networks and do not occur for
most other computational approaches.

A different kind of hardness results appears in the neural network approximation
theory literature. There, typically lower bounds are provided for the number of network
weights and/or number of layers that a neural network needs to have in order to
reach a desired accuracy in the approximation of functions from various classical
smoothness spaces [10, 36, 48, 52]. Yet, these bounds exclusively concern theoretical
approximation rates for classical smoothness spaces while our results provide bounds
for the realizability of these rates based on point samples

1.2.3 Other Work on Neural Network Approximation Spaces

Our definition of neural network approximation spaces is inspired by [20] where
such spaces were first introduced and some structural properties, such as embedding
theorems into classical function spaces, are investigated. The neural network spaces
AZ’ cp ([0, 11%) introduced in the present work differ from those spaces in the sense that
we also allow to take the size of the network weights into account. This is important,
as such bounds on the weights are often enforced in applications through regulariza-
tion procedures. Another construction of neural network approximation spaces can be
found in [7] for the purpose of providing a calculus on functions that can be approx-
imated by neural networks without curse of dimensionality. While all these works
focus on aspects related to theoretical approximability of functions, our main focus
concerns the algorithmic realization of such approximations.

1.3 Notation

Forn € N, we write n := {1, 2, ..., n}. For any finite set / # & and any sequence
(ai)ier C R, we define }:ie ;4 = |]T| Zie ; ai. The expectation of a random variable
X will be denoted by E[X].

For a subset M C X of a metric space X, we write ‘M for the closure of M and M°
for the interior of M. In particular, this notation applies to subsets of RY. We write
A(M) for the Lebesgue measure of a (measurable) set M C R<. S

© o
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1.4 Structure of the paper

Section 2 formally introduces the neural network approximation spaces A(;: f and
furthermore provides a review of the most important notions and definitions from
information based complexity. The basis for all our hardness results is developed in
Sect. 3, where we show that the unit ball Uz’coo([O, 1]d) in the approximation space

AZ’SO([O, 11%) contains a large family of “hat functions”, depending on the precise
properties of the functions £, ¢ and on « > 0.

The remaining sections develop error bounds and hardness results for the problems
of uniform approximation (Sects. 4 and 5), approximation in L? (Sects. 6 and 7), and
numerical integration (Sects. 8 and 9). Several technical proofs and results are deferred
to Sect. A.

2 The Notion of Sampling Complexity on Neural Network
Approximation Spaces

In this section, we first formally introduce the neural network approximation spaces
AZ’ cp and then review the framework of information based complexity, including the
notion of randomized algorithms and the concept of the optimal order of convergence
based on point samples.

2.1 The Mathematical Formalization of Neural Networks

In our analysis, it will be helpful to distinguish between a neural network & as a set of
weights and the associated function R, ® computed by the network. Thus, we say that
a neural network is a tuple ® = ((A1 ,b1), ..., (AL, bL)), with A, € RNexNe-1 and
by € RNt We then say that a(®) := (N, ..., Ny) € NEFLis the architecture of @,
L(®) := L is the number of layers ' of ®, and W (®) := 257:1(||Aj||£o + 11bll0)
denotes the number of (nonzero) weights of ®. The notation ||A||,0 used here denotes
the number of nonzero entries of a matrix (or vector) A. Finally, we write di, (®) := Ny
and dou (®) := Ny for the input and output dimension of @, and we set | P ||\ n =
max;—1..... max{||A;lloc. [1blloo}. where || Allo := max; j |A; ;1.

To define the function R,® computed by &, we need to specify an activation
Sfunction. In this paper, we will only consider the so-called rectified linear unit (ReLU)
0 : R — R, x — max{0, x}, which we understand to act componentwise on R”", i.e.,
o(Cxr, ..., x0)) = (e(x1), ..., 0(xn)). The function R,® : RY — RNz computed
by the network ® (its realization) is then given by

Ro®:=TLo(@oTr_1)o---0(0oT;) where Tyx = Agx+ by.

I Note that the number of hidden layersis givenby H = L — 1.
FolCT
e
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2.2 Neural Network Approximation Spaces

Approximation spaces [14] classify functions according to how well they can be
approximated by a family ¥ = (X,),en of certain “simple functions” of increasing
complexity n, as n — oo. Common examples consider the case where %, is the set of
polynomials of degree n, or the set of all linear combinations of n wavelets. The notion
of neural network approximation spaces was originally introduced in [20], where %,
was taken to be a family of neural networks of increasing complexity. However, [20]
does not impose any restrictions on the size of the individual network weights, which
plays an important role in practice and—as we shall see—also influences the possible
performance of algorithms based on point samples.

For this reason, we introduce a modified notion of neural network approximation
spaces that also takes the size of the individual network weights into account. Precisely,
given an input dimension d € N (which we will keep fixed throughout this paper)
and non-decreasing functions £ : N — N>, U {oo} and ¢ : N — N U {oo} (called
the depth-growth function and the coefficient growth function, respectively), we
define

ste . {R o . © NN with din(®) = d. dou(®) = 1, }
TN T W) =i, L(P) < L), 1 Rvy < e(n) )

Then, given a measurable subset 2 C R, p € [1,00], and o € (0, o0), for each
measurable f : Q — R, we define

Pap(f) = max {1 flurg). sup[n - dp(f. 549)]| € 10, 001,

neN

where d,(f, X) :=infgex | f — gllLr(@)-

The remaining issue is that since the set E,f’c is in general neither closed under
addition nor under multiplication with scalars, Iy, , is not a (quasi)-norm. To resolve
this issue, taking inspiration from the theory of Orlicz spaces (see e.g. [41, Theorem 3
in Section 3.2]), we define the neural network approximation space quasi-norm || - || AP
as

| fllger == inf{0 = 0 : T ,(f£/6) < 1} €10, o0l,
giving rise to the approximation space

Age =A@ ={f e LP(Q) : |fllser < oo}

The following lemma summarizes the main elementary properties of these spaces.

Lemma 2.1 Let @ # Q C R? be measurable, let p €[l,00] and a € (0, 00). Then,
Az”cp = Az”cp (R2) satisfies the following properties:

EOE';W
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1 (A?’cp el A«Z,f) is a quasi-normed space. Precisely, given arbitrary measurable
functions f, g : 2 — R, it holds that || f +g”AZ’f <C- (||f||A¢Zcp + ||g||A«Z:tp)f0r
C :=17°

We have Ty p(cf) < |c| Uy, p(f) for c € [-1,1].

Tap(f) < Lifand only if | £ yer < 1.

Fa.p(f) < 00 if and only if || f|| yocr < 00.

ALl (Q) = LP(RQ). Furthermore, if @ C %, then AL () = Cp(R), where
Cy(S2) denotes the Banach space of continuous functions that are bounded and
extend continuously to the closure Q of Q2.

SUEEP NS

Proof See Sect. A.1. O

2.3 Quantities Characterizing the Complexity of the Network Architecture

To conveniently summarize those aspects of the growth behavior of the functions £
and ¢ most relevant to us, we introduce three quantities that will turn out to be crucial
for characterizing the sample complexity of the neural network approximation spaces.
First, we set
£ ;= supL(n) € NU {o0}. 2.1)
neN

Furthermore, we define

V@, ¢) = sup{y €[0.00): 3L €N_gand C > 0 ¥neN:n’ <C - (c(n)- -nWZJ},
2.2)
Vit o) ::inf{y €10.00):3C >0 VneN, LeN_g: (ct): nt/2 < c-nV},

Remark 2.2 Clearly, yb(l, c) < yﬁ(l, ¢). Furthermore, since we will only consider
settings in which £* > 2, we always have yﬁ(l, c) > yb(l, ¢) > 1. Next, note that if
£* = o0 (i.e., if £ is unbounded), then y"(£, ¢) = Y (¢, ¢) = oo. Finally, we remark
that if £* < oo and if ¢ satisfies the natural growth condition ¢(n) < n? - (In(2n))*
for certain @ > 0 and xk € R, then y*(£, ¢) = y(€,¢) = 0 - £* + |£*/2]. Thus, in
most natural cases—but not always—y” and y ¥ agree.

An explicit example where y° is not identical to y # is as follows: Define ¢ := ¢; :=
c3 := 1 and for n, m € N with 22" <n< 22m+1 , define ¢,, := 22", Then, assume that
¥1, Y2 € [0, 00) and k1, k2 > O satisfy k; n?”! < ¢, < kpn?2 for all n € N. Applying
the upper estimate for arbitrary m € Nandn = n,, = 22'", weseen =c, < kpn’?;
since n,, = 22" — oo as m — oo, this is only possible if y» > 1. On the other hand,
if we apply the lower estimate for arbitrary m € Nand n = n,, = 22" 1, we see
because of ¢, = 22" = 222 — 02" — 1 that k" < ¢, = +/n+1.
Again, since n,, = 22m+1 — 1 — oo asm — 00, this is only possible if y; < %

Given these considerations, it is easy to see for £ = L € N> that yb(ll, c) <
5+ 5], while y*(€, ¢) = L + | 5. In particular, " (£, ¢) < y*(¢, ¢). A

FoC'T
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2.4 The Framework of Sampling Complexity

Letd e N,let @ # U C C([0, l]d) be bounded, and let Y be a Banach space. We
are interested in numerically approximating a given solution mapping S : U — 7Y,
where the numerical procedure is only allowed to access point samples of the functions
f € U. The procedure can be either deterministic or probabilistic (Monte Carlo). In
this short section, we discuss the mathematical formalization of this problem, based
on the setup of numerical complexity theory, as for instance outlined in [25, Section 2].

The reader should keep in mind that we are mostly interested in the setting where
U is the unit ball in the neural network approximation space AZ’:O([O, 119, i.e.,

U=U70. 11 = {f € Ag(0. 109 ¢ I fllage <1}, (23)

and where the solution mapping is one of the following:

1. The embedding into C([0, 119), i.e., S = oo fOr ino : U — C([0, 119), f +— f,

2. The embedding into L2([0, 1]19),i.e., S = 1 for 1 : U — L*([0, 119), f — f,
or

3. The definite integral, ie., S =T for T/ : U - R, f > f[o,l]d f(x)dx.

2.4.1 The Deterministic Setting

A (potentially nonlinear) map A : U — Y is called a deterministic method using m
N point measurements (written A € Alg,, (U, Y)) if there exists x = (x1, ..., Xp) €
([0, 11)™ and a map Q : R™ — Y such that

A =0(f(x1)..... fxm)) VY [feU.

Given a (solution) mapping S : U — Y, we define the error of A in approximating S
as

e(A, U, S) == sup [[AC(f) = S(Hlly.
feUu

The optimal error for (deterministically) approximating S : U — Y using m
point samples is then

AU, S) = inf e(AU,S).
AeAlg, (U.,Y)

Finally, the optimal order for (deterministically) approximating S : U — Y using
point samples is

BEU,S) :=sup{p=>0: 3C>0¥meN: U, <C-m P} 24
EOE';W
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2.4.2 The Randomized Setting

A randomized method using m € N point measurements (in expectation) is a
tuple (A, m) consisting of a family A = (Ay)weq of (potentially nonlinear) maps
Ay : U — Y indexed by a probability space (2, F, P) and a measurable function
m : Q — N with the following properties:

1. foreach f € U,themap Q — Y, w — A, (f) is measurable (with respect to the
Borel o-algebra on Y),

2. foreach w € 2, we have A, € Algm(w)(U, Y),

3. Ey[m(w)] < m.

We write (A, m) € Algl2"(U, Y) if these conditions are satisfied. We say that (A, m)
is strongly measurable if the map 2 x U — Y, (w, f) — A,(f) is measurable,

where U c C([0, 11%) is equipped with the Borel o-algebra induced by C ([0, 119.

Remark In most of the literature (see e.g. [25, Section 2]), randomized algorithms
are always assumed to be strongly measurable. All randomized algorithms that we
construct will have this property. On the other hand, all our hardness results apply to
arbitrary randomized algorithms satisfying Properties 1-3 from above. Thus, using
the terminology just introduced we obtain stronger results than we would get using
the usual definition.

The expected error of a randomized algorithm (A, m) for approximating a (solu-
tion) mapping S : U — Y is defined as

e((A.m), U, S) = ?ug Eo[IS(f) — Au(DlI¥]-
fe

The optimal randomized error for approximating S : U — Y using m point
samples (in expectation) is

(U, S) = e((A,m), U, S).

inf
(A,m)eAlg™(U,Y)

Finally, the optimal randomized order for approximating S : U — Y using point
samples is

BENU, S) :=sup{f=>0: IC>0¥VmeN: &U,S) <C-m P}

The remainder of this paper is concerned with deriving upper and lower bounds
for the exponents ﬂfe‘(U ,8) and B*"(U, S), where U = Uz’coo is the unit ball in

*

Ay.S, and S is either the embedding of Ay’.® into C([0, 11%), the embedding into

Le >
L%([0, 119), or the definite integral Sf = Jio.ape f(@) dr.

For deriving upper bounds (i.e., hardness bounds) for randomized algorithms, we
will frequently use the following lemma, which is a slight adaptation of [25, Proposi-
tion 4.1]. In a nutshell, the lemma shows that if one can establish a hardness result that
holds for deterministic algorithms in the average case, then this implies a hardness
result for randomized algorithms.

Elol:;ﬂ
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Lemma23 Let @ # U C C([O, l]d) be bounded, let Y be a Banach space, and
let S : U — Y. Assume that there exist . € [0,00), k > 0, and my € N such
that for every m € N>, there exists a finite set I',,, # & and a family of functions

(fy)yer,, C U satisfying

Y ISU) — AGly =k -m ™ VA Alg, @Y. 25
v€lm

Then BIY(U, S), B="(U, S) < .

*

Proof Step 1 (proving ,Bilet(U, S) < MA):Forevery A € Alg, (U, Y),Eq. (2.5)implies
because of f), € U that

e(A, U, S) = sup [A(f) = S(Dlly = X ISCfy) — AUy = em ™.
feu

v€lm

Since this holds for every m € N, and every A € Alg,, (U, Y), with « indepen-
dent of A, m, this easily implies egft(U, S) >« m~ for all m € N>,,,, and then
BY(U, S) < A.

Step 2 (proving B[ (U, S) < A): Let m € N>, and let (A, m) € Alg3"(U,Y)
be arbitrary, with A = (A,,)eeq for a probability space (2, F, P). Define Qg := {w €
Q: m(w) < 2m} and note m > E,[m(w)] > 2m - P(2), which shows P(22() < %
and hence P(2) > %

Note that A, € Alg,,, (U, Y) for each w € Qp, so that Eq. (2.5) (with 2m instead
of m) shows }:yel"zm ISCH) = Au(f) |y = k- @m)™ =& - m™* for a constant
K = K(k, L) > 0. Therefore,

e((A,m), U, S) = sup Ey[IS(f) — Au(N)lly = X Eo|S(fy) = Au(fi)ly
feUu

yelm

> Ew[ngo(w) }: (NEA) —Aw(fy)||y]

yelm

—A

>P(Q) - K-m™* = 5 -m™,

NSYET!

