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Abstract

Computing spectra is a central problem in computational mathematics with an abun-
dance of applications throughout the sciences. However, in many applications gaining
an approximation of the spectrum is not enough. Often it is vital to determine geo-
metric features of spectra such as Lebesgue measure, capacity or fractal dimensions,
different types of spectral radii and numerical ranges, or to detect gaps in essential
spectra and the corresponding failure of the finite section method. Despite new results
on computing spectra and the substantial interest in these geometric problems, there
remain no general methods able to compute such geometric features of spectra of
infinite-dimensional operators. We provide the first algorithms for the computation of
many of these long-standing problems (including the above). As demonstrated with
computational examples, the new algorithms yield a library of new methods. Recent
progress in computational spectral problems in infinite dimensions has led to the
solvability complexity index (SCI) hierarchy, which classifies the difficulty of com-
putational problems. These results reveal that infinite-dimensional spectral problems
yield an intricate infinite classification theory determining which spectral problems
can be solved and with which type of algorithm. This is very much related to S. Smale’s
comprehensive program on the foundations of computational mathematics initiated
in the 1980s. We classify the computation of geometric features of spectra in the SCI
hierarchy, allowing us to precisely determine the boundaries of what computers can
achieve (in any model of computation) and prove that our algorithms are optimal. We
also provide a new universal technique for establishing lower bounds in the SCI hier-
archy, which both greatly simplifies previous SCI arguments and allows new, formerly
unattainable, classifications.

Communicated by Felipe Cucker.

B Matthew J. Colbrook
m.colbrook @damtp.cam.ac.uk
1 DAMTP, Centre for Mathematical Sciences, University of Cambridge, Cambridge CB3 OWA, UK
FolCT
e
Published online: 01 December 2022 @ Springer |70


http://crossmark.crossref.org/dialog/?doi=10.1007/s10208-022-09598-0&domain=pdf

Foundations of Computational Mathematics

Keywords Computational spectral problems - Solvability complexity index
hierarchy - Smale’s program on the foundations of computational mathematics -
Spectral radii - Spectral capacity - Spectral gaps - Spectral pollution - Measure -
Fractal dimensions

Mathematics Subject Classification 65J10 - 65115 - 65F99 - 47A10 - 46N40 - 47A12 -
47N50 - 15A60 - 28A12 - 28A78

1 Introduction

This paper resolves open computational spectral problems related to geometric features
of spectra of operators. In other words, we consider the following problem:

Are there algorithms that given a bounded' operator A € B(/*>(N)), approxi-
mate key geometric features (e.g. spectral gaps, notions of sizes and capacity,
measures, topological features such as fractal dimensions, etc.) of the set Sp(A)
from a matrix representation of A?

To answer this question, we use the newly established solvability complexity index
(SCI) hierarchy [18,51,91], a classification tool that determines the boundaries of what
is computationally possible. Classifying spectral problems and providing a library of
optimal algorithms? remains largely uncharted territory in the foundations of com-
putational mathematics. In exploring this territory, there will, necessarily, have to be
many different types of algorithms, as different structures on the various classes of
operators and different spectral properties require different techniques.

A famous example of the above question is the almost Mathieu operator on /%(Z)
(see Sect. 4.4):

(HuX)n = Xn—1 + Xpy1 + 2A cosRna)xy,

which induces the Hofstadter butterfly [92]. The almost Mathieu operator plays an
important role in physics [104], arising in the study of the quantum Hall effect
[160], and has become a laboratory for exploring the spectral properties of ergodic
Schrodinger operators [95]. When « is irrational, the Lebesgue measure of the spec-
trum is 4 |1 — |A||. This formula was conjectured based on the numerical work of
Aubry and André [8] and became one of B. Simon’s problems for the twenty-first
century [146]. It was later proven by Avila and Krikorian [11]. Similarly, M. Kac’s
“Ten Martini Problem”, that the spectrum is a Cantor set for all irrational o and A > O,
was conjectured by Azbel [13] and also became one of B. Simon’s problems. This
problem attracted a host of numerical and analytical work (see the summary in [104]),
before being proven by Avila and Jitomirskaya [9]. In both of these examples, we
see a crucial interplay between computation, conjecture, and mathematical proof. The

1 Many of our algorithms can also be extended to unbounded operators.
2 For precise notions of algorithm, see Sect. 5.
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above geometric features of spectra play an important role in the physics of the under-
lying quantum system [90, 99, 100, 147]. The almost Mathieu operator is by no means
unique in this regard, and there is a growing literature on computational studies of
geometric features of spectra in diverse areas of physics [14, 68, 83, 94, 103, 106, 110,
120, 125, 133, 138, 139, 156, 161].

However, there is a current lack of rigorous computational theory and convergence
analysis, and no known algorithms can tackle general cases. Moreover, the foundations
of computation (i.e. what is and what is not computationally possible) for computing
geometric features of spectra are almost entirely unexplored. We solve these open prob-
lems and others by providing algorithms that compute geometric features of spectra
and by classifying the computational problems in the SCI hierarchy.

1.1 The SCl Hierarchy

The SCT hierarchy has recently been used to resolve the problem of computing spectra
of general bounded operators in infinite dimensions [18, 91] and is now being used
to explore the foundations of computation in many diverse areas of mathematics [2,
15, 16, 19-23, 30, 52, 53, 55, 57, 59, 60, 64, 140, 141, 166].3> Whilst for some classes
of operators one can compute spectra with error control [54, 60, 64], a potentially
surprising consequence is that, for general operators, one needs several successive
limits to compute the spectrum. Since traditional approaches are dominated by tech-
niques based on one limit, this explains why many computational spectral problems
remain unsolved and opens the door to an infinite classification theory. Moreover, this
phenomenon is not just restricted to spectral problems but is shared by other areas
of computational mathematics. An example is S. Smale’s problem of root-finding of
polynomials with rational maps [149], which also requires several successive limits as
established by McMullen [115, 116] and Doyle and McMullen [70]. These results can
be expressed in terms of the SCI hierarchy [18], which generalises Smale’s seminal
work [148, 150] with Blum et al. [28, 29, 66], and his program on the foundations of
scientific computing and the existence of algorithms. Many other problems in the foun-
dations of computations, such as the work by Weinberger [167], can also be viewed
in the context of the SCI hierarchy.

The SCI hierarchy is further motivated by computer-assisted proofs. Computer-
assisted proofs are rapidly becoming an essential part of modern mathematics [86]
and, perhaps surprisingly, non-computable problems can be used in computer-assisted
proofs. Examples include the recent proof of Kepler’s conjecture (Hilbert’s 18th
problem) [87, 88] on optimal packings of 3-spheres, led by T. Hales, and the
Dirac—Schwinger conjecture on the asymptotic behaviour of ground states of certain
Schrodinger operators, proven in a series of papers by Fefferman and Seco [72-80].
Both of these proofs rely on computing non-computable problems. This apparent para-
dox can be explained by the SCI hierarchy (the E{‘ and l'I’l4 classes described below
become available for computer-assisted proofs); Hales, Fefferman and Seco implicitly

3 For related work on practical infinite-dimensional numerical linear algebra, see [63, 85, 93, 126-130,
166], and for rigorous data-driven algorithms for spectral properties of Koopman operators (operators on
infinite-dimensional spaces that globally linearise nonlinear dynamical systems), see [56, 58, 65].
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prove EIA classifications in the SCI hierarchy in their papers. Some of the problems
we consider also lie in Ef‘ U Hf‘, meaning that they can be used for computer-assisted
proofs.

1.2 The Problems Addressed in this Paper

The algorithms we provide are sharp in the SCI hierarchy, meaning that they realise
the boundaries of what computers can achieve. Table 1 provides a summary of the
main SCI classifications of this paper. The main theorems are contained in Sect. 3,
including further motivations and classifications for different classes of operators. We
provide resolutions to the following problems:

(i) Computing spectral radii, essential spectral radii, polynomial operator norms
and capacity of spectra. The spectral radius is perhaps the most basic geometric
property of spectra and arises in stability analysis. We show that computing the
spectral radius is high up in the SCI hierarchy for non-normal operators. In fact, it
has the same classification in the SCI hierarchy for general bounded operators as
that of computing the spectrum itself. Classifications are given for different types
of operators (e.g. known column decay, control on resolvent norms) and also for
the essential spectral radius. In many cases, the problem of computing polynomial
operator norms is easier in the sense of SCI hierarchy. We also consider the problem
of computing the logarithmic capacity of the spectrum, following the work of
Halmos [89], which has applications in orthogonal polynomials, approximation
theory and when studying the convergence of Krylov methods (see, for example,
the work of Nevanlinna [121-123] and Miekkala and Nevanlinna [117]).

(i) Computing essential numerical ranges, gaps in essential spectra, and determining
whether spectral pollution occurs on sets. We provide classification results for the
essential numerical range, which also hold in the case of unbounded operators. In
connection with computing spectra, there has been a substantial effort in studying
the finite section method and locating gaps in essential spectra of operators (see
the discussion in Sect. 3.4). When using the finite section method to approximate
spectra of self-adjoint operators, spurious eigenvalues, known as spectral pollution,
can occur anywhere within these gaps. Paradoxically, we show that determining
if spectral pollution occurs on a given set is strictly harder in the sense of the SCI
hierarchy than computing the spectrum itself. Hence, computing a failure flag for
the finite section method is, in a certain sense, strictly harder than solving the
original problem for which it was designed. Moreover, we establish the SCI of
detecting gaps in essential spectra of self-adjoint operators, a problem that arises
in areas such as perturbation theory and defect models.

(iii) Computing Lebesgue measure of spectra and pseudospectra, and determining if the
spectrum is Lebesgue null. An important property of the spectrum is its Lebesgue
measure, with recent progress in the field of Schrodinger operators with random
or almost periodic potentials [9, 11, 12, 17, 135]. If the spectrum of an operator
is Lebesgue null; then, this implies the absence of absolutely continuous spectra,*

4 For algorithms that compute spectral measures and decompositions, see [53, 61, 63] and their recent
physical applications in [62, 97].
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which is related to transport properties if the operator represents a Hamiltonian.
Whilst results are known for specific one-dimensional examples such as the almost
Mathieu operator [11] or the Fibonacci Hamiltonian [154], very little is known in
the general case or higher dimensions. This is reflected by the difficulty of per-
forming rigorous numerical studies, despite many examples studied in the physics
literature (see the references in [10, 24, 147]). We provide the first algorithms for
computing the Lebesgue measure of spectra and pseudospectra, and determining
whether the spectrum is Lebesgue null, for many different classes of operators.

(iv) Computing fractal dimensions of spectra. Fractal dimensions of spectra are impor-
tant in many applications. For example, in quantum mechanics, they lead to upper
bounds on the spreading of wavepackets and are related to time-dependent quan-
tities associated with wave functions [90, 99, 100]. Fractal spectra appear in a
wide variety of contexts, such as exciting new results in multilayer materials (e.g.
bilayer graphene) [68, 83, 94, 133], strained materials [120, 139] or quasicrystals
[14, 103, 106, 156]. Another well-studied area where fractal spectral properties
appear is optics [125, 138], following the analytical and numerical work of Berry
and coauthors [25-27]. Despite the physical importance of fractal dimensions, ana-
lytical results are known only for a limited number of specific models. Moreover,
there are currently no algorithms for computing fractal dimensions of spectra for
general operators, or even tridiagonal self-adjoint operators. We provide the first
algorithms for computing the box-counting and Hausdorff dimensions of spectra
for many different classes of operators.

1.3 Contributions to the SCI Hierarchy Itself

Our final contribution is a new tool to prove lower bounds (impossibility results) in
the SCI hierarchy. This is crucial for some of the classifications of the above problems
and holds regardless of the model of computation. We show that for a certain special
class of combinatorial problems, the SCI hierarchy is equivalent to the Baire hierarchy
from descriptive set theory. (This equivalence does not hold in general.) By embedding
these combinatorial problems into spectral problems,> we provide the first technique
for dealing with problems that have SCI greater than three and also greatly simplify the
proofs of results lower down in the SCI hierarchy. However, it should be stressed that
this is not a paper on descriptive set theory or mathematical logic. Our discussion is
entirely self-contained and written for a wide audience from a primarily computational
background.

1.4 Outline of Paper

In Sect. 2, we provide a brief summary of the SCI hierarchy and define the classes of
operators for the interpretation of Table 1 and the main results. A detailed discussion of
the SCI hierarchy is delayed until Sect. 5.1. In Sect. 3, we summarise our main results
on the classification of computational spectral problems. Computational examples are

5 This technique is not restricted to spectral problems—it can be adapted to other scenarios.
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then given in Sect. 4. For example, we provide numerical evidence that a portion of the
spectrum of the graphical Laplacian on an infinite Penrose tile is Lebesgue null and
fractal, with a fractal dimension of approximately 0.8, and that the whole spectrum has
a logarithmic capacity of approximately 2.26. Mathematical preliminaries, including
definitions of the SCI hierarchy and the new tool to provide lower bounds in the SCI
hierarchy, are presented in Sect. 5. Proofs of our results are given in Sects. 6-9. To make
the paper self-contained, we include a short appendix on the results/algorithms of [64],
which are used in some of our proofs. Pseudocode for many of the new algorithms is
provided in “Appendix B”.

2 Essentials of the SCI Hierarchy and Preliminary Definitions
2.1 A Brief Introduction to the SCl Hierarchy
2.1.1 Description of the SCl Hierarchy

First, we define a computational problem. The basic objects of a computational prob-
lem are:

2, called the domain,

A, a set of complex-valued functions on €2, called the evaluation set,
(M, d), a metric space,

E : Q — M the problem function.

The set €2 is the set of objects that give rise to our computational problems, the goal
being to compute the problem function E : 2 — M. The set A is the collection of
functions that provide us with the information we are allowed to read as input to the

algorithm. This leads to the following definition:

Definition 2.1 (Computational problem) Given a domain £2; an evaluation set A, such
that for any A1, Ay € Q, A = Az if and only if f(A1) = f(Ay) forall f € A;

a metric space M; and a problem function & : Q — M, we call the collection
{8, 2, M, A} a computational problem.

The definition of a computational problem is deliberately general. The SCI of a
computational problem is the smallest number of successive limits needed to compute
the solution to the problem. We call a corresponding suitably indexed family of algo-
rithms a ‘fower of algorithms’. In addition, we will use finer notions of error control.
For example, consider the case that (M, d) is the space of non-empty compact subsets
of C, equipped with the Hausdorff metric. Then, the SCI hierarchy [18, 51] can be
described as follows.

The SCI hierarchy Given a collection C of computational problems,

(i) A§ = II§ = X is the set of problems that can be computed in finite time (the
SCI = 0). In other words, 3 an algorithm I such that I'(A) = E(A), VA € Q.
(ii) AY is the set of problems that can be computed using one limit (the SCI
= 1) with control of the error, i.e. 3 a sequence of algorithms {I',;} such that
d(T,(A), E(A)) <27 VA € Q.
Elol:;ﬂ
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Table 1 Summary of the main results for the readable information A consisting of matrix values

Description of problem SCI hierarchy classification Theorem

; ; ; . A G
Computing the spectral radius. Varies. e.g. Normal operators: € I{*, ¢ A7 33
Controlled resolvent: € ZzA, ¢ Ag

General bounded operators: € 1'[34, ¢ A3G

Computing the essential spectral Varies. e.g. Most classes: € l'[?, ¢ AzG 3.6
radius.

General bounded operators: € 1'[34, ¢ Ag;

. . . . Lo yA G
Computing polynomial operator With bounded dispersion: € X', ¢ A} 3.7
norms.

Without bounded dispersion: € 2?, ¢ AZG

Computing the capacity of the With bounded dispersion: € l'[?, ¢ AZG 3.7
spectrum.

Without bounded dispersion: € I'I3A, ¢ A3G

Computing gaps in the essential S Eé“, ¢ Ag; 3.10
spectrum.

Computing the essential numerical € 1'[’24, ¢ Ag 3.10
range.

Determining whether spectral S E?, ¢ A3G 3.10

pollution can occur on a set (i.e.
failure of finite section method).

Computing the Lebesgue measure of Varies. e.g. 3.13
the spectrum.

Bounded dispersion: € Hf, ¢ Ag
Self-adjoint and general bounded: € l'[?, ¢ A3G

Computing the Lebesgue measure of Varies. e.g. 3.14
the pseudospectrum.

; fon- A G
Bounded dispersion: € Z{*, ¢ AJ
Self-adjoint and general bounded: € EQA, ¢ AZG

Determining whether the Lebesgue Varies. e.g. 3.16
measure of the spectrum is zero.

: . A G
Bounded dispersion: € T3, ¢ A3
Self-adjoint and general bounded: € Hf, ¢ Af

Computing the box-counting Varies. e.g. 3.18
dimension of the spectrum (when it
exists).
Bounded dispersion:e H?’ ¢ Ag
Self-adjoint: € H?, ¢ Ag

Computing the Hausdorff dimension Varies. e.g. 3.18
of the spectrum.

FolCT
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Table 1 continued

Description of problem SCI hierarchy classification Theorem

Bounded dispersion:€ E3A, 2 A3G
Self-adjoint: € 7, ¢ A

The main theorems contain classifications for different classes of operators (see Table 3 for the operator
classes)

(iii)) {: We have AY C X% C A and X is the set of problems for which 3 a
sequence of algorithms {I',} such that VA € Q we have I',(A) — E(A) as
n — oo0. Moreover, SUP.cr, (A) dist(z, E(A)) < 27", where dist(x, S) denotes
the Euclidean distance of x to S.

(iv) T1§: We have A C T C A and II is the set of problems for which 3 a
sequence of algorithms {I',} such that VA € Q we have I',(A) — E(A) as
n — 00. Moreover, sup, .z, dist(z, I’ (A4)) < 27"

(v) Af isthe set of problems that can be computed using one limit (SCI = 1) without
error control, i.e. 3 a sequence of algorithms {I",;} such that lim, o, [, (A) =
E(A), YA € Q.

(vi) A}, for m € N, is the set of problems that can be computed by using m
successive limits, (SCI < m), i.e. 3 a family of algorithms {I",,,... »,} such that

.....

lim --- lim Iy,
Ny —> 00 np—oo

2 (A) =E(A), VAeQ.

,,,,,

(vii) X7, is the set of problems in A} | such that, letting 'y, (A) = lim,,,, | 500"
limnl_mo anv'“anl (A), supzernm (A) diSt(Z, ) (A)) < 2~ "m Tnother words, com-
puting the mth limit is a X{ problem.

(viii) I is the set of problems in Af‘nH such that sup, ¢z ) dist(z, I'y,, (A)) < 27",
In other words, computing the mth limit is a I1{ problem.

Schematically, the SCI hierarchy can be viewed in the following way:

115 I I3

Il C S C S &

A C A% C SUUTY C AY C SYUTE C A C ...
0 = ~71 = “1 1 = /2 = “2 2 = /23 =
| < & < & <

D0 Dy s

A visual demonstration of these classes is shown in Fig. 1. For the description for
decision problems, see Sect. 5.1. The ¢ and IT{ classes become crucial in computer-
assisted proofs (see below).

Remark 2.2 (Computability, not complexity) It is important to note that (despite its
name) the SCI hierarchy is a hierarchy for classifying computability, not complexity.
Most computational spectral problems of interest are ¢ A in the SCI hierarchy, and
complexity theory only makes sense for problems in A 1. Hence, itis impossible to build
FoC'T
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¥ II;

Dy

Fig. 1 Meaning of X1 and ITj convergence for a problem function & computed in the Hausdorff metric.
The red areas represent E(A), whereas the green areas represent the output of the algorithm I'; (A). X4
convergence means convergence as n — oo but each point in the output I';;(A) is at most distance 27"
from E(A). Similarly, in the case of IT{, we have convergence as n — oo but any point in E (A) is at most
distance 27" from I';; (A) (Color figure online)

£z

a complexity theory for most infinite-dimensional spectral problems. The scientific
community computes with non-computable problems (¢ A1) on a daily basis (e.g. in
quantum mechanics). This also happens in high-profile computer-assisted proofs (see
below). O

2.1.2 The Model of Computation a

The « in the superscript indicates the model of computation, which is described in
Sect. 5.1. For « = G, the underlying algorithm is general (see Definition 5.1) and
can use any tools at its disposal. The reader may think of a Blum—Shub—Smale (BSS)
machine or a Turing machine with access to any oracle, although a general algorithm
is even more powerful. However, for « = A this means that only arithmetic opera-
tions and comparisons are allowed. In particular, if rational inputs are considered, the
algorithm is a Turing machine, and in the case of real inputs, a BSS machine. Hence,
a result of the form

¢ A,? is stronger than ¢ A,‘?.
Indeed, a ¢ AkG result is universal and holds for any model of computation. Moreover,

€ A,‘? is stronger than € Af,

and similarly for the I1; and X; classes. In this paper, we prove lower bounds for
o« = G and upper bounds for @ = A, thus obtaining the strongest results. Remark 5.12
discusses further how the model of computation is of less importance in infinite dimen-
sions.

