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Abstract

Rate distortion theory is concerned with optimally encoding signals from a given signal
class S using a budget of R bits, as R — co. We say that S can be compressed at rate
s if we can achieve an error of at most O(R ™) for encoding the given signal class; the
supremal compression rate is denoted by s*(S). Given a fixed coding scheme, there
usually are some elements of S that are compressed at a higher rate than s*(S) by the
given coding scheme; in this paper, we study the size of this set of signals. We show that
for certain “nice” signal classes S, a phase transition occurs: We construct a probability
measure [P on S such that for every coding scheme C and any s > s*(S), the set of
signals encoded with error O(R™*) by C forms a P-null-set. In particular, our results
apply to all unit balls in Besov and Sobolev spaces that embed compactly into L2(£2)
for a bounded Lipschitz domain £2. As an application, we show that several existing
sharpness results concerning function approximation using deep neural networks are
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in fact generically sharp. In addition, we provide quantitative and non-asymptotic
bounds on the probability that a random f € S can be encoded to within accuracy
¢ using R bits. This result is subsequently applied to the problem of approximately
representing f € S to within accuracy ¢ by a (quantized) neural network with at most
W nonzero weights. We show that for any s > s*(S) there are constants ¢, C such that,
no matter what kind of “learning” procedure is used to produce such a network, the

probability of success is bounded from above by min {1, 2C-Wlogy (14+W)1?—c-e~ !/ 1.

Keywords Rate distortion theory - Phase transition - Approximation rates - Sobolev
spaces - Besov spaces - Neural network approximation
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1 Introduction

Let S be asignal class, that is, a relatively compact subset of a Banach space (X, |- [|x).
Rate distortion theory is concerned with the question of how well the elements of S
can be encoded using a prescribed number R of bits. In many cases of interest, the
best achievable coding error scales like R™*", where s* is the optimal compression
rate of the signal class S. We show that a phase transition occurs: the set of elements
x € S that can be encoded using a strictly larger exponent than s* is thin; precisely,
it is a null-set with respect to a suitable probability measure PP. Crucially, the measure
P is independent of the chosen coding scheme.

In order to rigorously formulate these results, we first review the needed notions of
rate-distortion theory, see also [3,4,13,15]. For later use, we state the definitions here
in the setting of general Banach spaces, although our main results only focus on the
Hilbert space LZ(Q).

1.1 A Crash Course in Rate Distortion Theory

To formalize the notion of encoding a signal class S C X, we define the set Enc§ X
of encoding/decoding pairs (E, D) of code-length R € N as

Encf;X::{(E,D) . E:S—{0.1}% and D:{O,I}R—>X}.

We are interested in choosing (E, D) € Ench such as to minimize the (maximal)
distortion 55 x(E, D) 1= supycs X — D(E(X))Ix .
The intuition behind these definitions is that the encoder E converts any signal
x € S into a bitstream of code-length R (i.e., consisting of R bits), while the decoder
D produces from a given bitstream b € {0, 1}% a signal D(b) € X. The goal of
rate distortion theory is to determine the minimal distortion that can be achieved
by any encoder/decoder pair of code-length R € N. Typical results concerning the
relation between code-length and distortion are formulated in an asymptotic sense: One
assumes that for every code-length R € N, one is given an encoding/decoding pair
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2023) 23:329-392 331

(ER, DR) € Enc“;X and then, studies the asymptotic behavior of the corresponding
distortion 65 x (Eg, Dg) as R — oo.

We refer to a sequence ((E R, DR)) ReN of encoding/decoding pairs as a codec, so
that the set of all codecs is

Codecss x := X Encg X"
ReN

For a given signal class S in a Banach space X, it is of great interest to find an
asymptotically optimal codec; that is, a sequence ((E R, D R)) ren € Codecss x such
that the asymptotic decay of (5$,X (Er, D R)) ReN 18, in a sense, maximal. To formalize
this, for each s € [0, co) define the class of subsets of X that admit compression rate
s as

Compy := {S C X : 3((Eg. Dg)) gy € Codecss x : 8sx(Er. Dr) S R™°}.

For a given (bounded) signal class S C X, we aim to determine the optimal compres-
sion rate for S in X, that is

sx (8) :==sup {s € [0, 00): S € Comp¥ } € [0, c0]. (1.1)

Although the calculation of the quantity sy (S) may appear daunting for a given
signal class S, there exists in fact a large body of literature addressing this topic. A
landmark result in this area states that the JPEG2000 compression standard represents
an optimal codec for the compression of piecewise smooth signals [26]. This optimality
is typically stated more generally for the signal class S = Ball (O, I; B, q(Q)), the
unit ball in the Besov space B;’,"q (£2), considered as a subset of X = H = L%(£2), for
“sufficiently nice” bounded domains §£2 C R4; see [10].

ForacodecC = ((ER, DR)) ReN € Codecsg x, instead of considering the maximal
distortion of C over the entire signal class S, one can also measure the approximation
rate that the codec C achieves for each individual x € S.Precisely, the class of elements
with compression rate s under C is

Asx© = [xes sup [R" - [x = Dr(Ex ()| ] < ). a2

If the signal class S is “sufficiently regular”—for instance if S is compact and convex—
then one can prove (see Proposition 3) that the following dichotomy is valid:

s <sx(S) = 3C € CodecssxVxeS : xe Agx(),

(1.3)
s > 5x (§) = VC € Codecss x IX" € S x" ¢ Agx(0).
Thus, all signals in S can be approximated at any compression rate lower than the opti-
mal rate for S using a common codec. Furthermore, for any approximation rate s larger
than the optimal rate for S, and for any codec C, there exists some x* = x*(s,C) € S
that is not compressed at rate s by C.
FolCT
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Remark 1 (Encoding/decoding schemes vs. discretization maps) As the above con-
siderations suggest, the crucial objects for our investigations are not the encod-
ing/decoding pairs (E, D) € Encgyx, but the distortion they cause for each x € S.
Therefore, we could equally well restrict our attention to the discretization map
Do E : S — X, which has the crucial property |range(D o E)| < 2R. Con-
versely, given any (discretization) map A : S — X with |range(A)| < 2%, one
can construct an encoding/decoding pair (E, D) € Encg’x, by choosing a surjection

D : {0, 1}® — range(A), and then setting
E: S—{0,1}% x— argmin,¢g 38 X — D(c)llx ,

which ensures that |[x — D(E(X))|lx < ||x — A(X)||x for all x € S. Thus, all our
results could be rephrased in terms of such discretization maps rather than in terms of
encoding/decoding pairs. For more details on this connection, see also Lemma 10. <«

1.2 Our Contributions
1.2.1 Phase Transition

We improve on the dichotomy (1.3) by measuring the size of the class AfS,X(C) of
elements with compression rate s under the codec C. Then, a phase transition occurs:
the class of elements that cannot be encoded at a “larger than optimal” rate is generic.
We prove this when the signal class is a ball in a Besov- or Sobolev space, as long as
this ball forms a compact subset of L2(£2) for a bounded Lipschitz domain £2 C R4,

More precisely, for each such signal class S, we construct a probability measure
P on S such that the compressibility exhibits a phase transition as in the following
definition.

Definition 1 A Borel probability measure IP on a subset S of a Banach space X exhibits
a compressibility phase transition if it satisfies the following:

if s < 5% (S) then 3C € Codecss x : P(As x(0) = 1;

' 1.4)
if s > 55 (S) then VC € Codecss x : P*(A% x(C)) = 0. (

In this definition, since the set A’  (C) is notnecessarily measurable fors > s (S),
instead of the measure P, we use the associated outer measure P*. Generally, given

a measure space (S, <7, ) the outer measure pu* : 28 - [0, 0co] induced by u is
defined as

WH(M) = inf [ S uMy) : (Mynen C o with M C | M,,] .15

n=1 n=1

In general, 1* is not a measure, but it is always o -subadditive, meaning that it satisfies

wr(USZ My) < 302wt (My) for arbitrary M, C S; see [14, Section 1.4]. Further-
FolCT
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more, it is easy to see for M € .7 that u*(M) = n(M); that is, ©* is an extension of
W

As seen in (1.4), we are mostly interested in w*-null-sets; that is, subsets N C S
satisfying u*(N) = 0. This holds if and only if there is N’ € o satisfying N C N’
and n(N') = 0. Directly from the o -subadditivity of p*, it follows that a countable
union of p*-null-sets is again a p*-null-set.

We note that the first implication in (1.4) is always satisfied, as a consequence of
(1.3). The second part of (1.4) states that for any s > s (S) and any codec C, almost
every X € S cannot be compressed by C at rate s. In other words, whenever [P exhibits
a compressibility phase transition on S, the property of not being compressible at a
“larger than optimal” rate is a generic property.

Remark2 (i) We emphasize that the measure P in Definition 1 is required to satisfy

the second property in (1.4) universally for any choice of codec C.
In fact, if P would be allowed to depend on C, one could simply choose P = dy,
where x = x(C,s) € S is a single element that is not approximated at rate s
by C; for s > s;‘( (S) such an element exists under mild assumptions on S; see
Proposition 3.