~ (2.6)
and hence e/2"(U, S) > & -m™~*, since Eq. (2.6) holds for any randomized algorithm
(A, m) € Alg;?" (U, Y). Finally, since m € N>, can be chosen arbitrarily, we see as

claimed that 8*"(U, S) < A. O

3 Richness of the Unit Ball in the Spaces Af’coo

In this section, we show that ReLU networks with a limited number of neurons and

bounded weights can well approximate several different functions of “hat-function

type,” as shown in Fig. 1. The fact that this is possible implies that the unit ball
U g e A‘Zfo is quite rich; this will be the basis of all of our hardness results.

EOE';W
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Fig.1 A plot of the A
“hat-function” Ay, formally AM,y ('T)
defined in Eq. (3.1) ]- N

I1 I I
Yy=u Y Ytw

We begin by considering the most basic “hat function” Ay y : R — [0, 1], defined
for M > 0 and y € R by

0, ifxfy—M’l,
M-(x—y+M™Y, ify-M'<x<y,
—M-(x—y-M", ify<x<y+M"
0, ify4+ M1 <x.

Aty (x) = 3.1)

For later use, we note that fR Ayy(x)dx =M —1 Furthermore, we “lift” A M,y tO
a function on RY by setting AzLy ‘R R, x = (x1,...,xq) = Apy(x1). The
following lemma gives a bound on how economically sums of the functions Ay y can
be implemented by ReL.U networks.

Lemma3.1 Let£ : N — N> U{oo} and ¢ : N — N U {oo} be non-decreasing. Let
M>1,neN and0 < C <c(n), aswell as L € N> with L < £(n).
Then

cL.plbr 2y
W ZSiAM,.Vi €EX

i=1

G sgm Vel ...en€l=1 1land yi, ...y, €10, 1].

Proof Let e,...,e, € [—1,1]and y1,...,y, € [0,1]. Lete; := (1,0,...,0) €
R4 and define

C

el A;O) = E(81 —2¢e1 €1 -+ &y —26n En) € RI3

Ay = C .| cpinxd o
T2 ’ A Aé) c R2X3
el 2=\ a0 ’
as well as
c T

by = 5~<—y1 +M*“—y1 ‘—)71 - Mﬁl‘-"‘—yn +M71‘_yn ~Yn —M71> eR™.

Finally, set E := (C | —C) € R'*? and
Elol:;ﬂ
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10
S I —_——
o _ 1---1] 0--- 0 2%
A=C 10 R2%2 B_C'<0...0 1. 1>ER ;
01 D:=C- (1...1]-1...-1) eR"*",
. . n
01

0
Note that || Alleo. [|Blloo: 1 Dlloo: I1Ellso- A1 llsc- [A2llsc. 14" lec < C. Further-

more, since y; € [0,1] and M > 1, we also see [|bi]lc < C. Next, note that
0)
AN, 1A g0, IB1llee = 3n, |A2llo < 6n, [[All0, [ Blle, IDllpo < 2n, and
[Ello <2 < 2n.
: . CLnlt/2 o = .
For brevity, set y := — and B = Z?=1. &}y .o so that 8 : R? - R.
Before we describe how to construct a network ® implementing y - E, we collect a
few auxiliary observations. First, a direct computation shows that

Fr Ay () =0(§G—y+ 1)) —20(5G¢ — ) +o(S¢x —y — ).

Based on this, it is easy to see

C n
(0)[Q(A1x+b1)=52[ ( S@i—yj+3p)

j=1

—20(51 —yp)) +o(§G1 —y; — %)))}
Sl Sy, w=C s (32)
_22Mj:18J M} X Mu.x. .

By definition of Ay, this shows F(x) = < (0(E(x)), o(—=E(x)))” forall x € RY,
for the function F := p o Ay 00 o (A] e +b1) : RY — R2.
A further direct computation shows for x, y € R that

Bo(A(})| =€ (A(3));) =€) o(Cx) = C’now)
Z Z

and similarly [BQ(A()y‘))]2 =C%no(y).

3.3)
Thus, setting G := Bopo A : R? — R2, we see G(x,y) = Czn(g(x), Q(y))T.
Therefore, denoting by G’ := G o- - - o G the j-fold composition of G with itself, we

see G/ (x, y) = (C*n)’ - (o(x), Q(y))T for j € N, and hence
2j+2 I’lj . _ T ) 4
—r (0(E(x)), 0(—E(x))) VjeNpandx e RY, (3.4)
FoE'ﬂ
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where the case j = 0 (in which it is understood that G/ = idy2) is easy to verify
separately.
In a similar way, we see for H := Do g o A : R> — R that

H(x.y) = Dle(A()) ] =¢ (Zg(&) Z@(Cw)
nlox) —o(y)) V¥x,yeR. (3.5)

Now, we prove the claim of the lemma, distinguishing three cases regarding L €
sz.
Case 1 (L = 2): Define @ := ((A, b1), (A}, 0)). Then Eq. (3.2) shows R, ® =

cLall2l _ 2 S .
a7 = a7 for L = 2, this implies the claim, once we note that

CZ
i

. Because of
L(®)=L =<&n) <LQRL+8n) and |[Pxn =C =<c(n) <c((2L + 8)n),

as well as W(®) <9n < (2L + 8)n, since L = 2.
Case 2 (L > 4 is even): In this case, define

= ((Al, b1), (A2,0), (A,0),(B,0),...,(A,0),(B,0), (A,0), (D, 0))

L4 copies of (4,0),(B,0)

and note for j := =5~ 4 that j+1 = = |L/2] — 1, so that a combination of
Egs. (3.5) and (3.4) shows

. , CHA2y
Re®(x) = (H oG/ o F)(x) = Cn- — 0 — - (0(E() — o(—=E(x)))
cL ylL/2] _
= Tamn =Y

since 0(0(z)) = 0(z) and p(z) — o(—z) = z for all z € R. Finally, we note as in the
previous case that L(®) = L < £((2L + 8)n) and | Py N < C < c¢((2L + 8)n),
and furthermore that

L—-4
W(®) <3n+3n+6n+ (2n+2n) +4n =16n+ 2L — 8)n = (8 + 2L)n.

Overall, we see als.o in this case thaty - E € EffL%)n, as claimed.
Case 3 (L > 3 is odd): In this case, define

= ((Al, b1), (A2,0), (A,0),(B,0),...,(A,0),(B,0), (E, 0)).

L33 copies of (A,0),(B.0)

Fo C 'ﬂ
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Then, setting j := LT_3 and noting j = |L/2] — 1, we see thanks to Eq. (3.4) and
because of E = (C | —C) that

_ C2i+2 i

Ry®(x) = E(G/ (F(x))) = Wn (0(E()) — o(=E(x)))
cL plL/2) N

= TaMn EW

It remains to note as before that L(®) = L < £(2L + 8)n) and ||| < C <
¢((2L + 8)n), and finally that W(®) < 3n + 3n + 6n + 3(2n +2n) +2 =

2+6n+4+2Ln < (8+2L)n, sothatindeed y - E € pIp also in this case. O

(8+2L)n

As an application of Lemma 3.1, we now describe a large class of functions con-
tained in the unit ball of the approximation space A}’ e ([0, 119).

Lemma3.2 Leta > Oandletc : N — NU {oo} and £ : N — Ns, U {00} be
non-decreasing. Leto > 2,0 <y < y"((’,, c),0 € (0,00)and ) € [0, 1]withOr < 1
be arbitrary and define

w:=min{—0a, 6-(y—21) —1}€ (—00,0).

Then there exists a constant k = k(«, 0, A, y, 0, £, ¢) > 0 such that for everym € N,
the following holds:

Setting M := 4m and z; := 4m + for J € 2m, the functions (AM z,) are

je2m
supported in [0, 11¢ and have disjoint supp()rts, up to a null-set. Furthermore, for any
v=(vj)jem € [—1, 11" and J C 2m satisfying |J| < o - m®*, we have

. DAk a,00 d
fog =k -m?- Zuj AM,z.,' € Al,c ([0, 11%)  and ” fv,J||A‘l¥::°([(),1]d) <1.
jelJ

Proof Since y < y°(£, ¢), we see by definition of " that there exist L = L(y, £, ¢) €
Nog and C; = Ci(y, £, ¢) > O such that n” < Cy - (c(n)t - nlL/2 foralln € N.
Because of £ > 2, we can assume without loss of generality that L > 2. Furthermore,
since L < £*, we can choose ng = no(y, £, ¢) € N satisfying L < £(no).

Letm € N and let v and J be as in the statement of the lemma. For brevity, define
f(oj) = Zjej A%y ... We note that A%, M.z is continuous with 0 < Aj;,,yzf < 1 and

v
supp Ay ., C [xeR:xjezj+-2 Hl} c{xeR?:x € jz;m

This shows that the supports of the functions A, M.z, are contained in [0, 1]¢ and are

pairwise disjoint (up to null-sets), which then implies “ Iy, © || Lo =

Next, since OA < 1, we have [m“] < [m]=m <2m. Thus,by possibly enlarging

the set J C 2m and setting v; := 0 for the added elements, we can without loss of

generality assume that |J| > [m?*] > 1. Note that the extended set still satisfies
|J| <o -mP since [m?*] < 2m?" and o > 2.

FoE"ﬂ
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Now, define N := ng-[m!"="%] andn := N-|J|, noting thatn > n¢. Furthermore,
writing J = {i1, ..., iy}, define

(&1, ..., &) = (v,-l, cees iy eoes Vi gy ons v,'m) and
N e’ ————
N times N times
(}’1, LLE) yn) = (Zila ceey Zipy eeey Zi‘“a ey Zl"” )
——— ————
N times N times

By choice of Cy, we have n¥ < Cj - (c(n))L -nlL/2] 5o that we can choose 0 < C <
c(n) satisfyingn? < C .CL.plL/2] Sincewealsohave L > 2and L < L(ng) < 4L(n),
Lemma 3.1 shows that

e cL L2l 2 CL n|_L/2jN ™~
E(2L+8)n 3 4Mn €i M , Vi 4Mn v,J?
i=1
here the final equality comes from our choice of €1, ..., ¢, and y1, ..., y,.

To complete the proof, we first collect a few auxiliary estimates. First, we see
because of |J| > m?* that n > ng m1=2¢ mf* > m?.

Thus, setting C» := 160 C1 and recalling that w < 6 - (y — A) — 1 by choice of w,
we see forany 0 < « < C2_1 that

mfr—0r—1 ) Cl_an om0 5 CLpIL/2] . g=1,,—0% ) CLy\L/2] N
166Cy — 4. 4m - amM - 4Mn ’

S

Here, we used in the last step that [J| < o m?, which implies % = |J|_1 >
o~ 'm=% . Thus, noting that cEf’c c Ef’c for ¢ € [—1, 1], we see x m® fl,(f)J) €
Zfi‘2+8)n aslongas 0 <« < C;y .

Finally, setC3 :=max{l, Cz, (2L+8)% (2n9o)*}. We claim that I'y, oo (1 m* f(o))

< lfork :=C5 ! Once this is shown, Lemma 2.1 will show that ”K m® fv( aoo <1

| e
as well. To see Ty o0 (k m® fv(oj)) < 1, first note that || x m® fv(’J |, < ||f(0) ||Loo <1
since w < 0and k = Cy5 ! < 1. Furthermore, for t € N there are two cases: For
t > (2L + 8)n we have shown above that k m® fv(’ € E(2L+8)n - Zf’c and hence
1% doo(em® £ £5€) = 0 < 1. On the other hand, if # < (2L + 8)n then we see

because of [m 1] < 14+m1=19 < 2.m1=M%and |J| < o m”* thatn < 2ngo m°.
Since we also have w < —60«, this implies

1% do (k m® f30): TP) < QL +8) %k m® | £\)
< (2L 4 8)*(2ngo)* k m**m=%% < 1.

[

All in all, this shows I'g, 0 (k€ m® fv(oj)) < 1. As seen above, this completes the proof.
O
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For later use, we also collect the following technical result which shows how to
select a large number of “hat functions” as in Lemma 3.2 that are annihilated by a
given set of sampling points.

Lemma3.3 Letm € Nandlet M = 4m and z; = ﬁ + ’2—:"1 as in Lemma 3.2. Given

arbitrary points x = (x1, ..., xy) € ([0, 119ym, define
Lee={ie2m : Ynem: Ay  (x,) =0}
Then |I| > m.

Proof Let I{ :=2m\ I.Foreachi € I{, there exists n; € m satistying A*M,z,- (xp;) #
0. The map IS — m,i — n; is injective, since A}klfl,ziA*M,zz = 0 fori # £ (see
Lemma 3.2). Therefore, |/{| < m and hence |Ix| = 2m — [I{]| > m.

The function A’;W’y : R — R has a controlled support with respect to the first
coordinate of x, but unbounded support with respect to the remaining variables. For
proving more refined hardness bounds, we shall therefore use the following modified
construction of a function of “hat-type” with controlled support. As we will see in
Lemma 3.5 below, this function can also be well implemented by ReLU networks,
provided one can use networks with at least two hidden layers. O

Lemma3.4 Givend e N, M > 0and y € R4, define

0: R—[0,1], x+ o(x)—ox—1),

d
Apy: RT SR, x> [ZAM,),j(x,-)} —(d — 1),
j=1

and Oy RY— (0,11, x> 0(Apy,y ().

Then the function ¥,y has the following properties:
a) O,y (x) =0forallx e RY\ (y + M~ (—1, D?);

b) 19m.yll ey < @/MYP for arbitrary p € (0, 0ol;
c) Forany p € (0, o] there is a constant C = C(d, p) > 0 satisfying

190,y Lo o,y = € - M~P, Yy el0, 11 and M = 5.

Proof of Lemma 3.4 Ad a) For x € RY \ (y + M~ (—1, 1)9), there exists € € d with
[xe — ye| > M~! and hence Ay, (x¢) = 0; see Fig. 1. Because of 0 < AM,yj <1,
this implies

Ay = Y ApyGp)—@d—1)<d—1-(d—1)=0.
jed\{¢)

By elementary properties of the function 6 (see Fig. 2), this shows ¥y ,(x) =
6(Ap.y(x)) = 0.

FoC
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Fig.2 A plot of the function 6
appearing in Lemma 3.4. Note 9 (x)
that 6 is non-decreasing and A

satisfies 8 (x) = 0 for x <0 as 1“
well asO(x) =1 forx > 1

Y&

Ad b) Since 0 < 6 < 1, we also have 0 < ¥, < 1. Combined with Part a), this
implies 9y, lr < [AQy + M~ (=1, D)7 = 2/M)4/, as claimed.