2.1.3 Computer-Assisted Proofs

The class of problems A{‘ are precisely those that are computable according to Turing’s
definition of computability (i.e. there exists an algorithm such that for any € > 0
the algorithm can produce an e-accurate output). However, most infinite-dimensional
EOEZ-I
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spectral problems are ¢ Af. The simplest example is the problem of computing
spectra of infinite diagonal matrices. Very few interesting infinite-dimensional spectral
problems are actually in A#, and most of the literature on spectral computations
provides algorithms that yield A’z“ classification results. Such algorithms converge,
but may not provide error control. In many cases, error control is impossible.
Problems not in Af are a daily occurrence in the sciences due to suggestive
numerical simulations or evidence based on experiments. However, in the field of
computer-assisted proofs, this is not possible, since only 100% rigour is accepted.
Nevertheless, there are many examples of famous conjectures that have been proven
using computational problems that do not lie in A‘l“. For example, the proof of Kepler’s
conjecture (Hilbert’s 18th problem) [87, 88] relies on decision problems that are not in
Af [15]. Another example is C. Fefferman and L. Seco’s proof of the Dirac—Schwinger
conjecture on the asymptotics of ground states of certain Schrodinger operators [72—
80]. The reason for this apparent paradox is that the Ef‘ and Hf‘ classes are larger
than A’l“, but can still be used in computer-assisted proofs. Both of the above examples
implicitly prove Ef‘ classifications. For example, suppose we have a computational
spectral problem that lies in Ef‘. This means that there is an algorithm that will con-
verge and never provide incorrect output, up to a user-specified error bound. Thus,
conjectures about operators never having spectra in a certain area (a common problem
in stability analysis, for example) could be disproved by a computer-assisted proof.
Recent results using computer-assisted proofs in spectral theory include [33, 111].

2.2 Evaluation Sets and Domains

Throughout this paper, unless otherwise specified, A will be a bounded operator acting
on the canonical Hilbert space 12(N) (we define Qp := B(/2(N))), and realised as a
matrix with respect to the canonical basis. However, the results of this paper extend to
general separable Hilbert spaces H through a choice of orthonormal basis eq, ez, .. .
if one can compute the matrix values of the operators with respect to this basis (see
the discussion of the evaluation sets below). For example, we can treat operators
naturally defined on lattices such as Z¢, or more generally on graphs. Such operators
are abundant in mathematical physics. Below we give the evaluation sets and classes
of operators treated in this paper. For convenience, this information is summarised in
Tables 2 and 3.

Table2 Summary of evaluation sets used in this paper

Evaluation set Information available to algorithm Meaning
A fl.lj A (Aej,e) fori, jeN Matrix entries of A
Ay fi]j t A (Aej,e) fori, jeN Matrix entries of A, A*A, and AA*

ffj i A > (Aej, Ae;) fori, j € N

ffj tA > (A*ej, A¥e;) fori, j € N

FoC'T
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Table 3 Summary of classes of operators treated in this paper

Domain (class of operators) Meaning

QB Bounded operators

QN Bounded normal operators

QsA Bounded self-adjoint operators

Qp Bounded self-adjoint diagonal operators

Qy Bounded operators with known f satisfying (2.1)
Qg Bounded operators with known g satisfying (2.2)

Note that all considered classes lie in ©2p, and that Qp C Qsa C QN, Qp C Qf, and QN C Qgixr>x

2.2.1 Evaluation Sets

We consider two natural sets of information that our algorithms can read. The first,
A1, provides the entries of the matrix representation of A with respect to the canonical
basis {¢;}ieN:

A ={f;: A (Aej, e)li, j € N}.

The second, Aj, appends A with the entries of the matrix representations of A*A
and A A* with respect to the canonical basis {e; };en:

Ay = A1 U{f}; A (Aej, Aei), [ - A (A%ej, A%e)li, j € N}

We include A5 since it is natural for problems posed in variational form, and can often
be evaluated through numerical integration. When considering classes with functions
f (and {c,}) and g as in (2.1) and (2.2) below, we will add these to the relevant
evaluation set (evaluating g at rational points) and with an abuse of notation still use
the notation A;. A small selection of the problems also require additional information,
such as when testing if a set intersects a spectral set, but any changes to A; will be
pointed out where appropriate.

2.2.2 Classes of Operators
Let Qn denote the class of normal operators in 25, 254 denote the class of self-adjoint
operators in 2N, and Qp denote the class of self-adjoint diagonal operators in Qg4 .

For f : N — N, f(n) > n + 1 define

Dy n(A) :=max {|(I — Prn)AP,

N PaAU = Prap |} 2.1
where P, is the orthogonal projection onto span{ey, ..., e;}. Given such an f, we
assume access to an estimate Dy ,(A) < ¢, (A) € Qxo, where ¢, — 0asn — oo.
We let 2 ¢ denote the class of bounded operators with known function f and {c, 1.6 As

6 Sometimes the sequence {c, } is not needed and we will explicitly mention when this is the case.
FolCT
e
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a special case, if we know our matrix is sparse with finitely many nonzero entries in
each column and row (and we know the positions of the nonzero entries) then we know
an f withc, = 0.Let g : Ry — R, be a strictly increasing, continuous function that
vanishes only at 0 with lim, .  g(x) = oo. Let €, be the class of bounded operators
with

g(dist(z, Sp(A))) < Rz, A)|7", (22)

forz € C, where R(z, A) = (A—z)". A simple compactness argument shows that
such a g always exists for any given A € Qp. However, the classification of spectral
problems in the SCI hierarchy generally depends on whether one knows an estimate
for g or not. For example, in the self-adjoint and normal cases, g(x) = x is the trivial
choice of g. Operators with g(x) = x are known as G and include the well-studied
class of hyponormal operators (operators with A*A — AA* > 0) [136]. A common
assumption is that

| Vz & Sp(A),

C
IR@ A = Gy

for some constant C, which is equivalent to A € Q2 with g(x) = x/C. For example, if
A is similar to a normal operator with a similarity transformation S that has bounded
condition number «(S), we can take C = «(S). Other examples with nonlinear g
include perturbations of self-adjoint operators [84, e.g. Theorem 7.7.1]. More gener-
ally, one can view the function g as a measure of stability of the spectrum of A through
the formula

Spe(A) :=Sp(A) U{z ¢ Sp(A) : |R(z, Al = I/e} = | ]  Sp(A+B),
BeQg, | Bll<e
(2.3)
where Sp, (A) denotes the (e-)pseudospectrum of A [162]. The function g is held fixed
for a given class €2, and a smaller g leads to a larger class of operators 2.

3 Main Results: The Foundations of Computing Geometric Features of
Spectra

Our results classify computing geometric features of spectra in the SCI hierarchy. In
other words, we are concerned with the foundations of computation for geometric
features of spectra. There are two aspects of this classification: proving impossibility
results (lower bounds), where we make use of the tools developed in Sect. 5 and
Theorem 5.19, and proving upper bounds through the construction of algorithms.
This ensures that our algorithms realise the boundary of what computers can achieve
in spectral computations. We have included routines for some of the main algorithms
in “Appendix B” and computational examples in Sect. 4.

Remark 3.1 (Bounding the operator norm) The proofs of lower bounds make clear
that all classifications still hold if we replace the respective sub-class 2 C Qp by the
FoC'T
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restriction to operators in €2 having operator norm at most M € R. ¢, adding such a
value M (constant function) to the evaluation set A. m]

Remark 3.2 (Computing the resolvent norm) Some of the algorithms are built on the
local approximation of the functions (or similar functions) defined by

¥Yn(z; A) = min{oint (A — z1)|p, 1), Oint (A" = Z1) | p, 1)},
where oj,r denotes the smallest singular value or injection modulus:
oinf(T) = inf{||Tv| : [[v]l = 1}.

The functions y, converge to the resolvent norm ||R(z, A)||~! uniformly on compact
subsets of C from above as n — o0. This idea was crucial in [60, 64] to compute
spectra with Z{‘ error control for a large class of operators. A theme of some of our
proofs, especially those concerning Lebesgue measure and fractal dimensions, is the
extension of these ideas to compute geometric properties of the spectrum. O

3.1 Spectral Radii

We begin with a very simple geometric feature of the spectrum. The spectral radius,
r(A), of a bounded operator A is the supremum of the absolute values of members
of the spectrum, which is attained. Spectral radii commonly appear in applications
involving stability analysis. We set E,(A) := r(A) and make the following initial
observations:

(i) One can easily show that the computational problem of the operator norm of any
A € Qp liesin Ef‘. Hence, since 7 (A) < ||A||, we can easily get an upper bound
for E, (A) in one limit. Of course, if A is not normal, this upper bound may not
agree with E,(A).

(i) If an operator lies in Q, with g(x) = x, then the convex hull of the spectrum
is equal to the closure of the numerical range (recall that the numerical range
is {{Ax, x) : |lx|| = 1}) [131]. Such operators are known as convexoid and the
problem of computing E, (A) for such operators lies in EIA.

(iii) Inlightof Gelfand’s famous formula &, (A) = lim,_ « [|A"|| " ,one might expect
that the computation of E, (A) is strictly easier in the sense of the SCI hierarchy
than that of the spectrum.

The following shows that the intuition in (iii) is misguided in general and only
occurs if an operator is convexoid as in (ii). Computing &, (A) is just as hard as
computing the spectrum for the class 2g. Controlling the resolvent via a function g as
in (2.2) makes the problem easier in the sense of SCI hierarchy than the general class
g, but is not sufficient to reduce the SCI of the problem to 1.

FolCT
i
@Springer L0



Foundations of Computational Mathematics

Theorem3.3 Let g : Ry — Ry be a strictly increasing, continuous function that
vanishes only at 0 with lim,_, o, g(x) = o0. In addition, suppose that g(x) < (1—38)x
for some § € (0, 1). Then:

A F(E, p, Al ez, AV F(E,Qn A} e, AV F(E,QrNQ, A} e,
AS F{E,, Qe A} es), AT F(E.,Qp A} ely), AY #(E, QB A} eIlf.

When considering the evaluation set A», the only changes are the following classifi-
cations:

AY #1{E,, Qq, A2} € T, A§ F{E,, Qp. Ay} € T4,

Remark 3.4 The 1'[’24 algorithm for {E,, €2 s} does not need a null sequence {c, } bound-
ing the dispersion, D ¢ ,(A) < ¢y, to be sharp in the SCI hierarchy since this is absorbed
in the first limit. m]

Remark 3.5 The proofs of the lower bounds in Theorem 3.3 for 2, require g with the
stated additional property and § > 0. In particular, the lower bound does not cover the
smaller class of G| operators. O

3.2 Essential Spectral Radii

Next, we consider the essential spectral radius. Define the essential spectrum of A €
Qp as

SPess(A) = (1) SP(A + B).
BeQg

where Q2 denotes the class of compact operators. The essential spectral radius,
Eer (A), is simply the supremum of the absolute values over Sp.(A).

Theorem 3.6 We have the following classifications fori = 1, 2:
AS F(EBer, Qp, Ai} € TIY,  AY #{Ep, On, Ai} € TIY, AT F{Bor, Qp, A} € TS
Whereas, for general operators,
AY #{Eer, Qp, A1} € TI§,  AY F {Eer, Qp, A2} € 13,
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3.3 Capacity and Polynomial Operator Norms

Given a polynomial p of degree at least two,” we consider the problem of computing
Er,p = lp(A)]l and the capacity of the spectrum defined by

1
Ecap(A) = inf | p(A)] %@

monic polynomial p

= dlim inf {||p(A)||$ : monic polynomial p, deg(p) = d} .
— 00

A theorem of Halmos shows that this definition of capacity agrees with the usual
potential-theoretic definition of capacity of the set Sp(A) [89]. Roughly speaking,
the capacity measures the ability of Sp(A) to hold electrical charge. We will also
see some other measures of size in Sects. 3.5 and 3.6. The capacity of the spectrum
is of particular interest in Krylov methods where, for instance, it is related to the
speed of convergence® [117, 119, 121-123]. The capacity is also an important object
in local spectral theory [1, 105, 119], and related work [48, 124] includes methods
for computing the polynomially convex hull of an operator. The following theorem
provides the relevant SCI classifications.

Theorem 3.7 We have the following classifications fori = 1,2 and Q=Qpor Qy:
AT F1{E, . Q A} € T, AS F {Eeap, @, A} € T3
For Q = QN, Qg or Q,

AS F1{E,p, Q A1} € 24, A # {Eeap, 2, A1} € T
A? # {Er,p7 S~2, Ao} e Efxv AQG 4 {Ecap’ Q, Ay} e H?'

The proof shows these problems have the same classifications for Qga as Q.
Somewhat surprising is the result that the computation of || p(A)|| requires two suc-
cessive limits for self-adjoint operators. The proof shows that one reason for this is
spectral pollution associated with finite section methods.

7 We fix the polynomial p for the strongest possible negative results. However, the existence of the towers
of algorithms also holds when considering the polynomial p itself as an input.

8 This is an idealisation since the capacity studies operator norms while true Krylov processes look at p(A)x
with one or several vectors x. However, from local spectral theory (e.g. [118]) it follows that, generically,
the asymptotic speeds are the same.
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3.4 Essential Numerical Range, Gaps in Essential Spectra and Detecting Failure of
Finite Section

We now consider geometric features of spectra that are related to the finite section
method, the most intensely studied computational method of approximating spectra
[35, 36,40, 41].° The basic form of the finite section method approximates the spectrum
of A by Sp(P,Alp,7), where {P,,} is a sequence of finite-dimensional projections
converging strongly to the identity as m — oo. The computation is often done with
finite element, finite difference or spectral methods by discretising the operator on a
suitable finite-dimensional space [31, 32, 47, 50, 102, 108, 137, 168]. Even when A is
self-adjoint, spurious eigenvalues, that have nothing to do with Sp(A), can accumulate
anywhere within gaps of the essential spectrum as n — 00.'% This is known as spectral
pollution. More precisely, the essential numerical range of A € Qg is defined as

We(4) = (| W(A+B), 3.1
BeQg
where W(A) = {(Ax, x) : ||x|| = 1} is the usual numerical range.11 We recall the

following two theorems.

Theorem 3.8 (Pokrzywa [132]) Let A € B(H) and let {P,} be a sequence of finite-
dimensional projections converging strongly to the identity. Suppose that S C W,(A).
Then there exists a sequence { Q,} of finite-dimensional projections such that P, < Q,
(so Qn — I strongly) and

du(Sp(PAlp, 1) U S, Sp(QnAlg, 1)) = 0, asn — oo,

where dy denotes the Hausdorff distance.

Theorem 3.9 (Pokrzywa [132]) Let A € B(H) and let {P,} be a sequence of finite-
dimensional projections converging strongly to the identity. If A ¢ W,(A), then A €
Sp(A) if and only if

dist(A, Sp(P,Alp, 1)) — 0, asn — oo.

Theorems 3.8 and 3.9 show that spectral pollution is confined to the essential numer-
ical range and can be arbitrarily bad in W, (A)\Sp(A).!? For self-adjoint operators, the

9 Arveson [3-7] and Brown [42-44] pioneered spectral computations from the point of view of C*-algebras,
both for the general spectral computation problem and for Schrodinger operators. This combination can be
traced back to the work of Bottcher and Silberman [39]. Arveson also considered spectral computation in
terms of densities, which is related to Szegd’s work [155] on finite section approximations.
10 Even when the finite section method converges, it typically only yields A‘z‘x classifications in the SCI
hierarchy [37, 38, 45, 46].
Wirais hyponormal, then W, (A) is the convex hull of the essential spectrum [142].
12 I the non-normal case, it is possible for finite sections to not capture all of the spectrum—parts of
the spectrum may be unattainable. This is distinct from spectral pollution. Theorem 3.8 says that, up to a
different choice of projections, this can be avoided on W, (A).
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gaps in the essential spectrum correspond exactly to W,(A)\Sp(A). As a result, there
has been considerable attention towards methods that detect gaps in essential spectra
and eigenvalues within these gaps [31, 49, 108, 144], as well as studying the precise
nature of spectral pollution [107, 112, 113, 137].

A consequence of the main result of this section, Theorem 3.10, is that detecting
these gaps is strictly harder in the sense of the SCI hierarchy than computing the
spectrum for self-adjoint operators (which was classified in [18, 60, 64]). We define
the problem function E,,,(A) = W,(A). For a given non-empty open set U in [F (with
F being C or R), let E]; o, be the decision problem

EH;()[](Av U) = 1, ifun .(WE(A)\Sp(A)) #0
0, otherwise.

EI;O” decides whether spectral pollution can occur on the closed set U. For the self-
adjoint case and F = R, this is equivalent to asking whether there exists a point in
the open set U that also lies in a gap of the essential spectrum. To incorporate U into
A;, we allow access to a countable number of open balls {U,, },,en Whose union is
U.If F = R, then each U, is of the form (a,,, b,,) with a,,, b,, € Q U {£o0}. If
F = C, then each U,, is equal to D, (z,) (the open ball of radius r,, centred at z,,)
with r,, € Q4 U {oo} and z,, € Q 4 iQ. We add pointwise evaluations of the relevant
sequences {(ay, by)} or {(r, zm)} to A;.

Theorem 3.10 (Computation of essential numerical range and whether spectral pol-
lution can occur on a set) Let Q = QN, Qsa or Qe andleti =1, 2. Then

Ag 2/ {Ewe, 97 Ai} € H?-

Furthermore, for i = 1,2 the following classifications hold, valid also if we restrict
tothecase U =UjortoU =U; =TF:

A§ F{ER,. Qsa. Ai} € T4, A§ #{ES,,. QB. A} € B4

Remark 3.11 (Computing spectra is easier than algorithmically determining whether
spectral pollution can occur on a set) One can show that {Sp(-), Qsa, A1} € Eé“ and
{Sp(-), Qsa, A2} € Ef‘. Hence determining Elﬁoll is strictly harder than the spectral
computational problem and requires two additional successive limits if A = A,. Even
in the general case, {Sp(-), 2B, Az} € 1'[5‘ and hence the spectral problem is strictly
easier in the sense of SCI hierarchy. The proofs also make clear that we get the same

classification of EI;O” for other classes such as Qn, 2, etc. O

Remark 3.12 (Unbounded operators) In Sect. 7.1, we show that computing the essential
numerical range for closed unbounded operators 7 on 12(N) (under the condition
that the linear span of the canonical basis forms a core of T') also lies in 1'[‘24. The
definition of the essential numerical range for such operators was recently given in
[34]. This paper showed that W,(T) consists precisely of the essential spectrum of
T together with all possible spectral pollution that may arise by applying projection
Elol:';”
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methods to approximate the spectrum of 7', thus generalising Theorems 3.8 and 3.9.
A computational example is given in Sect. 4.2. O

3.5 Lebesgue Measure of Spectra

A basic property of the set Sp(A), also connected to physical applications, is
its Lebesgue measure. Well-studied operators such as the almost Mathieu opera-
tor at critical coupling [11] or the Fibonacci Hamiltonian [154] have spectra with
Lebesgue measure zero. Following [8], there have been many further numerical stud-
ies [157-159]. For further examples of operators with numerical approximations of
the Lebesgue measure, see the references in [10, 24, 147]. Numerical studies typi-
cally look at periodic approximates [134], and computing the Lebesgue measure of
periodic approximates of tridiagonal operators lies in A’l“. The tools we develop are
more general and do not assume such structure. Verification of our algorithms for the
almost Mathieu operator is presented in Sect. 4.4.

The Lebesgue measure on C will be denoted by Leb. When considering classes of
self-adjoint operators, we use the Lebesgue measure on R denoted by Lebr. We also
define

Sp.(A) = {z € C: ||R(z, A" < e},

whose closure is Sp, (A). For a class 2 C 2, there are three questions we answer in
this section:

(1) Given A € 2, can we compute Leb(Sp(A))? R
(2) Given A € Q2 and € > 0, can we compute Leb(Spé(A))?]3
(3) Given A € 2, can we determine whether Leb(Sp(A)) = 0?

For the first two questions, we consider the metric space ([0, c0), d) with the
Euclidean metric. For question three, we consider the discrete metric on {0, 1}, where
1 is interpreted as “Yes”, and 0 as “No”. We denote the above problem functions by
E{‘, E% and E% respectively. In analogy to computing spectra and pseudospectra, Eé‘
is the easiest to compute and can be done in one limit for a large class of operators. It

also follows from the dominated convergence theorem that

13 We consider the computation of Leb(S/f)E (A)) instead of Leb(Sp, (A)) since it is not clear that the level
sets

Se(A):={zeC: Rz DI ' =¢ (3.2)

always have Lebesgue measure zero (this is currently an open problem for general bounded operators).
This situation is analogous to the case of approximating the pseudospectra of bounded operators, where
one uses the crucial property that pseudospectra cannot jump—the resolvent norm cannot be constant on
open subsets of C\Sp(A) for a bounded operator A acting on a separable Hilbert space [143]. The question
of whether the sets in (3.2) are Lebesgue null is the measure theoretic equivalent. Note, however, that it is
straightforward to show that S¢ (A) is null for A € Qy through the formula || R(z, A)|| -l dist(z, Sp(A)).
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1% Leb(Sp, (A)) = Leb(Sp(A)). (3.3)

Theorem 3.13 (Lebesgue measure of spectra) Given the above set-up, we have the
following classifications

AS FLET, Qp, Ay e Ty, AT F{E], Qp, A} ey i=1,2,
andfor Q= QB, QSA; QN or Qg,
A§ F(EL @, Ay e, AY F{EL Q A} eTTs.

The algorithm constructed in the proof of Theorem 3.13 is local and can be adapted
to find the Lebesgue measure of Sp(A) intersected with any compact interval or cube
in one or two dimensions, respectively. Moreover, when considering €2 ¢, we do not
need the sequence {c, }, and the algorithm can be restricted to R, where it converges to
Lebr (Sp(A) NR). Our results also hold when considering bounded diagonal operators
(dropping the restriction of self-adjointness) and using Leb instead of Lebp.

We now turn to the SCI classification of Leb(S}ae (A)), which is useful since it
provides a route to computing Leb(Sp(A)) for any A € Qg via (3.3). This is a similar
state of affairs to the computation of the spectrum itself—one can approximate the
spectrum via pseudospectra.