(ii) Any measure [P satisfying (1.4) also satisfies P*({x}) = 0 (and hence P({x}) =
0) for each x € S, as can be seen by taking C = ((Ek, DR))ReN with Dp :
{0, }R - S, ¢ > x, so that A% x(C) = {x} forall s > 0. Thus, any probability
measure [P exhibiting a compressibility phase transition is atom free.

(iil) Measures satisfying (1.4) are quite special—in fact, Proposition 4 shows under
mild assumptions on S that the set of measures not satisfying (1.4) is generic in
the set of atom-free probability measures. <

Our first main result establishes the existence of critical measures for all Sobolev-
and Besov balls (denoted by Ball(0, 1; Wk’p(.Q; R)), respectively Ball(0, 1; B;,q
(£2; R)); see Appendix C) that are compact subsets of L?(£2):

Theorem 1 Let ) # 2 C R? be a bounded Lipschitz domain. Consider either of the
following two settings:

e S :=Ball (O,I;B;’q(.Q; R)) and s* = 5, where p,q € (0, 00] and T € R with
r>d-(%—%)+,or

e S = Ball(O, 1; Wk'p(.Q)) and s* = f—l where p € [1,00] and k € N with
k>d- (5 =34

*

L2(R2)
S that exhibits a compressibility phase transition as in Definition 1.

In either case, s (S) = 5™, and there exists a Borel probability measure P on

Proof This follows from Theorems 7, 8, and 4. O

Since Remark 2 shows that the measure P from the preceding theorem satisfies
P(M) = 0 for each countable set M C S, we get the following strengthening of the
dichotomy (1.3).

FoC
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Corollary 1 Suppose the assumptions of Theorem 1 are satisfied. Then, given any codec
C € Codecsg 12(g) the set S\ . ¢+ AfS,LZ(.Q)(C)’ which consists of all signals that
cannot be encoded by C at compression rate s for some s > s*, is uncountable.

In words, Corollary 1 states that for every codec the set of signals in S that cannot be
approximated at any compression rate larger than the optimal rate for S is uncountable.
In contrast, previous results (such as Proposition 3) only state the existence of a single
such “badly approximable” signal.

1.2.2 Quantitative Lower Bounds

The statement of Theorem 1 is purely qualitative; it shows that the set of elements
that are approximable at a “better than optimal rate” forms a null-set with respect
to the measure PP. In fact, the measure P constructed in (the proof of) Theorem 1
satisfies a stronger, quantitative condition: If one randomly draws a function f ~ P
using the probability measure P, one can precisely bound the probability that a given
encoding/decoding pair (Eg, Dg) of code-length R achieves a given error ¢ for f. To
underline this probabilistic interpretation, we define, for any property Q of elements
fes,

Pr(f satisfies Q) := P*({f € S: f satisfies Q}), (1.6)

where P* denotes the outer measure induced by P.

Theorem2 Let S and s* as in Theorem 1. Let the probability measure P on S as
constructed in (the proof of) Theorem 1, and let us use the notation from Eq. (1.6).
Then, foranys > s* there existc, &g > 0(depending on S, s) such that for arbitrary

R € Nand (Eg, DR) € Enc§ L2(@) it holds that
eV
Pr(||f — DR(ER(f)ll 200y < &) <287¢F Ve e (0, ).
Proof This follows from Theorem 4 and (the proof of) Theorem 1. O

Theorem 2 is interesting due to its nonasymptotic nature. Indeed, given a fixed
budget of R bits and a desired accuracy ¢, it provides a partial answer to the question:

How likely is one to succeed in describing a random f € S to within accuracy
& using R bits?

Figure 1 provides an illustration of the phase transition behavior in dependence of ¢
and R; it graphically shows that the transition is quite sharp.

1.2.3 Lower Bounds for Neural Network Approximation

As an application, we draw a connection between the previously described results

and the approximation properties of neural networks. In a nutshell, a neural network
Elol:;ﬂ
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Ey(R,€) = min {1,28-(/9""} where s = 2.002
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Fig. 1 For S a Sobolev or Besov ball, Theorem 2 provides bounds on the probability of being able to
describe a random function f € S to within accuracy ¢ using R bits. This probability is, for every s >
s* and ¢ € (0,g0) (s* denoting the optimal compression rate of S), upper bounded by Es(R,¢) :=
min{ 1, ZR_""’;FI/S } In this figure, we show two plots of the function Es over the (R, 1/¢)-plane. Both
grayscale plots show Eg for s = 2.002 > s* = 2 and ¢ = 1, while the red curve indicates the critical
region where R = (1/ e)l/s * . We see that a sharp phase transition occurs in the sense that above and slightly
below the critical curve R = ¢~ 1/2 (white area) the upper bound E does not rule out the possibility that it
is always possible to describe f € S to within accuracy ¢ using R bits; but even slightly below the critical
curve (dark area) the bound E shows that such a compression is almost impossible. The sharpness of the
phase transition is more clearly shown in the zoomed part of the figure. The bottom plot further illustrates the
quantitative behavior by using a logarithmic colormap. Note that in the bottom plot two different colormaps
are used for the range [—100, 0] and the remaining range [—1000, —100)
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alternatingly applies affine-linear maps and a so-called activation function o : R — R
that acts componentwise on vectors, meaning o ((x1, ..., xn)) = (€(x1), . ... 0(xm)).
More precisely, we will use the following mathematical formalization of (fully con-
nected, feed forward) neural networks [29].

Definition2 Letd, L € Nand N = (N, ..., Nr) C N with Ng = d. We say that N
is a network architecture, where L describes the number of layers of the network and
Ny is the number of neurons in the £-th layer.

A neural network (NN) with architecture N is a tuple

@ = ((A1,b), ..., (AL, bp))

of matrices Ay € RVNe*Ne-1 and bias vectors by € RV¢. Given a function ¢ : R — R,
called the activation function, the mapping computed by the network @ is defined as

R®: R RN, R, @ =Tpo(@oTr_1)o---0(0oTi),
where Tyx = Ay x + by.

Here, we use the convention o((x1, ..., X»)) = (o(x1), ..., 0(xn)), i.e., 0 acts com-
ponentwise on vectors.

The complexity of @ is mainly described by the number L(®) := L of layers,
the number W(®) = Z!?:l (||Ag ll0 + |1be ”g()) of weights (or connections), and the
number N (@) := Zé:o N¢ of neurons of @. Here, for a matrix or vector A, we denote
by ||All,0 the number of nonzero entries of A. Furthermore, we set diy(®) := Nop and
dow(®) := Np.

In addition to the number of layers, neurons, and weights of a network, we will also
be interested in the complexity of the individual weights and biases of the network,
i.e., of the entries of the (weight) matrices A, and the bias vectors b,. Thus, define

Gow = [~WolonWl wolon W] no—olon Wiz for ¢ WeN. (1.7)

We say that @ is (o, W)-quantized if all entries of the matrices A, and the vectors by
belong to G, w.

The set G4, w in (1.7) contains all real numbers that belong to the grid 277 llog, W17,
and simultaneously to the interval [— wolloga W1 yyollog; W1 ]; thus, the grid gets arbi-
trarily fine and the interval gets arbitrarily large as W — oo, where the parameter o
determines how fast this happens. We note that in applications one necessarily deals
with quantized NNs due to the necessity to store and process the weights on a digital
computer. Regarding function approximation by such quantized neural networks, we
have the following result:

Theorem 3 Let o : R — R be measurable and let d, o € N. For W € N, define

NN, = {RQ¢ :
FoC'T
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Let S, s*, and P as in Theorem 1. Then, using the notation (1.6), the following hold:

1. There exists C = C(d,o) € N such that for each s > s* there are ¢,e9 > 0
satisfying

Pr( min , ”f _ g”Lz(Q) < 8) < 2C-W [10g2(1+W)]2_C-8—1/.Y Ve e (0’ 801_18)

8¢& 4w

In fact, one can choose C = 4 + 4[log, (4ed)] + 8o.
2. If we define Wy o (f; €) € NU {c0} by

Woo(f:€) = inf{w €N : 3ge NNGS, such that | f — gll;20) < e}

and furthermore set

. . L 3t1e€(0,1),0eN,C>0
AVN .o ‘_{fes " Vee (0, f):Wg,Q(f;e)gc.ef}’

* * —_
then IP (ANN,Q) =0.
Proof The proof of this theorem is deferred to Appendix F. O

In a nutshell, Eq. (1.8) states the following: If one draws a random function f
from [P, then with probability at least 1 —2¢W Mog, (14+W)1>—c-e 71/ , the function f will
have L? distance at least ¢ to every network from the class AN\’ Z%, Consequently,

Eq. (1.8) implies that the network size W has to scale at least like W > ¢!/ st (up
to log factors) to succeed with high probability if S is a Sobolev- or Besov ball with
optimal exponent s* = szz @) (S). In particular, if one uses any learning procedure
Learn : S — NN gﬁv— not necessarily a typical algorithm like (stochastic) gradient
descent— and hopes to achieve || f — Learn(f)|l;2(o) < ¢, then Eq. (1.8) provides
an upper bound on the probability of success.