Adc)Set T := 20+M € O0,11and P := y + [T, T1¢. For x € P and arbitrary
J € d,wehave |x; —y;| < ﬁ' Since Ay y; is Lipschitz with Lip(Apy,y;) < M
(see Fig. 1) and A p,y; (y;j) = 1, this implies

1 1

Ay () = Apgy; () = [Apay; (0) = Apgy (X)) = 1— M - ST = 1— 57
Since this holds for all j € d, we see Ay y(x) = Z;{:l Apmy;(xj) —(d—1) =
d-(1—55) — (d—1) = %, and hence ¥y, (x) = 0(Ap,y(x)) = 0(3) = 1, since 6 is
non-decreasing.

Finally, Lemma A.2 shows for Q = [0, l]d that A(Q N P) > 2-drd > Ci- M4
with C1 = Ci(d) > 0. Hence, [[9u,y | Loqo.1ye) = 3IMQ N PNYP = € M=Ir,
which easily yields the claim.

The next lemma shows how well the function ¥y, can be implemented by ReLU
networks. We emphasize that the lemma requires using networks with L > 3, i.e.,
with at least two hidden layers. O

Lemma3.5 Let £ : N — N>y U {oo} and ¢ : N — N U {oo} be non-decreasing. Let
M>1,neNand0 < C < c(n), aswell as L € N>3 with L < €(n). Then

cL . plL/2]

Lc d
Y] ~19M,y6215(d+L)n Yy e [0, 1]%.

Proof Let y € [0, 114 be fixed. For j € d, denote by e; € R?*! the j-th standard
basis vector. Define A; € R*4*4 and b; € R*? by

C
AIT:=5~(e1|,..|e1,O|...|0, er .. Jea, 0]...]0, ..., ed\...}ed,o|...|o),
—— S——— —— —— —— ———
3n times n times 3n times n times 3n times n times
C
- 1 1 1 1
by := —§‘<y1 — e V1= 37> Vlseoos Vs Y1+ ggseees i+ =L, -1,
_— —— —
n times n times n times n times
FoC'T
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1 1
Nl VERRER V2= ags Y2 V2. Y2 g 2+ —1
e ——
n times n times n times n times

T
1 1 1 1

d = 32 Yd = Fps Yds - Yd> Yd Tt e es d+*—1,~.,—1>

Ya 7w YA T Yo 2 Y YA T e VAT Y T T

n times n times n times n times

Furthermore, set by := 0 € R? and by :=0eR" let¢ := —%dd;l and & := —%,
and define A, € R>** and A3 € R"*? by

n times n times n times n times n times n times n times n times
—_———— —— —— —_—— —— ——
A 72 ..., 1,-2,..., =2,1,...,1,¢ T O A -2,1 1,¢ I
2=\ 1,-2,..., 21, LE L E =2 2,1 1,& £
—_—— - — —_— — -
n times n times n times n times n times n times n times n times
I,...,1
T ._ ) ) 2xn
Al _c(71 ..... 71> R
Finally, set A = C - (1,...,1) € R, B .= C-(,...,DT e R™I,

and D = C - (1,—1) € R'*2 as well as E := (C) € R'*!. Note that
A1lloo, 1A21loos A3 lloos | Alloo, [ Blloos D llocs 1Ellee = € and [|b1]loc, [102llcc <
C,since M > 1 and y € [0, 1]. Furthermore, note |A1]lp0 < 3dn, ||Az|lp0 < 8dn,
lAsll0 < 2n, ||Allp, IBllgo < n, ||IDllpo < 2, and finally [|bi]l,0 < 4dn and

lb2]lpo = 0. Furthermore, note C < c¢(n) < ¢(15(d + L)n) and likewise L <
£(n) < £(15(d + L)n) thanks to the monotonicity of ¢, £.
A direct computation shows that

G Ay =o(§G =yt ) —20(§@ = ») +e(§0—y = 57).

Combined with the positive homogeneity of the ReLU (i.e., o(tx) = to(x) forz > 0),
this shows

(A20(A1x + b)) + b2),

=—ZZ[ (§Ctx, ) = = 4) = 20(S (b e) = )

j=1t=1

+o(§tx e) = 0j+a) +o(§)]

U

C?n d—1 C?n
= [AM,yj(xj)—T] ZWAM,))(X)-

—

j=

In the same way, it follows that (A2 0(A1x + b1) + by), = 4M (Ap,y(x) = 1).
We now distinguish three cases:

FoE"ﬂ
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Case 1: L = 3. In this case, set ® := ((Al, b1), (Ay, by), (D,O)). Then the
calculation from above, combined with the positive homogeneity of the ReLU shows

2 2
Ro®(x) = C - (0(531 Ay () = (G (Aury(x) = 1) )
= 4M G(AM y(—x)) = 4A;7’9M )(-x)
Furthermore, it is straightforward to see W(®) < 3dn+4dn+8dn+2 <2+15dn <

15(L + d)n. Combined with our observations from above, and noting L%J =1, we
cL nL /21

thus see as claimed that Om,y € Ef’sc(Ler)n.
Case 2: L > 4 1is even. In thls case, define

d = ((Ah b1), (A2, b2), (A3, b3), (A,0), (B,0),(A,0),...,(B,0), (A, 0))
(L—4)/2 copies of “(B,0),(A,0)”

Similar arguments as in Case 1 show that (A3 Q(A2 o(A1x + by) + bz) + b3)/, =

g—;,;’ Uum,y(x) forall j € n,and hence AogoA3zogoAjopo (Al e+by) Furthermore,
using similar arguments as in Eq. (3.3), we see for z € [0, oo) that A(o(Bz)) = C%nz.
Combining all these observations, we see

C*n cL . plL/2]

2 \(L—4)/2

Ry®(x) = (C*m) =02 = ﬁMy(x) —y P

Since also W(®) < 3dn +4dn + 8dn + 2n +n + L4 0 < 15(d + L)n, we see

LL/2)
overall as claimed that <~ UM,y € Ef5( d+Lyn"

Case 3: L > 5 is odd. In this case, define

¢ = ((A1,b1), (A2, b2), (A3, 03), (A,0),(B,0),(A,0),...,(B,0), (A,O),(E,O))-
(L—5)/2 copies of “(B,0),(A,0)”

A variant of the arguments in Case 2 shows that R o =C-(C? n)(L_S)/2 C4”2 Om,y =

Cln 9ary and W(P) < 15dn +2n + 155 . 2n + 1 < 15(d + L)n and hence
CL;‘"AL,IL/ZJ Um,y € 215(d+L)n also in this last case. a

Lemma3.6 Letc: N — NU {oo}and £ : N — Nso U {oo} be non-decreasing with
>3 Letd eN, a € (0,00),and0 < y < yb(l, ¢). Then there exists a constant
Kk =k(y,a,d, L, c) > 0 such that for any M € [1,00) and y € [0, l]d, we have

&M,y ‘=K - M~/ @ty) Dm,y € Ay with ||gM’y||A¢z,oo <1
’ Ng

Proof Sincey < yb(l, c¢),thereexist L = L(y,4,¢) € Nsprand C1 = Ci(y, L, ¢) >

0 satisfying n¥ < Cj - (c(n))* - nl2/2) for all n € N. Since £* > 3, we can assume
Fol:'ﬂ
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without loss of generality that L > 3. Furthermore, since L < £*, there exists ng =
no(y, £, ¢) € Nsatisfying L < £(nop).

Given M € [1,00) and y € [0, 119, set n := ng - [ M'/©@+7)], noting that n > ny.
Since n¥ < Cp - (c(n))t - nlL/?] there exists 0 < C < ¢(n) satisfying n¥ < Cj -
cLulLl/2]

Setk := min{(15(d+L))"*(2n¢) "%, (4C;)~'} > Oandnote/c —K(d o, v, 4,0).

Furthermore, note that n > M1/©@+¥) and hence k¥ M~ Ty = M“+V < K A; <
L |L/2] L ,lL/2)
4Cyk S~ < S~ Combining this with the inclusion cEf’c c =b¢ for

c € [—1, 1], we see from Lemma 3.5 and because of 3 < L < £(ng) < €(n) that
g,y =k M~/ oy e ElS(d-i—L)n

We claim that I'y o0 (gar,y) < 1. Tosee this, firstnote ||gas,yllLe < [Py, yllLe < 1.
Furthermore, fort € N, there are two cases: Fort > 15(d+L)n, wehave gy, € Zf’c,
and hence t* doo (gM,y» Ef’c) = 0 < 1. On the other hand, if r < 15(d + L)n, then
we see because of n < lng + ng MY/ @tY) < 2p5 MY/ @+Y) that

1% doo(ga,y» B0°) < (15(d + 1)) n® llgm vl < (15(d + L))* k n® M~/ @)

Overall, this shows I'y ,(ga,y) < 1, so that Lemma 2.1 shows as claimed that
llgnr,yllga-ce < 1. o

4 Error Bounds for Uniform Approximation

In this section, we derive an upper bound on how many point samples of a function
fe A‘Zfo are needed in order to uniformly approximate f up to error ¢ € (0, 1). The
crucial ingredient will be the following estimate of the Lipschitz constant of functions
Fe Zﬁ’c. The bound in the lemma is one of the reasons for our choice of the quantities
y" and y* introduced in Eq. (2.2).

Lemma4.1 Letf : N — NU{oo}andc : N — [1, oo] be non-decreasing. Letn € N
and assume that L := €(n) and C := c(n) are finite. Then each F € Efl’c satisfies

Lip(R",H-MN)—HR(F) <cb . nt and Lipwd .00 >R (F) < d - cL . L2l

Proof Step 1: For any matrix A € R¥*™"  define ||A||oo = max; ; |A; j| and denote
by ||All,0 the number of nonzero entries of A. In this step, we show that

Al g0 < lAlloo  and  [[Allgec g1 < [Alloo | Al go- 4.1
To prove the first part, note for arbitrary x € R™ and any i € k that
m m
[(Ax)i| <D 1AL 1] < 1 Alloe Y 1xj1 = I1Alloo X1+

j=1 j=1
FoE'ﬂ
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showing that [|Ax|[ge < ||A|lx [|x|l,1. To prove the second part, note for arbitrary
x € R™ that

k
lAxl =Y |(Ax)] < 3145111 <
i=1 i,J

Ixlle [ Alloo D Ta, ;20 = llAlloo 1Al x|
i,j

Step 2 (Completing the proof): Let F € E ‘ be arbitrary, so that F = R, ® for
a network & = ((A1, by), .. (AL,bL)) satisfying L <4{&(m) = L and ||A; ||OO <
@Iy <cn)=C,as well as [[Ajlloo < W(®) <nforall j € L.

Set p; := 11if j is even and p; := oo otherwise. Choose N; such that A; €
RN*Nj=1 'and define T} x := Aj x + bj. By Step 1, we then see that 7 : (RNi=1, || -
ll,pj=1) = (RNi, || - ll2;) is Lipschitz with

Ajlloo lAjll0 < Cn, if jiseven,
Lip(T)) = [ Ajllgrs-ry < 0L o
lAjllec < C, if j is odd.

Next, a straightforward computation shows that the “vector-valued ReLU” is 1-
Lipschitz as a map 0 : (R, || - [er) — (RY, || - [l¢r), for arbitrary p € [1, 00]
and any k£ € N. As a consequence, we see that

F=R,®=T;0(0oT;_j)o---0(0oTy):
R ) = @R - lprp) = R, |- 1)

is Lipschitz continuous as a composition of Lipschitz maps, with overall Lipschitz
constant

I
Lip(R,®) < ]_[ (C-nj) cL . L2l < oLyl

where we used the notation n; := n if j is even and n; := 1 otherwise. Furthermore,
we used in the last step that C > 1. The final claim of the lemma follows from the
elementary estimate ||x||,1 < d - ||x]|[¢~ for x € R4, O

Based on the preceding lemma, we can now prove an error bound for the computa-
tional problem of uniform approximation on the neural network approximation space

ALZ([0, 11%).

Theorem 4.2 Let ¢ : N — N U {oo} and £ : N — Nx, U {oo} be non-decreasing

and suppose that y*({,¢) < oco. Letd € N and a € (0, oo) be arbitrary, and let

Uacoo([O, l]d)asinEq. (2.3). Furthermore, let 1o : Aa OO([0 119 — C([0, 119), f=f.
Fol:'ﬂ
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Then, we have

o

det (yra,00 d
U, ([0, 119), > =
* ( Lc ( 1) loo) d yﬁ(l,c)—i—a

,%,..., %}d as the
set of sampling points (with N ~ m'/¢) yields an essentially optimal sampling scheme.

b) It is well-known (see [25, Proposition 3.3]) that the error of an optimal random-
ized algorithm is at most two times the error of an optimal deterministic algorithm.

Therefore, the theorem also implies that

Remark a) The proof shows that choosing the uniform grid {0

1 o
ran (770,00 O,ld, > _ . )
(U100 100) = 2 e

Proof Since yn(i, ¢) < oo, Remark 2.2 shows that L := £* < oo. Let y >
yn(& ¢) > 1 be arbitrary. By definition of yﬁ(i, ¢), it follows that there exists some
¥ € (y*(, ¢), y) and a constant Cy = Co(y',£,¢) = Co(y,€,¢) > 0 satisfy-
ing (c(n)* a2l < ¢ Y < Co-n? foralln € N. Let m € N be arbitrary and
choose

N = Lml/dJ > 1 and n:= fml/(d'(y+°‘))-| e N.

Furthermore, let [ := {0, % e, %}d C [0, 1]" and set C := ¢(n) and p =
d-CL . nlL/2 noting that u < d Con? =: Cyn? and |I| = N < m.
Next, set B := U := Uy" ([0, 11Y) = {f € A7°([0, 119): 1f e < 1} and

define S := Q(B) for
Q: c(0,.11) =R, fis (f),,.

For each y = (y;)ie; € S, choose some f, € B satisfying y = Q(f)). Note by
Lemma 2.1 that I'y o (fy) < 1; by definition of Iy, we can thus choose Fy € Eﬁ’c
satisfying || fy — Fyllz~ < 2 -n~*. Given this choice, define

Fy, ifyes,

. R (0,119, y—
Q @011,y {O, otherwise.

We claim that || f — Q(Q(f)|lzx < Cp - m~%/ @7+ for all f € B, for a suitable
constant C» = Ca2(d, v, £, ¢). Once this is shown, it follows that ,Bfet(U, loo) > éyaﬁ
which then implies the claim of the theorem, since y > y*(¢, ¢) was arbitrary.