Theorem 3.14 (Lebesgue measure of pseudospectra) Given the above set-up, we have
the following classifications

AV #{E85,Qp, Ay e 2, AY {85, Q. A} e = i=1,2,
and for Q = Qg, Qsa, QN or Qg,
AT #{EF, @, Ay e s, AT F{EL, Q, A} e B

Why is E% easier to compute than E{‘? Heuristically, the pseudospectrum is less
refined than the spectrum, making the measure easier to approximate. Another view-
point is the continuity points of the maps EIL and E% For simplicity, consider these
maps restricted to Qp and equip these diagonal operators with the operator norm
topology. The following shows that Eé is more stable than E{‘, explaining why it is
easier to approximate. Again, this is the same state of affairs as comparing Sp(A) and
Sp. (A) as sets.

Proposition 3.15 In the above set-up, the following hold:

ey
@)

{‘ is continuous at A € Qp if and only if Lebr (Sp(A)) = 0.
% is continuous at all A € Qp.

=
=
=
=
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Finally, when computing E%, we let (M, d) be the set {0, 1} endowed with the
discrete topology and consider the problem function

0, ifLeb(Sp(A)) > 0

~L
27 (A) =
34 1, otherwise.

It is straightforward to build a family of algorithms that converge in three succes-
sive limits for this problem using the algorithm constructed in Theorem 3.13 and its
monotonicity. The next theorem shows that this is optimal, even for the set of diago-
nal self-adjoint bounded operators. This demonstrates how hard it is to solve decision
problems about the spectrum with finite amounts of information, particularly when the
problems involve an object that ignores countable sets, such as the Lebesgue measure.

Theorem 3.16 (Is the spectrum Lebesgue null?) Given the above set-up, we have the
following classifications

A #(BF.Qp Ay ey, AY F{E}. Qp.A}ellf, i=1.2,
and for Q = Qg, Qsa, QN or Qg,
A F(Ef. @, A eny, AT #(EL Q, Ay e T4,

Remark 3.17 These are the first examples of computational spectral problems that
require four successive limits to compute in the SCI hierarchy. To prove this, we need
some tools from descriptive set theory in Sect. 5. Note that we prove the lower bounds
for general algorithms, so regardless of the model of computation. O

3.6 Fractal Dimensions of Spectra

When considering operators from physical models, such as Schrodinger operators in
quantum mechanics, fractal dimensions of spectra are related to important phenomena,
such as the spreading of an initially localised wavepacket [101]. Further applications
and numerical studies are already discussed in Sect. 1. However, estimating the fractal
dimension is extremely difficult. This can be explained by the SCI hierarchy—the
SCI > 1, even for computing the box-counting dimension, the most basic definition
of fractal dimension. The Hausdorff dimension is even worse and has SCI > 3. In this
section, we exclusively treat self-adjoint operators and hence seek fractal dimensions
of Sp(A) c R.14

14 The proofs for general self-adjoint operators can be adapted with an additional successive limit and the
use of two-dimensional covering boxes to treat the class of general bounded operators. Some care is needed
to deal with the boundaries of covering boxes for the Hausdorff dimension, but we omit the details.
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Box-Counting Dimension: Let F be a bounded set in R and let Ns(F') be the number
of closed intervals of length § > 0 required to cover F. We define the upper and lower
box-counting dimensions as

dimp(F) = lim sup w’ dim g (F) = lim inf log(Ns(F))
sjo - log(1/8) 5,0 log(1/8)

When dimg(F) = dim g(F), we can replace the liminf and lim sup by lim, and
the common value is the box-counting dimension dimpg (F), an example of a fractal
dimension. A possible drawback of the box-counting dimension is its lack of countable
stability. For example, dimp ({0, 1, 1/2,1/3,...}) = 1/2.Let Q?D be the class of self-
adjoint operators in £ ¢ (see (2.1)) whose upper and lower box-counting dimensions
of the spectrum agree. Let Qg AD be the class of self-adjoint operators whose upper and
lower box-counting dimensions of the spectrum agree, and denote by QgD the class
of diagonal operators in QEP.

Hausdorff Dimension: A more complicated, yet robust notion of fractal dimension
is related to the Hausdorff measure [71, 114]. Let F C R”" be a bounded Borel set
and let Cs(F) denote the class of (countable) §-covers! of F. One first defines the
quantities (for d > 0)

HY(F) = inf Zdiam(ui)d:{u,-}eca(n : Hd(F)zgiF&Had(F).

1

There is a unique d’ = dimg(F) > 0, the Hausdorff dimension of F, such that
HA(F) =0ford > d’ and H?(F) = oo for d < d’. One can prove that

dimp (F) < dimp(F) < dimp(F).

With these definitions in hand, we can now present the main theorem of this section.

Theorem 3.18 (Fractal dimensions of spectra) Let Eg(A) = dimpg(Sp(A))and Ey =
dimpg (Sp(A)). Then fori =1, 2,

AS # {85, Q8P A} e TS, AS #{Ep. QFP, A} e T1S
A§ #{Ey, Q5 N Qsa, Ai} € 24, A§ #(Eu, Qp, A} € =4,
whereas
A§ #(Ep, Q8P A1) e T, AS # {8, Q8P Ay} e 12
A§ F{En, Qsa, A1) € 4, A§ #(En, Qsa, Ay} € T4

15 That is, the set of covers {U;}icr with I at most countable and with diam(U;) < §.
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Remark 3.19 (When dim z(Sp(A)) # dimp(Sp(A)))The algorithms for Ep also con-
verge without the assumption that the upper and lower box-counting dimensions of
Sp(A) agree, to a quantity I"(A) with

dim ;3 (Sp(A)) < T'(A) < dimp(Sp(A)).

One of the properties that makes the Hausdorff dimension harder to compute than the
box-counting dimension is its countable stability, meaning that if F’ is countable then
dimgy (F) = 0. O

Remark 3.20 Some of our results have interpretations for real bounded sequences.
Given such a sequence {a; };eny C R, we can ask the same questions about {ay, a2, .. .}
as we have asked about the spectrum. We can embed these problems as spectral prob-
lems for the class 2p of bounded self-adjoint diagonal operators by simply considering
diagonal operators with entries {aj, az, . ..}. Theorems 3.13, 3.16 and 3.18 immedi-
ately then give the classifications. With regard to fractal dimensions, the key problem
is to try and relate the amount of data that has been seen to the resolution obtained
from the data (as highlighted in the computational example below). Once we have the
framework of the SCI, we can immediately see why the problem is so difficult—the
computational problem requires three successive limits for the Hausdorff dimension.O

Finally, the following lemma is used in the construction of the tower of algorithms
for computing the Hausdorff dimension but is interesting in its own right so is listed
here.

Lemma 3.21 Let (a, b) C R be a finite open interval and let A € Qy N Qsa. Then
determining whether Sp(A) N (a,b) # O using A; is a problem with SCI4 = 1.
Furthermore, we can design an algorithm that halts if and only the answer is “Yes”,
that is, the problem lies in Ef. Similarly, the problem lies in EzA when considering
Qgsa with Ay (or E? when we allow access to Aj).

4 Computational Examples

In this section, we demonstrate that the SCI-sharp algorithms constructed in this paper
can be efficiently implemented for large-scale computations. Moreover, the algorithms
have desirable convergence properties, converging monotonically or being eventually
constant, as captured by the ¥ /IT classification. Generically, this monotonicity holds
in all of the successive limits, and not just the final limit; many of the towers of algo-
rithms undergo oscillation phenomena where each subsequent limit is monotone but
in the opposite sense/direction than the limit beforehand. We can take advantage of
this when analysing the algorithms numerically. The algorithms also highlight suit-
able information that lowers the SCI classification to ¥1/I1;. Other advantages of
the algorithms based on approximating the resolvent norm include locality, numerical
stability and speed/parallelisation. In the examples that follow, we remind the reader
what each parameter ny intuitively does in the relevant algorithm and simplified rou-
tines for many of the algorithms can be found in “Appendix B”. Finally, we point the
Elol:;ﬂ
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Fig. 2 Left: Output of the algorithm for computing the spectral radius. Right: Pseudospectrum computed
using the method of [64] (the colour scale corresponds to the resolvent norm || (A —z/ )_l |I) which provides
error control. We have shown the output of I' 103.10% (A) via the green dashed circle (Color figure online)

reader to Remark 5.12—all of the algorithms can be implemented rigorously using
arithmetic operations over the rationals or with methods such as interval arithmetic.

4.1 Spectral Radius

We begin with the spectral radius and consider the upper-triangular non-normal oper-
ator on [2(Z) defined by its action on the canonical basis via

Aej =ej_2+i/ej_1.

In this case, the operator norm of A is 2 and the approximation of the spectrum
by finite section is {0}. Hence, to compute the spectral radius, one must resort to
the techniques used in our algorithms based on rectangular truncations. Recall that
the SCI classification for computing the spectral radius of such operators (where the
dispersion is known) is 1'[’24 (see Theorem 3.3 for further classifications). The first
parameter, n, controls the size of the rectangular truncation'® (as well as the grid
resolution), whereas the second, n,, controls the resolvent norm cut-off (e = 1/n,).

Figure 2 (left) shows the output of I',,, ,, (A) for computing the spectral radius.
We see the expected monotonicity; I',, ,, (A) is increasing in n but decreasing in n5.
It appears that lim,,, o0 I'j2 ,, (A) & limpy, 00 I'jg3 ,, (A) = 1.4149. The fact that
these two values for different n, are similar suggests that we have reached convergence.
Though, of course, the proof that the problem does not lie in AZG shows that we can
never apply a choice of subsequences to gain convergence in one limit over the whole
class Q2 y. Nevertheless, the approximate value of 1.4149 is confirmed in Fig. 2 (right)
where we have shown pseudospectra, computed using the algorithm in [64].

16 For this example and other operators on 12(Z) below, we reorder the basis so that the operator A acts on
2(N).
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Fig.3 Left: The boundaries dW (A) and 9T, 104, 500 (A)- We have also shown the essential spectrum of A
(whose convex hull, in this example, corresponds to W, (A)) and the output of finite section for a 200 x 200
truncation. Right: Pseudospectrum computed using the method of [64] (the colour scale corresponds to
the resolvent norm ||(A — z/ y~1 [I) which provides error control. This confirms that eigenvalues, computed
using finite section, outside aly 104.500(A) are accurate and, in this example, indicates that the other
eigenvalues correspond to spectral pollution (Color figure online)

4.2 Essential Numerical Range

To demonstrate the algorithm for computing the essential numerical range, we first
consider the Laurent operator Ag acting on /2(Z) with the symbol

4!

a(t) = 5

In this case, Sp(Ap) = Spe(Ao) = {a(z) : |z| = 1}. We consider the operator
A = Ao + E where the compact perturbation E is given by

£ 3i
;i = ———€i_1.
P TR

Recall that the SCI classification for computing the essential numerical range is
Hf (see Theorem 3.10). The first parameter, n, controls the size of the trunca-
tion, whereas the second, ny, controls how far along the matrix the truncations
(I = Puy) Puy4nr Al Pay -y (I— Py YH ATE taken with respect to the canonical basis.

Figure 3 (left) shows the output of the algorithm I';, ,, (A) to compute the essential
numerical range for n, = 20,000 and n; = 500. We show the boundary dI',, ,, (A)
since the essential numerical range is convex. In this example, W, (A) is the convex hull
of Spes (Ap), which allows us to verify the output of the algorithm. We also show 200
eigenvalues of finite section (computed using extended precision to avoid numerical
instabilities associated with non-normal truncations), the majority of which are due
to truncation and provide an example of spectral pollution. This is confirmed when
we compare to the pseudospectrum, also shown in Fig. 3 (right), computed using the
algorithm in [64]. However, eigenvalues outside W, (A) correspond to true eigenvalues
of A (see Theorem 3.9).
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Fig.4 The output of the algorithm for computing the essential numerical range of closed operators, applied
to the complex Schrodinger operator 7 in (4.1)

The algorithm can also be extended to unbounded operators, as outlined in Sect. 7.1.
For example, we consider the complex Schrodinger operator

2

T=-2_
dx?

+ (2i + 1) cos(x). 4.1

By using a Gabor basis, we can represent T as a closed operator on />(N) such that
the linear span of the canonical basis (corresponding to the Gabor basis) forms a
core. This allows us to use Corollary 7.5, where we can compute the matrix elements
(corresponding to inner products with the basis functions) with error control using
quadrature. Figure 4 shows the output for 7o = 10* and various n1. We see the expected
monotonicity as n increases and the output for n; = 2000 has converged to visible
accuracy in the plot.

4.3 Capacity

We now consider a transport Hamiltonian on a Penrose tile for which few analytical
results are known. Quasicrystals were discovered in 1982 by Shechtman [145] who
was awarded the Nobel prize in 2011 for his discovery. Over the past 30 years, there
has been considerable interest in their often exotic properties [67, 151]. The Penrose
tile is the standard two-dimensional model [69, 165], and a finite portion of the tiling is
shown in Fig.5 (left). However, unlike one-dimensional models, very little is known
about the spectral properties of two-dimensional quasicrystals. Let G be the graph
consisting of the vertices, V (G), of the Penrose tiling and E(G) the set of edges. If
there is an edge connecting two vertices x and y, we write x ~ y. The (negative)
Laplacian, H, acts on ¢ € 12(V(G)) ZI2(N) by

(HY)(x) =Y () — ¥ (). (4.2)

y~x
FolCT
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Fig. 5 Left: Finite portion of the Penrose tiling showing a fivefold rotational symmetry. Right: Output of
the algorithm for computing the capacity of Sp(H), where H is the operator in (4.2)

By choosing a suitable ordering of the vertices, we can represent H as an operator
acting on ZZ(N) of bounded dispersion with f(n) —n ~ O(/n). Recall that the SCI
classification for computing the capacity of the spectrum of such operators is 1'[’24 (see
Theorem 3.7 for further classifications). The first parameter, 1, controls the size of the
truncation used to test if intervals intersect the spectrum via Lemma 3.21, whereas the
second, np, controls the spacings of the interval coverings (which have width 27"2),
In this example, we used the conformal mapping method of [109] to accurately and
rapidly compute the capacity of finite unions of intervals in R (see also Remark 6.4).

Figure 5 (right) shows the output of I'y, ,, (H), and we see the expected mono-
tonicity; the output is increasing in n but decreasing in n,. By comparing the outputs
forn; = 10* and ny = 107, it appears we have convergence up to around n, = 8. This
suggests an upper bound (since the output is non-increasing in n7) of approximately
2.26 for the capacity of Sp(H) (Sp(H) is shown in Fig. 6).

4.4 Lebesgue Measure

First, we consider the almost Mathieu operator, which is related to a wealth of mathe-
matical and physical problems such as the Ten Martini Problem [9]. The operator acts
on [2(Z) via

(HyX)pn = Xp—1 + Xp41 + 2A cosLrna)x,. “4.3)

The choice of A = 1 was studied in Hofstadter’s classic paper [92], giving rise to the
famous Hofstadter butterfly. In this case, the Hamiltonian represents a crystal electron
in a uniform magnetic field and the spectrum can be interpreted as the allowed energies
of the system. For irrational «, we have [11]

Lebr (Sp(Hy)) = 4[1 — |2]] 4.4
FoE'ﬂ
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LebPseudoSpec, € = 1/10
LebPseudoSpec, € = 1/20
5| LebPseudoSpec, € = 1/100
LebPseudoSpec, € = 1/200
LebSpec

- mld— 4y

Lebsegue Measure
©

[ W ’ I
T o 8 7 6 5 4 3 2 1 0
Sp(H)
o . . . X . . . , Ly T O T T TR T
0 02 04 06 08 1 12 14 16 18 2 g 08 0.6 04 02 °
A Zoom in of Sp(H)

Fig. 6 Left: Output of the algorithm LebSpec to compute Lebr (Sp(Hy)) as well as the algorithm
LebPseudoSpec for Leby (Sp, (Hy)) (which converges to Lebg (Sp(Hy)) as € | 0). These were com-
puted usingn| = 10%andny = 7. Right: Estimates for Lebg (Sp(H) N (—00, x]), where H is the Laplacian
on a Penrose tiling in (4.2), obtained by letting n; = 10% and selecting different ny. The estimate above
—3 appears to be well resolved, suggesting a region of Lebesgue measure 0

and we consider the case o = («/g — 1)/2. Recall that the SCI classification for com-
puting the Lebesgue measure of the spectrum of such operators (where the dispersion
is known) is 1'[?, whereas the SCI classification of computing the Lebesgue measure
of the pseudospectrum is Ef* (see Theorems 3.13, 3.14 and 3.16 for the further classifi-
cations). For computing the Lebesgue measure of the spectrum, the first parameter, ny,
controls the size of the truncation used to compute the approximation of the resolvent
norm, whereas the second, n», controls the grid refinement (the spacings are 27"2).
For the pseudospectrum, n| controls the size of the truncations and the grid spacings.

Figure 6 (left) shows the output of the algorithms computing Lebgr(Sp(Hy))
(LebSpec) and also Lebr (Sp, (Hy)) (LebPseudoSpec) for a range of values of
€. We chose values of n; = 10* and a grid spacing of 1/128 (n, = 7). One can
clearly see that the estimates for Lebr (Sp, (H,)) are decreasing to the true value of
Lebgr (Sp(Hy)), which is well approximated by LebSpec.

Next, we consider the operator H in (4.2), for which the Lebesgue measure of Sp(H)
is unknown. We set n; = 103 and look at the average estimated error of the output
via DistSpec (see “Appendix A”). This was of the order 1073, so we consider grid
refinements of spacing 1/32,1/64, ..., 1/1024 corresponding to np = 5,6, ..., 10.
Figure 6 (right) shows the output as a cumulative Lebesgue measure, that is, an estimate
of Lebr (Sp(A) N (—o0, x]) for a given x, along with the computed spectrum (for a grid
spacing of 107°). The figure provides strong evidence that the part of the spectrum
closest to 0 is resolved by the algorithm and has Lebesgue measure zero. We shall see
more evidence for this in Sect. 4.5.

4.5 Fractal Dimension

For this example, we again consider the operator H in (4.2), for which the fractal
dimension of Sp(H) is unknown. In Fig.7, we plot Ny, (1:105 (H)N[—3, 00)) against
FoC
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ny (recall that Ng(F) is the number of closed intervals of length § > 0 required to
cover F). This corresponds to a rectangular truncation with n; = 103 columns. Recall
that I",, denotes the algorithm that converges to the spectrum with error control, in
particular avoiding spectral pollution (see “Appendix A”). We also show a linear fit
of slope 0.8. The error control provided by the algorithm I, allows us to deduce the
region where the fit holds, corresponding to a reliable resolution of the spectrum (this
is at least as large as the region shown in the plot). In other words, we can ensure
that 75 is not too large so that the spacings of the coverings are not smaller than the
numerically resolved spectrum. As expected, when n, is too large we see the effect of
the grid spacing and the unresolved spectrum (by choosing larger n1, we can take nj
larger). The figure suggests that the spectrum above —3 is fractal with box-counting
dimension ~ 0.8 and hence has Lebesgue measure zero, in agreement with the findings
in Fig. 6.

Figure 7 also shows what happens when one performs the same experiment but with
a finite section replacing I, (now using a square 103 x 103 truncation). There are two
noticeable features. First, for small n;, using a finite section produces an overestimate
of the size of the covering and the corresponding slope of the graph due to spectral
pollution. In other words, finite section prevents us from detecting the fractal spectrum.
Second, the covering estimate via finite section breaks down at smaller ny and it is
impossible to predict suitable values of 7, so that the spacings of the coverings do not
go beyond the resolution of the computed spectrum. Together, these issues highlight
why the finite section method is unsuitable in general!” for approximating fractal
dimensions and why the new algorithms in this paper (which are proven to converge)
are needed.

17 There do exist examples of operators, typically with a lot of structure, where one can use periodic
versions of finite section.
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Fig.7 A plot of Njy, (1:‘105 (H) N [—3, 00)) against no. We found a scaling region with estimated box-
counting dimension ~ 0.80. Note that for large ny = 5000, scalings are not resolved by I'jp5 (we can
predict when this happens using the Ef‘ property of I', ). We have also shown the approximation using finite
sections (square 10° x 10° matrix truncations), as a dashed line, which overestimate the size of coverings,
cannot detect the fractal structure, and break down for smaller np

5 Mathematical Preliminaries and Combinatorial Problems in the SCI
Hierarchy

In this section, we begin by providing formal definitions of the SCI hierarchy. We then
link the SCT hierarchy, in a certain specific case, to the Baire hierarchy on a suitable
topological space. As well as being interesting in its own right, this provides a useful
method of providing canonical problems high up in the SCI hierarchy. In particular,
the results we prove hold for towers of general algorithms (see Definition 5.1) without
the restrictions of arithmetic operations or notions of recursivity etc. This will be used
extensively in the proofs of lower bounds for spectral problems that have SCI > 2,
where we typically reduce the problems discussed here to the given spectral prob-
lem. It should be stressed that such links to existing hierarchies only exist in special
cases when Q2 and M are particularly well-behaved. Even when such a link does
exist, the induced topology on €2 is often too complicated, unnatural or strong to be
useful from a computational viewpoint. We also take the view that, for problems of
scientific interest, the mappings A and metric space M are often given to us apriori
from the corresponding applications and are typically not compatible with topological
viewpoints of computation.

5.1 The SCI Hierarchy

We begin by defining the solvability complexity index (SCI) hierarchy, allowing us to
show that our algorithms realise the boundary of what computers can achieve. We have
FoC
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already presented the definition of a computational problem {Z, 2, M, A} in §2.1.
Recall that the goal is to find algorithms that approximate the function E. More gen-
erally, the main pillar of our framework is the concept of a tower of algorithms, which
is needed to describe problems that need several successive limits in the computation.
However, first one needs the definition of a general algorithm.