Remark 3 (Further discussion of Theorem 3) It might seem peculiar at first sight that
the depth of the approximating networks does not seem to play a role in Theorem 3,
even though deeper networks should intuitively have better approximation proper-
ties. To understand how this can be, note that the theorem only provides a hardness
result: it gives a lower bound on how well arbitrarily deep (quantized) networks can
approximate functions from the class S.

Whether this lower bound is sharp (i.e., whether the critical rate s* can be attained
using suitable networks) then depends on the chosen activation function and the
network depth. For instance, for approximating C¥ functions, a result by Mhaskar
[27] shows that shallow networks with smooth, non-polynomial activation functions
already attain the optimal rates. For networks with the (non-smooth) ReLU activa-
tion function o(x) = max{0, x}, on the other hand, it is known that (somewhat) deep
networks are necessary to attain the optimal rates; more precisely, one needs ReL.U net-
works of depth O(1 + S) to achieve the optimal approximation rates for C* functions
on [0, 11¢; see [29, Theorem C.6] and [31,32].

EOE';W
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In fact, the optimal rates predicted by Theorem 3 are attained (up to log factors)
by sufficiently deep ReLU networks and domain £2 = [0, 1]¢. Precisely, there exist
C=C(S) >0and o = 0o(S) € N such that

VieS Vee(0,)):  Woolfie) <C-e7'/ logy(1/e) Se7,

where T € (0, Si*) is arbitrary. This follows from results in [13,34]. Since the details
are mainly technical, the proof is deferred to Appendix F. We remark that by similar
arguments as in [13,34], one can also prove the sharpness for other activation functions
than the ReLU and other domains than [0, 1]¢. |

1.3 Related Literature and Concepts
1.3.1 Minimax Optimality in Approximation Theory

Many (optimality) results in approximation theory are formulated in a minimax sense,
meaning that one precisely characterizes the asymptotic decay of

dx(S, My) = sup inf || f —glx,
fes 8EM),

where S C X is the class of signals to be approximated, and M,, C X contains all
functions “of complexity n,” for example polynomials of degree n or shallow neural
networks with n neurons, etc. As recent examples of such results related to neural
networks, we mention [4,29,41].

A minimax lower bound of the form dx (S, M,) = n~ *, however, only makes
a claim about the possible worst case of approximating elements f € S. In other
words, such an estimate in general only guarantees that there is at least one “hard to
approximate” function f* € S satistying infgepy, || f* — gllx 2 n™° foreach s > s*,
but nothing is known about how “massive” this set of “hard to approximate” functions
is, or about the “average case.”

N

1.3.2 Results Quantifying the “mass” of Hard-To-Approximate Functions

The first paper to address this question—and one of the main sources of inspiration
for the present paper—is [24]. In that paper, Maiorov, Meir, and Ratsaby consider
essentially the “L2-Besov-space type” signal class S = S, of functions f € L?(B,)
(with By = {x € R?: ||x|]» < 1}) that satisfy

dist,2(f, Pon) <277V,

where Px = span{x"‘: o€ Ng with |¢| < K } denotes the space of d-variate poly-

nomials of degree at most K. On this signal class, they construct a probability measure
Elol:;ﬂ
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P such that given the subset of functions

My =[x gl x)): a e 59 and g € L2(-1,1D),

i=1

one obtains the minimax asymptotic d; 2 (S;, M) <xn™" /(=1 "but furthermore there
exists ¢ > 0 such that

IP’({f €S, disty2(f, My) > c - n*’/“’*”}) > 1= eV

In other words, the measure of the set of functions for which the minimax asymptotic
is sharp tends to 1 for n — oo. In this context, we would also like to mention the
recent article [23], in which the results of [24] are extended to cover more general
signal classes and approximation in stronger norms than the L? norm.

While we draw heavily on the ideas from [24] for the construction of the measure [P
in Theorem 1, it should be noted that we are interested in phase transitions for general
encoding/decoding schemes, while [23,24] exclusively focus on approximation using
the ridge function classes M,,.

1.3.3 Baire Category

Extending the scale of C* spaces (k € Np) to the scale of Holder-spaces C#, g > 0,
it is well-known that CP? is of first category (or meager) in C" if f > 7. Similarly,
under mild regularity conditions on the signal class S C X, one can show for every
codec C € Codecsg x that the set | . i« ‘AfS,X(C) of signals x € S that are encodable

by C at a “better than optimal” rate s > s* = s (8) is meager in S; for instance, this
holds if S is compact and convex; see Proposition 3.

Thus, if one could construct a Borel probability measure [P on S satisfying P* (M) =
0 for every set M C S that is meager in S, then P would automatically satisfy the
phase transition (1.4). In most cases, however, it turns out that no such measure exists.

Indeed, assuming that such a measure exists and that S has no isolated points, every
singleton {x} C & is meager in S, so that P({x}) = O for every x € S. Therefore,
if S, equipped with the topology induced by || - ||x, has a base whose cardinal has
measure zero (see below for details), then [28, Theorem 16.5] shows that one can
write S = N U M, where M C S is meager and N C S satisfies P(N) = 0, leading
to 1 = P(S) < P*(N) 4+ P*(M) = 0, a contradiction. Regarding the assumption on
the existence of a base whose cardinal has measure zero, note that if S is relatively
compact (which always holds if sy (S) > 0), then S is separable and hence has a
countable base, whose cardinal thus has measure zero; see [28, Page 63]. In summary,
if § C Xis relatively compact and has no isolated points, then there does not exist a
Borel probability measure P on S satisfying P*(M) = 0 for every set M C S of first
category.

One could further ask how “special” measures satisfying the phase transition (1.4)
are; more precisely: Is the set of probability measures P satisfying (1.4) generic in the
set of (atom-free) probability measures? This is not the case; in fact, Proposition 4

EOE';W
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shows under very mild assumptions that if one equips the set of atom-free probability
measures on S with the total variation metric, then the set of measures satisfying (1.4)
is meager. In other words, the set of measures not satisfying (1.4) is generic as a subset
of all atom-free Borel probability measures on S.

1.3.4 Small ball probabilities and Gaussian measures

An important notion that we introduce and study in this article are measures of loga-
rithmic growth order s, which are measures satisfying a certain small ball condition;
see Eq. (1.9) below. Such small ball conditions have been extensively studied in the
theory of Gaussian measures; see for instance [21,22]. An important result in that
area of research shows that the small ball probability of a Gaussian measure pu is
closely related to the behavior of the entropy numbers of the unit ball K, of a certain
reproducing kernel Hilbert space H,, associated with 1.

In seeming similarity, we are concerned with constructing a probability measure P
supported on a given set S such that P satisfies a certain small ball property, depending
on the optimal exponent s;k{ (8) of S, which is intimately related to the behavior
of the entropy numbers of S. As far as we can tell, however, the similarity is only
superficial, meaning that the main similarity is simply that both results are concerned
with measures satisfying small ball properties and the relation to entropy numbers.

To see that the questions considered in [21,22] are different from the ones studied
here, note that the Gaussian measures considered in [21,22] are not supported on
K, and furthermore that the entropy numbers of K, always satisfy H(K,,¢) €
o(¢7%) as ¢ — 0, a property that is in general nor shared by the signal classes S =
Ball (0,1; B} ,(£2; R)) and S := Ball(0, 1; W57 (£2)) that we consider.

Finally, we mention that a (non-trivial) modification of our proof shows that the
measure [P constructed in Theorem 1 can be chosen to be (the restriction of) a suitable
centered Gaussian measure.

1.3.5 Optimality Results for Neural Network Approximation

We emphasize that our lower bounds for neural network approximation consider net-
works with quantized weights, as in [4,29]. The main reason is that without such an
assumption, even networks with two hidden layers and a fixed number of neurons can
approximate any function arbitrarily well if the activation function is chosen suitably;
see [25, Theorem 4] and [40]. Moreover, even if one considers the popular ReLU
activation function, it was recently observed that the optimal approximation rates for
networks with quantized weights can in fact be doubled by using arbitrarily deep
ReLU networks with highly complex (non-quantized) weights [41].

1.4 Structure of the Paper and Proof Ideas

In Sect. 2, we introduce and study a class of probability measures with a certain growth
behavior. More precisely, we say that P is of logarithmic growth order so on S C X
FoC'T
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if for each s > s¢ there exist g = €o(s) > 0 and ¢ = ¢(s) > 0 satisfying

P(SNBall(x,&; X)) <27 " VxeXande € (0, &) (1.9)

Here, as in the rest of the paper, Ball(x, ¢; X) is the closed ball around x of radius
& with respect to || - ||x. A probability measure has critical growth if its logarithmic
growth order equals the optimal compression rate sy (S). We show in particular that
every critical probability measure exhibits a compressibility phase transition as in
Definition 1, and we show how critical probability measures can be transported from
one set to another.

Intuitively, the natural way to construct a probability measure PP satisfying (1.9) is
to make the measure “as uniform as possible,” so that each ball Ball(x, ¢; X) contains
roughly the same (small) volume. At first sight, it is thus natural to choose [P to be
translation invariant. It is well-known, however, (see, e.g., [17, Page 218]) that there
does not exist any non-trivial locally finite, translation invariant measure on an infinite-
dimensional, separable Banach space.