Thus, let f € B be arbitrary and set y := Q(f) € S. By the same arguments as
above, there exists F € Eﬁ’c satisfying || f — Fl|z~ < 2-n~%. Now, we see for each
i € I because of f(i) = ((f))i = yi = (f))i = fy(0) that

FoC Tl
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[F@) — Fy()| < [F@) — fOI+ 1 fy0) — Fy@)|
< F = flleee + 11fy — FyllLee
<4.n7%

Furthermore, Lemma 4.1 shows that F — F) : R - flge) = (R, | -]) is Lipschitz
continuous with Lipschitz constant at most 2u. Now, given any x € [0, l]d, we can
choose i = i(x) € I satisfying ||x — [0 < N~L. Therefore, [(F — Fy)(x)] < %" +
[(F—=Fy)@)] < %" +4n~%. Overall, we have thus shown || FF — Fy| L~ < %“ +4n¢,
which finally implies because of Q(2(f)) = Q(y) = F) that

2
1 =@ < IIf = FliLe + |IF — FyllLe <6n7% + WM

It remains to note that our choice of N and n implies m'/? < 1 + N < 2N and
hence % < 2m~1/4 and furthermore n < 1 + m1/@+®) < 21/ (y+®) Hence,
recalling that u < Cy n?, we see

_ 1o v 4 __a
<2Cim~Viyy < 21+”C1md(V+a ) — 21V Cym T T

z|=

Furthermore, since n > m!/@¥+®) e also have n™% < miﬁ, Combining all
these observations, it is easy to see that || f — Q(Q(f))|lLe < Ca - m—%, for a
suitable constant C; = C2(d, y, £, ¢) > 0. Since f € B was arbitrary, this completes
the proof. O

5 Hardness of Uniform Approximation

In this section, we show that the error bound for uniform approximation provided
by Theorem 4.2 is optimal, at least in the common case where y”(£, ¢) = y*(Z, ¢)
and £* > 3. This latter condition means that the approximation for defining the
approximation space A%fo is performed using networks with at least two hidden
layers. We leave it as an interesting question for future work whether a similar result
even holds for approximation spaces associated to shallow networks.

Theorem 5.1 Let £ : N — Nxp U{oo} and ¢ : N — N U {oo} be non-decreasing with
£* > 3. Givend € Nand o € (0, 0), let Uz’coo = UZ’COO([O, 11) as in Eq. (2.3) and
consider the embedding 1~ : AZ’:O([O, l]d) — C([0, 1]‘1). Then

1 o
det (yra,00 ran  yro,00
B W™ too) BT U™ too) = 5o 5
Proof Set K :=1[0,1]% and U := UZLOC‘
FolCT
. H_f
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Step1:Let0 < y < y°(¢, ¢).Letm € Nbearbitraryand T, := 2k? x {+1}, where
k := [m'/4].In this step, we show that there is a constant k = k(d, o, y,£,¢) > 0
(independent of m) and a family of functions ( f¢,,)¢,v)er,, C U which satisfies

1l «o
| foo = ACfen)]| o = 6 -m 757 VA€ Alg, (U, C([0,1]). (5.1)
«,vyely,

To see this, set M := 4k, and for £ € %d define y(’z) = (1’;1‘,‘(’1) + Z_(l’k“"l) c RY,
Then, we have

SOty = Zema g G

d d
M(ﬁ—(l,...,1)+(0,1))C(O,l) ,

+ (_M—l , M—l)d

S

which shows that the functions ¢, NGB e %‘i, (with ¥y y as defined in Lemma 3.4),

have disjoint supports contained in [0, 1]%. Furthermore, Lemma 3.6 yields a constant
K1 = ki(y,a,d, £, ¢) > 0such that fp, := k- M~*/@) vy o € U for
arbitrary (£, v) € ['y,.

To prove Eq. (5.1), let A € Alg,, (U, C([O0, 11%)) be arbitrary. By definition, there
exist x = (x1,...,x,) € K™ and a function Q : R" — R satisfying A(f) =
O(f(x1),..., f(x;p)) for all f € U. Choose I := I, := {K € %d: Ynem:
z?M,ya) (xp) = O}. Then for each £ € I¢ = %‘1 \ 1, there exists ny € m such that
z?M’yw) (x5,) # 0. Then the map /¢ — m, £ — ny is injective, since z?M’yw) z?M,ym =
Ofort, ¢ e %‘i with ¢ # €. Therefore, |I¢| < m and hence |I| > 2k)? —m > m,
because of k > mi/d.

Defineh := Q(0, ..., 0). Thenforeach? € Iy andv € {£1},wehave f; ,(x,) =0
for all n € m and hence A(fr,,) = Q(0, ...,0) = h. Therefore,

I fe,1 — ACfe, DIl + 1 fe,—1 — A(fe,—D) Lo
= |l feq — hllzee + 1| — fer — ke = Il fe1 — hllze + b+ ferllres (5.2)
>\ fer —h+h+ foillee =2 fealle =21 - M~/@F) v e,

Furthermore, since k < 1 + m'/9 < 2m'/4 we see k9 < 29m and M = 4k <

a a l _«
8m!'/? and hence M@+ < 8@+ mda+y . Combining these estimates with Eq. (5.2)
and recalling that |/| > m, we finally see

1 few = AUl = @0~ Y X0 e = Al

(L,v)ely tel, ve{+l}
—d __a K1 1 __a
> k)" -] - k1 - M Wz ogem [I|- M~ @+

> K8 it

>~ :

FolCT
H_ A
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which establishes Eq. (5.1) for « := %.

Step 2 (Completing the proof): Given Eq (5.1), adirect application of Lemma 2.3
shows that ﬂfe‘(U loo)s B (U, too) < d + . Since this holds for arbitrary 0 < y <

y b2, ¢), we easily obtain the claim of the theorem. O

6 Error Bounds for Approximation in L2

This section provides error bounds for the approximation of functions in AZ‘”EO ([0, l]d)
based on point samples, with error measured in L. In a nutshell, the argument is
based on combining bounds from statistical learning theory (specifically from [13])
with bounds for the covering numbers of the neural network sets Eﬁ’c

For completeness, we mention that the e-covering number Cov(Z, ) (with ¢ > 0)
of a (non-empty) subset £ of a metric space (X, d) is the minimal number N € N
for which there exist f1, ..., fy € X satisfying & C U;V:l B.(f)). Here, B;(f) :=
{geX:d(f,g) <e}.Ifnosuch N € N exists, then Cov(Z, ¢) = oco. If we want to
emphasize the metric space X, we also write Covy (X, ¢€).

For the case where one considers networks of a given architecture, bounds for
the covering numbers of network sets have been obtained for instance in [8, Propo-
sition 2.8]. Here, however, we are interested in sparsely connected networks with
unspecified architecture. For this case, the following lemma provides covering bounds.

Lemma6.1 Let £ : N — Nsj and ¢ : N — N be non-decreasing. The covering

numbers of the neural network set Eﬁ’c (considered as a subset of the metric space
C ([0, l]d)) can be estimated by

Coveqoo (B 2) = (£ (€0n)* - (e maxtd, m) )"

for arbitrary ¢ € (0, 1] andn € N.

Proof Define L := £(n) and R := c¢(n). We will use some results and notation from
[8]. Precisely, given a network architecture @ = (agp, ..., ag) € NX+1 we denote by

K
NN (a) :=]_[ [—R, R]%*%~1 x [~R, R1%)

the set of all network weights with architecture a and all weights bounded (in mag-
nitude) by R. Let us also define the index set I(a) := Lﬂj-(:l ({j} x {1, ...,a;} x
{1,...,1 +a(,~_1}), noting that NN (a) = [—R, R @ In the following, we will equip
NN (a) with the £>°-norm. Then, [8, Theorem 2.6] shows that the realization map
R, : NN(a) — C([0,1]1%), ® + R,® is Lipschitz continuous on N\ (a), with
Lipschitz constant bounded by 2K RX~1 ||a/|| fo, a fact that we will use below.
FoE'ﬂ
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For ¢ € {1,..., L}, define a® := (d,n,...,n, 1) e Nl and I, := I(a¥), as
well as
S, = {R ® - @ NN with djp () = d, doy (P) = 1,}

By dropping “dead neurons,” it is easy to see that each f € X, is of the form
f = R,® for some ® € NN (a¥) satisfying W(®) < n. Thus, keeping the identi-
fication V'V (a) = [—R, R]'®, given a subset S C Iy, let us write NN s ¢ := {® €
NN(@®): supp® C S}; then we have S¢ = Ugcy,.simmingu. i1,y Re W N s.0)-
Moreover, it is easy to see that |Iy| < 2d if £ = 1 while if £ > 2 then |[;| =
1 +n(d+2)+ (€ —2)(n% + n). This implies in all cases that |I;| < 2n(Ln + d).

Now we collect several observations which in combination will imply the claimed
bound. First, directly from the definition of covering numbers, we see that if ®
is Lipschitz continuous, then Cov(®(£2),e) < Cov(£2, %), and furthermore
Cov(Uf=1 Qj,¢e) < Zle Cov(2j, €). Moreover, since NN's ¢ = [—R, R8I, we
see by [8, Lemma 2.7] that Covye (NN 5¢,€) < [R/€]" < (2R/e)". Finally, [50,
Exercise 0.0.5] provides the bound (2’) < (eN/n)"forn < N.

Recall that the realization map R, : NN(@®) — C([0,1]%) is Lipschitz
continuous with Lip(R,) < C := 2L% R~ max{d, n}*. Combining this with the
observations from the preceding paragraph and recalling that |I;| < 2n(Ln + d), we
see

Cove(o.114)(Se. &) < > Coveo.11y (Ro N N o), €)
SCly,|S|=min{n,|l;|}

Z Covee (NN ¢, &)

SCly,|S|=min{n,|I|}

2 (ziR)‘Sl = (mm{'i‘i'um) ' <2CTR)

SCly,|S|=min{n,|I|}

( e|lly| )n <2CR)"
< - .
~ \min{n, [I¢|} €

Finally, noting that E,f’c = U,le Y, and setting 1 := max{d, n}, we see via elemen-
tary estimates that

IA

IA

IA

(2e(Ln +d))" - (ZC—R)

Coveo.10)(BE€.e) < L - (4e(Ln + d)RC/e)" < L - (16e Lt RE /e)"
< (44 L4 7]L+1RL/8)n,

which implies the claim of the lemma. O

Using the preceding bounds for the covering numbers of the network sets Eﬁ‘c,
we now derive covering number bounds for the (closure of the) unit ball U g ’coo of the

. . o,00
approximation space A,

Eo oy
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Lemmaé6.2 Letd € N, Ci,Cyr,a € (0,0), and 6, v € [0, 00). Assume that ¢(n) <
Cy-n? and £(n) < C - In"(2n) foralln € N.

Then there exists C = C(d, «, 0, v, C1, C2) > 0 such that for any ¢ € (0, 1], the
unit ball

Uy = {f e Ap(0, 11 )i 1 fllaze < 1}
satisfies
Coveo,134 (U“ &) < exp(C - g1/ -ln““(Z/g)),

Here, we denote by Ul c > the closure of Ue w in C([0, 119).

Proof Let n := [(8/¢)!/*] € N, noting n™® < &/8. Set C := ¢(n) and L :=
£(n). Lemma 6.1 provides an absolute constant C3 > 0 and N € N such that N <
(% L* - (C max{d, n})1+L)" and functions Ay, ...,hy € Eﬁ’c satisfying Eﬁ’c C
Uj*’ | Beja(h); here, Bo(h) is the closed ball in C([0, 1]9) of radius & around #.
For each j € N choose g; € U‘Z N Bs/z(h i), provided that the intersection is
non-empty; otherwise choose g; :=0 € U te -

We claim that U“ ®c U] 1 B, (gj)- To see this, let f € U °° be arbitrary; then
Lemma 2.1 shows that Iy.00(f) < 1. Directly from the deﬁmtlon of 'y, 00 We see that

we can choose h € En satisfying n® || f —h||p~ < 2andhence || f —h| L~ < %. By

choice of iy, ..., hy, there exists j € N satisfying [|h — hj|lpe < %. This implies

lf —hjllLe < % and therefore f € Eg/z(hj) N Uz’coo # <. By our choice of g;,

we thus have g; € Uz’coo N Eg/z(h.,') and hence || f — gjllL~ < €. Allin all, we have

thus shown UZ’COO C U;V=1 Eg/z(gj) and hence also U(;fo C U?’:l Es/z(gj). This

implies Cov o, 11¢) (ﬁi’:o ,€) < N, so that it remains to estimate N sufficiently well.
To estimate N, first note that

n<1+ @&V <2.8l/*e=lVe and
In(n) <In@2n) <In@-8"*)+ Lin() < ¢4 -2 6.1)

for a suitable constant C4 = C4(«) > 0. This implies
L<1+4L<2L<2C;In"(2n) <2C,C} -In"(3) < Cs-1In"(3)

with a constant C5 = C5(Cp, v, o) > 1.
FoE'ﬂ
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Now, using Eq. (6.1) and noting max{d, n} < d n, we obtain C¢ = C¢(d, o, C1) >
Oand C7 = C7(d, @, 0, v, C1, Cp) > 0 satisfying

(C max{d,n})l+L < (Cl d- n@+1)l+L < (CG . n1+9)1+L < (C6 ~}’l1+9)C5 In¥(2/¢)

= exp ((1n(C6) + (14+06) ln(n)) - Cs ln"(2/s))

(6.2)
<exp ((1n(cﬁ) +(1+6) Cs In2/8)) - Cs ln”(2/8)>
< exp <C7 ~ln”+1(2/s)>.
Furthermore, using the elementary estimate Inx < x for x > 0, we see
Gy 4 b -1 4v 4 —(1+4v)
— L" <C3C: -In""(2/e) -7 <2"M(C3C< - ¢
e = L3065 ( / ) = 3L5 (63)

= exp (Cg + (1 4+4v) - ln(l/s)) < exp (Cg ln(2/8)) < exp(Cm ln"+1(2/s))

for suitable constants Cg, Cy, C10 all only depending on v, &, C3.
Overall, recalling the estimate for N from the beginning of the proof and using
Egs. (6.1), (6.2) and (6.3), we finally see

N < (% L*. (C max({d, n})1+L)” < exp ((C10 L C)on- 1nu+1(2/8))

< exp (2 81 (Cyo+ C) - e~/ 1n“+1(2/g)),

which easily implies the claim of the lemma. O

Combining the preceding covering number bounds with bounds from statistical
learning theory, we now prove the following error bound for approximating functions
o,00 . . . 2
f € A, from point samples, with error measured in L~.

Theorem 6.3 Letd € N, C1, Ca, € (0, 00), and 6, v € [0, 00). Let ¢ : N — N and
£ : N — N be non-decreasing and such that ¢(n) < Ci -n? and £(n) < Cy-1n"(2n)
foralln € N. Let U} as in Eq. (2.3), and denote by ﬁg:o the closure of U}’ in

C((0, 119.
Then there exists a constant C = C(«, 0,v,d, C1, C2) > 0 such that for each
m € N, there are points xi, . .., X, € [0, 11¢ with the following property:

Vf ogeUy, with f(x)) = g(x:) foralli € m:
/2
If = gll2qo.1yey < C - (In'*@m) /m) T (6.4)

In particular, this implies for the embedding (5 - A?’fo([o, 1]d) — Lz([O, l]d) that

d —,00 ot/Z
,B*Ct(Ue,c 9L2) 2 l+a

FolCT
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Remark The proof shows that the points xp, ..., x, can be obtained with positive
probability by uniformly and independently sampling xi, ..., x, from [0, 1]¢. In
fact, an inspection of the proof shows for each m € N that this sampling procedure
will result in “good” points with probability at least

1 —exp < —[m- ln“'(1+“)(2m)]1/(1+a)>_

Proof Step 1: An essential ingredient for our proof is [ 13, Proposition 7]. In this step,
we briefly recall the general setup from [13] and describe how it applies to our setting.