Definition 5.1 (General Algorithm) Given a computational problem {Z, 2, M, A}, a
general algorithm is a mapping I' : © — M such that for each A € Q

(i) there exists a (non-empty) finite subset of evaluations Ar(A) C A,
(ii) the action of I" on A only depends on {A s} rear(a) Where Ay := f(A),
(iii) for every B € 2 such that By = Ay for every f € Ar(A), it holds that
Ar(B) = Ar(A).

The definition of a general algorithm is more general than the definition of a Turing
machine [164] or a BSS machine [28]. A general algorithm has no restrictions on
the operations allowed. The only restriction is that it can only take a finite amount of
information, though it is allowed to adaptively choose the finite amount of information
it reads depending on the input. Condition (iii) ensures that the algorithm consistently
reads the information. With a definition of a general algorithm, we can define the
concept of towers of algorithms.

Definition 5.2 (Tower of Algorithms) Given a computational problem {E, 2, M, A},
a tower of algorithms of height k for {E, 2, M, A} is a family of sequences of func-
tions

Fnk:QﬁM, Fnkﬁnk—l:Q_)M’ 7Fnk .....
where ny, ..., n1 € Nand the functions I, », at the lowest level of the tower are
general algorithms in the sense of Definition 5.1. Moreover, for every A € €,

..........

E(A)znklgnoornk(A)’ Fnk nj+1(A)=n}il>1100Fnk nj(A) jIk—l,...,l.

In addition to a general tower of algorithms, we focus on arithmetic towers.

Definition 5.3 (Arithmetic Tower) Given a computational problem {E&, 2, M, A},
where A is countable, we define the following: An arithmetic tower of algorithms
of height k for {E, @2, M, A} is a tower of algorithms where the lowest functions
I' = Tyny @ R — M satisfy the following: For each A € Q the mapping
(g, ...,n) = Ty (A) =Ty 0y ({Af}ren) is recursive, and 'y,
a finite string of complex numbers that can be identified with an element in M. For
arithmetic towers, we let o = A.

,,,,,

Remark 5.4 By recursive we mean the following. If f(A) € Q (or Q + iQ) for all
f € A, A € @, and A is countable, then 'y, », ({Af} rea) can be executed by a
Turing machine [164], that takes (ng, ..., n1) as input, and that has an oracle tape
consisting of {A ¢} ren. If f(A) e R (or C)forall f € A,then 'y, ({Afr)ren)
can be executed by a BSS machine [28] that takes (ng, ..., n1), as input, and that has
an oracle that can access any Ay for f € A. O
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Given the definitions above we can now define the key concept, namely the solv-
ability complexity index:

Definition 5.5 (Solvability Complexity Index) A computational problem { E, 2, M, A}
is said to have solvability complexity index SCI(E, 2, M, A), = k, with respect
to a tower of algorithms of type «, if k is the smallest integer for which there
exists a tower of algorithms of type « of height k. If no such tower exists, then
SCI(E, 2, M, A), = oc. If there exists a tower {I',},en of type « and height one
such that E = T, for some n; < oo, then we define SCI(E, 2, M, A), = 0.
The type @ may be General, or Arithmetic, denoted, respectively, G and A. We may
sometimes write SCI(E, Q) to simplify notation when M and A are obvious.

We will let SCI(E, 2)a and SCI(E, ©2)g denote the SCI with respect to an arith-
metic tower and a general tower, respectively. Note that a general tower means just a
tower of algorithms as in Definition 5.2, where there are no restrictions on the math-
ematical operations. Thus, clearly SCI(E, )4 > SCI(E, 2)g. The definition of the
SCI immediately induces the SCI hierarchy:

Definition 5.6 (The Solvability Complexity Index Hierarchy) Consider a collection C
of computational problems and let 7 be the collection of all towers of algorithms of
type « for the computational problems in C. Define

AY :={{E, Q} € C | SCI(E, Q)4 = 0}
A% :={{E, Q) € C|SCI(E, Q) < m}, meN,

as well as
AY ={{E,Q}eC|I{Tulneny € T s.t. VA AT, (A), E(A)) <27}

When there is additional structure on the metric space, such as in the spectral case
when one considers the Attouch—Wets or the Hausdorff metric, one can extend the SCI
hierarchy. For non-empty closed sets, we consider the Atfouch—Wets metric defined
by

o0
daw(C1, C2) = > 27" min {1, sup |dist(x, C1) — dist(x, C)[ { . (5.1)

n=1 |x|<n

for Cy, C, € CI(C), where CI1(C) denotes the set of closed non-empty subsets of C.
This generalises the familiar Hausdorff metric to unbounded closed sets and corre-
sponds to local uniform converge on compact subsets of C.

Definition 5.7 (The SCI Hierarchy (Attouch—Wets/Hausdorff metric)) Given the set-
up in Definition 5.6, and suppose in addition that (M, d) has the Attouch—Wets or the
Hausdorff metric induced by another metric space (M’, d’), define, for m € N,

5§ = 11§ = A5,
‘])‘ ={{g, Q} e A%‘ | 3T} e T, {Xn(A)) C Mst. T,(A) /\Sl’ X, (A),
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ILIIQO I'h(A) = B(A), d(Xn(A), B(A) <27" VA e Q},
MY = ({E,.Q} € AY |3} € T, {X,(A)} C M. E(4) C X, (),

lirgl<> [ (A) = E(A), d(X,(A),T,(A) <27" VA € @},

where C 4 means inclusion in the metric space M’, and { X, (A)} is a sequence where
X, (A) € M depends on A. Moreover,

T = HE Q) € AL 13T
(K (A} € Msit. T,y (4) C X, (A),

lim T, (A) = E(A), d(Xn,, (A), E(A) <27+ VA € Q},

Rp41—>00
H%H = {{E1 Q} € A%+2 |3 {F”erl .....
{Xn,, 1 (A} C Msit. E(A) /g(/ X1 (A),

lim Ty, (A) = E(A), d(Xp,,,(A), Ty, (A) <27"1 VA € Q},

Np+1—>

where d can be either dy or daw.

Note that to build a ¥ algorithm, it is enough (by taking subsequences of n) to
construct ', (A) such that ', (A) C N, (a)(E(A)) with some computable E,(A) that
converges to zero. The same idea can be applied to the real line with the usual metric,
or {0, 1} with the discrete metric (we interpret 1 as “Yes”).

Definition 5.8 (The SCI Hierarchy (totally ordered set)) Given the set-up in Defini-
tion 5.6 and suppose in addition that M is a totally ordered set. Define

T¢ =% = AZ,
T={E, Qe AT |I{Th} €T st.T(A) /1 E(A) YA € Q},
$={E,Q} e AT |3{Th} e T st.Th(A) \( E(A) VA € Q},

where ' and \ denotes convergence from below and above, respectively, as well as,
form e N,

,,,,,

T = HE, Q) € AL o 13T,
31-1,-1 = {{Es Q} € A;Xn+2 | 3 {Fi’ler]

m) €T st.Ty, (A 7 E(A) VA € Q},
m) €T s.t. Ty (A) N\ E(A) VA € Q).

Remark 5.9 (A7 C XY C AY) Note that the inclusions are strict. For example, if Qg
consists of the set of compact infinite matrices acting on lZ(N) and E(A) = Sp(A)
(the spectrum of A) then {E, Qg} € Af but not in Xf U I1{ for o representing
either towers of arithmetical or general type (see [18] for a proof). Moreover, as was
demonstrated in [64], if Q is the set of discrete Schrodinger operators on [%(Z), then
{E,Q}GE‘I" but not in A{. O
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Suppose we are given a computational problem {E, 2, M, A}, and that A =
{fj}jep, where B is some index set that can be finite or infinite. Obtaining f; may
be a computational task on its own, which is exactly the problem in most areas of
computational mathematics. In particular, for A € 2, f;(A) could be the number e
for example. Hence, we cannot access f;(A), but rather f; ,(A) where f; ,(A) —
fj(A) as n — o0. Or, just as for problems that are high up in the SCI hierarchy, it
could be that we need several successive limits, in particular one may need mappings
Sfinm,ny - & — D+ i), where D denotes the dyadic rational numbers, such that

lim ... lim || fjn,
Ny —> 00 np—oo

m(A) = fi(Allo=0 VjepVAEQ. (52)

.....

In particular, we may view the problem of obtaining f;(A) as a problem in the SCI
hierarchy, where A classification would correspond to the existence of mappings
Sjn 2 € — D+ iD such that

I fin(A) = fi(Dllc <27" VjeBVAEQ. (5.3)

This idea is formalised in the following definition.

Definition 5.10 (A,,-information) Let {E, Q, M, A} be a computational problem.
For m € N, we say that A has A, -information if each f; € A is not available,
however, there are mappings f; u,,....n; : 2 — D+ilDsuch that (5.2) holds. Similarly,
for m = 0 there are mappings f; , : & — D + i such that (5.3) holds. Finally, if
k € Nand A is a collection of such functions described above such that A has Ag-
information, we say that A provides Ag-information for A. Moreover, we denote the
family of all such A by £K(A).

We want algorithms that can handle all computational problems {&, €2, M, f\}
when A € L£™(A). To formalise this, we define a computational problem with A,,-
information.

Definition 5.11 (Computational problem with Ap-information) Given m € N with
m > 1, a computational problem where A has A, -information is denoted by
(2,2, M, A}2n .= (8, Q, M, A}, where

&= {4 = Ujmnoroom D)y yomieprcrvnt | A € R0 f)jep = A,

Fimn oo, satisfy (5.2)}.

Moreover, E(A) = E(A), and we have A = {finmtrmiYjnmr,....nyepxrm—1 Where

Fimmrrmy (A = finn 1. (A). Note that & is well-defined by Definition 2.1 of
a computational problem. Similarly, we define Aj-information using (5.3).

The SCI and the SCI hierarchy, given A, -information, are then defined in the
standard obvious way.
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Remark 5.12 (Classifications in this paper) For the problems considered in this paper,
the SCI classifications do not change if we consider arithmetic towers with Aj-
information. This is easy to see through Church’s thesis and an analysis of the stability
of our algorithms. For example, when the input is rational we have been careful
to restrict all relevant operations to Q rather than R, and errors incurred from Aj-
information can be removed in the first limit. Explicitly, for the algorithms based on
DistSpec (see “Appendix A”) it is possible to carry out an error analysis. We can
also bound numerical errors (e.g. using interval arithmetic [163]) and incorporate this
uncertainty for the estimation of || R(z, A)||_1 to gain the same classification of our
problems. Similarly, for other algorithms based on similar functions. In other words,
for the results of this paper, it does not matter which model of computation one uses
for a definition of ‘algorithm’. From a classification point of view, they are equivalent
for these spectral problems. This leads to rigorous X} or I} type error control suitable
for verifiable numerics. In particular, for X{ or I1{ towers of algorithms, this could
be useful for computer-assisted proofs. O

5.2 Recalling Some Results from Descriptive Set Theory

We briefly recall the definition of the Borel hierarchy as well as some well-known
theorems from descriptive set theory. It is beyond the scope of this paper to provide an
extensive discussion of descriptive set theory, but we refer the reader to [98, Chapter
2] for an excellent introduction that covers the main ideas.

Let X be a metric space and define

20(X)={U c X: Uisopen}, TY(X)=~ E)(X)={F C X : Fis closed},

where for a class U, ~U denotes the class of complements (in X) of elements of /.
Inductively define

TPX) = {UnenAn : Ay € T L &, < £}, ifE > 1,
MY(X) =~ 22(X), AL(X) = 2{(X) N TIE(X).

The full Borel hierarchy extends to all § < w| (w; being the first uncountable ordinal)
by transfinite induction but we do not need this here.

Definition 5.13 Given a class of subsets, I/, of a metric space X and given another
metric space Y, we say that the function f : X — Y is i{-measurable if f~!'(U) e U
for every openset U C Y.

Given metric spaces X and Y, the Baire hierarchy is defined as follows. A function
f : X — Y is of Baire class 1, written f € By, if it is ZS(X)-measurable. For
1 < & < w, afunction f : X — Y is of Baire class &, written f € B, if it is
the pointwise limit of a sequence of functions f, in Bg, with &, < &. The following
Theorem is well-known [98, Section 24] and provides a useful link between the Borel
and Baire hierarchies.
Elol:;ﬂ
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Theorem 5.14 (Lebesgue, Hausdorff, Banach) Let X,Y be metric spaces with Y
separable and 1 < & < wy. Then, f € Bg if and only if it is EQH(X) measurable.
Furthermore, if X is zero-dimensional (Hausdorff with a basis of clopen sets) and
f € By, then f is the pointwise limit of a sequence of continuous functions.

The assumption that X is zero-dimensional in the last statement is important. With-
out any assumptions, the final statement of the theorem is false, as is easily seen by
considering X = R. Examples of zero-dimensional spaces include products of the
discrete space {0, 1} or the Cantor space. Any such space is necessarily totally dis-
connected, meaning that the connected components in the space are the one-point sets
(the converse is true for locally compact Hausdorff spaces). Our primary interest will
be when Y is equal to {0, 1} or [0, 1], both with their natural topologies.

5.3 Linking the SCl Hierarchy to the Baire Hierarchy in a Special Case

Definition 5.15 Given the triple {2, M, A}, a class of algorithms A is closed under
search with respect to {2, M, A} if whenever

(1) Z is an index set,

(2) {ni}iez a family of natural numbers,

3) (Tiy:Q— Mliczi<n; C A,

4) {Ui1}iez,1<n; family of basic open sets in M with U;e7 Nj<p; Fl.fll Ui =,
(5) {ci}ier a family of points in some arbitrary dense subset of M,

then there is some I' € A such that for every x €  there exists some i € Z with
I'(x) =c; and for all ] < n; we have I'; ;(x) € U; .

Proposition 5.16 Suppose that A is closed under search with respect to {2, M, A},
then there exists a topology T on 2 such that A{\ is precisely the set of continuous
functions from (2, T) to M.

Proof Let T be the topology generated by {I~!(B) : I' € A, B C M basic open}.
Any I' € A is continuous with respect to this topology. Uniform limits of continuous
functions into metric spaces are also continuous, and hence any function in Af‘ is
continuous with respect to 7 .

For the other direction, suppose that f : (2,7) — M is continuous. Choose
{ciliecz € M such that M C U;czD(ci, 27"). Continuity of f implies that
f “L(D(c¢;, 27™)) are open. This implies that there is an index set 7, natural num-
bers {n; j}je7, a family {Fi,j,l}ieI,jeJ,lgn,-_,- (in A) and a family of basic open sets
{Ui.j,l}ieI,jeJ,lgni_j with the property that

e 2y = () T Wi

jeJ I<n;

It follows that

—1 _
U Nrian=2
ieZ,jeJ I=n;
Elol:';”
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Since A is closed under search, there exists f, € A such that for every x € Q there
exists some i € Zand j € J with f,(x) =¢; andforall/ < n; j,x € FZ}J(UZ-,]-J).
But this implies that d(f;,(x), f(x)) < 27". Since n was arbitrary, we have f € Af‘.

O

The generated topology can be very perverse and not every class of algorithms is
closed under search. However, we do have the following useful theorem when €2 (and
A) is a particularly simple discrete space.

Theorem 5.17 Suppose that Q@ = {0, 1} = {{a;}ien : ai € {0, 1}} with the set of
evaluation functions A equal to the set of pointwise evaluations {\j(a) :=aj : j € N}
and let M be an arbitrary separable metric space with at least two separated points.
Endow Q2 with the product topology, T, induced by the discrete topology on {0, 1} and
consider the Baire hierarchy, {Bg (2, T, M) = Bt e <oy, of functions f : Q@ — M.
Then for any problem function € : @ — M and m € N,

[E,Q,A} e AS | & E € By. (5.4)

In other words, the SCI corresponds to the Baire hierarchy index.

Remark 5.18 The proof shows that we can replace Q by {0, 1}"*N or any other such
product space (induced by a discrete topology) of the form A® with A, B countable,
with A the corresponding component-wise evaluations, as long as M has at least |A|
jointly separated points and is separable. O

Proof First we show that general algorithms are closed under search and that the
topology 7 in Proposition 5.16 is equal to the product topology 7. Without loss of
generality, we can assume that 7 is well-ordered by <. Given x € @, let k € N be
minimal such that there exists i € Z with x € N;<y; F;ll(U,-J) and Ar;,(x) C {A; :
Jj < k}forl < n;.Letig be the <-least witness for k and then define I'(x) = c¢;,. The
well-ordering of Z implies that ' is a general algorithm, and it clearly satisfies the
requirements in the definition of closed under search. Note that this part of the proof
only uses countability of A.

To equate the topologies, suppose that I' € Ag is a general algorithm. For each
a € Q, Ar(a) is finite and we can assume without loss of generality that it is equal
to {A; : j < I(a)} for some finite I (a). In particular, there exists an open set U, such
that any b € U, has A;(b) = Aj(a) for j < I(a) and hence I'(b) = I'(a). Then for
any open set B C M

rr'ey= \J U

ael~1(B)

is open. Hence each I' is continuous with respect to the product topology on 2. It

follows that 7 C 7. To prove the converse, we must show that each projection map

A is continuous with respect to 7. Let x1, x> be separated points in M and consider

f:{0,1} = M with f(0) = x; and f(1) = x2. Then the composition f o A; is a

general algorithm and hence continuous with respect to 7. But this implies that A ; is
Elol:;ﬂ
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continuous. It follows from Proposition 5.16 that {E, 2, A} € Af if and only if E is
continuous.

Now the space (2, 7) is zero-dimensional and M is separable, hence by Theo-
rem 5.14, any element of 3 is a limit of continuous functions. The converse holds in
greater generality. It follows that E € B,, if and only if there are f,,,, ., € A? with

.....

B@) = lim --- lim fp,  a(a). (5.5)

Ny —> 00 ny— oo

If this holds, then there exist general algorithms I';,,, .. ,, such that for alla € Q,

.....

d(Fn,,, ,,,,, n (a), fnm ..... n (a)) < 2
and hence

lim --- lim T, . (a)= E(a)
Ny —> 00 ni—oo

so that {E, 2, A} € AgH. Conversely if {E, 2, A} € AfjH with tower of algo-
rithms {I',,,, . n,}, then since each general algorithm is continuous, (5.5) holds with
fnm ..... n (a) = an,...,nl . O

5.4 Combinatorial Problems High up in the SCI Hierarchy

We can now combine the results of the previous two subsections and obtain combi-
natorial problems high up in the SCI hierarchy. Let k € Nx, and let € denote the
collection of all infinite arrays {a, ... m; }m;,...,men With entries ay,, ., € {0, 1}. As
usual, Ay is the set of component-wise evaluations/projections. Consider the formulas

1, if JiVjIn> js.toay, 0=
Pla,my,...,mp_2) = } ,
0, otherwise

1, if V¥V jan > j st am..moni=1

Q(a,M1,~-.,mk2)={ ,

0, otherwise

where YV means “for all but a finite number of”. In words, P decides whether the cor-
responding matrix has a column with infinitely many 1’s, whereas Q decides whether
the matrix has only finitely many columns with only finitely many 1’s. For R = P or
Q, consider the problem function for a € €2

_ dm; Vmy ... Vmyp_oR(@a,my, ..., mr_2), ifkiseven
Er.r(a) =

VYmi3dmy ... Ymy_oR(a,my, ..., my_p), otherwise

that is, so that all quantifier types alternate.
FolCT
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Theorem 5.19 Let M be either {0, 1} with the discrete metric or [0, 1] with the usual
metric and consider the above problems {Ey, Qx, M, Ai}. Fork € N>y and R = P

or Q,
G - 4
Al ZALERR, Qs M, Ak} € Ay,

In other words, we can solve the problem via a height k + 1 arithmetic tower, but it is
impossible to do so with a height k general tower.

Remark 5.20 Note that we allow both discrete and continuous spaces M, which will be
important for our reduction arguments when proving lower bounds for classifications
of spectral problems for non-discrete M. The lower bound is a strong result in the
sense that it holds regardless of the model of computation. In other words, it is the
intrinsic combinatorial complexity of the problems that make the problems hard. O

Proof We deal with the case of R = P since the case of R = Q is completely
analogous. It is easy to see that {Ex p, Q, M, Ar} € Al?+2' First consider the case
k =2 and set

ni
Fn3 ny,ni (a) = max X(nz 0) (Z a;i ])

i=l

where xc denotes the indicator function of a set C. This is the decision problem that
decides whether there exists a column with index at most n3 such that there are at least
ny 1’s in the first ny rows. This is clearly an arithmetic tower and it is straightforward
to show that this converges to E, p in M (in either of the {0, 1} and [0, 1] cases).
For k > 2, we simply alternate taking products (which corresponds to minima in this
case) and maxima. Explicitly, we set

Cniii,n (@)
ny
max l—[ l—[ max X(”Z o0) aml M7, J N lf k iS ecven
mlf”k+l Z
my_o=1 1_1
M+1 ng
max - - 1_[ max X(n2,00) § Amy,...mp_n,i,j s otherwise.
ma=nj j<
mi=1 my_py=1 i=1

Again, this is an arithmetic tower and it is straightforward to show that this con-
verges to &g p in M. It also holds that {E p, 2, M, Ax} € Z{‘H if k is even and
{Ek.p, Qu, M, Ar} € Hfﬂ if k is odd (not to be confused with the notation for the
Borel hierarchy).