Therefore, we construct a measure PP satisfying (1.9) in the setting of certain
sequence spaces, where we can exploit the product structure of the signal class S
to make the measure as uniform as possible—this technique was pioneered in [24].
More precisely, in Sect. 3, we study the sequence spaces E , which are essentially the
coefficient spaces associated with Besov spaces. By modlfymg the construction given
in [24], we construct probability measures of critical growth on the unit balls ngf’a

of the spaces 6’%0[, for the range of parameters for which the embedding 6’%0[ — (2
is compact. For the case ¢ = oo, we directly use the product structure of the spaces
to construct the measure; the construction for the case g < 0o uses the measure from
the case ¢ = oo, combined with a technical trick (namely, introducing an additional
weight).

The construction of critical measures on the unit balls of Besov and Sobolev spaces
is then accomplished in Sect. 4, by using wavelet systems to transfer the critical
measure from the sequence spaces to the function spaces. This makes heavy use of
the transfer results established in Sect. 2.

A host of more technical proofs are deferred to the appendices.

1.5 Notation

We write N := {1, 2, 3, ...} for the set of natural numbers, and Ny := {0} U N for
the natural numbers including zero. The number of elements of a set M is denoted
by |M| € Ng U {oo}. For n € Ny, we define [n] := {k € N: k < n}; in particular,
[0] =

For x € R, we write x4 := max{0, x} and x_ := (—x)4+ = max{0, —x}.
We assume all vector spaces to be over R, unless explicitly stated otherwise.
For a given (quasi)-normed vector space (X, || - ||), we denote the closed ball of

radius r > 0 around x € X by

Ball(x, r) := Ball(x, r; X) := {y eX: |y —x| < r}.
FoE'ﬂ
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If we want to emphasize the quasi-norm (for example, if multiple quasi-norms are
considered on the same space X), we write Ball(x, ; || - ||) instead.

We say that a subset S of a topological space X is relatively compact, if the closure
S of S in X is compact. If X is a complete metric space with metric d, then this holds if
and only if S is totally bounded, meaning that for every ¢ > 0 there exist finitely many
X1, ..., Xy € Xsatisfying S C UINZI{X € X: d(x, x;) < ¢}; see [14, Theorem 0.25].

For an index set Z and an integrability exponent p € (0, oco], the sequence space
P (T) c RT is

(@) = {x = (dier €RT : |Ixller < 00},

. 1/p : .
where ||X|l¢r := (3 ;o7 1%i1P) 7 if p < oo, while ||X[|¢ := sup;c7 |xi].

A Comment on Measurability: Given a (not necessarily measurable) subset M C X
of a Banach space X, we will always equip M with the trace o-algebra

MmPBx ={MNB: B e Bx}

of the Borel o-algebra #x. A Borel measure on M is then a measure defined on
M ™ $x.

Note that if (§2, .o/) is any measurable space, then @ : 2 — M is measurable if
and only if it is measurable considered as a map @ : 2 — (X, $x).

2 General Results on Phase Transitions in Banach Spaces

In this section, we establish an abstract version of the phase transition considered in
(1.4) for signal classes in general Banach spaces and a class of measures that satisfy
a uniform growth property that we term “critical” (see Definition 3). We will show in
Sect. 2.1 that such critical measures automatically induce a phase transition behavior.
We furthermore show in Sect. 2.2 that criticality is preserved under pushforward by
“nice” mappings. The existence of critical measures is by no means trivial; quite the
opposite, their construction for a class of sequence spaces in Sect. 3—and for Besov
and Sobolev spaces on domains in Sect. 4—constitutes an essential part of the present
article.

2.1 Measures of Logarithmic Growth

Definition 3 Let S # ¥ be a subset of a Banach space X, and let sy € [0, 00).
A Borel probability measure [P on S has (logarithmic) growth order so (with respect
to X) if for every s > sp, there are constants &g, ¢ > 0 (depending on s, 59, P, S, X)
such that
P(SNBall(x, &; X)) <27 " VxeXande e (0, ). @.1)
We say that P is critical for S (with respect to X) if IP has logarithmic growth order
sx (8), with the optimal compression rate sy (S) as defined in Eq. (1.1).
FolCT
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Remark (1) If P has growth order s¢, then [P also has growth order o, for arbitrary
o > 5.

(2) Instead of Property (2.1), one could equivalently only require that the measure
of balls centered at points of S decays rapidly. More precisely, (2.1) is valid for
certain &g, ¢ > 0 (depending on s, so, P, S, X) if and only if there exist 1, w > 0
(depending on s, 5o, P, S, X) satisfying

P(SNBallx,&;X)) <27¢ " V¥xecSandse (0,e).  (2.2)

Indeed, if (2.1) holds, then so does (2.2) (with @ = ¢ and €] = &g). Conversely,
suppose (2.2) holds for certain 1, @ > 0. Setc := w/ZI/S > Qandegg := €1/2and
lete € (0, &9) and x € X be arbitrary. First, if S N Ball(x, &; X) = @, then trivially
P(SNBall(x, £; X)) =0 < 2-¢"""* Otherwise, there existsy € SNBall(x, ¢; X)
and then Ball(x, ¢; X) C Ball(y, 2¢; X) and 2¢ < ¢;. Hence, (2.2) shows

s

P(S N Ball(x, &; X)) < P(S N Ball(y, 2¢; X)) < 27« @7 =g

by our choice of c. <

The motivation for considering the growth order of a measure is that it leads to
bounds regarding the measure of elements x € S that are well-approximated by a
given codec; see Eq. (2.3) below. Furthermore, as we will see in Corollary 2, if P is
a probability measure of growth order so, then necessarily so > sx (S), so critical
measures have the minimal possible growth order.

The following theorem summarizes our main structural results, showing that critical
measures always exhibit a compressibility phase transition.

Theorem 4 Let the signal class S be a subset of the Banach space X, let P be a Borel
probability measure on S that is critical for S with respect to X, and set s* := sy (S).
Then, the following hold:

(1) Let s > s* and let ¢ = c(s) > 0 and g9 = &o(s) as in Eq. (2.1). Then, for any
R € Nand (Eg, DR) € Enc§ x we have

Pr(|x — Dr(Er()|x < &) <28 ve e (0, e, 2.3)

where we use the notation from Eq. (1.6).
(ii) Foreverys > s*andeverycodecC € Codecss x, the set A’ < (C) is alP*-null-set:

Pr (A5 x(©) =0.

(iii) For every 0 < s < s*, there exists a codec C = ((ER, DR))ReN € Codecss x
with distortion

5sx(Eg,Dgr) <C-R™® VREeN,
EOE';W
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for a constant C = C(s,C) > 0. In particular, the set of s-compressible signals
fS,X(C) defined in Eq. (1.2) satisfies AfS,X(C) = & and hence ]P’(Afg’X(C)) =1

Remark (1) Note that the theorem does not make any statement about the case s = s*.
In this case, the behavior depends on the specific choices of S and P.

(2) As noted above, the question of the existence of a critical probability measure P
is nontrivial. <

The proof of Theorem 4 is divided into several auxiliary results. Part (i) is contained
in the following lemma.

Lemma 1 LetS # ¥ be a subset of a Banach space X, and let P be a Borel probability
measure on S that is of logarithmic growth order so > 0 with respect to X.

Let s > so and let ¢ = c(s) > 0 and eg = €o(s) as in Eq. (2.1). Then, for any
R € Nand (Er, D) € Encg’x, we have

P*({x € S: [x— Dr(Er®)|x < ¢}) <287 Ve € (0. ¢0).

Further, for any given s > sy and K > 0 there exists a minimal code-length
Ry = Ro(s,s0, K,P,S,X) € N such that every C = ((ER, DR))ReN € Codecss x
satisfies

P*(x € S: [x — Dr(ERX)x <K -R™*}) <27 VR>Ry. (24)

Remark The lemma states that the measure of the subset of points x € S with approx-
imation error Eg(X) := ||x — Dr(Eg(x))|x satisfying Eg(x) < K - R~ for some
s > s decreases exponentially with R. In fact, the proof shows that the approximation
error is decreasing asymptotically superexponentially. <

Proof Let s > sg and let ¢, gy as in Eq. (2.1). For R € N and ¢ € (0, &9), define
A(R,¢e) :={x e S: |x— Dr(Eg(x))|lx < &}. By definition,

AR e)c ] [SnBally. e X)].
yerange(Dpg)

Since P is of growth order 59 and because of |[range(Dpg)| < 2R we can apply (2.1)
and the definition of the outer measure P* (see Eq. (1.5)) to deduce
P*(ARR.e)) = Y.  P(SNBallly,e; X)) < 2F- p—ce "
yerange(Dg)

This proves the first part of the lemma.

To prove the second part, let s > sg, and choose 0 = , noting that o € (sg, ).
Therefore, the first part of the lemma, applied with o instead of s, yields ¢, eg > 0
such that P*({x € S: |x — Dr(Ex(x)lx < e} < 28" for all R € N and
e € (0, e9).
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Note that & := K - R™5 < % < & holds as soon as R > [(2K /e0)!/* | =: Ry.
Finally, since s/o > 1 we can find a code-length Ry = R (s, 5o, €0, K) € N such
that

R—c-eV/"=R—¢c. K. R/ <_R forR>R,.