Letus fix a function fj € U‘;fo for the moment. In [13], one starts with a probability
measure pon Z = X x Y, where X is acompactdomainand ¥ = R.In our case we take
X = [0, 114 and we define p(M) := ps, (M) := A({x € [0, 119 (x, fo(x)) € M})
for any Borel set M C X x Y. In other words, p is the distribution of the random
variable & = (n, fo(n)), where 7 is uniformly distributed in X = [0, 17¢. Then, in the
notation of [13], the measure py on X is simply the Lebesgue measure on [0, l]d and
the conditional probability measure p(e | x) on Y is p(e | x) = & f,(x). Furthermore,
the regression function f, consideredin [13]is simply f, = fo, and the (least squares)
error E(f) of f : X — Y is E(f) = fig yya |f @) = fo)PdA(x) = IIf = foll}»:
to emphasize the role of fy, we shall write £(f; fo) = |f — f0||i2 instead. The
empirical error of f : X — Y with respect to a sample z € Z" is

m

2:(1’(361-)—%)2 where z = ((x1, Y1) -+ (X Ym))-

i=1

1
m

E(f) =

We shall also use the notation

m

3 (fGi) = fon)® where y; = fo(x) fori € m.

i=1

Ex(fi fo) =&(f) = i
m

Furthermore, as the hypothesis space H we choose 'H := Ujfo . As required in
[13], this is a compact subset of C(X); indeed U(Z”:O c €([0, 119) is closed and has
finite covering numbers Cov(ﬁi’:o , €) for arbitrarily small ¢ > 0 (see Lemma 6.2).
Thus, U(zfo c C([0, 11%) is compact; see for instance [2, Theorem 3.28].

Moreover, since every (x, y) € Z satisfies y = fo(x) almost surely (with respect
to p = pf), and since all f € H = Uf;:o satisfy || fll¢o,1¢y < 1, we see that
0 fo-almost surely, the estimate | f(x) — y| = | f(x) — fo(x)| < 2 =: M holds for all
f € H. Furthermore, in [13], the function f3; € H is a minimizer of £ over H; in our
case, since fy € H, we easily see that fy = fo and £(fy) = 0. Therefore, the error
in H of f € H as considered in [13] is simply Ex(f) = E(f) — E(fn) = E(f).
Finally, the empirical error in 'H of f € 'H is given by &y (f) = E,(f) — E(fn).
Hence, if z = ((xl, Y1)y eee s (Xms ym)) satisfies y; = fo(x;) for all i € m, then
En(f) = E(f) = E(f; fo), because of f; = fo.

Now, let x = (x1,...,X;) be iid. uniformly distributed in [0, 119 and set
vi = fo(x;) fori € mand z = (z1,...,2m) = ((xl,y1),..., (xm,ym)). Then

Elol:;ﬂ
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id
Zls vy Zm v P f,- Therefore, [13, Proposition 7] (applied with o = %) shows for
arbitrary ¢ > 0 and m € N that there is a measurable set

E = E(m.e, fo) C ([0, 1]))" = [0, 1"
with A(E) < COV(U“ &) - e "/ *Bsatisfying

up EUL = EFfo) _ o EnD = Eralh) _ Lo 1ty k.

ren €5 fo) +e ren  En(f)+e =3
(6.5)

Here, we remark that [13, Proposition 7] requires the hypothesis space H to be convex,
which is not in general satisfied in our case. However, as shown in [13, Remark 13],
the assumption of convexity can be dropped provided that f,, € H, which is satisfied
in our case.

Step 2: In this step, we prove the first claim of the theorem. To this end, we first apply
Lemma 6.2 to obtain a constant C3 = C3(«, v, 0, d, C1, C3) > 0 satisfying

Cov(ﬁi’:o, g) < N, := Cov(UZ‘fo, f)<exp (C3-£*1/"‘-ln]+”(2/8)) Ve e (0,1].

6.6
Next, define Cy4 := 1+ % 1+a and Cs := C1+” and choose C¢ = C¢(a, v, 0, d, C],(C2;
> 1 such that 2C3C5 — 2868 <-1<0.

Let m € N be arbitrary with m > mo = mo(a,v,0,d, C1,Cz) > 2, where
my is chosen such that ¢ := Cg - (ln”" (2m)/m)a/(l+a) satisfies ¢ € (0, 1]; the case
m < mg will be considered below. Let N := N, asin Eq. (6.6). Since Cov(ﬁjfo, g) <
N, we can choose fi,..., fnv € ﬁzfo such that U?f,’c C U _1 B:(f}), where
Eg(f) = {g e C([0, l]d): lf —gllLe < s}. Now, for each j € N, choose E; :=
E(m,e¢, f;) C ([0, 119)™ as in Eq. (6.5), and define E* := U;V:l E;.

Note because of Cs > 1 and In(2m) > In(4) > 1 thate > (In'*(2m) /m)*/ '
> m /04 and hence

In(2/e) < In(2) + 1% In(m) < C4 In(2m) and thus In'""(2/e) < Cs In'*"(2m).

Using the estimate for N = N, from Eq. (6.6) and the bound for the measure of E;
from Eq. (6.5), we thus see

MED) < N-Cov(Upy . &) e /™ <exp (2C3 - e/ . In'(2/e) — me/288)
< exp <2C3Cs (m/ln'+v(2m))l/(l+a) In'*@2m) — 288 oml~ T (1n(2m))(l+u)‘%’>

<t -2 1 $5)

< exp(—mJ% ~(ln(2m))(]+v) 1*“) < 1.

Thus, we can choose x = (xq, ..., x,) € ([0, l]d)m \ E*. We claim that every such
choice satisfies the property stated in the first part of the theorem.

To see this, let f,g € U?:O be arbitrary with f(x;) = g(x;) for all i € m.

By choice of fi,..., fn, there exists some j € N satisfying || f — fjllLe < &.

Fer
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Since x ¢ E*, wehave x ¢ E; = E(m, ¢, f;). In view of Eq. (6.5), this implies
E(g: fi)—Ex(gs fj) < %(E(g; fj)+e€), and after rearranging, this yields £(g; f;) <
2&x(g; fj) +e. Because of |lg — fill;2 < ligllzee + || fjllLee < 2 and thanks to the
elementary estimate (a + 8)2 =a?+2ae+¢% <a?+5efor0 < a <2, we thus see

lg = f122 < (Ig — fill 2+ I1f5 — fll2)°
< llg = fill7. + 56 = E(g: f) + 5¢ < 2Ex(g; fj) + be.

But directly from the definition and because of g(x;) = f(x;) and || f — fjllL~ <&,
we see Ex(g; fj) = ,,%szzl(g(xi) — fj()c,~))2 < &2 < ¢. Overall, we thus see that

lg = f117> =< 8¢ =8Cs (In'" @m) /m) T+
Vf,g¢€ U‘;:O satisfying f(x;) = g(x;) foralli € m.

We have thus proved the claim for m > my. Since ||g — fll;2 < | fllLo+gllLe <2
for arbitrary f, g € ﬁ?:o , it is easy to see that this proves the claim for all m € N,
possibly after enlarging C.

Step 3: To complete the proof of the theorem, for each y = (y1,...,ym) € R™,
choose a fixed f, € U zz:o satisfying

fy € argmin Y (£ (i) — i)

feUys i=1

existence of f) is an easy consequence of the compactness of U(zcoo c ([0, 11%.
Define

®: R" Uy, yr fy and
A Uyl = Upe [ d((f&), ..y fGm)).

Then given any f € szo , the function g := Af € ﬁj:o satisfies f(x;) = g(x;) for
/2
alli € m,and hence || f — Afl;2 < C-(In'"*"(2m) /m) ™  as shown in the previous

step. By definition of gdet (U%’;O, 12), this easily entails St (U%;O 1) > % m]

7 Hardness of Approximation in L2

This section presents hardness results for approximating the embedding A‘Z;’O ([0, 11%
— L2([0, 11¢) using point samples.

FoC'T
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Theorem 7.1 Letc¢ : N — NU {oo} and £ : N — N, U {oo} be non-decreasing with
*>2 Letd € Nand a € (0, 00). Set y" = yb(l ¢) as in Eq. (2.2) and let U‘)"Oo

as in Eq. (2.3). For the embedding (5 : Ue — L2([0, 11%), f = f, wethen have

: 1 o 2 . b
ﬂdel(Uot,oc L) ﬂran(Ua,oo [)< mln{2+a+y"’ a+y’}’ faty’ <2,
* e *t2) Py e 0 2) = -{l+a 1+ Ot—j} . +b>2

min {3 + =55, o 5+ o) ifa+y’ >
prind ffa+y” <2,
o ifa—i—ybEZandotg%,

= _1
3+ e ety z2and 3 <<y’
1 N
§+a+yb’ ffa+y”>2anda > y".

(7.1)

Remark The bound from above might seem intimidating at first sight, so we point out
two important ConsequenceS' First, we always have g3t (Ug"coo, 12) an (Uf Coo, 12)

2 + = a+y’ < 2, which shows that no matter how large the approximation rate o is,
one can never get a better convergence rate than m—3/2, Furthermore, in the impor-
tant case where Y’ =00 (for instance if the depth-growth function £ is unbounded),
then AL (U, 12), B (U7 12) < 1 ® - = L. These two bounds are the
interesting bounds for the regime of large «.

For small ¢ > 0, the theorem shows

set(Uz}OO’ [2)’ ian(UZ»COO, 52) < max {ai‘);j,a} < max{%, 1} o < 2a,

since y” > 1. This shows that one cannot get a good rate of convergence for small
exponents « > 0.

Proof Step 1 (preparation): Let 0 < y < y” be arbitrary and let & € (0, co) and
A€ [0, 1] withOA < 1 and set w := min{—0«, 6 - (y — 1) — 1} € (—00,0).

Let m € N be arbitrary and set M :=4m and z; := 4}11 + 4 2m for j € 2m. Then,
Lemma 3.2 yields a constant k = «(y, &, A, 8, £, ¢) > 0 (independent of m) such that

fo,g =K -m® ZVJAMZ e Uy” VJ C2m with |J| <2-m
jeJ

and v = (v;)jeam € [—1, 11*"

Furthermore, Lemma 3.2 shows that the functions (Aj‘w! z,-)ieLm have supports con-
tained in [0, 1]¢ which are pairwise disjoint (up to null-sets). By continuity, this implies
Ay ALU =(0fori #£.

Letk := [m?*], noting because of A < 1 thatk < [m] =m and k < 1 +m?* <
2-m%. Set Pr(2m) :={J C 2m: |J| = k} and T, := {£1}*" x Px(2m). The idea
of the proof is to show that Lemma 2.3 is applicable to the family (fy, j)w,/)er, -

FoE"ﬂ
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Step 2: In this step, we prove

2 .m@t1 @Dy A e Alg, (U, L2(10, 119). (7.2)

K
| £o.s =AU 20,10 = 35

w,J)ely

To see this, letx = (x1, ..., x,) € ([0, 119" and Q : R™ — L*([0, 1]9) be arbitrary.
Define [ := I := {i €2m: Ynem: Aj;/l,z,v (xp) = 0} as in Lemma 3.3 and recall
the estimate |/| > m from that lemma.

Now, given v € {£1}/ and v® € {£1}  aswellas J € Pr(2m), define

. ® (1) 4 * o 15} (2) 4 *
Fv(nJ =Kk -m® - Z v; AM,z,- and gy j =k -m” - Z v; AM’Z]_
JeInJ jelenJ

and finally h,o ; = g, ; — Q(g,@ ;(x1). ..., &, ;(xm)). Note by choice of
I = I, that f, j(xy) = g,0 s (xy) for all n € m, if we identify v with (v(V, »@)),
as we will continue to do for the remainder of the proof. Thus, we see for fixed but
arbitrary v® e {£1}/° and J € P (2m) that

Z H fv,] - Q(fv,](—xl)a ey fv,](xm)) “LZ([O,I]d)

vDe{£1}!
= Z ” Fv<'>,J +hv<2>,J”L2([o,1]d)
vDe(1}!
1
2 (1)2 s (” Fyo g+ h"(z)J”Lz([O,l]") + oy +hv<2>,J“L2<[0,1]“’>) (7.3)
v(Def+1}

()
> Z I1Fy g2 0,114
v e(£1)!

1/2
o e (L0
- 8

m

Here, the step marked with (x) used the identity F_,1) ; = —F,q) ; and the ele-
mentary estimate || f + gli,2 + 1l = f +gll2 = If + g2 +1f — gl =
\f +g+ f —gllz2 = 2| f|l.2. Finally, the step marked with (x) used that the

functions (A*M z,-)iezm have disjoint supports (up to null-sets) contained in [0, 1] and

that A%, 7 (x) > % forall x € [0, 1]4 satisfying |x; — z;| < ﬁ; since M = 4m, this

1 )1/2 =172

easily implies ||Aj‘w!zl_ 220,174y = %(W > “—— and hence

)
1Fs sllz2o, 1) = 1 - m® - H Do v A

2 d
jelnJ L1015
12« 12
_ ) (12 * 2 oo
=com” (3 WP o) =g om (1101 /m) "
jeing
FoCT
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Combining Eq. (7.3) with Lemma A.4 and recalling that k > m?*, we finally see

| fo.r = Q(fos ) for )| 120170

w,J)elp

Z X X X ”fv,J - Q(fv,J(xl)»~--a fv"]('xm))”Lz([O,l]d)
JEPL2m) v@e{£1}1¢ vDe{£1}!

12
S K L NI > K perser-n
-8 32
JePy(2m)
Recall that this holds for any m € N, arbitrary x = (x, ..., xp) € ([0, 1]d)m and

any map Q : R" — L2([0, 1]%). Thus, we have established Eq. (7.2).
Step 3: In view of Eq. (7.2), an application of Lemma 2.3 shows that

BEU, 1), B (U, 12) < A —0—% = ttmax {6-(—2), 1+6-G—)} (7.4

for arbitrary 0 < y < yb 0 € (0,00) and A € [0, 1] with A < 1; here, we note that
% 92)‘ >0and —w > 0.