Recall the topology 7 on € from Theorem 5.17. For the lower bound, we note that
Pis Eg complete (in the literature it is known as the problem “S3”, see for example
[98, Section 23]). Since (2, 7)) is zero-dimensional, a theorem of Wadge implies
that this means that P is the indicator function of a set, also denoted by P, which
lies in Eg(Qk) but not Hg(Qk). It also follows that E p is Z,?H(Qk) complete if

FoE'ﬂ
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k is even and 1'[2 +1(82) complete otherwise. Now suppose for a contradiction that
{Ek.p, Qu, M, Ai} € Ak+1 But then Theorem 5.17 implies that Ex p € By (2, M)
and hence by Theorem 5.14, E; p is E,? +1(Qk) measurable. &y p is the indicator
function of a set, which we denote by E; p with an abuse of notation, which is
either E,?H () or I'II(C)Jrl (2;) complete depending on the parity of k. But 0 and 1

are separated in M and hence since Ey p is 2,9 +1(9‘k) measurable, Z; p and its
complement both lie in %P, (). It follows that 8¢ p € T, () N TIY, | (),
contradicting the stated completeness. O

For our applications to spectral problems, we will use  to denote 2 and consider

o.p, E2= &2,

(5.6)

e O

w
Il

[ O

E3,p, B4 =E30.

Theorem 5.19 holds for a much wider class of decision problems, but these four are the
only ones we shall use in the sequel. The decision problems Z; and E, were shown to
have SCIg = 3 in [18], but only with regard to the discrete space M = {0, 1} and the
proof used a somewhat complicated Baire category argument. Theorem 5.19 is much
more general, can be extended to arbitrarily large SCI, and has a much slicker proof,
making clear a beautiful connection with the Baire hierarchy for well-behaved €.

6 Proofs Concerning Spectral Radii, Essential Spectral Radii, Capacity
and Operator Norms

Here we prove the theorems found in Sects. 3.1-3.3. First, we briefly recall Ef‘ algo-
rithms for spectral problems presented in [64], that are sharp in the SCI hierarchy. The
algorithms constructed in [64] are shown as pseudocode in “Appendix A”, where we
also refer the reader to a more detailed account. The following was proven in [64] and
was generalised in [60] to unbounded operators:

Theorem 6.1 For each Q2y and Qr N Qg, consider the family A consisting of Ay,
together with pointwise evaluation of f, {c,} (and evaluation of g at rational points if
considering Q¢ N Q). The algorithms presented in “Appendix A” achieve Zf‘ error
control. In particular the following classification holds:

AS F(Sp(), Qr N, A1} € B, AP F(Sp.(), 2y, A1} € T

We now turn to the proof of Theorem 3.3, dealing first with the evaluation set Aj.
Suppose that {I';, . .} isa H,f tower of algorithms to compute the spectrum of a

.....

class of operators, where the output is a finite set for each ny, ..., ng. It is then clear
that
1
Fnk ,,,,, ni (A) = ~ sup |Z| + 2Tk
ZEFnk ,,,,, ny (A)
FoE'Tl
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provides a IT ,? tower of algorithms for the spectral radius. Strictly speaking, the above
may not be an arithmetic tower owing to the absolute value. But it can be approximated
to arbitrary precision (from above say), the error of which can be absorbed in the
first limit. In what follows, we always assume this is done without further comment.
Similarly if {f‘n t....n 1 providesa X ,? tower of algorithms for the spectrum (and outputs
a finite set for each ny, ..., ng),

1
Fnk ..... ni (A) = ~ sup |Z| - ZTk
Zernk,.“,nl(A)

provides a X ,‘{4 tower of algorithms for the spectral radius. If we only have a height k
tower with no X or I type error control for the spectrum, then taking the supremum
of absolute values shows that we get a height k tower for the spectral radius.

The fact that {E,, Qp} € Z{, {E,, Q5 N Q) € T (B, Q¢) € THL{E), Q) €
M4 and {E,, Qg} € I14 hence follow from Theorems 6.1 and the results of [18]. It
is clear that {E,, Qp} ¢ A1G and this also shows that {E,, 2N} ¢ A? and {E,, 2 N
Q) ¢ AIG. Hence, we must show the positive result that {Z,, Qn} € ElA and prove
the lower bounds {E,, Q,} ¢ AY, {E,, s} ¢ AY and {E,, QB} ¢ AY.

Proof of Theorem 3.3 for A1 Throughout this proof, we use the evaluation set Ay,
which we drop from the notation for convenience.

Step 1 {E,, QN} € EIA. Recall that the spectral radius of a normal operator A € Qp
is equal to its operator norm. Consider the finite section matrices P,AP, € C**". It
is straightforward to show that

[PnAP Il 1 Al asn — oo.

The norm || P, A P, || is the square root of the largest eigenvalue of the semi-positive
definite self-adjoint matrix (P, A P,)*(P, A P,). This can be estimated from below to
an accuracy of 1/n using Corollary 6.9 of [60], which then yields a ElA algorithm for
{ Er ’ QN}~

Step 2 {E,, Qg} ¢ Ag. Recall that we assumed the existence of a § € (0, 1) such
that g(x) < (1 — §)x. Let € > 0, then it is easy to see that the matrices

Si(e) = ( N ‘f)

have norm bounded by 1 + € + € and are clearly inverse of each other. Choose e
small such that (1 + € 4 €%)? < 1/(1 — ). If B € C**? is normal, it follows that
B := 51 (e)BS_(¢) lies in 2, and has the same spectrum as B. We choose

~ _ 2 _
B=S5.( <_1€ 06) S_(e) = (1 o _:2> :

The crucial property of B is that the first entry 1 + € is strictly greater in magnitude
than the two eigenvalues (1 £ /1 + 4€2)/2.

Elol:;ﬂ
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Now suppose for a contradiction that a height one tower, {I",}, solves the problem.
We will gain a contradiction by showing that I';;(A) does not converge for an operator
of the form,

o
AZ@AM Ay = e cmm,
r=1

where we only consider /; > 3. Each A,, is unitarily equivalent to the matrix B®0 e
C™>m and has spectrum equal to {0, (1 & +/1 + 4€2)/2}. Any A of the above form is
unitarily equivalent to a direct sum of an infinite number of B’s and the zero operator
and hence lies in ,. Now suppose that /1, . .., [ have been chosen and consider the
operator

Bi=A,® - ®A, ®C, C=diag{l +€2,0,...}.

The spectrum of By is {0, (1 & /1 +4€2)/2,1 + 62}, and hence, there exists n > 0
and n(k) > k such that Ty (Br) > (1 + /14 4€2)/2 + n. But I' ) (Bi) can
only depend on the evaluations of the matrix entries {Bi};; = (Bej, ¢;) with i, j <
N (Bg, n(k)) (as well as evaluations of the function g) into account. If we choose [ 41 >
N (B, n(k)) then by the assumptions in Definition 5.1, I'y)(A) = Thp)(Bk) >
(14++/1 + 4€2)/2+n.ButI',,(A) must converge to (1++/1 + 4€2) /2, a contradiction.

Step 3 {E,, Qr} ¢ Ag . Suppose for a contradiction that a height one tower, {I',},
solves the problem. We will gain a contradiction by showing that I',,(A) does not
converge for an operator of the form

01
o 01
A=Pc, oA, A= ol ecmm
r=1 1
0

C,, = diag{0,0,...,0} € C"™*",

where we assume that /. > r to ensure that the spectrum of A is equal to the unit disc
B1(0). Note that the function f(n) = n + 1 will do for the bounded dispersion with
¢n, = 0. Now suppose that /1, ..., [y have been chosen and consider the operator

Bi=(C,®A,) @ - &(C, ®A;) ®C, C =diag(0,0,...}.

The spectrum of By is {0} and hence there exist n(k) > k such that I';; ) (Bx) < 1/4.
But 'ty (Bx) can only depend on the evaluations of the matrix entries {Bi};; =
(Brej,e;) with i, j < N(Bg,n(k)) (as well as evaluations of the function f) into
FoC
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account. If we choose ly4+1 > N (B, n(k)), then by the assumptions in Definition 5.1,
Ty (A) =Ty (Br) < 1/4. But I',(A) must converge to 1, a contradiction.

Step 4 {E,, 2B} ¢ A?. Suppose for a contradiction that {I",, ,,} is a height two
(general) tower and without loss of generality, assume it to be nonnegative. We use
the results of Sect. 5. Let (M, d) be the space [0, 1] with the usual metric (note in
particular this is not discrete so we use Remark 5.20), let Q denote the collection of all
infinite matrices {a; j}; jen with entries a; ; € {0, 1} and recall the problem function

E1({ai,j}) : Does {a;,;} have a column containing infinitely many nonzero entries?

Theorem 5.19 in Sect. 5 shows that SCI(Z, S~2)(;~= 3. We will gain a contradiction
by using the supposed height two tower to solve {E1, 2}.

Without loss of generality, identify Qp with B(X) where X = @;’il X in the
[2-sense with X; = 12(N). Now let {ai,j} € € and define B; € B(X) with the matrix

representation

—_—

, ifk=ianda; ;=0
(Bj)i =41, ifk<ianda,;j =0fork <l <i
0, otherwise0 <n < 1.

Let Z; be the index set of all i where a; ; = 1. B; acts as a unilateral shift on
span{ey : k € Z;} and the identity on its orthogonal complement. It follows that

1, ifZ; =0
Sp(B;) = 11{0, 1}, if Z; is finite and non-empty
D (the unit disc), if Z; is infinite.

For the matrix {g; ;} define A € Qg by
= 1
A= G?(Bj =51,
j=

where I; denotes the identity operator on CJ/*J then Sp(A) = U?ilsp(B i) — %
Hence, we see that

1 ex
o 5, if Ei1({ai j}) =0
cHEVES ENn
5, ifEi({ai ;b =1L
We then set f‘nz,nl({ai,j}) = min{max{I',, ,, (A) — 1/2,0}, 1}. It is clear that this
defines a generalised algorithm mapping into [0, 1]. In particular, given N we can
evaluate {Ay; : k,I < N} using only finitely many evaluations of {a; ;}, where we
can use a bijection between canonical bases of / 2(N) and EB?‘;I X toview A as acting
FoC Tl
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on /2(N). But then {f‘nz,nl} provides a height two tower for {E1, Q}, a contradiction.
O

Remark 6.2 The algorithm in step 1 of the above proof works for any operator whose
operator norm is equal to its spectral radius. If, instead, the operator is spectraloid,
meaning the spectral radius is equal to the numerical radius

w(A) = sup{|{Ax, x)| : [|lx]| = 1},

then a similar argument will hold by estimating w (P, A P,,). To do this, we need a way
of computing w(A) to a given accuracy using finitely many arithmetic operations and
comparisons (e.g. Lemma 7.1 below). O

Proof of Theorem 3.3 for A, Here we prove the changes for &, when we consider
the evaluation set A,. It is clear that the classifications in Ef‘ do not change. It is also
easy to use the algorithm in Theorem 6.1 (now using A, to collapse the first limit and
approximate y,—see “Appendix A”) to prove {E,, g, Az} € ZIA. Similarly we can
use the algorithm for the spectrum of operators in ¢ for g using A; to collapse
the first limit and hence {E&,, Qp, Az} € H’z“. Since Q2 C 2B, it follows that we
only need to prove {E,, Qr, A2} ¢ Ag . This can be proven using exactly the same
example and a similar argument to step 3 of the proof of Theorem 3.3 (hence omitted).

O

Proof of Theorem 3.6 We begin by proving the results for Aj. For the lower bounds,
it is enough to show that {E.,, 2, A1} ¢ AY and {E.,, Q8, A1} ¢ AY. For the
upper bounds, we must show that {E,, 7, A1} € I3, {E¢, 2, A1} € TT{ and
{Eer, @N, A1} € TI{. The lower bounds for A, follow from {E,, Qp, A1} ¢ AY
and for the upper bounds it is enough to prove {E,,, 2B, A2} € Hg‘.

Step 1 {E,r, Qp, A1} ¢ Azc . This is the same argument as in step 3 of the proof of
Theorem 3.3; however, now we replace A, by A,, = diag{1, 1, ..., 1} € C"*" and
use the fact that E,, (By) = 0. It follows that given the proposed height one tower {I';;}
and the constructed A, E,,(A) = 1 but I';,) (A) < 1/4, the required contradiction.

Step 2 {Ber, 2B, A1} ¢ A3G, This is the same argument as step 4 of the proof of
Theorem 3.3.

Step 3 {Ber, Qp, A1} € TI4, {Eer, @B, A1} € T4 and {E,,, Qp, A2} € T4
{Ber, Qp, A1} € Hﬁ‘ follows immediately from the existence of a Hf tower of algo-
rithms for the essential spectrum of operators in €2 ¢ proven in [18]. The output of this
tower is a finite collection of rectangles with complex rational vertices; hence, we can
gain an approximation of the maximum absolute value over this output to any given
precision. This can be used to construct a 1'[5‘ tower for {E.,, 2, A1}. Similarly,
{Eer, QB, A1} € Hg" follows from the H? tower of algorithms for {Sp., 2B, A1}
constructed in [18]. Finally, we can use A5 to collapse the first limit of the algorithm
for the essential spectrum in [18], giving a Hf algorithm, and this can be used to show
{Eer, Qm, A2} € 1.

Step 4 {E.r, QN, A1} € 1'1’24. A 1'[? tower is constructed in the proof of Theo-
rem 3.10 for the essential numerical range, W,(A), of normal operators (using A1),
and this outputs a finite collection of points. For normal operators A, W,(A) is the
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convex hull of the essential spectrum and hence sup,cy, (4 |2] is equal to E.r(A).
Hence, a H‘z“ tower for {E.-, N, A1} follows by taking the maximum absolute value
over the tower for W, (A). O

Proof of Theorem 3.7 Note that given a height & arithmetical tower {Fnk,...,nl ¢, p)}
for E, , and a class Q’, we can build a HI?H tower for {Ecqp, Q'} as follows. Let
P1, P2, - .. be an enumeration of the monic polynomials with rational coefficients and
Coy....ny (-, p) be an approximation to |Fnk ,,,,, n, (> p)|1/98(P) to accuracy 1/n7 using

finitely many arithmetic operations and comparisons. Define

Cuerom (A = min Ty i (A, pi).

1<m<nyq1

The fact that this is a convergent 1'[,/3‘ 1 tower is clear. This, together with inclusions of
the considered classes of operators, means that to prove the positive results we only
need to prove {&, p, 7, A1} € TP {E, p. @B, A1} € T4 and {E, , QB, A2} €
EIA. Likewise, for the negative results we only need to prove {Ecqp, Qp, A2} ¢ Ag
(the fact that {E, p, Qp, Az} ¢ A¥ is obvious), {Ecep, v, A1} ¢ AY and
{Erp, N, A2} ¢ Ag . We shall prove these results with Qn replaced by the class of
self-adjoint bounded operators denoted by Q2ga .

Step I {Er p, Rp, A1} € Zf\. The function f and sequence {c,} allow us to com-
pute the matrix elements of p(A) for any A € Qy and polynomial p to arbitrary
accuracy. We can then use the same argument as step 1 of the proof of Theorem 3.3,
approximating || P, p(A) P, || instead of || P, A P,||.

Step 2 {E, p, Qm, A1} € T4 and {E, ,, B, A2} € X For the first result, we
note that

lim ”Pnp(PmAPm)Pn” = ”Pnp(A)Pn”
m—00

andletT', ;, (A, p) be an approximation of || P, p( Py A Pry) P, || to accuracy 1/m, which
can be computed in finitely many arithmetic operations and comparisons. To prove
{Erp, 2B, A2} € E]A, for any given A € Qp we can use A, to compute a function
fa and sequence {c, (A)} bounding the dispersion such that A € /4 and use step 1.
Step 3 {Bcap, Qsa, A1} ¢ Ag. Suppose for a contradiction that {I";, ,, } is a height
two (general) tower for the problem and without loss of generality, assume it to be
nonnegative. Our strategy will be as in the proof of Theorem 3.3 (recall also the results
of Sect. 5). Let (M, d) be the space [0, 1] with the usual metric (note in particular
this is not discrete so we use remark 5.20), let Q denote the collection of all infinite
matrices {a; ;}; jen with entries a; ; € {0, 1} and consider the problem function

éz({a;,j}) : Does {a;, ;} have (only) finitely many columns with (only) finitely many 1’s?

Recall that it is shown in Sect. 5 that SCI(EZ, SNZ)G~= 3~ We will gain a contradiction
by using the supposed height two tower to solve {E,, 2}. Without loss of generality,
identify Qs with self-adjoint operators in B(X) where X = EBT;I X inthe [%-sense
FoC'T
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with X; =/ 2(N). To proceed, we need the following elementary lemma, which will
be useful in constructing examples of spectral pollution.

Lemma6.3 Letz1,z2,...,2x € [=1,1] and leta; = /1 — z? (say positive square
root). Then, the symmetric matrix

z1 0 --- a O
0220 <« | 0 ay 0 -
S0 . o0
Z a
B(zi, ..., 2) = P k—zl 5 k| ¢ okx2k
O(lz 0 ... 0 —22 0o --..
o 0
ax —Z

has eigenvalues 1 (repeated k times).

Proof By a change of basis, the above matrix is equivalent to a block diagonal matrix

with blocks
Zj aj
aj —=zj )’

These blocks have eigenvalues {—1, 1}. O

Now choose a sequence of rational numbers {z;}jen € [—1, 1] that is also dense
in[—1, 1] and let B; = B(z1, ..., z;). For each column of a given {g; ;} € Q, let the
infinite matrix C(/) be defined as follows. If k, I < j 4 1 then C\J’ = ;85 ;. Let r (i)
denote the row of the ith one of the column {g; j}jen (Withr(i) = 00if ), am j <
and r(0) = 0). If (i) < oo then for k < [ define

Apdii—r@i)—rii-1)=1), p=1,...,j,l=r@+j-Qi-1D+p—-1

C(j): —Zpbk1s p=1...,,l=r@+j-RQi—-1)+p-—1
K 2pdkls p=1,....jl=r)+2j-i+p—1
0, otherwise,

and extend C ,g{ ) below the diagonal to a symmetric matrix. The key property of this
matrix is that if the column {g; j};en has infinitely many 1s, then its is unitarily
equivalent to an infinite direct sum of infinitely many B; together with the zero operator
acting on some subspace (whose dimension is equal to the number of zeros in the
column). In this case Sp(C) = {—1, 1, 0} or {—1, 1}. On the other hand, if {a; ;};en
Elol:';”
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has finitely many 1, then C/) is unitarily equivalent the direct sum of a finite number
of Bj, the diagonal operator diag{z1, ..., zx} and the zero operator acting on some
subspace. In this case {z1,...,z;} C Sp(C(J)). Let A = @;11 CW, then it is clear

that if éz({ai, i} = 1, then Sp(A) is a finite set, otherwise it is the entire interval
[—1, 1]

Now we use the following facts for bounded self-adjoint operators A. If Sp(A) is
a finite set then E.,,(A) = 0, whereas if Sp(A) = [—1, 1] then E.,,(A) = 1/2
(this can be proven easily using the minimal /°° norm property of monic Chebyshev
polynomials). We then define fnz,nl ({a;,;}) = min{max{1 — 2I",, ,, (A), 0}, 1}. It is
clear that this defines a generalised algorithm. In particular, given N we can evaluate
{Ak : k,I < N} using only finitely many evaluations of {a; ;}, where we can use
a bijection between canonical bases of I?(N) and EB?‘;l X to view A as acting on
12(N). We also have the convergence limy, oo limy, 00 f‘an (a; jh) = ﬁz({ai,j}),
a contradiction.

Step 4 {Ecap, Qp, A2} ¢ Ag. This is the same argument as in step 3 of the proof of
Theorem 3.3. However, we now replace A, by A,, = diag{d,, d>, ..., d,} € C™™",
where {d;,} is a dense subsequence of [—1, 1], and use the fact that B, (Br) =
0. It follows that given the proposed height one tower {I',} and the constructed A,
Ecap(A) = 1/2 but I'y ) (A) < 1/4, the required contradiction.

Step 5 {Er p, Qsa, A2} ¢ AZG . Recall that we are given some polynomial p of
degree at least two. We assume without loss of generality that the zeros of p are 1
and |p(0)| > 1 (the more general case is similar). The argument is similar to step 3
of the proof of Theorem 3.3, but we spell it out since it uses Lemma 6.3. Suppose
for a contradiction that a height one tower, {I',;}, solves the problem. We will gain a
contradiction by showing that I';; (A) does not converge for an operator of the form,

o0
A= @B(Zl,-..,zz,.),
r=1

and define
C = diag{zl, 225 .- } (S QB.

We assume that /. > r to ensure that the spectrum of A is equal to {—1, 1} and hence
E,,p(A) = 0. Now suppose that/y, ..., [; have been chosen and consider the operator

Bi=Bz)®---®B(z1,...,z;,) ®C.