Overall, we thus see that (2.4) holds, with Ry := max{R, Ry}. O

Proposition 1 Let S # ¥ be a subset of the Banach space X. If P is a Borel probability
measure on S that is of growth order sy € [0, 00), then, for every s > sy and every
codec C = ((ER, DR))ReN € Codecsg x, we have

P¥ (A5 ¢ (€) =0.
Proof First, note that

5x@ =] {xeS:YReN: |x— Dr(Er()lx < K - R}
KeN

Il
C
D)

o
xe
2

where A p := {x € St X — Dr(Er(X))[x < K - R~}
®)

By o-subadditivity of P*, it is thus enough to show P* ([N gy Ay ) = O for each
K e N. To see that this holds, note that Lemma 1 shows

0< 1P>*< N Agng> <P (AP ) <27F YR > Ro(s. 5. K.P.S.X).
ReN

This easily implies P* () gy A(Ig)R) =0. O
The proof of Theorem 4 merely consists of combining the preceding lemmas.

Proof of Theorem 4 Proof of (i): This is contained in the statement of Lemma 1.
Proof of (ii): This follows from Proposition 1.
Proof of (iii): This follows from the definition of the optimal compression rate: for
0 < s < s* there exists a codec C = ((Er, DR)) gy € Codecss x such that

R'-|Ix — Dr(ER(x))Ix <C VREeN,

for a constant C > 0 and all x € S. In particular, this implies Afs x(€) = &, and
therefore ]P’(.Afg X(C)) =1. O

We close this subsection by showing that if P is a probability measure with log-
arithmic growth order sp, then this growth order is at least as large as the optimal
compression rate of the set on which PP is defined. This justifies the nomenclature of
“critical measures” as introduced in Definition 3.

EOE';W
@ Springer Lﬁjog



346 Foundations of Computational Mathematics (2023) 23:329-392

Corollary 2 Let S # ¥ be a subset of X, and P be a Borel probability measure on S
of growth order sy > 0. Then, sy > sx (S), with sy (S) as defined in Eq. (1.1).

Proof Suppose for a contradiction that 0 < 5o < s (S), and let s € (so, 5% (S)).
By definition of s (S), there exists a codec C = ((ER, DR))REN € Codecss x
such that A% ¢ (C) = S. By Proposition 1, we thus obtain the desired contradiction

1 =P(S) =P(Ag x () =0. O

2.2 Transferring Critical Measures

Our main goal in this paper is to prove a phase transition as in (1.4) for S being
the unit ball of suitable Besov- or Sobolev spaces. To do so, we will first prove (in
Sect. 3) that such a phase-transition occurs for a certain class of sequence spaces and
then, transfer this result to the Besov- and Sobolev spaces, essentially by discretizing
these function spaces using suitable wavelet systems. In the present subsection, we
formulate a general result that allows such a transfer from a phase transition as in (1.4)
from one space to another.

The precise (very general, but slightly technical) transference result reads as fol-
lows:

Theorem 5 Let X, Y, Z be Banach spaces, and let Sx C X, Sy C Y, and § C Z.
Assume that

L. sx (Sx) = sy (Sy);

2. there exists a Lipschitz continuous map @ : Sx C X — Z satisfying @(Sx) D S;

3. there exists a Borel probability measure P on Sy that is critical for Sy with respect
oY,

4. there exists a (not necessarily surjective) measurable map ¥ : Sy — S that is
expansive, meaning that there exists k > 0 satisfying

¥ x) =¥ &)z =« - Ix=xly Vx,x €Sy,

Then, sy (S) = sx (Sx), and the push-forward measure IP o v~ is a Borel proba-
bility measure on S that is critical for S with respect to Z.

Remark (1) As mentioned in Sect. 1.5, regarding the measurability of ¥, Sy is
equipped with the trace o -algebra of the Borel o-algebra on Y, and analogously
for S.

(2) In most practical applications of this theorem, one is given a Lipschitz continuous
map @ : X — Z and a (not necessarily surjective) measurable, expansive map
¥ .Y — Zsatisfying @(Sx) D S and ¥ (Sy) C S. For greater generality, in the
above theorem we only assume that @, ¥ are defined on Sx and Sy, respectively.

<

Proof The proof is given in Appendix A. O
Elol:;ﬂ
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T (Ball(z, £) — TN

)y 1/e ro—1/s

P(U~!(Ball(z,¢))) < P(Ball(y,, 2:/r)) < 27¢ /% <9 e

Fig. 2 Geometric intuition behind Theorem 5. Top: An encoder/decoder pair (Eg, D) with distortion
at most §/(2L) corresponds to a covering of Sx by 2R balls of radius 8/(2L), not necessarily centered
inside Sx (red centers; also see Lemma 10). By doubling the radius, one can “move the centers inside
Sx.” Using the Lipschitz map @ satisfying @ (Sx) D S, this yields a covering of S by 2R balls of radius
8, and hence, an encoder/decoder pair with distortion at most 8. This entails s, (S) = 5% (Sx). Bottom:
Since ¥ is expansive, the inverse image under ¥ of a ball of radius ¢ is contained in a ball of radius 2¢/k,
ensuring that the push-forward measure Po v 1isof logarithmic growth order sg"( (Sy) on S, which implies

sz (8) = sy (Sy); see Corollary 2

3 Proof of the Phase Transition in ¢2(Z7)

In this section, we provide the proof of the phase transition for a class of sequence
spaces associated with Sobolev- and Besov spaces; these sequence spaces are defined
in Sect. 3.1, where we also formulate the main result (Theorem 6) concerning the
compressibility phase transition for these spaces. Section 3.2 establishes elementary
embedding results for these spaces and provides a lower bound for their optimal
compression rate; the latter essentially follows by adapting results by Leopold [20]
to our setting. The construction of the critical probability measure for the sequence
spaces is presented in Sect. 3.3, while the proof of Theorem 6 is given in Sect. 3.4.

3.1 Main Result

Definition 4 (d-regular partitions) Let Z be a countably infinite index set, and & =
(Z)men be a partition of Z; that is, Z = E—J;’f:l T, where the union is disjoint. For
d € N, we call & a d-regular partition, if there are 0 < a < A < oo satisfying

a2 < T, < A2 forallm e N. 3.1)

Convention: We will always assume that Z, &2 and d have this meaning.
Associated with a d-regular partition, we now define the following family of
weighted sequence spaces.
FoC
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Definition 5 (Sequence spaces) Let p, g € (0, 00] and «, 6 € R. For any sequence
X = (Xj)jeT € RZ, we define
Xm = X|7,, = (Xi)iez,

3.2
and ”XHZ,@I{Q,Q = H <2otm .m? . ”Xm H(p(l'm)> o

meN llea Ny

The mixed-norm sequence space £ @ 9
. T .
e {XGR Pl | < oo}.
3 pP.q Py— P4
For brevity, we also define Z!/}’,a = E,@,a,o and

s Pq
89’0{’ _Ball(Olﬂy ) as well as S?ﬂ, : S]otO

In the remainder of this section, we will prove the existence of a critical measure
on each of the sets S P ’q provided thata > d - (% - %)+. In the proof, the (otherwise

not really important) spaces 120 ] o Will play an essential role. The main result of this
section is thus the following theorem the proof of which is given in Sect. 3.4 below.

Theorem 6 Let p,q € (0, 00] and @ € R, and assume that « > d - (— - —) Then,
s ?a C 0%(T) is compact and hence, Borel measurable, its optimal compression rate
is given by S;Z(I) (Sp’q ) =%- (l — l), and there exists a Borel probability measure
P21 on Sp q that is crmcalfor S o With respect to 02(Z). In particular, the phase

P.a
transition descnbed in Theorem 4 holds

Remark Explicitly, the proof shows for any s > s* = 7 — (3 — ) that

P2 (SN Ball(x, &5 €2(1) <27°° " Ve e (0,20),

where 80 = 8(0) (s —s)2/9 .75 @D and ¢ = ¢ @ .274 . (5 — §*)2/69 for constants
8(()0) = )(p g.a,A) > 0and c© = cO(s* p,g,a, A) > 0 with a, A asin (3.1).
This provides control on how fast ¢, &y deteriorate as s | s* ord — oo. These bounds
are probably not optimal. <

3.2 Embedding Results and a Lower Bound for the Compression Rate

Having introduced the signal classes S b q , we now collect two technical ingredients
needed to construct the measures P”; ?, on these sets: A lower bound for the optimal
compression rate of S Zéfla (Proposition 2) and certain elementary embeddings between
the spaces Zp ’q o for different choices of the parameters (Lemma 2).

Fo E 'ﬂ
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Lemma2 Let p,q,r € (0,00] and o, 0,0 € R. If g > r and ¥ > %—é, then

E!’»q
P ,a,0+0

that ||x||,». <k - |x],» orall x € RL.
IXllesy, = Ikl F

— Kg’;a 0 More precisely, there exists a constant k = k(r, q, V) > 1 such

Proof The claim follows by an elementary application of Holder’s inequality; the
details can be found in Appendix H. O

The following result shows that the supremal compression rate of the class Sz b q
identified in Theorem 6 is realized by a suitable codec—thus, the supremum in Eq. (l l)
is attained in this setting.