From Egq. (7.4), it is easy (but slightly tedious) to deduce the first line of Eq. (7.1);
the details are given in Lemma A.5. Finally, the second line of Eq. (7.1) follows by a

straightforward case distinction. O

8 Error Bounds for Numerical Integration

In this section, we derive error bounds for the numerical integration of functions f €
A‘zfo ([0, 11¢) based on point samples. We first consider (in Theorem 8.1) deterministic
algorithms, which surprisingly provide a strictly positive rate of convergence, even for
neural network approximation spaces without restrictions on the size of the network
weights. Then, in Theorem 8.4, we consider the case of randomized (Monte Carlo)
algorithms. As usual for such algorithms, they improve on the deterministic rate of
convergence (essentially) by a factor of m~!/2, at the cost of having a non-deterministic
algorithm and (in our case) of requiring a non-trivial (albeit mild) condition on the
growth function ¢ used to define the space A‘Zfo

Theorem 8.1 Letd € NandC,o,a € (0,00). Let¢ : N — NU {oo} and £ : N —
N>» U {oo} be non -decreasing and assume that £(n) < C - (In(en))? foralln € N.
Then, with Uy, *° as in Eq. (2.3) and with Ty D“fo - R, fr f[o 1 f ) dx, we
have

d . o 1
*et(UZCOO, Tf) > 11 20 € (O, E)

The proof relies on VC-dimension-based bounds for empirical processes. For the
convenience of the reader, we briefly review the notion of VC dimension. Let 2 # &
FoE"ﬂ
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beaset,andlet @ # H C {0, 1} be arbitrary. In the terminology of machine learning,
‘H is called a hypothesis class. The growth function of H is defined as

: No>N me—  sup [{(f&1), ... fxw): feH}|

see [35, Definition 3.6]. That is, 74¢/(m) describes the maximal number of different
ways in which the hypothesis class H can partition points x1, ..., x,, € . Clearly,
(m) < 2™ for each m € N. This motivates the definition of the VC-dimension
VC(H) € Ng U {oo} of H as

VC(H) = 0, if 79¢(1) < 21,
"~ |sup{m € N: t3y(m) = 2"} e NU {co}, otherwise.

For applying existing learning bounds based on the VC dimension in our setting, the
following lemma will be essential.

Lemma8.2 Let C; > 1 and Cy,01,00 > 0. Then there exist constants ng =
no(C1, Ca,01,02) € Nand C = C(C1) > 0 such that for every n € Nx,, and every
L € Nwith L < C; - (In(en))?, the following holds:

For any set @ # @ and any hypothesis classes @ # Hj, ..., Hy C {0, 1}% satis-
fying

Ln? o .
N§L~(n ) and VC(H;) < Cy-n-(In(en))” forall j € N,
we have

VC(Hj U---UHy) < C-n-(n(en)) .

Proof Choose Cyp = 10 Cj sothatln2— g—(]) > %;here we used thatln2 ~ 0.693 > %.
Set C3 := 1+ 21In(C3) + 207 and choose ny = nog(Cy, C2, 01, 02) € N so large that
for every n > ng, we have C3 - (In(en)) ™7 < é and C; 1In(20e) - (In(en)) ™! < %.
For any subset @ # H C {0, 1}%, Sauer’s lemma shows that if dy; := VC(H) € N,
then t3(m) < (em/dy)?™ for all m > dyy; see [35, Corollary 3.18]. An elementary
calculation shows that the function (0, 00) — R, x > (em/x)" is non-decreasing on

(0, m]; thus, we see
TH(m) < (em/d)d Vm € Nandd € [dy, m] N [1, 00); (8.1)

this trivially remains true if dyy = 0.

Let n € N>, L, and Hy,..., Hy as in the statement of the lemma. Set
H:=HiU---UHy and m := [Co - n - (In(en))”™']; we want to show that
VC(H) < m. By definition of the VC dimension, it is sufficient to show that

Elol:;ﬂ
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T (m) < 2™. To this end, first note by a standard estimate for binomial coefficients
(see [50, Exercise 0.0.5]) that

2
N<L- <LZ ) <L- (ean/n)” < (eLG)” = exp(n . ln(eLG)) < exp(Cg,n 1n(en)),

thanks to the elementary estimate In x < x, since In(en) > l and L < C3 - (In(en))?2,
and by our choice of C3 at the beginning of the proof.

Next, recall that Co = 10 C; and note de <d:=Cj-n-(n(en))° €[l,m], so
that Eq. (8.1) shows because of m <2Cp - n - (In(en))®' ! that

em )Cl n (In(en))“!

)C1 n (In(en))°1
C; - n - (In(en))° )

T, (m) = ( < (20e In(en)

Combining all these observations and using the subadditivity property p¢,un, <
TH, + TH, and the bounds m > Con (In(en))°' ! and In(2) — C(l) > ; as well as

Co > 1, we see with 6 := Con (In(en))?' ! that

ty(m) N
2m 2m
< eXx

C1n (In(en))°1

IA

(20e In(en))
(C3n In(en) + Cin (In(en))°' In(20e In(en)) — m ln(2))

Ci  Ci11n(20e) Cs
< exp( [l n() - Co  In(en)  (In(en))® D

since n > nq and thanks to our choice of n¢ from the beginning of the proof.
Overall, we have thus shown t3/(m) < 2" and hence VC(H) <m < 2Cp-n -
(In(en))°' 1, which completes the proof, for C :=2Cy = 20 C]. O

As a consequence, we get the following VC-dimension bounds for the network
classes Eﬁ’oo

Lemma8.3 Letd € Nand £ : N — Nxj such that £(n) < C - (In(en))? foralln € N
and certain C,o > 0. Then there exist no = no(C,o0,d) €e Nand C' = C'(C) > 0
such that for all .. € R and n > ng, we have

VC({Lg=1: g € ZE®}) < €' n - (In(en))” 2.

Proof Given a network architecture @ = (aq, . .., ax) € NK*1 we denote the set of
all networks with architecture a by

>

NN(a) = [ ] (R4~ x RY),

FoE'ﬂ
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and by I(a) := Lﬂle ({j} x {1, ..., aj} x {1, ..., 1 + aj_1}) the corresponding index
set, so that VN (a) = R!/@,
Define L := £(n). For £ € {l1,...,L}, define I, := I(@?) and a® :=
d,n,...,n, 1) e Nt aswell as
_ _ ® NN with din(®) = d, dow (®) = 1,
e = {Ré’q’ T W(P) < n, L(P) =4, ]

By dropping “dead neurons,” itis easy to see thateach f € Xy is of the form f = R, ®
for some ® € NN (a®) satisfying W (®) < n. In other words, keeping the identifi-
cation NN (a) = R/@ | given a subset S C Iy, let us write

NN :={R,® eNN@®) : supp® C Sk

then X¢ = Uscy,.is1=mingn. 1) N Ns,¢. Moreover, || < 2d if £ = 1 while |I|
1+nd+2)+ W —2) (n2 + n) for £ > 2, and this implies in all cases that |I;| <
2n(Ln+d) <L’ -n*for L’ :=4d L.

Overall, given a class F C {f : R? — R} and A € R, let us write F(X) :
{Lf-,: f € F}. Then the considerations from the preceding paragraph show that

L
o) c U NNs,e(h). (82)

£=1 SClIy,|S|=min{n,|I;|

Now, the set N'A'g ; can be seen as all functions obtained by a fixed ReLU network
(architecture) with at most n nonzero weights and ¢ layers, in which the weights are
allowed to vary. Therefore, [6, Eq. (2)] shows for a suitable absolute constant C ® >0
that

VCWNNs(W) < CO ntinen) < COC - n- (In(en))°*'.

Finally, noting that the number of sets over which the union is taken in Eq. (8.2)
ssbounded by S (MY < @) <L () < 00,
we can apply Lemma 8.2 (with oy = 0 + 1, 0» = o, C; = max{l, COC}, and
C, = 4dC) to obtain ny = no(d,C,0) € N and C' = C'(C) > 0 satisfying
VC(E,S’OO(A)) < C’'-n-(n(en))°*2 for all n > ny. O
Proof of Theorem 8.1 Define§ := - and y := — 52
such that n := [m? - (In(em))Y | satisfies n > nq for ng = no(o, C, d) € N provided
by Lemma8.3.LetG := {g € Eﬁ’oo: llgll < 3} and note that Lemma 8.3 shows for
every A € Rthat VC({lg>1: g€ G) <C'-n- (In(en))° 12 for a suitable constant
C’ = C'(C) > 0. Therefore, [11, Proposition A.1] yields a universal constant x > 0
Elol:;ﬂ
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such that if X1, ..., X,y = U([0, 1]%), then

1 " C'n o+2
el s | [ ettr— L300y | = 0y ST
geG 1 J[0,114 mj:] m

In particular, there exists x = (X1, ..., X;») € ([0, 119)™ such that

1 — [C'n (1 o+2
‘/ dg(x)dx—z < 6k %::81 Vgegd.
[0,1] i
j=1

Next, note because of y < 0 that n < m? (In(em))” < m? and hence In(en) <
In(em). Therefore,

G| o+2 _ pu o
er | T < nem) “FE = T - (Inem) ™ = e,
m

where the implied constant only depends on «. Similarly, we have n™* <
m~%(In(em)) ™" = &, because of m? - (ln(em))y <n+1<2n.

Finally, set O : R — R, (y1, ..., ym) > Zj 1yjand let f € A“gs with
WAl A < 1 be arbitrary. By Lemma 2.1, we have Fy.00(f) <1, which unphes that

Il fliLee < 1, and furthermore that there is some g € E,, satisfying || f — gllL~ <
2n~% < 2, which in particular implies that g € G. Therefore,

\/{0 o T O8x = Q(F D, FX)|

1 & 1
= ‘/[‘O’l]df(x)—g(x)dx‘vL‘/[0’1]§(x)dx—;gg(Xj)‘—i-‘;j;(g—f)(Xj)‘
<2l f —gllLe +e1 < .

Since this holds for all f € Ug’coo, with an implied constant independent of f and m,

and since &, = m T (In(em))™“7, this easily implies ﬂ*et(szfoo, Tf) O

= 1+2o¢

Our next result shows that randomized (Monte Carlo) algorithms can improve the
rate of convergence of the deterministic algorithm from Theorem 8.1 by (essentially)
a factor m~!/2. The proof is based on our error bounds for L? approximation from
Theorem 6.3.

Theorem 8.4 Letd € N, C1,Ca, € (0,00), and 6, v € [0,00). Let £ : N — N>»

andc : N — Nbe non-decreasing and such that ¢(n) < C1-n’ and€(n) < C»-In"(2n)
foralln e N. Let U := Uy’ = {f € Ay 1f 1]z < 1}.

FoE"ﬂ
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There exists C = C(a, 0, v,d, C1, Cp) > 0 such that for every m € N, there exists
a strongly measurable randomized (Monte Carlo) algorithm (A, m) withm = m and
A = (Ap)weq that satisfies

2 2
<E’Aw(.f)—/ f(t)dtD leUAw(f)—/ fodi] ]
[0,11¢ [0,11¢
Lo+ ==
=C-— (In'*@2m) /m) (8.3)

forall f € U. In particular, this implies

/2

1
PR T 2 5 e (8.4)
Proof Set Q0 := [0,1]%. Let m € N, and m’ := 5] € N and note that
F<m+1=< 2m’ and hence 7= m' < 5.Let C = C(a,0,v,d,Cy,C2) > 0
and x = (x1,..., %) € Q" as provided by Theorem 6.3 (applied with m’ instead

of m). Note that H := Uz:o C C(Q) is closed and nonempty, with finite covering
numbers Covc(g)(H, ¢), for arbitrary ¢ > 0; see Lemma 6.2. Hence, H C C(Q)
is compact, see for instance [2, Theorem 3.28]. Let us equip H with the Borel o -
algebra induced by C(Q). Then, it is easy to see from Lemma A.3 that the map

M:H—R", f (f(xl), el f(xm/)) is measurable and that there is a measur-
able map B : R" — ' satisfying B(y) € argmin 3 Z;"z/] (8(xi) — y,-)2 for all
y € R™

Given f € H, note that g := B(M(f)) € H satisfies g(x;) = f(x;) foralli € m/,
so that Theorem 6.3 shows

a2 ap
|f=BM()|,, <C-(n'*@m'y/m")Tr <" (In'T@2m) /m) T, (8.5)

for a suitable constant C’ = C'(«, 0, v, d, C1, C2) > 0.
Now, consider the probability space @ = Q™ = [0, 17" ¢, equipped with the
Lebesgue measure A. For z € @, write 2 > z = (z1, .. ., Z,) and define

m'
Vi Q@xCQ)—>R, (z,8 %Zg(z,-).
j=1

It is easy to see that W is continuous and hence measurable; see Eq. (A.2) for more
details.

Note that for z = (z1,...,z,) € £, the random vectors zy,...,z,r € Q
are stochastically independent. Furthermore, for arbitrary g € C(Q), we have
E.lg(z;)] = f[o,l]d g)ydt = Tf(g). Using the additivity of the variance for

FoC'T
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independent random variables, this entails

Ee[(¥(z. 9) = Tj(9))’]| = Varw(z, ) = (1/m) ZVar 2(z)))
(8.6)

Igll?
< (1/m) Z/l le(x) 2 dx = mLz.

Finally, for each z € Q2 define
Azt H—R, [ ¥(z f—BM))+TH(BM(f))

Since the map Tf : C ([0 11%) — R is continuous and hence measurable, it is easy

to verify that Q2 x Ue > (z, f) = Az(f) is measurable. Furthermore, explicitly
writing out the definition of A, shows that

m

A(f) = Z @) —— Z (FOD, oo FOm)) @) + T (BUFGD), s f (o))

j=1

only depends on m’ + m’ < m point samples of f. Thus, if we set m = m, then
(A, m) is a strongly measurable randomized (Monte Carlo) algorithm (A, m) €
Algrman(Uz’coo, R).

To complete the proof, note that a combination of Egs. (8.5) and (8.6) shows

E[(A(f) = Tp(H) ]| = Be[(W@a. f = BOIGH) = Ty (f = BOM(F)]
1 o
< | F = BMOD |2 <4€) - m™" - (0 @m) fm) T

for all f € U. Combined with Jensen’s inequality, this proves Eq. (8.3) for the case
m € N>o. The case m = 1 can be handled by taking A,, = 0 and possibly enlarging
the constant C in Eq. (8.3). Directly from the definition of ﬂran(sz COO, Tf), we see
that Eq. (8.3) implies Eq. (8.4). O

9 Hardness of Numerical Integration

Our goal in this section is to prove upper bounds for the optimal order ,B*(UZ’COO, Ty)
of quadrature on the neural network approximation spaces, both for deterministic and
randomized algorithms. Our bounds for the deterministic setting in particular show
that regardless of the “approximation exponent” o, the quadrature error given m point
samples can never decay faster than O(m_ min{2,2er} ) In fact, if the depth growth
function £ is unbounded, or if the weight growth function ¢ grows sufficiently fast (so
that y”(¢, ¢) = 00), then no better rate than O (m~™mn{1-¢}) is possible.
FoE"ﬂ
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For the case of randomized (Monte Carlo) algorithms, the bound that we derive
shows that the expected quadrature error given at most m point samples (in expectation)

. 1 .
— min{2, 7+2oe}) .Infact, if y* = oo then the error cannot

can never decay faster than O (m
decay faster than O(m— min{1, %4_0,})'

Our precise bound for the deterministic setting reads as follows:

Theorem 9.1 Let £ : N — Nxo U {00} and ¢ : N — N U {oo} be non-decreasing,
andletd e Nand a > 0. Let y° := y° (4, ¢) as in Eq. (2.2) and UZ’COO([O, 11%) as in
Eq. (2.3). For the operator Tf : UZ’COO([O, 119) > R, [ f[o,l]d f(x)dx, we then
have

et #";h’ ifot—{-)/b<2,
(Ul?.c > f)f . a—1 . b .1
mln{a,l+m} l‘f(x—i-)/ 22
prnd ffa+y” <2
=a, ifot—}—yb>2anda§1, 9.2)
1+a+y—’1 fa+y">2anda > 1.