The spectrum of By is [—1, 1] so that &, ,(Bx) > 1 and hence there exists n(k) > k
such that Iy, x)(Bx) > 1/4. But I';,x)(Bx) can only depend on the evaluations of the
matrix entries {Bi};; = (Biej, e;) withi, j < N(By, n(k)) (as well as evaluations of
the function f) into account. If we choose /1 > N (B, n(k)) then by the assumptions
in Definition 5.1, I'y(k)(A) = Ty (Bx) > 1/4. But I';(A) must converge to 0, a
contradiction. O
Elol:;ﬂ
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Remark 6.4 (Efficiently computing the capacity) Listing the monic polynomials with
rational coefficients in the above proof is very inefficient. In practice, it is much better
to split the domain of interest into intervals (or squares if in the complex plane, but we
stick to the self-adjoint case in the following discussion). Suppose that each interval
has dyadic endpoints and a diameter of 27"*2 and that our operator is self-adjoint with
known bounded dispersion. One can then apply Lemma 3.21 (denoting the index of
that tower by 7n1) to obtain an interval covering of the spectrum which will converge
as n; — 0o, modulo the possibility of isolated points of the spectrum located at
the endpoints of the intervals. Since the capacity of a compact set is unaltered by
adding finitely many points, we do not have to worry about the endpoints—the limit
of the capacity of this covering as n| — oo will be the capacity of a covering of the
spectrum. As np — 00, we can use the fact that capacity is right-continuous as a set
function (for compact sets E,, E with E,, | E, one has cap(E,) | cap(E)) to obtain
a 1'[9 algorithm. The point of this is that it reduces the computation of the resulting
tower {I'y, »,} to computing the capacity of finite unions of disjoint closed intervals
in R. In our computational examples, we made use of the method in [109], which uses
conformal mappings and can deal with thousands of intervals. O

7 Proofs Concerning Essential Numerical Ranges, Essential Spectra
and Spectral Pollution

Proof of Theorem 3.10 for E,,. For the lower bounds, it is enough to note that
{Bwe, Qp, Az} ¢ Ag by the same argument as step 1 of the proof of Theorem 3.6.
The construction is exactly the same but yields dy(I'y k) (A), {0}) < 1/2, whereas
Ewe(A) = [0, 1]. Hence, the proposed height one tower cannot converge. To con-
struct a l'[g‘ tower for general operators, we need the following Lemma:

Lemma7.1 Let B € C"*" and € > 0. Then using finitely many arithmetic operations
and comparisons, we can compute points 71, . . ., zx € Q + iQ such that

du({zi, ..., 2%}, W(B)) <e.

Proof Recall from step 1 of the proof of Theorem 3.3 that we can compute an
upper bound M € Q4 for ||B| in finitely many arithmetic operations and com-
parisons. Now choose points xi, ..., x; € Q", each of norm at most 1, such that
da({xi, ..., xx}, {x € C" : ||x|| = 1}) < €/(3M). These can be computed in finitely
many arithmetic operations and comparisons using generalised polar coordinates and
approximations of trigonometric identities. It follows that

du({(Bx1, x1), ..., (Bx, xx)}, W(B)) < 2¢/3.

We then let each z; € Q + iQ be a €/4 approximation of (Bx;, x;), which can be
computed in finitely many arithmetic operations and comparisons. O
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Remark 7.2 (Efficient computation) In practice, there are much more efficient methods
of computation. For example, the method of Johnson [96], reduces the computation
of W(A) for A € C"*" to a series of n x n Hermitian eigenvalue problems. O

It is well known that for A € Qp,

W(P,Alp,n) T W(A),
W — P)Alg—pyr) I We(A).

Given A, let I'y,, ,, (A) be a finite collection of points produced by the algorithm in
Lemma 7.1 applied to B = (I — Py,) Pny+n,+14lP, 1 and € = 1/ny. The

ni+ny+l1 (I_Pnz)

above limits show that {I",;, ,, } provides a l'[? tower for {E,,, QB, A1}. O
Proof of Theorem 3.10 for E];oll We will prove that {Eﬂ§oll’ Qp, A} ¢ A3G and

{Egoll, Qp, A1} € Eg‘. The construction of towers for Eﬂsol
arguments for lower bounds.

Step 1 {E;‘}O”, QB, A1} € 4. Let {I'y,4,} be the I1§ tower for {E.,, Qp, A1}
constructed above. Recall the definition

; is similar, as are the

Vnaum (23 A) = min{oing (Pay (A — 2D)|p,, 1), Oint (Pn, (A" — 2D p,, 10}

and that this can be approximated to any given accuracy in finitely many arithmetic
operations and comparisons (see also “Appendix A”). We assume that we approximate
from below to an accuracy of 1/n; and call this approximation y,, ,,. The function
Yna.ny (25 A) 1s Lipschitz continuous with Lipschitz constant bounded by 1. Define the
set

where Uy, are the approximations to the open set U. By taking squares of distances
to ball centres, we can decide whether a point z € Q + iQ has dist(z, V,,) < n for
any given 1 € Q4. Let Y}, », (A, U) be the finite collection of all z € f‘nz’nl (A) with
dist(z, Vy,) < 1/np — 1/n1. If Yy, n, (A, U) is empty then set Qp, », (A, U) = 0,
otherwise set

- 1
an,nl (A, U) = sup Vna,ny (z; A) — —.
2€ 0y, (A,0) ni

The above remarks show that this can be computed using finitely many arithmetic
operations and comparisons.

Let an = W - Pnz)A|(17P,,2)'H) and an,nl = W( - PnQ)Pnl-i-nz-l—]
A|pn|+n2+1 (1_pn2)H). We claim that the set Y, », (A, U) converges to

— 1
Tn, (A, U) = {z € W,, 1 dist(z, U) < —},
n

FoC'T
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asn| — oo, meaning also if Y}, (A, U) is empty then Y}, ,,, (A, U) is empty for large
n1. If 2 € Yy (A, U), then there exists 2 € Wy, n, C Wy, with |z — 2| < 1/n;.
Since

dist(z, U) < dist(z, Vy,,) < 1/na — 1/ny,

it follows that dist(z, U) < 1 /n2 and hence Y,,(A, U) is non-empty. So to prove
convergence, we only need to deal with the case Y}, (A, U) # ¥. The above argument
also shows that any limit point of a subsequence z;,(jy € Yy, m(j)(A, U) must lie
in Y,,(A, U). Hence to prove the claim, we need to only prove that for any z €
Ty, (A, U), there exists z,,, thatare containedin Y}, ,, (A, U) forlarge ny and converge
to z.

Let z € W, with dist(z, U) < 1/n,, then there exists € > 0 and j > O such that
dist(z, U;) < 1/n2 — €. There also exists z,, € f‘,,z,,,l (A) with z,;, — z. It must hold
for ny > j that

diSt(an an) =< diSt(Zl’l17 V/) < |Zn1 - Z| +diSt(Z, Uj)

1
<z —z|+ — —e
na

This last quantity is smaller than 1 /np—1/n forlarge ny and hence z,;, € Yy, 0, (A, U)
for large n;. It follows for any z € Y,,(A, U), there exists z,, that are contained in
Y0, (A, U) for large ny and converge to z.

Define

On,(A,U) = sup  yu,(z; A),
7€, (A,U)

where we recall that y,, (z; A) = min{oinf((A — ZI)|Pn2H), Ot ((A* — ZI)|pn2H)}.
If z € Ty, .0, (A, U), then the above shows that there exists Z € Yy,(A, U) with
|z — 2| < 1/n1. It follows that

- 1 1
Yno,nq (z;A) — — < VYno,ni (z; A) — —
ni ni

= Vna,ni (z; A) < Y2 (25 A),

where we have used the bound on the Lipschitz constant and the fact that y,, ,,
converge up to ¥, (and uniformly on compact subsets of C). It follows that
Onyn (A, U) < Qp,(A,U) and this also covers the case that Y, (A, U) = @ if
we define the supremum over the empty set to be 0. The set convergence proven above
and uniform convergence of y,, ,, implies that Q, », (A, U) convergesto Q,, (A, U).
It is also clear that the Y},, (A, U) are nested and converge down to W,(A) N U since
W,, converges down to W, (A). The functions y,, also converge down to

y(z; A) = Rz, A
Elol:';”
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uniformly on compact subsets of C and hence Q,, (A, U) converges down to

Q(A,U)= sup [IR(z, A",
2eW(ANU

Define

Fn3,nz,n1(A» U) =1- X[O,l/n_g](an,nl(Av U)) € {07 1}-

The above show that

llm Fm na, nl(A U) =1- X[0,1/n3] (an(A U)) = Fnz nz(A U)

ni—
Since x[0,1/n5] has right limits and Q,, (A, U) are non-increasing,

nzlgnoo Fn3,n2(Av U)=1- X[O,l/}’l}](Q(A7 U)xt) =: Fn3(A, U),

where £ denotes one of the right or left limits (it is possible to have either). Now
if upoll(A U) = 0, then I',;(A, U) = O for all n3. Butif E [m”(A U) = 1, then
for large n3, I'y; (A, U) = 1. Moreover, in this latter case, I',; (A, U) = 1 signifies
the existence of z € W,(A) N U with y(z; A) > 0 and hence z ¢ Sp(A). Hence,
{Tusngng ) provides a Eé“ tower.

Step 2 {upgll, Qp, Ao} ¢ Ag. We will argue for the case that U = U; = R and the
restricted case is similar. Assume for a contradiction that this is false and that {f’\nz, n )
is a general height two tower for {ERol ;» 2D, Az}. We follow the same strategy as the
proof of Theorem 3.3 step 4 (recall also the results of Sect. 5). Let (M, d) be discrete
space {0, 1} and Q denote the collection of all infinite matrices {ai,j}i, jen with entries
a;,j € {0, 1} and consider the problem function

cf ({ai,;}) : Does {a; ;} have a column containing infinitely many nonzero entries?
For j € N, let {b; j}icn be adense subsetof /; :=[1— 1/2%/=1 1 —1/2%/]. Given

amatrix {a; j}i jeN € €2, construct a matrix {ci,j}i,jen by letting ¢; j = a; jbr,j),j
where

i
r(i, j) = max {l, Zak,./} .
k=1
Now consider any bijection ¢ : N — N? and define the diagonal operator

A= diag(c¢(1), Cp(2) CH(3)s - - )

The algorithm Fn2 n 4 thus translates to an algorithm Fn2 n, for (E1, Q). Namely, set

(ai,jlien) = Fn2 n, (A). The fact that ¢ is a bijection shows that the lowest
Fol:"ﬂ
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level F;Z’nl are generalised algorithms (and are consistent). In particular, given N,
we can find {A; j : i, j < N} using finitely many evaluations of the matrix values
{ck.1} (the same is true for A*A and AA™* since the operator is diagonal). But for any
given ¢ ; we can evaluate this entry using only finitely many evaluations of the matrix

values {a,, »} by the construction of r. Finally, note that

Sp(A) = {1} U U Iiluo,

J:{ai, j}ien has infinitely many s

where Q lies in the discrete spectrum. The intervals /; are also separated. It follows
that there is a gap in the essential spectrum if and only if there exists a column
{ai,j}ien with infinitely many 1s. Otherwise the essential spectrum is {1}. It follows
that E({a; j}) = E poll (A, R), and hence, we get a contradiction. m]

7.1 Essential Numerical Range for Unbounded Operators

The essential numerical range (see (3.1)) was first introduced for a bounded operator
A in [152], as the closure of the numerical range of the image of A in the Calkin
algebra:

We(A)= (1] WA+B).
BEQK

Other equivalent characterisations were then given in [82]. The unbounded case is
significantly different from the bounded case, and definitions that are equivalent in the
bounded case may yield very different sets in the unbounded case. The definition for
unbounded operators appeared in [34] and required the development of several new
ideas and tools. In this section, we let ¢ denote the set of closed operators 7 with
domain D(T') C I2(N) such that the linear span of the canonical basis forms a core of
T . This latter condition ensures that we can use the usual matrix representation of the
operator T and hence the evaluation functions A . We follow [34] and define

W, (T) = |x € C: 3nbuery € D), Il = 1,3, > 0, lim (T, x,) = x] .
7.1)

In [34], it was shown that for any 7' € Q¢, W,.(T') consists precisely of the essential
spectrum of T together with all possible spectral pollution that may arise by applying
projection methods to find the spectrum of 7 numerically. This result therefore gen-
eralises Theorems 3.8 and 3.9. The set W,.(T) is closed and convex, but, unlike the
case when T is bounded, W, (T') may be empty. We first need two simple lemmas.

Lemma7.3 Let T € Qc, then W(P,T|p,) * W(T) in the Attouch—Wets topology
asn — oo.
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Proof 1t is clear that
WP, T|p,n) CW(T) :={{Tx,x):x € D(T), ||lx]| = 1},

and that the sets W (P, T | p,7¢) are increasing with n. Now let A € W (T') be arbitrary. It
isenough to show that there exists A, € W (P, T|p,7¢) suchthat}, — Lasn — 00.By
assumption, there exists x, € D(T) such that ||x,|| = 1 and lim,,— oo (T Xx;, X,,) = A.
Since the linear span of the canonical basis forms a core of 7', we can assume without
loss of generality that each x, has finite support with respect to the canonical basis.
By taking subsequences if necessary, we may assume that P,x, = x, and hence
(Txy, x,) € W(P,T|p,). The result now follows. m]

Lemma7.4 Let T € Qc. If We(T) # @, then W((I — P)T|—pyr) 4 We(T) in
the Attouch—Wets topology as n — oo. If W,(T') = (), then for any compact set K,
KNW( — P)T|q-pyH) = 9 for large n.

Proof We clearly have that W(({ — P,)T|(;—p,)H) are non-empty and decreasing in
n. It is enough to show the following two results:

(1) If A € W (T), then k. € W((I — P,)T|j—p, 1) forall n.
(2) If A ¢ W.(T), then liminf,,, oo dist(A, W((I — P)T|—p,yH)) > 0.
We first prove (1), so assume that A € W,(T'). Then, since the linear span of the

canonical basis functions form a core of 7', we can assume that there exists x,, with
lx,|| = 1 such that each x, has finite support with respect to the canonical basis,

Xn 2 0and lim,,—, oo (T xp,, x,) = A. It follows that for any fixed m, lim,,—, oo Ppx, =
0 and hence A € W((I — Pp)T|(1—p,yH)-

Finally, to see (2), suppose that this were false for some A ¢ W, (T). We may then
choose A, € W((I — P,)T|(1—p,yx) such that liminf, . [A — A,| = 0. By taking
subsequences if necessary, we may assume that A,, — A and that there exists x; with
lxzll = 1, Pyx, = 0 and |(Tx,, x,) — Ay| — 0. But this implies that x, % 0and
lim;,— 5o (T Xy, Xn) = A. Therefore, A € W,(T), the required contradiction. ]

We have the following corollary, which shows that the SCI classification of com-
puting W, (T) for T € Q¢ remains l'[? (one can make this precise by adding the empty
set to the Attouch—Wets topology, but we omit the details).

Corollary 7.5 There exists a height two tower of arithmetic algorithms {I'y, n,}, using
A1 (the matrix values with respect to the canonical basis) and A1—information (see
Definition 5.11), such that for any T € ¢, the following hold with respect to the
Attouch—Wets topology:
o Iy, (T) ATy (T) C W(T) as ny — 0.
o IfWo(T) # 0, then T',j,(T) | We(T) as ny — oo. If Wo(T) = 0, then for any
compact set K, K NIy, (T) = @ for large n».

Proof We simply let I',, ,,, (T') be an approximation of
W ((I - PnZ)P”l+n2+1 T|Pnl+n2+1 (]*Pnz)H>
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that can be computed in finitely many arithmetic operations and comparisons, even
when using inexact input (see Definition 5.11 and Remark 5.12), using the arguments
in Sect. 7. The results now follow from Lemmas 7.3 and 7.4. O

8 Proofs Concerning Lebesgue Measure

We use the function DistSpec in “Appendix A”. For ease of notation, we suppress
the dispersion function f in calling DistSpec, but assume that we know {c,} with
Dy n(A) < c¢yandc, — 0asn — oo. However, the proof of convergence also works
when using ¢, = 0 (which does not necessarily bound D¢ , (A)). The key observation
is the following:

Observation: If A € Q , then the function F;,(z) := DistSpec(A4,n, z, f(n)) +c,
converges uniformly to ||R(z, A)|| ~! from above on compact subsets of C. By taking
successive minima, we can assume without loss of generality that F}, is non-increasing
inn.

The other ingredient needed is the following proposition

Proposition 8.1 Given a finite union of disks in the complex plane, the Lebesgue mea-
sure of their intersection with the interior of a rectangle can be computed within
arbitrary precision, using finitely many arithmetical operations and comparisons on
the centres and radii of the discs, as well as the position of the rectangle.

Proof Without loss of generality, we assume that the rectangle is {x + iy : x,y €
[0, 1]}. Consider dividing the rectangle into n> subrectangles using the division of
[0, 1] into n equal intervals. Given such a subrectangle, we can easily test via a finite
number of arithmetic operations and comparisons whether the centre is in the union
of the circles. Let r(n) denote the number of subrectangles whose centre lies in the
union. Then, since the boundary of the union of the circles has measure zero, it is easy
to see that r(n) /n2 converges to the desired Lebesgue measure. Moreover, we can
bound the number of subrectangles that intersect the boundary of any of the circles,
and this can be used to obtain any desired precision. O

Proof of Theorem 3.13 Step 1 {EL, Q. A;}, {EL, Qp, A;} € TT{. Itis enough to con-
sider Aj. We will estimate Leb(Sp(A)) by estimating the Lebesgue measure of the
resolvent set on the closed square [—C, C]?, where ||A|| < C. We do not assume C is
known. For ny, np € N, let

. 1 I,
Grid(ni, ny) = (272Z+ ElZ) N[—ny, ni]>

Letting B(x, r) and D(x, r) denote the closed and open balls of radius r around x,
respectively,!® in C (or R where appropriate), we define

Uni,nz, A) = [—ny,n] X [=n1, n1] N (Uzegridm,n) B (@, Fu, (2))).

18 We set D(x, 0) = ¢.
Elol:';”
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Note that Leb(U (n1, n2, A)) can be computed up to arbitrary predetermined precision
using only arithmetic operations and comparisons by Proposition 8.1. Using this, we
can define

Ty (A) = 4n? — Leb(U (n1, na, A))
where, without loss of generality, we assume that we have computed the exact value
of the Lebesgue measure (since we can absorb this error in the first limit). ', ,, are
arithmetical algorithms using the fact that Di st Spec is and the above proposition.
The only non-trivial part is convergence. The algorithm is summarised in the routine
LebSpec in § B.3.
We now show that the algorithm LebSpec converges and realises the 1'[5‘ classi-

fication. There exists a compact set K such that || R(z, A)II_l > 1 on K¢ and without
loss of generality we can make C larger, C € N and take K = [—C, C]z. Forn; > C

U(ni,n2, A) = (=C, C* N (Uzeariamm Bz, Fay (@) U (—n1, mIP\[-C, CP),
since F,(z) > ||R(z, A) ||_1. It follows that for large 7
Loy (A) = 4C% — Leb([—C, CT* N (Uzecriatm m) B, Fuy (2))))-
Asn; — oo, [-C,C]*N (Uzecridm.n) B(z, Fny(2))) converges to the closed set
K (n2, A) = [~C, CP N (Uzeoriac.ny B, IRz, AIITH)
from above and hence

lim Ty, (A) = 4C? — Leb(K (n2, A)),
np—o0

from below. Consider the relatively open set

V(n2, A) = [-C, CT* N (Uzecriac,m D, IRz, AIITH).
Clearly, Leb(K (n2, A)) = Leb(V (n2, A)) since the sets differ by a finite collection of
circular arcs or points (recall we defined the open ball of radius zero to be the empty

set). Hence, we must show that

lim Leb(V (ny, A)) = Leb(pc (A)),
ny— 00

where pc(A) = [—C, C]*\Sp(A). For z € pc(A),
dist(z, Sp(A)) = [[R(z, A

and hence we get V (n2, A) C pc(A). Since pc (A) is relatively open, a simple density
argument using the continuity of || R(z, A)II_1 yields V(na, A) 1 pc(A) asny — o0
FolCTM
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since the grid refines itself. So we get
Leb(V (n2, A)) 1 Leb(oc (A)).

This proves the convergence and also shows that I';,(A) | Ef(A), thus yielding
the H? classification. The same argument works in the one-dimensional case when
considering self-adjoint operators Q2p and Lebr. We simply restrict everything to the
real line and consider the interval [—C, C] rather than a square.

Step 2 {EL, Qp, A} {EL, Qp, A} ¢ A§. Tt is enough to consider A,. We
will only show that SCI(EX, Qp, Az) > 2 for which we use Lebg and the two-
dimensional case is similar. Suppose for a contradiction that there exists a height one
tower {I',}, then Ar, (A) is finite for each A € Qp. Hence, for every A and n there
exists a finite number N (A, n) € N such that the evaluations from Ar, (A) only take
the matrix entries A;; = (Ae;, e;) with i, j < N(A, n) into account.

Pick any sequence ay, az, ... that is dense in the unit interval [0, 1]. Consider the

matrix operators A,, = diag{a;, as,...,a,} € C"*™ B, = diag{0,0,...,0} €
C™ ™M and C = diagf{0,0,...}. Set A = @fno:l(Bkm @ Ay, ), where we choose an
increasing sequence k,, inductively as follows. Set k; = 1 and suppose thatky, ..., ky,

have been chosen. Sp(By, ® Ak, D -+ @ By, ® Ax,, ®C) = {0,a1,az, ..., a,} and
hence Leb(Sp(By; ® Ag, @ - - - @ By,, ® Ag,, ® C)) = 0 so there exists some n,, > m
such that if n > n,, then

m

1
Uy(Biy @ Ay @ -+ ® By, ® A, @C) < 7

Now letk;,+1 > max{N (By, @Ak, ®- - -®Bx,, DA, ®C, ny), ky+1}. Any evaluation
function f; ; € A is simply the (i, 7)™ matrix entry and hence by construction

fi,j(Br, @ Ay @ -+ ® By, ® Ay, ®C) = fi ;(A),

for all f; ; € Ar,, (B © Ag, @ -+ @ By, ® Ay, ® C). By assumption (iii) in
Definition 5.1, it follows that Ar, (Bi, & A, @ -+ @ By, ® Ag,, ® C) = Ar,, (A)
and hence by assumption (ii) in the same definition that I';;,, (A) = I'y,, (Bx, ® Ak, ®
<@ By, ® Ag,, @ C) < 1/2.Butlim, o (I',(A)) = Leb({0, a1, a2,...}) =1, a
contradiction.