Proposition2 Let p,q € (0,00] and o € (0, 00), and assume o > d - (— — —)+
Then, we have qu < (2(2), and the set Sg,qa c 2D is compact with
ZZ(I)(S@ (x) = % - (' - _)

Furthermore, there exists a codec C = ((ER, DR))ReN € COdeCSsQ‘{a,ZZ(Z) satis-
fying

5 Ex. Do <R 079)  vren 33

S;‘{Q’ZZ(I)( R, DR) S SRR (3.3)

Proof In essence, this an entropy estimate for sequence spaces; see [12]. Since the
precise proof mainly consists in translating the results in [20] to our setting, it is
deferred to Appendix B. O

3.3 Construction of the Measure

We now come to the technical heart of this section—the construction of the measures
IP’p ’q . We will provide different constructions for ¢ = oo and for ¢ < oo: Since for
g = oo the class S%; y, y has a natural product structure (Lemma 3), we define the
measure as a product measure (Deﬁmtlon 6). We then use the embedding result of
Lemma 2 to transfer the measure on S”; y’a, o to the general signal classes st ?a; see
Definition 7.

We start with the elementary observation that the balls S?; y o can be written as
infinite products of finite-dimensional balls.

Lemma 3 The balls of the mixed-norm sequence spaces £ (7 . satisfy (up to canonical
identifications) the factorization

8D, =Ball (0, 15 €57 ) = X Ball (0,27 m~%; £7(Z,,)).

meN

Proof We identify x € RZ with (Xp)men € X meN RZm | as defined in Eq. (3.2). Set
wy, :=m?-2%" for m e N. The statement of the lemma then follows by recalling that

X . = su Wi - 1X .
Il , = sup (- Ixnllercr,)

O
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With Lemma 3 in hand, we can readily define P”; j pasa product measure.

Definition 6 (Measures for ¢ = co) Let & = (Z,;)men be a d-regular partition
of Z. Let %,, be the Borel o-algebra on RZ» and denote the Lebesgue measure on
(RE", Z,) bY .

For p € (0, oo] and w,, > 0 define the probability measure P2%" on (RI'", Bn)
by

wm (A N Ball (0, wy,'; €7(Z)))

Py B 0,1, A
" = 101 A 11 (Ball (0, wy,'; €2(Z,0)))

(3.4)

Given p € (0, o0] and «, 6 € R define w,, := m? . 2em et A7 denote the product

o-algebra on RZ and define IP”;’;Z, , as the product measure of the family (P, ")

(see, e.g., [11, Section 8.2]):

meN

Phres: =Py Bz —[0.1]. (3.5)

meN

With the help of the preceding results, we can now describe the construction of the
measure P2 on 8D also for g < co. A crucial tool will be the embedding result
from Lemma 2.

Definition 7 (Measures for g < 0o) Let the notation be as in Definition 6.
For given g € (0, oo], choose (according to Lemma 2) a constant k = k(g) > 1
(with k = 1 if ¢ = 00) such that ||x||zp;;1 . < kK- ||X||ep/,)oo y for all x € RZ, and
2, P a,2/q

define

Pl o %1 —[0,1], AHP{’;’ 2/« A).

In the following, we verify that the measures defined according to Definitions 6
and 7 are indeed (Borel) probability measures on the signal classes S”; @ Y and S, b q
respectively. To do so, we first show that the signal classes are measurable with respect
to the product o -algebra A7, and we compare this o -algebra to the Borel o -algebra
on £2(7).

Lemma4 Let B denote the product o-algebra on RY and let p,q € (0, c0] and
o, 0 € R. Then, the (quasi)-norm || - ||£/;q b RZ — [0, 00] is measurable with
respect to Bz. In particular, S ;qa g € ,%’I.'

Further, the Borel o-algebra %, on 02(T) coincides with the trace o-algebra
2(T)nAr.

Proof The (mainly technical) proof is deferred to Appendix H. O

Lemma5 (a) The measure IP’ZJOZ g Is a probability measure on the measurable space
P00 p,00
(St@,a 6’ S@ o,0 m‘%)l—)'
Fol:’ﬂ
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®) Ifa>d- (% — %)4_, then qua C €%(T), and the measure IP’pglqa is a probability
measure on (S?;qa, Sg;qa m ,@[2), where P> denotes the Borel o-algebra on
22(D).

Proof For the first part, Lemma 4 implies that S7,> | € %7, so that P is a mea-

iure onS ;OZ M%7 Furthermore, Lemma 3 and Definition 6 show IP’Z»OZ o (S Zzoz 0) =
For the second part, recall from Proposition 2 that S ;qa c 02 (Z), so that Lemma 4

implies S ;qa MmABp =S g,’,qa M Az, which easily implies that IP";}Qqa is a measure on
S ;?a M 2. Finally, observe that S ,5}?2,2 1y CK .S ;{’a by choice of « in Definition 7,
and hence

P-q P.q P-q —1 ¢P,® _ P, P,00 —
1= Pﬁz,a (SW,ot) z ]P)W‘a(’c Sﬁ”,a,Z/q) - PW,O{,Z/(] (Sﬁz,a,Z/q) =1

3.4 Proof of Theorem 6

In this subsection, we prove that the measures P’;qa constructed in Definition 7 are

critical, provided that o« > d - (% — %)+. An essential ingredient for the proof is the

following estimate for the volumes of balls in £7 ([m]).

Lemma6 Let m € N and p € (0,00]. The m-dimensional Lebesgue measure of
Ball(0, 1; €7 ([m])) is

2 (ra+ )"
r(l+ %)

Am (Ball(0, 1; €7 (Im]))) = (3.6)

For every p € (0, 0o], there exist constants ¢, € (0, 1] and C,, € [1, 00), such
that

Am (Ball(0, 1; £2([m])))

m™"EY Ym e N. 3.7)
hon (Ball(0, 1; £7 ([m1)))

<C

m .
p

Proof A proof of (3.6) can be found, e.g., in [18, Theorem 5].
For proving (3.7), we use that in [ 18, Lemma 4] it is shown that for each p € (0, co)
there are constants 7,, @, > 0 satisfying

1/x
ny - x/P < [F(l + g)] <wp X7 Vxell 00 (3.8)

It is clear that this remains true also for p = oo; in fact, since I'(1) = 1, one can
simply choose 1o = W = 1 in this case.

EOE';W
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By (3.6), we see that

A (Ball(0, 1; €2([m]))) <r(1 + %)>m ra+m
dn (Ball(O, L e2([m1)) — \r+4)/)  Ira+%)

and the estimate (3.8) implies

m
77;," . m™m/'P ra+ ;) _ a)’;] . mm/p

< )
of mm2 T FA+5) T gy mm/?

ra+i ra+i
Hence, we can choose C), := max {1, (—+f) w—p} and ¢, := min {1, ( +f) n_p]
rd+y) m ra+y) o
O
We are finally equipped to prove Theorem 6.
Proof of Theorem 6 Step 1: We show for s* := % — % - —) and arbitrary 6 € [0, 00)

that the measure P 9,0{, 0] has growth order s* with respect to £%(Z).

To this end, let s > s* be arbitrary, and let ¢ € (0, g9) (for a suitable &g > 0 to be
chosen below), and x € £2(7). We estimate the measure P?; J 0 (Ball(x, &; £2(2))) by
estimating the measure of certain finite-dimensional projections of the ball, exploiting
the product structure of the measure: Recall the identification X = (X;;;);meN, Where
X, = X|z,. Set wy, = m? - 29" for m € N, as in Definition 6. For arbitrary m € N,
we have

m—1 o0
Ball(x, ¢; £2(Z)) C X R% x Ball(x, &; £2(Zy)) x X R,
=1 t=m+1

Using the product structure of Pf;zoz 0 (cf. Eq. (3.5)) and the constant C,, > 1 from

Lemma 6, we thus see for each m € N that
]P’;?Zﬁ (Ball(x, £; ZZ(Z)))
< P2 (Bau (xm, £ ez(zm)))
Mm (Ball (Xm, €] Ez(zm)))

o (Ball (0, wi b Z”(Im)))
Any (Ball(0, 15 €2(Z)))

by Equation (3.4),

— olm gy, £ = |7 ,
O o (Ball(0, 1; €7 (Z,))) or tm +=
< <Cp CE Wy - Ny ,77)>n,,, by Lemma 6.

1
, ~(=p
From (3.1), we see that n,,, = pdm nm for a certain n,, € [a, Aland hencen,, ~ 7 <

K, O _ g (0)(a A, p).Furthermore, a straightforward curve discussion of the function
Fo C 'ﬂ
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x> x% e % for§ = (s — s*) - In2 shows that x? < (m)g . 2x(=5") for

all x > 0, with the convention 0° = 1. Combining these observations, we see for

K" = (0/(eIn2))? that
1

~(3—3) “md(A—1y —G=1)
wmnmz r :m92am2 md(5 )nm 27

. =L
_m9 2mds T 27 p

< K](O)Kl(l) (s — s*)-@ . 2m(s—s*)2dms*
<Kp-(s— S*)—Q _2md(s—s*)2a'ms*

— Kl . (S _S*)79 . 2mds’

where K1 = K1(0, p,a, A) > 1.
For Kéo) = C,K1 = 1 and K> := Kéo)/(s — 5% we thus see that Kéo) =
K, p,a, A) and

P (Ball(x, & €2(D)) < (Ka - e 2"““)2 ™ Ym e N, (3.9)
A good candidate for an upper bound for P {% (Ball(x, ; £2(T))) is associated
with a positive integer close to

fi(e) := argmin (K, - & - 2msd)2 _ _logy(Kz-6) logye
meR ds d

Choose a positive &g > 0 sosmall thatni(e) > 1foralle € (0, g9). Aneasy calculation
shows that one can choose g9 = 1/(K5 - e5@+D) = s(()o) (s — 5N e 5@HD where
e =60, p,a, A) > 0.