Remark Since the bound above might seem intimidating at first sight, we discuss a few

specific consequences. First, the theorem implies ﬂfet(Ug coo, Tf) < max {a, ai‘);b} <

max{l, %}a < 2« and hence ﬂfet(Ugcoo, Tf) — 0 as « | 0. Furthermore, the theo-
rem shows that ,Bfet(Ug‘coo, Ty) <2, and if y" = oo, then in fact ﬂfet(Ugcoo, Tp) <
min{c, 1}.

Proof For brevity, set U := U, zx pas
Step1: Let 0 < y < ¥, 0 € (0, 00), and A € [0, 1] with 61 < 1 be arbitrary and
define w := min{—60«a, 6 - (y — A) — 1}. In this step, we show that

e(A, U, Tp) = - m™ 17 Vm e Nand A € Alg, (U, R), 9.3)

for a suitable constant kp = «k2(a, ¥, 0, A, £, ¢) > 0.

To see this, let m € N and A € Alg, (U, R) be arbitrary. By definition, this
means that there exist Q : R” — Rand x = (x1,...,x») € ([0, 1]19)™ satlsfym%
A(f) = O(f(x1),.... f(xp) forall f € U.Set M :=4m andlet zj := - + 45—
for j € 2m asin Lemma 3.2. Furthermore, choose I := I, := {1 €2m : Vne m:

#.2.(xn) = 0} and recall from Lemma 3.3 that |/| > m. Define k := [m?*] and
note k < 1 +m? < 2m? . Since OA < 1, we also have k < [m] = m < |I|. Hence,
there is a subset J C [ satisfying |J| = k.

Now, an application of Lemma 3.2 yields a constant k1 = k1(«, ¥, 60, A, €,¢) > 0
(independent of m and A) such that f := «; m® Z/eJ AM . satisfies = f € U.
Since J C I, we see by definition of I = I that f(x,) =0 for all n € m and hence
A(xf) = Q(0,...,0) =: n. Usingthe elementary estimate max{|x —u|, | —x—pu|} >

FoE'ﬂ
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$(1x = pl 4+ |x + pl) = 3x — pw +x + | = |x], we thus see
e, U, Tp) = max | [T (f) = O(f (e . £ i)

ITH=f) = Q(=f G0 = f i)}
= max {|T0(f) =l [=T0(f) = ]

3

*
= |Tp(N)l =1 m® . % (2) %1 omO O e (1060
as claimed in Eq. (9.3). Here, the step marked with (x) used that |J| = k > m?* and
that M = 4m.

Step 2 (Completing the proof): Eq. (9.3) shows that ¢3! (U, Tp) > Kr-m— =002
for all m € N, with ko > 0 independent of m. Directly from the definition of
Bl (U, Ty) and o, this shows

BEWU, Tp) <1 —w—01
=1+max{6 - (@—2), 1+6-(L—y)—6a)
:1+max{0-(a—)»), 1—9)’},

and this holds for arbitrary 0 < y < yb, 0 € (0,00),and A € [0, 1] satisfying OA < 1.
It is easy (but somewhat tedious) to shows that this implies Eq. (9.1); see Lemma A.6
for the details. Finally, Eq. (9.2) follows from Eq. (9.1) via an easy case distinction. O

As our next results, we derive a hardness results for randomized (Monte Carlo)
algorithms for integration on the neural network approximation space A%fo The
proof hinges on Khintchine’s inequality, which states the following:

Proposition 9.2 ([12, Theorem 1 in Section 10.3]) Let n € N and let (X;)i=1...n
be independent random variables (on some probability space (2, F,P)) that are
Rademacher distributed (i.e., P(X; = 1) = % =P(X; = —1) foreachi € n). Then
for each p € (0, 00) there exist constants Ay, B, € (0, 00) (only depending on p)
2 C R, the following holds:
n
Z ci Xi
i=1

PN\ 1/p n 1/2
= <E > <B,- < c?)
LP(P) i i=1

Remark 9.3 Applying Khintchine’s inequality for p = 1 and ¢; = 1, we see

.....

n 1/2
Ay - (Zc?) <

i=1

n
D_ciXi
i=1

n

>

i=1

> Ay -n'/?, (9.4)

ve{£l}?

which is what we will actually use below.
FolCT
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Our precise hardness result for integration using randomized (Monte Carlo) algo-
rithms reads as follows.

Theorem 9.4 Let £ : N — Nxp U {oo} and ¢ : N — N U {co} be non-decreasing. Let
d € Nand a € (0,00). Let y° := y"({, ¢) as in Eq. (2.2) and Uy (o, 119) as in

Eq. (2.3). For the operator T; : Uz’coo([O, 119 - R, f —~ f[o,l]d f(x)dx, we then
have

min {1 + —%5, 5 + ifa+y° <2,
B (U™ Ty) = { it , :
m1n{1+ +b,2+a 1+a+y"1} ifa+y° > 2.
2+a+y91 ifa+y’ <2,
. i"'o‘ 1 ifo+y" >2andot<§,
1+a+yb T ifa+y’ 22and§§a§yb,
1+a+y, ifa+y’>>2anda > y°.
9.5)
Remark We discuss a few special cases. First, we always have ,Bf“(Uz"c"o, Ty) <

1+ ﬁyb < 2, which shows that no matter how large the approximation rate « is,

one can never get an (asymptotically) better error bound than m~2. Furthermore, if
y" = oo (for instance if £ is unbounded), then ﬁ;a“(Ugcoo, Tf) <1+ aj:y, =1.

The previous bounds are informative for (somewhat) large «. For small o > 0, it
is more useful to note that the theorem shows " (U,") < % + max { 2o al <

oty
%+max{%, la < 5+ 20

Proof For brevity, set U := Uff’coo and y* 1=y (£, ¢).

The main idea of the proof is to apply Lemma 2.3 for a suitable choice of the family
of functions (fy,7)w,/)er,, C U.

Step 1 (Preparation): Let0 < y < y" 0 € (0,00),and A € [0, 1] withOA < 1 be
arbitrary and define w := mm{ —0a, 0-(y —X)—1}. Given a fixed but arbitrary m € N,
set M := 4mand z; := 7 + 41 as in Lemma 3.2. Furthermore, let k := [m%*] and
note because of 91 < 1 that k 5 [m] =mandk <1+ m <2m.

Define Px(2m) := {J C 2m: |J| = k} and T, := {£1}*" x Px(2m). Then,
Lemma 3.2 yields a constant k1 = «1(y, 0, A, «, £, ¢) > 0 such that for any (v, J) €
I',,,, the function

fo.g =K1 m® Zvj A*M’z/_ satisfies fy j € U.
jeJ

Step 2: We show for y, 6, 1, wasin Step 2 that there exists k3 = «3(y, 0, A, o, £, ¢) >
0 (independent of m € N) such that

X Tr(fo.)) = Ao, )| = 13 .m~1=%-9) vy cNand A € Alg,, (U, R).
w,J)el’y,
(9.6)
Fol:'ﬂ
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To see this, let A € Alg,, (U, R) be arbitrary. By definition, we have A(f) =
O(f(x1). ..., f(xy)) for all f € U, for suitable x = (x1,...,x,) € ([0, 1]H)"
and Q : R" — R. Now, define [ :=I,:={j€2m : Vnem: Aj‘w’zj(xn) =0}
and recall from Lemma 3.3 that |I| > m.

Set I¢ :=2m \ I.For vD = (v})jes € {£1} and v® := (v})jese € {£1}° and
J € Pr(2m), define

1 2
gy g 1=k m® Z v( )A* and  h,o ;=K m” Z v( )A*
jeJnl jeJnie

Furthermore, define Hy@) g = Tf(h,,m),) — Q(hv(z)J(xl),...,hu(z>’1(xm)). By

choice of 1, we have gvu),J(x,,) = Oforall n € m, and hence f, j(x,) = h‘,(z)J(xn),

if we identify v with (v(l), v(z)), as we will do for the remainder of this step.
Finally, recall from Lemma 3.2 that supp A;ﬁw, 2 C [0, 114 and hence Tf(ATVI,z,-) =

M1 = ﬁ. Overall, we thus see for arbitrary J € Py (2m) and @ ¢ {:tl}lc that

X |5 = (s, fostam)|

v(Def+1)
K1 m® 1
= }:: ‘Tf(gv(l),J)"‘Mv(z),J’ = M Z U; )+/'Lv(2),J
vDefx1)/ v e} jeani
() 1 k1 m® 3 K1 m® 3
~2 X (’ M 2 v1(')+“"<2)v’)+’ M Z(_vﬁ'))+““(2”‘
y® (1} jeani jeJni
2 Ky m® 3) w—1 12
> Y P 2w

v®e(£1}I0I jeJnl
9.7
for a suitable constant ko = k2(y, 0, A, a, £, ¢) > 0. Here, the very last step used
Eq. (9.4) and the identity M = 4m. Furthermore, the step marked with (x) used that

}: aa=%< j: as + j: aa>=—< }: ag + j: a-a)

ge{+1}K ge{+1}K gel{+1}K ge{+1}K ge{+1}K

while the elementary estimate |x+y|+|—x+y| = [x+y|+|x—y| > [x+y+x—y| =
2|x| was used at the step marked with ().

Combining Eq. (9.7) and Lemma A.4, we finally obtain k3 = k3(y, 0, A, o, £, ¢) >
0 satisfying

o -Aol= X L X TG - At
(v, J)ely JEPr(m) y@ {1} vDe{£1}

on
>k m®) AT > 3 m@ k2 > ey me 1+

J€Py(m)

)
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as claimed in Eq. (9.6). Since m € N and A € Alg,,(U; R) were arbitrary and «3 is
independent of A and m, Step 2 is complete.
Step 3: In view of Eq. (9.6), a direct application of Lemma 2.3 shows that

ﬂ;an(U’Tf)Sl_w_%zl—}—maX{@(a_%), 1~|—9(%_]/)}

for arbitrary 0 < y < y[’, 6 € (0,00), and A € [0, 1] with 61 < 1. From this,
the first part of Eq. (9.5) follows by a straightforward but technical computation; see
Lemma A.5 for the details. The second part of Eq. (9.5) follows from the first one by
a straightforward case distinction. O
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A Postponed Technical Results and Proofs
A.1 Proof of Lemma 2.1

This section provides the proof of Lemma 2.1, which is based on the following lemma
concerning closure properties of the sets Eﬁ‘c.

Lemma A.1 With Z(n) := min{€(n), n}, we have Eﬁ’c = Eﬁ’c. Furthermore, for every
n €N, we have B¢ + £4¢ Zé;f.

Proof We first prove Eﬁ’c = Eﬁ’c. To this end, we prove for fixed n € N by induction
ont € Nx, that £5° C ¢ For € = n, this s trivial. Thus, suppose that £4¢ C S
for some £ € N>, and let f € Eﬁ“’c, say f = Ro® with |®|| a7 < ¢(n) and
W(®) < n,aswellas L(®) < £+ 1. If L(®) < £, then f € Zﬁ’c c zre by
induction. Hence, we can assume that L(®) = ¢ + 1.

Writing ® = ((A1, b1), ..., (Ags1, beg1)) with b, € RVn and A,, € RNm>*Nn-1
we have A; =b; =0 for some j € £+ 1, since otherwise n+1 < £+1 <
2§1}(||Aj||eo+||bj||lo) =W(®) <n.If j =€+ 1, we trivially have f =0 € T/
thus, let us assume j < ¢ and define

® = (0N, x> bj+1)s (Ajia, bjga), -y (Agsr, bes)).

Since Aj = b; = 0 and ¢(0) = 0, it is straightforward to verify R,® = R,® = f.

Since furthermore || ®||a v < [Py < c(n) and W (D) < W(P) < n, as well as
Elol:;ﬂ
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L(&D) <{—j+1<¢, thisimplies f € Eﬁ’c C X, where the last inclusion holds
by induction. This completes the induction.

To prove TH¢ + B4 Eﬁl’f, let f,g € B sothat f = R,® and g = R,V
for networks @, W satisfying W(®), W(V) < n and || ®||avns VI < c(n), as
well as L(®), L(V) < min{n, £(n)}; here we used the first part of the lemma. By
possibly swapping ®, ¥ and f, g, we can assume that k := L(®) < L(V¥) =: . If
k = ¢, define ® := . If otherwise k < £, write ® = ((A1, b1), ..., (Ax, bx)) where
Ax € RUNi=t and by € R!, and define T := ((1).(3)) and A := ((1,—1),0) and
finally

§ o= ((Al,bl),..., (At b, ((24,) (o) A),

where I' appears ¢ — k — 1 times, so that L(®) = ¢. Using the identities x =
o(x) — o(—x) and p(o(x)) = o(x), it is easy to see RQE> = R, ® = f. Moreover,
||EI;||J\/'/\/’ < max{l, ¢(n)} = ¢(n) and W(EI;) <2W(P)+2(£ — k) < 4n.

Finally, explicitly writing o = ((31,01), ..., (By, cz)) and ¥V = ((Cl, e, ...,
(Cy, ep)) with ¢, ep € R! and By, Cy € RP>Ne-t, define

1

B fé
O = (ST A and
041 ey

—ey

B, 0 0 Cm
O, = (( 0 Cn O >( em )) form e {2,...,¢—1},
0 0 Iyxa 04x1

and set
5 = (@1,...,@)5_1, ((Be|Col1]=111] —1),0)).

Using the identities o(o(x)) = o(x) and x = o(x) — 0(—x), it is then straightforward
to verify R,E = RQED + RoW = f + g. Moreover, |Elxyn = ¢(n) = ¢On),
L(E)=¢<4(n) <€On),and W(E) < W(d) + W(¥) + 4 ¢ < 9n. Here, we used
that £ and ¢ are non-decreasing and that £ < n. Overall, we have shown f +g € Zé;f,
as claimed. O

With Lemma A.1 at our disposal, we can now prove Lemma 2.1.