Step 3 {EL, @, A1} € TT{ for @ = Qp, Qsa, N or Q. We will deal with the
case of Qg. The cases of Q2 and €2, then follow via QN C 2, C Qp and the one-
dimensional Lebesgue measure case for 2g4 is similar. A careful analysis of the proof
in step 1 yields that

e I'y, 5, (A) converges to I', (A) from below as n; — oo.
e [',,(A) converges to Leb(Sp(A)) monotonically from above as n, — oc.

We can ensure that the first limit converges from below by always slightly overesti-
mating the Lebesgue measure of U (n1, ny) (with error converging to zero) and using
Proposition 8.1. These observations will be used later to answer question 3. We do
not need to know ¢, for the above proof to work, but we will need it for the first of
Elol:';”
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the above facts. A slight alteration of the proof/algorithm by inserting an additional
successive limit deals with the general case.
Define the function

Ynm (23 A) = min{oint (P (A — 2D)| p, 1), Oint (P (A" — 2D p, 70},

where oj,r denotes the injection modulus/smallest singular value (see also “Appendix A”).
One can show that y,, ,,, converges uniformly on compact subsets to

¥n(z; A) = min{oins (A — zD)| p, 1), Oint (A" — 2D p, 70},

asm — oo and that this converges uniformly downto || R(z, A)|| ~Ton compact subsets
as n — oo [91]. With a slight abuse of notation, we can approximate y, ,(z; A) to
within 1/m by DistSpec(A, n, z, m) (where the spacing of the search routine is
1/m, see also “Appendix A”) so that this converges uniformly on compact subsets to
¥n(z; A). In exactly the same manner as before, define

U(ni, na, n3, A) = [—n2, m21* N (Uzecridm.ns) B@ Yayon (23 A))),
Cosnany (A) = (2n2)? — Leb(U (n1, na, n3, A)).

The stated uniform convergence means that the argument in step 1 carries through and
we have a height three tower, realising the 1'1‘34 classification.

Step 4 { Ef, Qsa, A1} ¢ Ag;. The proofis exactly the same argument as the proof of
step 3 of Theorem 3.7. However, in this case to gain the contradiction, we then define
f‘nz,nl({a,‘,/‘}) = min{max{l — I, »,(A4)/2, 0}, 1} where {I',;, »,} is the supposed
height two tower for {EIL, Qsa, A1}

Step 5 {EIL, Q, A1} ¢ Ag; for @ = Qp, QN, or ;. Since QN C 2, C Q3,
we only need to deal with QN. We can use a similar argument as in step 4, but now
replacing each C/) by

DWW — @ ihkc(]‘)’
k=1

where hy, ha, ... is a dense sequence in [0, 1], and these operators act on X; =
@,](: 1 I2(N). This ensures that the spectrum of the operator yields a positive two-

dimensional Lebesgue measure if and only if ol ({a;,j}) = 0. The rest of the argument
is entirely analogous.

Step 6 AS F{EL, Q, A} € T2 for @ = Qp, Qsa, N or Q. The impossibility
result follows by considering diagonal operators. For the existence of H‘z“ algorithms,
we can use the construction in step 3, but the knowledge of matrix values of A*A
allows us to skip the first limit and approximate y,, directly. O

Proof of Theorem 3.14 Using the convergence

lifl(’)l Leb(Sp, (4)) = Leb(Sp(A)).

FoC'T
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the lower bounds in Theorem 3.13 immediately imply the lower bounds in Theo-
rem 3.14. Hence, we only need to construct the appropriate algorithms.
Step 1 {EL, Qr, A1}, {EL, Qp, A1} € /. Let A € Qf and

E, =%(Z+iZ)ﬂ{z € C: Fu(2) <€) Nl—n,nl’.

Clearly, we can compute E, with finitely many arithmetic operations and comparisons
and we set

I'v(A) = Leb (UzeE”D(z, max{0, e — F}, (z)})) .

Proposition 8.1 shows that, without loss of generality, we can assume I, (A) can be
computed exactly using finitely many arithmetic operations and comparisons. The
algorithm is presented in the LebPseudoSpec routine in § B.3 and the following
shows that this algorithm is sharp in the SCI hierarchy.

Suppose that F;,(z) < € and that |w| < € — F;,(2). If z € Sp(A), then clearly

IR(z 4w, A7 < |w| <€ — Fu(z) <,

and this holds trivially if z + w € Sp(A). So assume that neither of z, z + w are in the
spectrum. The resolvent identity yields

IRz +w, Al > [R(z, Al — lw| Rz + w, A IRz, A,
which rearranges to
IRz +w, DI < IRz, DI + |w| < e

It follows that U,cg, D(z, max{0, e — F,(z)}) is in ﬁ)s (A) and hence that T',,(A) <
Eé (A). Without loss of generality by taking successive maxima, we can assume that
I';,(A) is increasing. Together, these will yield the ZIA classification once convergence
is shown. Using the uniform convergence of F;, and density of 1/n(Z+iZ)N[—n, nl?,
we see that pointwise convergence holds:

XUeg, D(z;max{0,e—F,(2)}) = XSp_(A)>

where xr denotes the indicator function of a set E. It follows by the dominated
convergence theorem that I',(A) — Leb(ﬁ)6 (A)). The proof for Qp is similar by
restricting everything to the real line.

Step 2 {Eé‘, Q, AN} e Eé“ for 2 = Qp, Qsa, QN or Q2. To prove this, we simply
replace F,, by the functions y;, », and set

Posny (4) = Leb (User,, Dz, max{0, € = vy, (5 A)D)
Elol:';”
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Step 3 {EE, Q, Ay} € T for @ = Qp, Qsa, QN or Q. The knowledge of
matrix values of A*A allows us to skip the first limit in the construction of step 2 and
approximate y;,, directly. O

Proof of Proposition 3.15 We begin with the proof of 1. Suppose A € Qp has
Lebr(Sp(A)) = 0 and let A, € Qp be such that |[A —A,| - 0asn — oo.
This implies that Sp(A,,) — Sp(A) since all our operators are normal. To prove that
Lebr(Sp(A,)) — 0, it is enough to prove that

Leb(F,) | 0, 8.1

where F,, = Sp(A) U (U;y>,Sp(A,,)). But F,, decreases to Sp(A) and is bounded
in measure, so (8.1) holds. For the converse, let Lebr(Sp(A)) > 0. Without loss of
generality, assume that all of A’s entries lie in [0, 1]. Let D,, denote the set {j /2" ’}:1
and consider the map ¢, : x < 27" [x2"] on [0, 1]. Let A, be the diagonal operator
obtained by applying ¢, to each of A’s entries. We clearly have that |[A — A, || — 0
as n — oo but note that Sp(A,) is finite so has Lebesgue measure 0. Hence ElL is
discontinuous at A.

To prove 2, note that for A € Qp, Lebr(Sc(A)) = 0. Let A, € Qp have
IA— A,ll — 0. Then given some 0 < § < € it holds for large n that Sp._5(A) C

Spe(An) C Sp,,s(A) and hence that

lim sup Lebg (Sp, (A,)) < Lebz(Sp, 45 (A))

n—oo

lim inf Lebz (Sp, (4,)) > Lebz(Sp, 5 (4)).
n—

Now let 6 | 0 and use the fact that E% is continuous in €. m]

Finally, we deal with the question of determining whether the Lebesgue measure
is zero. Recall that for this problem, (M, d) denotes the set {0, 1} endowed with the
discrete topology and we consider the problem function

L _J0, if Leb(Sp(A)) > 0

E3(A) = ‘

1, otherwise.

Proof of Theorem 3.16 We will show that {E%, Q¢, A1} € TT{ and {E%, Qp, Az} ¢
A§ . The analogous statements {EX, Qp, A1} € 14 and {EL, Qf, Az} ¢ AY follow
from similar arguments.

The lower bound argument can also be used when considering A, and Q2 =
Qp, Q2sa, QN or ;. We will also prove the lower bound {E%, Qsa, A1} ¢ Af.
The remaining lower bounds for A follow from a similar argument and construction
asin step 5 of the proof of Theorem 3.13 to ensure we are dealing with two-dimensional
Lebesgue measure. Finally, we prove that {Eé, Qp, A1} ell f. The upper bounds for
Q = Qga, 2N or Qg and A follow an almost identical argument. When considering
A», we can collapse the first limit in the same manner as we did for solving E{‘

FoC'T
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Step 1 {Eé, Qr, A1} € l'IA First we use the algorithm used to compute ul in
Theorem 3.13, which we shall denote by T, tobuilda height 3 tower for {._42 Q7). As
above, £2 y denotes the set of bounded operators with the usual assumption of bounded
dispersion (now with known bounds c¢,). Recall that we observed

° Enz,nl (A) converges to F,,z (A) from below as n; — oo.
"1, (A) converges to Leb(Sp(A)) monotonically from above as ny — oo.

We can alter our algorithms, by taking maxima, so that we can assume without loss of
generality that F,,2 n, (A) converges to F,,2 (A) monotonically from below as n; — oo.
Now let

Tz ng.ny (A) = 110,131 (Tryny (A)).

Note that x[0,1/x5] is left continuous on [0, oo) with right limits. Hence by the assumed
monotonicity

n|lE>nOO Fn3,n2,n1 (A) = X[0,1/n3] (Fnz (A))
It follows that

lim 1im Ly 0,0, (A) = X[0,1/n3) (Leb(Sp(A))E),

ny—0on;—

where + denotes one of the right or left limits (it is possible to have either). It is then
easy to see that

lim lim hm Ly npn (A) = B3 (A)

Nn3—00 Ny—>00 n|—>

It is also clear that the answer to the question is “No” if I',;; (A) = 0, which yields the
I'IA classification.

Step 2 {:g, Qp, A1} ¢ AG Assume for a contradiction that this is false and
{Fn2 n} 1s a general height two tower for {u3 , Q2p}. Let (M, d) be discrete space

{0, 1} and Q denote the collection of all infinite matrices {ai,j}i, jen with entries
a;,j € {0, 1} and consider the problem function

of ({ai,;}) : Does {a; ;} have a column containing infinitely many nonzero entries?

For j € N, let {b; j}icn be a dense subset of I; := [1 — 1/2/=1,1 — 1/2/]. Given
amatrix {a; j}i jeN € €, construct a matrix {ci,j}i,jen by letting ¢; j = a; jbr,j), |
where

i
r(i, j) = max {1, Zak,j} .
k=1
FoE""I
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Now consider any bijection ¢ : N — N2 and define the diagonal operator
A= diag(c¢(1), Cop2), Cp(3)s - - )

The algorithm Fn2 n, thus translates to an algorithm T';, = for {&1, Q). Namely, set

,12 i (ai,jlien) = Fn2 n, (A). The fact that ¢ is a bijection shows that the lowest
level T, ,.n, are generalised algorithms (and are consistent). In particular, given N, we
can find {Al,j 11, j < N} using finitely many evaluations of the matrix values {c ;}.
But for any given ¢k ;, we can evaluate this entry using only finitely many evaluations

of the matrix values {a,, ,} by the construction of r. Finally note that

ss=| U 1|ve,

jtzi a;j, j=00

where Q is at most countable. Hence,

1
Lebr(Sp(A) = Y _ o
J:2i ai j=00

It follows that &, ({ai,j}) = :3L(A) and hence, we get a contradiction.

Step 3 {u Qsa, A1} ¢ AG Suppose for a contradiction that {I";,; ,, », } is aheight
three tower of general algonthms for the problem {u3 , 2sa, A1}. Let (M, d) be the
space {0, 1} with the discrete metric, let Q denote the collection of all infinite arrays
{@m.i,j}m,i,jen with entries ay, ; ; € {0, 1} and consider the problem function

é4({am,i’j}) : For every m, does {a;,j}i,j have (only) finitely many columns

with (only) finitely many 1’s?

Recall that it is shown in Sect. 5 that SCI(u4, Q)G = 4. We will gain a contradiction
by using the supposed height three tower to solve {24, Q.

The construction follows step 3 of the proof of Theorem 3.7 closely. For fixed m,
recall the construction of the operator A,, := A({ay,; j}i ;) from that proof, the key
property being that if {a,, ; ;}; ; has (only) finitely many columns with (only) finitely
many 1’s then Sp(A;,) is a finite subset of [—1, 1], otherwise it is the whole interval
[—1, 1]. Now consider the intervals I,, = [1 — 2"~ 1 — 2™] and affine maps, o,
that act as a bijection from [—1, 1] to [,,. Without loss of generality, identify Qg
with self-adjoint operators in B(X) where X = @72, @72, X;.; in the [*-sense with
Xi ;=1 2(N). We then consider the operator

)
T({am,i,j }m,i,j) = @ am (Am).
m=1

Fo C 'ﬂ
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The same arguments in the proof of Theorem 3.7 show that the map

ﬁn3,n2,n1 ({am,i,j}m,i,j) = Fn3,n2,n1 (T({am,i,j}m,i,j))

defines a general tower using the relevant pointwise evaluation functions of the array
{am,i,j}m,i,j- If it holds that é4({am,i,j}) = 1, then Sp(T ({am,i, j}m,i,j)) is countable
and hence E%(T({am,,-,j}m)i)j)) = 1. On the other hand, if é4({am,i,j}) = 0, then
there exists m with Sp(A,,) = [—1, 1], and hence, I,, C Sp(T ({@m,i,j}m.i,j)) so that
E§ (T {@am,i,j}m,i,j)) = 0. It follows that {1:,13,,12,,,l } provides a height three tower for
{LEJ4, fZ}, a contradiction.

Step 4 {EL, Qp, A1} € IT4'. Recall the tower of algorithms to solve {EF, Qp, A1}
and denote it by I'. Our strategy will be the same as in step 1 but with an additional
successive limit. It is easy to show that

° an,nz,nl (A) converges to me(A) from above as n; — oo.

e 'y, 1, (A) converges to I',; (A) from below as ny — oo.

e I';,(A) converges to Leb(Sp(A)) from above as n3 — oo.

Again, by taking successive maxima or minima where appropriate, we can assume
that all of these are monotonic. Now let

Cogns any (A) = X10,1/mg) Ty iz g (A)).

Note that x[0,1/x,] is left continuous on [0, oo) with right limits. Hence by the assumed
monotonicity and arguments as in step 1, it is easy to see that

lim lim lim lim Ty 50,0, (A) = B3 (A)
n4g—>o0 nN3—>o np—>00 n1—>00

It is also clear that the answer to the question is “No” if I',,, (A) = 0, which yields the
T4 classification. O

9 Proofs Concerning Fractal Dimensions

We begin with the box-counting dimension. For the construction of towers of algo-
rithms, it is useful to use a slightly different but equivalent [71] definition of the upper
and lower box-counting dimensions. Let ¥ C R be bounded and N é(F ) denote the
number of §-mesh intervals that intersect F. A §-mesh interval is an interval of the
form [md, (m + 1)§] for m € Z. Then

- log(Ni(F loo(N' (F
dlmB(F):llmsupM’ dl_mB(F)thmf 2( 5( ))
si0  log(1/8) 510 log(1/8)
Proof of Theorem 3.18 for box-counting dimension Since QY sp C Q?D C QEAD,
it is enough to prove that {SB,Q?D,Al} e 1-[?, {uB’lee,Az} c T4,
(25, Q8P A} eI, (B, Q8P A1} ¢ A{ and (Ep, QBP, As} ¢ AL
Fol:'TI
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Step 1 {Ep, Q?D, A1} € T4 Recall the existence of a height one tower, {I',},

using A for Sp(A), A € Q?D from “Appendix A”. Furthermore, I (A) outputs a

finite collection {z1 ,, ..., Z,,»} C Q such that dist(z; ., Sp(A)) < 27". Define the
intervals

Ij,n = [Zj,n -2, Zjn+ 27"
and let Z,, denote the collection of all 27""-mesh intervals. Let Y, , (A) be any union

of finitely many such mesh intervals with minimal length ’Tm, n(A)| (“length” being
the number of intervals € Z,, that make up Y,, ,(A)) such that

Yun(A)NIj #0, forl <l<n,1=<j<k.

There may be more than one such collection, so we can gain a deterministic algorithm
by enumerating each Z,, and choosing the first such collection in this enumeration. It
is then clear that |Tm,,,(A)| is increasing in n. Furthermore, to determine Y, ,(A),
there are only finitely many intervals in Z,, to consider, namely those that have non-
empty intersection with at least one I;; with 1 <1 <n,1 < j < k. It follows that
Y. (A) and hence |Tm,,1 (A)| can be computed in finitely may arithmetic operations
and comparisons using Aj.

Suppose that I = [a, b] € Z,, has (a, b)) NSp(A) # . Then for large n there exists
Zjn € I suchthatI; , C I and hence I C Yy, (A) forlarge n. If z € Sp(A) N27"Z,
then a similar argument shows that z C Y, ,(A) for large n. Since Sp(A) is bounded
and Sp(A) N 27™Z finite, it follows that Sp(A) C Y., (A) for large n and hence

Np-u(Sp(A)) < liminf | Y, ,(A)].
n—oo

Let W,,,(A) be the union of all intervals in Z,, that intersect Sp(A). It is clear that
Wi (A) N1 # @forl <1 <n,1<j <k,andhence, | Yy n(A)| < Nj_,(Sp(A)).
It follows that lim,— o0 | Yn,n(A)| = 8 (A) exists with

Na-n(Sp(A)) < 8 (A) < Ny (Sp(A)). .1

For ny > nj setI'y, », (A) = 0, otherwise set

log(| Yk, j (A
Fnyn(A) = max  max M
m<k<n 1<j<nm  klog(2)

The above monotone convergence and (9.1) shows that

log(8x (A log (S, (A
lim Ty, (A) = Ty (A) = sup CEOAD i up 108GKA)
oo k>ny k log(z) k— 00 k IOg(Z)

log(8x (A
lim T',,(A) = limsup M.
n2—>00 k—oo klog(2)
FolCT
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Hence, by the assumption that the box-counting dimension exists, we have constructed
a Hf tower.

Step 2 {Ep, QEP, Ay} € 114 and {Ep, Q5P, A1} € TI{. The first of these is
exactly as in step 1, using A, to construct the relevant Zf tower for the spectrum.
The proof that {Ep, ng, A} € 1'[‘34 uses a height two tower, {f‘nz,nl}, using A1
for Sp(A), A € Q§£ (or any self-adjoint A) constructed in [18]. This tower has the
property that each f‘nz,m (A) is a finite subset of Q and, for fixed n,, is constant for
large n1. Moreover, if z € limy, 00 f‘nz,,,l (A), then dist(z, Sp(A)) < 27"2. It follows
that we can use the same construction as step 1 with an additional limit at the start to
reach the finite set lim,,, - oo 1:‘,,2,,,l (A).

Step 3 {Ep, 8P, A2} ¢ Af. This is exactly the same argument as step 2 of the
proof of Theorem 3.13 with Lebesgue measure replaced by box-counting dimension.

Step 4 {Ep, QgAD, A1} ¢ A‘g‘. This is exactly the same argument as step 4 of the
proof of Theorem 3.13 with Lebesgue measure replaced by box-counting dimension.

O

We now turn to the Hausdorff dimension. Recall Lemma 3.21 on the problem of
determining whether Sp(A) N (a, b) # 0.

Proof of Lemma 3.21 We start with the class Q ¢ N Q5. We can interpret this problem
as a decision problem and the following algorithm as one that halts on output “Yes”.
Let c = (a + b)/2 and § = (b — a)/2, then the idea is to simply test whether
DistSpec(A,n,c, f(n)) + ¢, < 4. If the answer is yes, then we output “Yes”,
otherwise we output “No” and increase n by one. Note that Sp(A) N (a, b) # @ if
and only if || R(c, A)||_1 < 6 and hence as DistSpec(A, n, ¢, f(n)) + c, converges
down to ||R(c, A) ||*1 we see that this provides a convergent algorithm. For Qga, we
require an additional successive limit by replacing DistSpec(A, n, c, f(n)) + ¢,
with the function yy, »,(z; A). If we have access to A2, then this can be avoided in
the usual way. O

To build our algorithm for the Hausdorff dimension, we use an alternative, equiva-
lent definition for compact sets. We consider the case of subsets of R. Let p; denote
the set of all closed binary intervals of the form [2~%m, 27X(m + 1)], m € Z. Set

Ar(F) = {{Ui}ies : 1 is finite , F C Ui Ui, Ui € Uysiepr }

and define
H{(F) = inf { ) " diam(Un)? : {Ui}ies € A(F) . HY(F) = lim H{(F).
: k—o00

The following can be found in [81] (Theorem 3.13):

Theorem 9.1 Let F be a bounded subset of R. Then, there exists a unique d' =

dimp (F) such that HY(F) = O ford > d’' and H*(F) = oo ford < d'. Furthermore,
d’ = dimpy(F).

FoL g
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Denoting the dyadic rationals by D, we shall compute dimg (Sp(A)) via approxi-
mating the above applied to F = Sp(A) N D¢ and using Lemma 3.21.

Proof of Theorem 3.18 for Hausdorff dimension 1t is enough to prove the lower bounds
{Ex, Qp, A2} ¢ A?, {(Ex, Qsa, A1} ¢ Af and construct the towers of algo-
rithms for the inclusions {Ep, 7 N Qsa, A1} € T4, {Epn, Qsa, A1} € X and
{En, Qsa, A2} € 4.

Step 1 {Ey, Qp, Ay} ¢ Ag;. Suppose for a contradiction that a height two tower,
{Tnyn, ), exists for {Ex, Qp} (taking values in [0, 1] without loss of generality). We
repeat the argument in the proof of Theorem 3.16. Consider the same problem

el ({ai,;}) : Does {a; ;} have a column containing infinitely many nonzero entries?