Setmg := |m(e)] € N.Note that 2457 = ¢=5 /(K -¢), and hence K, & 2450 <

e~ < 1. For the exponent in (3.9), observe that

a

dmg d-(i(e)—1) _ dsm(e)\1/s _ .
2 Mmg = @ - 2 (2 ) Zd.e.Kzl/S

2d e > Ky e,
where K3 = Kéo) 274 (s — )9/ and K(O) K(O) (s*,0, p,a, A) > 0is given by
K §O) =a/(e- (Kéo) Y S*). Now, (3.9) can be estimated further, yielding

1/s 1/s

1/s _ _
P2 (Ball(x, e1 €2(D))) < (Kp-e-2m0 @) < prKawe < pmKae™ll
for K4 := s* - K3, so that K4 = Kio) 2274 . (s — s%)P/5 for a suitable constant
Kfto) = Kio) (s*,0, p,a, A) > 0. Since s > s* was arbitrary, this shows that ijoz 9
is of logarithmic growth order s*; see Definition 3.
Step 2: We show that P}  is of growth order s* with respect to PTyonS G
FoE'ﬂ
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To see this, let s > s* be arbitrary and choose (by virtue of Step 1) g9, ¢ > 0 such

that P@i’z /e (Ball(x, ; £2(2))) < 2°¢ = for all x € €2(Z) and ¢ € (0, &9). From

the explicit formulas given in Step 2, we see that &g = 8(()0) (s — 5%)2/4 . 7@+ for
s(()o) = 8(()0) (p.q,a, A) > 0,and furthermore that ¢ = ¢(©.279.(5—5*)%/69 for @ =
cO(s*, p,g,a, A) > 0. Recall from Definition 7 that IP?}}qa (M) =P (kM)

P.a,2/q
for a suitable k = k(¢) > 1. Define ), := eo/k and ¢’ :=c - Pl
Now, if ¢ € (0, 86), then ke € (0, &y) and hence
P77 (Ball(x, &; (1)) = Pe s g (i Ball(x, &5 (1))
=P 5, (Balllex, ke; €(2)))
< 2—6-(K€)_]/S < 2—6/-8_1/S

9

where the last step used that « > 1 and s > s*. Overall, we have shown that ]P’{Z}’,qa is
of growth order s* with respect to £2(Z).

Step 3: (Completing the proof): By Proposition 2, S;qa C ¢*(T) is compact with
s D (Sf?(//f,(fa) > s*. By Step 2 and Lemma 5, P;‘{a is a Borel probability mea-

sure on S t‘;}% of growth order s* with respect to ¢2(Z). Thus, Lemma 9 shows that

S @ (S g,?a) = s* and that ]P’fg{a is critical for & ;?a with respect to £%(Z). O
Remark The proof borrows its main idea (using the product measure structure of
IP’;OZ o to work on finite dimensional projections) from [24]. <
4 Examples

4.1 Besov Spaces on Bounded Open Sets Q c R?

For Besov spaces on bounded domains, we obtain the following consequence of The-
orem 6, by using suitable wavelet bases to transport the measures Pf;)}qa to the Besov

spaces. For a review of the definition of Besov spaces (on R¢ and on domains), and
the characterization of these spaces by wavelets, we refer to Appendices C.1 and C.2 .

Theorem7 Let ¥ # 2 C RY be open and bounded, let p,q € (0,00], and T € R
witht >d - (L = 1),

P 2
Then,

(i) § :=Ball (O, 1; B;’q(.Q; R)) is a compact subset osz(.Q), with optimal com-
pression rate given by szz @ S =7
(ii) there exists a Borel probability measure P on S that is critical for S with respect

to L2(£2);
(iii) there exists a codec C = ((ER, DR))ReN € Codecsg 12 satisfying

FoC'T
e,
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53,L2(9)(ER7 Dg) 5 R4

Remark In the discussion following Theorem 4, we observed that the existence of a
critical measure in general leaves open what happens for s = s*. In the case of Besov
spaces, the above theorem shows that the compression rate s = s* = 7 is actually
achieved by a suitable codec. <

Proof Definea ;=1 +d - (% — %), noting that

a>d-[(G =D+ G—P]=d-G— )+,

so that « satisfies the assumptions of Theorem 6.

Using the wavelet characterization of Besov spaces, it is shown in Appendix C.3 !
that there are countably infinite index sets J*', Ji" with associated d-regular partitions
P = (I2), and 2 = (ZY) - and such that there are linear maps

Qint : e’;,?mﬂ — B, ,(2;R) and  Qexi : €k, — B} ,(2;R)

with the following properties:

1. zf’}?m < ¢2(J"ty and ¢7; JM s £2(J%Y); this follows from Proposition 2.
2. There is some y > 0 such that ||thc||L2(:2) =¥ - llell,2 < oo and furthermore

|Qin€ll5g, (@) < llelna, foralle e ¢51,

3. There is ¢ > 0 such that ||Qextc||Lz(Q) <o-lellpz <ooforalle e Kg,m > and

Ball (0, 1; B} ,(22; R)) C Qexe(Ball (0, 1; €71, ) c L*(£2). (&1

Furthermore, Theorem 6 shows that

x Pa ) g pa \_e_(1l_1y_z
Se2(gin (Sjnm ot) = S geny (S@ext a) =4 (2 I’) =43

and that there exists a Borel probability measure Py on Ball(0, 1; ¢ jmt ) thatis critical
for Ball(0, 1; ¢ J,,m ) with respect to £2(J™). Therefore, we can apply Theorem 5
with the choices X = ¢2(J), Y = ¢2(J™) and Z = L2(£2) as well as
— P _ p.q
Sx = Ball(O L€ Gene ) Sy = Ball(O 1; Eﬂm )
and S = Ball(O, 1; B;’q(.Q; R)), and finally @ = Qext, ¥ = Qint, and k = y. This
theorem then shows s7, @ (8) = 7 > O (inparticular, S C L?(£2) is totally bounded

1 Precisely, this follows by combining Lemmas 11 and 12 and by taking Qint = Tint © tint and
Qext = Text o text-

FoE'ﬂ
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and hence compact, since S C L2(.Q) is closed by Lemma 14) and that P := Ppo Qi;tl
is a Borel probability measure on S that is critical for S with respect to L?(£2).
Finally, Proposition 2 yields a codec C* = (E, D)) poyy € Codecsgy g2 yex sat-
isfying 85 2 Jext)(E}’;, D) S R4, Furthermore, Qcx is Lipschitz (with respect to
| - Ilp2 and || - || ;2) and satisfies (4.1). Thus, Lemma 8 shows that 8s ;2()(ERr, DR) <

R~ for some codec C = ((ER, DR))ReN S CodecsS’Lz(Q). O

4.2 Sobolev Spaces on Lipschitz Domains 2 c R?

Let ¥ # £ c R? be an open bounded Lipschitz domain (precisely, we require £2 to
satisfy the conditions in [33, Chapter VI, Section 3.3]). We consider the usual Sobolev
spaces WE-P(§2) (k € Nand p € [1, oo]) and prove that also for the unit balls of these
spaces, the phase transition phenomenon holds. To be completely explicit, we endow
the space WX 7 (£2) with the following norm:

I fllwer (@) = max 10% fllLr(2)- 4.2)

Our phase-transition result reads as follows:

Theorem 8 Let ) # 2 C RY be an open bounded Lipschitz domain. Let k € N and
p € [1,00], and define S := Ball (0, 1; WE-P(2)). If k > d - (% — )4, then
i Sc L2([2) is bounded and Borel measurable and satisfies Siz(ﬂ) (S) = 5;
(ii) there is a Borel probability measure P on S that is critical for S with respect to
L2 (.Q),
(iii) there exists a codec C = ((ER, DR))ReN € Codecsg j2(q) satisfying

_k
8s.12(2)(ER, DR) S R™ @

Remark 1. As for the case of Besov spaces, the theorem shows that the critical rate
s=s*= § is actually attained by a suitable codec.

2. The condition k > d - (% - %)+ is equivalent to S C L*(£2) being relatively
compact. The sufficiency is a consequence of the Rellich—Kondrachov theorem;
see [1, Theorem 6.3]. For the necessity, note thatif k < d~(% — %)Jr then necessarily

p < 2 (since k > 0) and thus, k < % — %, which implies kp < d — d% <d

and 2 > g = %. However, [1, Example 6.12] shows that the embedding
Wk”"(.Q) < L9(£2) is not compact. Since L2(£2) — L9(£2) (because of 2 > q),
this shows that S is not a relatively compact subset of L?(£2), since otherwise
WkP(2) — L%2(2) — L9(£2) would be a compact embedding. |

Proof of Theorem 8 We present here the proof for the case p € (1, 00), where we will
see that the claim follows from that for the Besov spaces. For the case p € {1, oo},
the proof is more involved and thus, postponed to Appendix D.