Proofof Lemma 2.1 Step 1 (Showing Uy ,(f +8) < C - (T, p(f) + T, p(g))): To
see this, let n € N>g and write n = 9m + k withm € Nand k € {0, ..., 8}, noting
thatn < 17m. By Lemma A.1, we have Eﬁ’c ) Zé;: D fo + E,f{c and hence

n®d,(f + g, TE) < n®d,(f + g, L+ 559
<17%m® - (dp(f. 25 +dp(g. B5))
< 17% - (Ta,p(f) + Tap(8))-
FoCd
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Moreover, if n < 8, then we see because of 0 € Eﬁ’c that

nd,(f +g T < 8| f +gllLr <8%-
U fllee 4+ llgler) < 8% (Ta p(f) + Tap(8)).

Overall, we thus see foreveryn € Nthatn® d,(f+g, Eﬁ’c) < C-(To, p(f)+Ta p(8)).
Since also || f + gller < I fller +1I8llLr < Tap(f) + Tap(g) < C- (T p(f) +
Lo, p(g), weseethat Iy ,(f+g) < C-(Ty,p(f) +Ta p(g)), as claimed in this step.
Step 2 (Showing Uy, p(cf) < |c| Ty, p(f) for |c| < 1): Since |c| < 1, it is straight-
forward to see ¢Z¢ ¢ 24 and hence n® dy(cf, xbey < po dy(cf, exbey =
leln® dp(f, ). Thisimplies T, (cf) < max {llcf llLr, |c| sup,er [ dp(f, Zi)]}
= |c| Lo, p(f)-

Step 3 (Showing 'y p(f) < 00 <= ||f||A<2z.p < 00):

“="For @ := 14Ty ,(f) €[l, 00), Step 2 shows 'y, , (f/6) < %Fa,p(f) <1,
and hence ||f||Aa P < 00.

“e” Let ||f||Aa p < 00. Hence, there exists 6 > 0 satisfying Iy ,(f/6) < 1 <
oo. Step 1 shows Fa,p(Zg) = [y, p(g + 8 =< 2CTy p(g). Inductively, this implies
Fo,p(2"g) < (2C)"Dy, p(g) for every m € N. Now, choosing m € N such that
6 < 2™, Step 2 shows

Tap(f) = Tap(42" L) < To , 2" L) < 20)"Tu p(4) < o0.

Step 4 (Homogeneity of | - || A p) It is easy to see ||0|| AP = = (. Moreover, given
c € R\ {0}, Step 2 shows that Fa p(Ef) =Ta p(f). Therefore

||Cf||A‘;_‘” =inf{0 > 0: 'y ,(cf/0) < 1}

=|c|- 1nf{ 1 0 >0andFap(

) =1

= leHILf 1l agep-

Step 5 (Definiteness of || - ||A‘Z~P)1 If ||f||A7,p = 0, then for each n € N there exists
0, € (0, }l) satisfying 'y, , (f/6,) < 1. By Step 2, this implies

I fllLr < Fa,p(f) = Fa,p(gng_);) = enra,p(gi’;) <0 m 0,
and hence f = 0.
Step 6 (If ||f||Aap € (0,00), then Ty, p(f/||f||Aap) < 1): By definition of ||f||Aap,

there exists a sequence (6,),en C (O 00) satlsfymg 0, — 60 = ”f”AaP and

Lo, p(f/6n) < 1foralln € N. Since £ e 0 and since d) (-, E ‘) is continuous
with respect to || - ||L», this implies for eachm e N that

max {11 . 250} =t max

[0 m® dpl E5)} < 1.
Fpep
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and hence 'y, (f/0) < 1.
Step 7 (Showing || f + gIIAap <C- (||f||Aap + ||g||Aap)) The claim is trivial if

||f||Aap € {0, oo} or ||g||Aap € {0, co}. Hence we can assume that A := ||f||Aap S
(0, oo) and B = ||g||Aotp € (O 00). By Steps 1, 2, and 6, this implies

To,p(clitlsy) < #Tos(zls + 2i5)
= Fu»p(ﬁ%) + Fa,p(ﬁ%)
< w45 ap(§) + a5 Tan(f) < L

and hence || f + gIIAap <C-(A+B)=C- (||f||Aap + ||g||Aap) as claimed.
Step 8 (Showing Iy, ,,(f) <1« ||f||Aa r < 1) “=7 follows by definition of
I Mg
“<:” is trivial if f = 0. Otherwise, Steps 6 and 2 show for 6 := ||f||Aap € (0,1]
that Fot,p(f) = a,p(eg) = Fa,p(f/e) <1
Step 9: In this step, we prove the last part of Lemma 2.1. First, note that if || f| AL (@) <
1, then || fllLr < T, p(f) < 1 thanks to Step 8. This proves AZ‘”CP(Q) < LP(Q).
Next, if @ C °, then it is easy to see for f € Cp(Q) that || fllsup,o =
Sup,co | f ()] = |l fllL> (), and this implies that Cp(2) C L*°(R2) is closed. There-

fore, it suffices to show AZ‘ 2°(Q) C Cp(R). To see this, let f € Az >°(); by Step 3,
this implies 6 := I'y, 00 (f) < 00. Furthermore, || f||z < 0o. By definition of Fa.00»

for each n € N there exists F, € T&° satisfying || Fj, — fllre < 2Cn™% — 0

as n — o0; in particular, [|Fy|lsup,o = [[FullLe < oo. Finally, since F, can be
extended to a continuous function on all of R, we see F, € C,(S2) and hence
€ Cp(R2) = Cp(2). m|

A.2 ATechnical Result used in Sect. 3

LemmaA.2 Foreachd e N, T € (0, 1], and x € [0, 114, we have
A0, 1N (x +[-T,T1)) = 279 7%
Proof For brevity, set Q := [0, l]d. Below, we show
AMoN@+[-T,T1))>T? VxeQandT € (0, 1], (A1)

which clearly implies the claim for these 7. Furthermore, for T e [%, 1], the above

estimate shows A(Q N (x + [T, T1)) = A(QN (x +[—5 —]d)) >2d > p-dd
which proves the claim for general T € (0, 1].

Thus,letx € Qand T € (0, %]. For each j € d, define ¢; := —1ifx; > % and

gj := lotherwise.Let P := ]_[‘;:1 (¢j10,T1) C [T, T14. Weclaimthatx+P C Q.

FoE"ﬂ
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Once this is shown, it follows that A(Q N (x + [T, T]d)) > A(x+P) = T<, proving
Eq. (A.1).

To see that indeed x + P C Q, let y € P be arbitrary. For each j € d, there are
then two cases:

1. Ifx; > %,thenej = —1and—% <—-T <y; <0.Thus,0 ij—% <xj+y; <
xj < 1, meaning (x +y); € [0, 1].

2. Ifx; < %,theneqi =land0<y; <T < %.Thus,O <xj<xjt+y; < %—}—% =1,
so that we see again (x + y); € [0, 1].

Overall, this shows in both cases that x + y € [0, l]d = Q. O

A.3 ATechnical Result Regarding Measurability

LemmaA.3 Let @ # Q C R? be compact and let @ # H C C(S2) be compact. Then,
equipping 'H with the Borel o-algebra induced from C(S2), the following hold:

1. The map

M:Q" xH— Q" xR™,
@)= (1) f) = (3 (PO )

is continuous and hence measurable;
2. there is a measurable map B : Q" x R™ — 'H satisfying

m
B(x, y) € argmin Y  (g(x1) — yi)’
geH

Vx =(x1,...,xpn) € Q%and y = (y1, ..., ym) € R"™.

Proof Part 1: It is enough to prove continuity of each of the components of M. For
the component (x, f) + x this is trivial. For the component (x, ) + f(x;) note
that if Q" 5 x™ — x € Q" and H 5 f, — f € H (with convergence in C(2)),
then

76D = )] = 17D = F )+ 1) = o)

< @) - P&+ 1F ~ fllo@ — 0,
< j j nlic@ ==Y
since f is continuous. Thus, M is continuous. To see that this implies that M is
measurable, note that both ™ and H are separable metric spaces (and hence second
countable), so that the product o-algebra on Q2" x H coincides with the Borel o-
algebra on Q2" x H; see for instance [19, Theorem 7.20].
Part 2: For this part, we use the “Measurable Maximum Theorem,” [2, Theo-
rem 18.19]. Thanks to this theorem, setting S := Q™ x R™, it is enough to show
that
Elol:;ﬂ
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1. the set-valued map 298 > CQ),(x,y) —~ His weakly measurable with

nonempty, compact values;

2.themap F : S x C(Q) — R, ((x,y).8) — —X (gtx) — y,-)2 is a

Carathéodory function (see [2, Definition 4.50]).

By our assumptions on H, it is clear that ¢ has nonempty, compact values. The weak
measurability of ¢ follows directly from the definition, see [2, Definition 18.1]. For
the second property, it is enough to show that F is continuous. This follows as in

Eq. (A.2).

A.4 ATechnical Result Regarding Random Subsets of {1, ..., m}

m}

LemmaA4 Letm € Nand 1 < k < 2m. Write Py(2m) := {J C 2m: |J| = k}.

Then, for each subset I C 2m with |I| > m, we have

lJNI? > % k2
J€Pr(2m)

Proof Let I¢ := 2m \ I. We note for any T C 2m that the quantity ¥ (T) :=
Y sepiam |4 N T1Y? only depends on the cardinality |T'| and that ¥ (T) < ¥(S)
if [T| < 18|. Since |I| > m > |I€|, this implies ¥ (/) > v (I¢). Combined with the

estimate

1

NI+ 1IN > [max{umu, |Jm"|}]z > [%(|Jm|+|JmC|)]7

1

(S]]

L 1
= (311)2 = 31712 = gk

which holds for all J € Pr(2m), we finally see

I =y z LDV

J P (2m)

1 1 1
— - }: (17 NI+ T NI2) >
J€Pr(2m)

A.5 Two Technical Optimization Results
LemmaA.5 Let yb €[l,o0]land o > 0. Let

W= {(y,0,2) € (0,00) x (0,00) x [0, 1]: y < y” and 01 < 1}.

2 A set-valued map f: X — Yisamap f : X — 2Y, into the power set 2 of Y.

(A3)

EOE';W
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Then
inf max{0 - (@—2), 1+6-(%—
o x{0-(@—%). 1+6-(5—-»]}
2a 1 : b
3 mm{aﬂ/ a+yb1_2} ifa+y’> <2,
m1n{+b,a—§, a+yb1} ifoa+y’=>2.

Remark In fact, one has equality. But since we do not need this, we omit the proof
(and the explicit statement) of this fact.

Proof Step 1 (Preparations): Define fi(y,0,1) := 6 - (¢ — %) and fo(y,0,X) =
1+6- (% —y)aswellas f := max{fl, f2}and By = inf(, 9 nyew f (¥, 9 A). For

arbitrary 0 < y < y°, we have (y, —— a+y ,0) € W and hence B, < f(y, —— a+y ,0) =
max {OH‘V 1- ﬁ} = 417 Letting y 1 y", this implies
a
< . A4
Bsx < at (A4)

Step 2 (The case y” = 00): Let us first consider the case y° = oco. In this case,
Eq. (A.4) shows B, < 0.Furthermore, given0 < y < yb =oo,wehave(y, 1,1) e ¥,
which shows that 8, < f(y,1,1) = max{a - %, % - y}. Letting y — oo, we thus
see By <o — % and hence S, < min{0, o — %}. It is easy to see that this implies the
claim for y°* = oo.

Hence, we can assume from now on that y is finite. Then, we easily see for
g10,1) =0 (a— ) and g2(0, 1) :=1+4+6- (— — yb) as well as g := max{g1, g2}
and Q:={(6, 1) € (O oo) x [0, 1]: OA < 1} that Bx < infp e 80, A).

Step 3 (The case o + y” < 2): In this case, we have fyb € (1, 00) and hence

(afyb’ oty ) € 2. Furthermore, g1( +ybv a+y ) =& (afy aty” ) = a_zi_o;b —%
and hence ,3* < ai";b —§.T0getherW1th Eq. (A.4),thls proves the claim fora+y" < 2.
Step 4 (The case « 4+ y” > 2): Note g1(1,1) = a — % and go(1, 1) =5- yh <

I-- (x) a—13.Since (1, 1) € @, thisimplies 8, < g(1, 1) = a—1. Furthermore

0o := +yb T € (O 1]and hence (6, 1) € 2. Itis easy to see g1 (Go, 1) = g2(00, 1) =
1

aﬂ,—)z_l and hence B, < g0, 1) = ﬁ Comblmng these two estimates with

Eq. (A.4) completes the proof for the case a + y° > 2. O

LemmaA.6 Let yD € [l,00] and o > 0. Let ¥ be as in Eq. (A.3). Then

20 . b
—1, ifa+y’ <2,
inf  max [0 («—2), 1—0y}<iet” . f yb
(7,0,M)e¥ min {oz -1, -2 } ifa+y°” > 2.

a+y’—1
(A5)

Proof For brevity, denote the left-hand side of Eq. (A.5) by Bs.
FoE'ﬂ
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We first consider the special case y” = oo. Define g := max{g, g2}, where
g1(y,0,)) =0 - (¢ —A) and g2(y,0,1) := 1 — Oy. For any y > 0, we have
g1y, I, 1) =a—1land g2(y, 1, 1) = 1 —y and furthermore (y, 1, 1) € W. Therefore,
Bs < gy,1,1) = max{fe — 1, 1 — y} y—) o — 1. Furthermore, for arbitrary
y > 0 we have (y, ,0) € ¥ and gl(y, ,0) = % and gz(y, ,0) = 0, so that
B« < min{0, y} V_)—Cx; 0. Overall, we have thus shown B, < mln{a — 1, 0}, which

easily implies that Eq. (A.5) holds in case of y” = oo.

Hence, we can assume that y” < oo. Then, setting Q := {(6,1) € (0, 00) x
[0, 1]: OA < 1} and furthermore f := max{fi, f2} for f1(0,1) := 6(e¢ — 1) and
(0, 1) := 1 — @y, itis easy to see by continuity that B, < inf g neq f(0,1). We
now distinguish two cases:

Case 1 (o + y” < 2): In this case, 6y = ﬁyb € [1, 00) and ho = % € (0,1]

s—1 = f2(60, 1o).

satisfy (6p, o) € Q. Furthermore, itiseasy tosee f1(6o, Ao) =
Thus, B < f (6o, )»0) =

Case 2 (o + y > 2): Flrst note because of o + y > 2 that f1(1, H=a-—1
1— y" = f2(1,1) and hence By < f(1,1) = o — 1. Furthermore, we have 6™ :

# € (0, 1) and hence (0*, 1) € Q. Furthermore, it is easy to see f1(6*, 1)
—ai‘;}l f>(*, 1) which implies B, < f(6*, 1) = W Overall, we see B

min {a — 1, a+y—”—1}’ which shows that Eq. (A.5) holds for a + y” > 2.

a+y

v

A

[m|
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