However, now we consider the above mapping to [0, 1] with the usual metric. We
consider the same operator A = diag(cg (1), €4(2), C4(3), - - -) With

spdy=| |J 1|ue,

j:zi aj, j=00
where Q is at most countable. We use the fact that the Hausdorff dimension satisfies

d1mH(U —1Xj) =supdimg (X;)
jeN

and that dimy (Q) = 0 for any countable Q to note that Ey (A) =g ({a;, ;j}). We set
Fn2 nmi(ai j}i,j) = Tny,ny (A) to provide a height two tower for E;. But this contradicts
Theorem 5.19.

Step 2 {Epy, Qsa, A1} ¢ Af. Suppose for a contradiction that {I';;; n, 4,1 is a
height three tower of general algorithms for the problem { E 7, Q2sa, A1} (taking values
in [0, 1] without loss of generality). Let (M, d) be the space [0, 1] with the usual
metric, let € denote the collection of all infinite arrays {am,i j}m,i, jeN With entries
am,i,j € {0, 1} and consider the problem function

é4({am,i,j}) : For every m, does {a, ; j}i j have (only) finitely many columns
with (only) finitely many 1’s?

Recall that it is shown in Sect. 5 thatSCI(._.4, Q)G 4. We will gain a contradiction by
using the supposed height three tower to solve { 24, $2}. We use the same construction as
in step 3 of the proof of Theorem 3.16. If & u4({am,l D = LthenSp(T ({am,i,j}m.i,j)) is
countable, and hence, E4 (T ({am,i, j}m,i,j)) = 0. On the other hand, if é4({am,i,j}) =
0, then there exists m with Sp(A,,) = [—1, 1] and hence I,, C Sp(T ({am,i,j}m.i,j))
so that Eg (T ({am,i,j}tm,i,j)) = 1. It follows that Fm nzn,({am ijtmij) = 1—
Cosnaoni (T ({@m,i, jm,i, j)) provides a height three tower for {u4, Q} a contradiction.
Fol:"ﬂ
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Step 3 {En, Qfy N Qsa, A1} € Eé“. To construct a height three tower for A €
QN Qga, if np < n3 set Iy py 0, (A) = 0. Otherwise, consider the set

Ang,nz,m(A) = {{Ui}iel : I is finite s Sm,nz(A) - UiEIUi» Ui € Un3§l§n2pl}

where S, »,(A) is the union of all S € p,, with S C [—ny, n1] and such that the
algorithm discussed in Lemma 3.21 outputs “Yes” for the interior of S and input
parameter n1. We then define

Py ny.ny (A, d) = inf {Zdiam(Ui)d Ui} € AnS,nz,nl(A)} :

If Sy, 0, (A) is empty, then we interpret the infinum as 0. There are only finitely many
sets to check and hence the infinum is a minimisation problem over finitely many
coverings (see § B.4 for a discussion of efficient implementation). It follows that
Rnyna,ni (A, d) defines a general algorithm computable in finitely many arithmetic
operations and comparisons. Furthermore, it is easy to see that

. - - d . .
Jim T, (A, d) = inf {demw» (U} € cn3,n2<A)} = hiyny (A, d)
1

from below (since we are covering larger sets as n1 increases). Here,
Cnz.ny (A) = {{Ui}ier : I is finite , Sp(A) N Dy, CUietUi, Ui € Uns<i<ny 01}

and Dy := 1/2%.Z denotes the dyadic rationals of resolution k. We now use the property
that A (F) consists of collections of finite coverings. As ny — 00, Ay 4, (A, d) is
non-increasing (since we take infinum over a larger class of coverings and the sets
Sp(A) N Dy, decrease) and hence converges to some number. Clearly

Hm_ Ay, (A, d) = hyy (A, d) = HE (Sp(A) N D).
ny— 00 N E
Fore > 0,let/ € Nand {U;} € A, (Sp(A) NID})} with

> " diam(U)? < € + HY, (Sp(A) N D).
i

For large enough ny, {U;} € Cy; 1, (A) and hence since € > 0 was arbitrary,

By (A, d) < HE (Sp(A) N DY)

n3

for all /. For a fixed A and d, h,,(A, d) is non-decreasing in n3 and hence converges
to a function of d, h(A, d) (possibly taking infinite values). Furthermore,

T (Sp(A) NDF) < h(A,d) < H'(Sp(A) N D).
Elol:';”
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Since the set Sp(A) N D is countable, its Hausdorff dimension is zero. Using sub-
additivity of Hausdorff dimension and Theorem 9.1,

dimp (Sp(A)) < dimpy (Sp(A) N D)
< dimp (Sp(A) N DY) = dimp (Sp(A) N D)
< dimy (Sp(A) N DY) = dimp/(Sp(A) N DY)
< dimy (Sp(A)).

It follows that h(A,d) = 0 if d > dimy(Sp(A)) and that h(A,d) = co if d <
dimg (Sp(A)). Define

11 ,
Chyingin (A) = ~ sup Shugngn (A, k/2"%) + E > 3 fork=1,..., ]} ,

J
j=1,..2m | 2"

where in this case we define the maximum over the empty set to be 0.
Consider ny > n3. Since hp; pny 0, (A, d) 1 hpyn, (A, d), it is clear that

. J . 1 1 .
nllgnoo Ty ngn (A) = supzn% {273 Shpyn, (A k2™ + . >3 fork=1,..., ]}

.....

~.
I
—

Ifh,, (A, d) > 1/2,thenhy, », (A, d)+1/ny > 1/2forallny otherwise hy; 5, (A, d)+
1/n> < 1/2 eventually. Hence,

' 1
lim Ty (A) =  sup {L S hay (A, kJ2"3) > = fork = 1,...,j} =Ty (A).
: 2113

np— 00 j=1 n3 2

Using the monotonicity of i1, (A, d) in d and the proven properties of the limit function
h, it follows that

lim T, (A) = dimg (Sp(A)).
n3—00

The fact that &, is non-decreasing in n3, the set {1/2"3,2/2"3, ..., 1} refines itself,
and the stated monotonicity collectively shows that convergence is monotonic from
below, and hence, we get the >4 classification.

Step 4 {Ep, Qsa, A1} € XF and {Ep, Qsa, A2} € Eg“. The first of these can be
proven as in step 3 by replacing (n1, n, n3) by (n2, n3, ns) and the set Sy, », (A) by
the set Sy; 1,.1, (A) given by the union of all S € p,,; with S C [—ny, n2] and such that
the E? tower of algorithms discussed in Lemma 3.21 outputs “Yes” for the interior of
S and input parameters (13, n1). To prove {2y, Qsa, A2} € Zé“, we use exactly the
same construction as in step 3 now using the Zf‘ algorithm (which uses Aj) given by
Lemma 3.21. O

Elol:;ﬂ
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Appendix A. Routines for Computing Spectra

We describe the SCI-sharp E]A algorithms in [64] and [60], that are used in some
of our proofs. In this section, we consider the problem functions E1(A) = Sp(A)
and E,(A) = Sp,(A), taking values in the space of non-empty compact subsets of C
equipped with Hausdorff metric. The definitions of the classes 2, and €2 s can be found
in Sect. 2. As written, the outputs of the algorithms below may be empty for small n
(and hence not lie in the correct metric space). This does not affect the classifications
and can be avoided by computing successive I';,(A) and outputting I, () (A) where
m(n) > n is minimal with I';;,,)(A) # 0.
The methods in [64] and [60] use the function f to approximate the function

¥a(z; A) = min{oint (A — 2D | p, 1), Oint (A* — 2D p, 70}, (A.D)

where P,, denotes the orthogonal projection onto the linear span of the first m basis
vectors and ojyr denotes the injection modulus. As n — o0, the functions y, con-
verge uniformly on compact subsets down to the continuous function y(z; A) =
IR(z, A)||~!, which we interpret as zero if the resolvent R(z, A) = (A — zI)~! does
not exist as a bounded operator. The function f and sequence {c,} allow us to approx-
imate y, to any given precision. To use this to compute the spectrum, we need some
control on how the resolvent norm diverges near the spectrum and this is provided by
the function g satisfying (2.2). At various points in this paper, we have also made use
of the related functions

Vum (23 A) = min{Gint (Pn (A — 21| p, 1), Oinf (P (A" — 2D |p, )}, (A2)
FolCT
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These can be computed from the rectangular matrices P, (A —zI)P,, P,,(A—zI)* P,
and converge uniformly on compact subsets of C to y, as m — oo.

Algorithm 1: The subroutine IsPosDef checks whether a matrix is positive
definite and is a standard routine that can be implemented in a myriad of ways. In
practice, the while loop in Di st Spec is replaced by a much more efficient interval
bisection method. An alternative method for sparse matrices (which, however,
does not rigorously guarantee an error bound on the smallest singular values) is
to compute the smallest singular values of the rectangular matrices using iterative
methods. See the supplementary material of [64] for further discussion on efficient
numerical computation. Note also that when evaluating DistSpec for different
Z, the computation can be done in parallel.

Function DistSpec (A,n,z, f(n))

Imput :n €N, f(n) € N, matrix A,z € C
Output: y € R, an approximation to the function z — || R(z, At
B=A-zD: f(n),1:n);C=A-zD*(1: f(n),1:n)
S=B*B; T =C*C
v=1,1=0
while v = 1 do
I=1+1 s "
p = IsPosDef (S — ’11—2); q = IsPosDef(T — ’lz—z)
v = min(p, q)
end
=g
end

Throughout, we use that DistSpec requires only finitely many arithmetic oper-
ations and comparisons, as proven in [60] (one can perform the IsPosDef routine
using incomplete Cholesky decompositions). Furthermore, as outlined in Remark 5.12,
we can make all of the algorithms in this paper and those in this appendix work using
A1-information and restricting to arithmetical operations over the rationals.

FoC'T
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Algorithm 2: The routine CompSpec computes spectra of bounded operators
(see [60] for extensions to unbounded operators) on I2(N) (or, more generally,
graphs) using the subroutines CompInvg and DistSpec described above, and
provides Ef‘ error control (without loss of generality by taking subsequences until
the computed error is below a user specified tolerance).

Function CompInvg (n,y,g)
Input :neN, yeR4, g: Ry — Ry
Output: m € R, an approximation to g_1 (y)
m =min{k/n : k € N, g(k/n) > y}
end
Function CompSpec (A,n,g, f(n),cn)
Input :n €N, f(n) €N, ¢, € Ry (bound on dispersion), g : R4 — Ry, A € Qp N Qg
Output: I, (A) C C, an approximation to Sp(A), E, (A) € R4, the error estimate
G = Nz +i2)n B, (0)
for z € G do
F(z) = DistSpec (A,n,z, f(n))
if F(2) < (2> +1)~! then

for w; € Beompinvg (n,F(z),g) @ NG ={wy, ..., wi} do

| Fj =DistSpec(Anwj, f(n))

end

Mz ={w; : F; = ming{Fg}}
else

| M;=90

end
end
Tu(A) = UzegM:
Ey(A) = maxyer, (a){CompInvyg (n,.DistSpec (A,n,z f(n)) +cp, &)}

end

Algorithm 3: PseudoSpec computes I',(A) C Sp,.(A) withlim,,, o, ', (A) =
Spe (A).

Function PseudoSpec (A,n, f(n),c,, €)
Imput :n, f(n) eN, ¢, € RY. A e Qr,e>0
Output: I' C C, an approximation to Sp, (A)

G =Grid(n)
m =min{k > n|c; < €}
for z € G do

B=(A—zD(1: f(m),1:m);C=(A—zD*(1: f(m),1:m)
S=B*B; T =C*C
p = IsPosDef(S — (€ — cp)?); g = IsPosDef(T — (€ — cp)?)
v(z) = min(p, q)

end

I'={zeGlv(z) =0}

end

FolCT
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Appendix B. Examples of Computational Routines

We provide short and simplified routines for some of the algorithms in this paper. For
example, we have ignored issues like the rigorous approximation of the function y;, ,,
in (A.2) using arithmetical operations. For brevity, we stick to one domain 2 and the
evaluation set A (matrix values) for each problem function E. In each case, we have
chosen the non-trivial 2 with the simplest algorithm. For the different algorithms for
different classes of operators, see the proofs. In general, different classes of operators
and evaluation sets have different SCI classifications and different algorithms for the
same problem function.

B.1. Spectral Radii, Capacity and Operator Norms

For the problem functions in Sects. 3.1-3.3, we consider 2 ¢ (see (2.1)) and € y N Qsa
for computing the capacity of the spectrum.

Algorithm 4: SpecRad computes the spectral radius of operators in €2 ¢ using the
algorithm for computing pseudospectra, PseudoSpec, which is parallelisable
and provides Zf error control.

Function SpecRad (ny, n2, f(ny),cn,, A)
Input :ny,np, f(n)) €N,cpy € Ry, A€ Qp

Output: Iy, 5, (A), 2 H? approximation of r(A)
§ = PseudoSpec(A, ny, f(n1), ey ny') = {21, ... 2m}

Fnz,nl (A) = SUP1<j<m |Zj|
end

Algorithm 5: EssSpecRad computes the essential spectral radius of operators
in 2 using the algorithm for computing essential spectra, EssSpec, from [18].

Function EssSpecRad (ny, ny, f(n1), cp;, A)
Input :ny,ny, f(n)) €N,y €Ry, A€ Qy

Output: [y, 5, (A), a H? approximation of E.(A)
§ = EssSpec(A,ny,ny, f(n1),cny) = U;.”:le
NB: R; are rectangles with complex rational vertices.
1
Cnyng (A) = 31y T SUP|<j<p; MaXzeR; |z
end

FoC'T
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Algorithm 6: PolyNorm computes the operator norm of p(A) for operators
A € Qy and polynomials p. The powers of A can be computed through “lazy
evaluation” (when one computes with infinite data structures, but defers the use
of the information until needed) and the function f.

Function PolyNorm(p,n, f(n),cp, A)
Input : polynomial p,n, f(n) e N,c, e R4, A € Qf

Output: I',(A), a E? approximation of || p(A)||

Compute By~ B, =P, p(A)P, € C"*" using f to compute matrix entries of powers of A.
Compute an upper bound 8, of ||l§,1 — Byll.
(Do the aboye so that §;, is bounded by a null sequence.)
Fn(A) = [|Bnll — dn
end

Algorithm 7: CapSpec computes cap(Sp(A)) for operators A € Qf N Qga.
The capacity of a finite union of intervals can be computed using conformal
mappings. The computation of Z,, ,, requires applications of DistSpec which
can be performed in parallel.

Function CapSpec (ny,ny, f(n1),cny, A)
Input :ny,ny, f(n) €N, ¢y, € ]11&,., A€ QfNQsA

Output: Iy, 5, (A), a H‘ZL‘ approximation of the capacity, cap, of Sp(A)
Form a disjoint covering of [—n1, n1] into intervals I;ll’nz, j=1,...,m 2"2+1, of length 2772
Use Lemma 3.21 with n = n| to compute Zp; n, 1 {J : interior(l;”'nz) N Sp(A) # 7}

Fnz,nl (A) = cap (UjEIHI 1y I;‘ll’nz ’

end
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B.2. Essential Numerical Range, Gaps in Essential Spectra and Detecting
Algorithm Failure for Finite Section

For the problems in Sect. 3.4, we consider 2.

Algorithm 8: EssNumRange computes the essential numerical range for oper-
ators A € Qp (see §7.1 for unbounded operators). The numerical range of a finite
square matrix can be approximated to arbitrary accuracy using finitely many arith-
metic operations and comparisons. In practice, one can use the method of Johnson
[96], which reduces the computation of dW (B) for B € C"*" to a series of n x n
Hermitian (extremal) eigenvalue problems.

Function EssNumRange (ny,n3, A)
Input :n;,np e N, A e Qp
Output: [y, 5, (A), a H? approximation of W, (A)
Bpyny = U — P"Z)P"I+"2A|Pn1+n2(1*Pn2)H e Crnixny
Fnz,nl (A) = W(BnQ,n])

end

—

Algorithm 9: SpecPoll computes a(goll(A, U) for operators A € Qp and
open sets U (given as a, possibly countably infinite, union of open balls {U,,}
with rational radii and centres). The function y;, ,, is the same as in (A.2).

Function SpecPoll (ny,ny,n3,A,U)
Input :ni,ny,n3, €N, Ae Qp,openset U
Output: I3 55,0, (A, U), a E? approximation of E;Cm”(A, U)

Sny.ny = EssNumRange(ny, ny, A) = {z1, ..., zm}
NB: We use the version of EssNumRange that outputs a finite collection of points.
Vi =UL,U;

Yuyny = {2 € Spyumy ¢ dist(z, Vay) <ny' —ny'}
if Yyy ny # 0 then
‘ an,nl = maXzeTnzy,,l Yno.ny (25 A) — ’11_
else
| Onymy =0
end
if Ouyn; <n3 ! then
‘ an,nz,nl (A,U)=0
else
‘ Fn3,nz,n1 (A, U)=1
end
end

1
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B.3. Lebesgue Measure

For the problems in Sect. 3.5, we consider 2.

Algorithm 10: LebSpec computes Leb(Sp(A)) for operators A € Q. It can be
easily adapted to self-adjoint operators and computing the Lebesgue measure of
the spectrum as a subset of the real line, by restricting the rectangles and balls to
intervals. Again, the computation of DistSpec can be performed in parallel.

Function LebSpec (ny, ny, f(n1),cn,, A)
Input :np,np, f(n1) €N, ey € Ry, A € 2

Output: Iy, 5, (A), a H? approximation of Leb(Sp(A))

G =5z @+IT)N[—ni,m P =21, 2m}
for z € G do

‘ Fny(z) = DistSpec(A, ny, z, f () + cny
end

NB: WLOG we adapt Fy, to be non-increasing in ny.
Ung,ni, A) = [=n1,m P> N (U, Bz, Fay (2)))
Tnyony (A) = 4n? — Leb(U (n2. ny, A))

end

Algorithm 11: LebPseudoSpec computes Leb(Sp, (A)) for operators A € Q.
It can be easily adapted to self-adjoint operators and computing the Lebesgue mea-
sure of the pseudospectrum restricted to the real line, by restricting the rectangles
and balls to intervals. Again, the computation of DistSpec can be performed
in parallel.

Function LebPseudoSpec (n, A, €)
Input :nEN,AEQEL,6>0
Output: [',(A), a 2{‘ approximation of Leb(Sp, (A))

G=L@+imyni—nnP ={z1,....2m}
for z € G do

| Fu(z) =DistSpec(A,n,z, f(n))+cn
end

NB: WLOG we adapt Fj, to be non-increasing in n.
S={z€G: F,(z) <¢€}
I'n(A) = Leb(Uzes D(z, max{0, € — F(2)})

end
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tation of LebSpec.

Algorithm 12: NullLebSpec computes E-Z(A) (“Is Leb(Sp(A)) = 07”) for
operators A € Q. It can be easily adapted to self-adjoint operators, where the
Lebesgue measure corresponds to that of the real line, by using the relevant adap-

Function NullLebSpec (ny, ny, n3, f(ny1), cp;, A)
Input :nj,np,n3, f(n)) €Nycny €eRy, A€ Qy

for j=1,...,n; do

| tj =Lebspec(j,n2, f(j),cj, A)
end

if maxj<j<p, tj < n3_l then

| Tnzngm =1

else

‘ Fn3,n2,11] (A)=0

end

end

Output: I3 5.0, (A), 2 H? approximation of E% (A)

B.4. Fractal Dimensions
For the problems in Sect. 3.6, we consider Q?D

QN Qgp for the Hausdorff dimension.
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Algorithm 13: BoxDimSpec computes the box-counting dimension of the spec-
trum for operators A € Q?D . If we enlarge the class to Q¢ N Qsa, the result is
a tower of algorithms that converges to a quantity I'(A) with dim gz (Sp(A)) <
I'(A) < dimp(Sp(A)).

Function BoxDim (ny, na, f(ny), cnys A)
Input :ni,np, f(n)) eN, cny € Ry, A€ Q?-D

Output: [y, 5, (A), a H? approximation of dimp (Sp(A))

if n; > nyp then
fori=1,...,n1 do
S; = CompSpec(A, [, f(),c;, g : x> x) = {zu, o Zqul}
NB: WLOG we assume that dist(z 7, Sp(4)) < 2L,
for j=1,...,k do

‘ i =lzj1— 271,21',1 +271
end
end
fork e {np,ny+1,....n1}, je{l,2,...,n1}do
Let Yy, j be any union of 2~%_mesh intervals of minimal length |y ;| (where length is
the number of mesh intervals that make up the union) such that
T jNIpg#9. 1=q=j. 1=p=kg

log(| Yk, ; (A

Setay j = KTz
end
Tnyny (A) = max{ag,j :np <k <np,1 < j < ny}(max over empty set is zero).
else
‘ 1“nz,l’” A)=0
end
end

Algorithm 14: HausDimSpec computes the Hausdorff dimension of the spec-
trum for operators A € Qf N Qsa. An efficient way to compute the minimal
covering is to use binary trees [153].

Function HausDimSpec (ny, ny, n3, A)
Input :nj,np,n3 €N, AeQpnQsa

Output: I3 5y.n, (A), 2 234 approximation of dimg (Sp(A))

Notation: p; denotes set of all closed intervals of form [Z_km, 2k m+1)],meZ
Sny.ny =unionof all § € pp, with § C [—ny, n1] and such that the algorithm discussed in
Lemma 3.21 outputs “Yes” for the interior of S and input parameter n1.
-An3,nz,n| = {{Ui}iel 21 is finite , Sy 0, C UierU;, Ui € Un3§l§n2/)l}
form e {l,...,2"3} do
‘ by = inf {Z: di"‘m(Ui)m/zn3 Ui} € Anznoony } + ”2_]
end
Cnsng.ng (A) = max{m/2"3 : bj>1/2for j =1,...,m} (max over empty set is zero).

end
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