Elol:;ﬂ
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First, the Rellich—-Kondrachov compactness theorem (see [1, Theorem 6.3])
shows that WXP(£2) embeds compactly into L?(£2). In particular, the ball S =
Ball(0, 1; W5P(£2)) ¢ L%(£2) is bounded; in fact, S is also compact (hence Borel
measurable) by reflexivity > of WkP(£2).

Define p := min{p, 2} and p := max{p, 2}, as well as S; := Ball(O, 1; B;‘)ﬁ(.Q))
and S, := Ball (0, 1; Bé ﬁ(.Q)); here, the subscript “s” stands for “small,” while “b”
stands for “big,” since p is the small exponent, while p is the large (or big) exponent.
We will prove below that there are constants C1, C, > 0 such that

Cy' S =Ball(0,Cy ' By 5(2)) € S C Ball (0, Ca: By 5(£2)) = C2 - Sp(4.3)

Assuming for the moment that Equation (4.3) holds, recall from Theorem 7 that
szz @) (Sp) = Sz2 @) (S,) = § and that there exists a Borel probability measure P
on Sy that is critical for Sy with respect to L?(§2). Define X := Y := Z := L*(2)
and Sx := Sp, Sy = S;, as well as

D Sp,— L(2), f—Cy-f and W¥: S —S, fr—)Cflof.

Using (4.3), one easily checks that all assumptions of Theorem 5 are satisfied. An
application of that theorem shows that sl’iz @) S = § and that P := Ppo ¥ isa
Borel probability measure on S that is critical for S with respect to L>(2).

Finally, Part (iii) of Theorem 7 shows that 85, ;2(2)(E%, D) S R~ for a suit-
able codec C* = ((E%. D}E))ReN € Codecsg, 12(q)- Next, since @ is Lipschitz
continuous (with respect to || - ||;2) with S C @(Sp), Lemma 8 provides a codec
C= ((ER, DR))ReN € Codecsg 12(q) satisfying 8s ;2.0\ (Er, Dr) S R~ as well.
This establishes Property (iii) of the current theorem.

It remains to prove (4.3). First, a combination of [36, Theorem in Section 2.5.6] and
[36, Proposition 2 in Section 2.3.2] shows for the so-called Triebel-Lizorkin spaces >
F;z(Rd ) that

B, 5RY) — Fj,(RY) = WP (RY) < B, 5(RY).

f € B;ﬁ(Rd), and ||f||B§’ﬁ(R,,) < Cs4 - || fllwkr ey for all f € wk-P(R?). Fur-
thermore, since §2 is a Lipschitz domain, [33, Chapter VI, Theorem 5] shows that

Hence, there are C3, C4 > 0 satistying || flykrway < C3 - || fl _(R) for all
p.p

2 Indeed, if (fn)nen C S is arbitrary, then since wk-p (£2) is reflexive (see [2, Example 8.11]), the closed
unit ball in Wk-7 (£2) is weakly sequentially compact (see [2, Theorem 8.10]), so that there is a subsequence

whp(2)

(fng)een satistying fp, f € S (weak convergence in wk-P (2)). Again by compactness of the

2
embedding Wk*f’(.s?) > Lz(.Q), this implies fy, L_> f € S (see, e.g., [6, Chapter VI, Proposition 3.3]),
showing that S C L2(£2) is compact.

3 The precise definition of these spaces is immaterial for us. We merely remark that the identity F' 1’;32 RY) =
wk-p (R4 is only valid for p € (1, 00).

Eo (g
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there is a bounded linear “extension operator” & : wWkr(Q2) — wkpr(RY) satisfying
(& f)lg = f forall f e WhP ().

It is now easy to prove the inclusion (4.3), with C; := C3 and C := Cy4-||&||. First,
if f € Sgand e > 0, then (by the definition of Besov spaces on domains; see Egs. (C.1)
and (C.2)) there exists g € Biﬁ(Rd) satisfying f = g|p and ||g||B§ @) <1+e.
Hence,

I fllwkr o) = lIgl2lwkr@) < I8Ilwkr@ray < C3 (1 +é€).

Since this holds for all ¢ > 0, we see that ||C1_l f||Wk,p(_Q) < 1; that is, Cl_lf e S.
Conversely, if f € S, then g := &f € WhP(RY) B;,;(Rd) and [ = gle,
which implies

17155 ) < et caay < Callglhwhna < CalEl- 1 f Ity < C2.

and hence f € C, - Sp. m]
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A Transferring Approximation Rates and Measures

In this appendix, we provide the proof of Theorem 5. Along the way, we will show that
expansive maps can be used to transfer measures with a certain growth order from one
set to another, while Lipschitz maps can be used to transfer estimates for the optimal
compression rate from one set to another.

Lemma7 Let X,Y be Banach spaces and let S C X and 8’ C Y. Assume that there
exists a (not necessarily surjective) function @ : S — S’ which is measurable (with
respect to the trace o-algebras of the Borel o-algebras) and expansive, in the sense
that there exists k > 0 such that

[@(x) — X))y > k- [lx—x[x Vx,xX €S.
Elol:;ﬂ
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If so > 0 and if P is a Borel probability measure on S of growth order sy, then the
push-forward measure P o @~ is a Borel probability measure on S’ of growth order
so as well.

Proof Since & : S — &’ is measurable, v := P o @ ! is a Borel probability measure
onS'.

To prove that v has growth order sg, let s > 5o be arbitrary. Since [P is of growth
order sg, there are g, ¢ > 0 such that Eq. (2.1) is satisfied. Define 8(’) = % - g0 and
¢ =c- Qi H Vs = 2=Usc.k1/s We claim that U(S’ NBall(y, ¢; Y)) < gl
forally € Y and all ¢ € (0, 86); this will show that v has growth order sg.

The estimate is trivial if @ (S)NBall(y, &; Y) = @, since then @ ! (Ball(y, g; Y)) =
¢, and hence v(S' N Ball(y, ;Y)) = P(¢~!(S' N Ball(y, &; Y))) = P(®) = 0.
Therefore, let us assume that # # @ (S)NBall(y, &; Y) 3 y';sayy = & (x’) for some
x' € 8. Now, for arbitrary x € (1)_1(8’ N Ball(y, ¢; Y)) C S, we have

Ix —xlx <« e — @)y <« - (lox —yly + Iy —@2&)lly) <2« " - e

We have thus shown @ ~'(S’ N Ball(y, ¢; Y)) C S N Ball(x/, %8; X). Since %8 <
2

K

&(, = €0, we see by Property (2.1) as claimed that

V(S NBall(y, &, Y)) = IP’(@‘I(S/ N Ball(y, &; Y)))
= P(SNBall (x, 2¢; X))

1/s J

— 2—L €

<@l —ls

O

As a kind of converse of the previous result, we now show that Lipschitz maps can
be used to obtain bounds for the optimal compression rate sy (S) of a signal class
ScX

Lemma8 Let X,Y be Banach spaces, and let S C X and S’ C Y. Assume that
@ : S — Y is Lipschitz continuous, and that ®(S) D S'. Then, s3 (8’ ) > 55 (S).

In fact, given a codec C = ((ER, DR))ReN € Codecsgs x satisfying s x(ERr, DR)
< R™* for some s > 0, one can construct a modified codec C* = ((E* , D;))ReN €
Codecsgs y satisfying 8s' y(E}, D}) S R™°.

Proof The claim is clear if s3 (S) = 0. Thus, let us assume sy (S) > 0, and let
s € [0, 55 (S) ) be arbitrary. Then, there is acodec C = ((Eg, Dg)) gy € Codecss x
and a constant C > 0 such that §s x(Er, Dg) < C-R ¥ forall R e N.LetL > 0
denote a Lipschitz constant for @.

Now, for ¢ > 0 and x € X, choose ¥,(x) € S such that ||x — ¥, (X)|Ix < ¢ +
dist(x, S), and let

Dy: {0,1)R Y, ¢ @(Wgr-s(Dg(c)) forR eN.
EOE';W
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Now, ify € &’ C &(S) is arbitrary, then y = & (x) for some x € S, and hence

Iy = DR(Er(D)lly = |20 = @ (s (Dr(Er(x)))
< L- HX — ‘I’R—s (DR(ER(X))) HX
< L-[Ix— Dr(Er®))llx + | Dr(ER(X) — W (Dr(Er®))|x]
<L-[C-R™+R™ +dist(Dr(Er(x)),S)] < L-(1+2C)- R,

v

since dist(Dg(Eg(x)), S) < | Dr(Eg(x)) —x|lx < C - R™5. Therefore, if for each
y € 8’and R € Nwechoosecy r € {0, 1}R with ly—Dx(cy,g)lly = min (o & [y—
D} (c)|ly and define E} : 8" — {0, Ry~ cy,R» then [ly — DR (Ex(Y)lly < L -
(142C)-R~* forally € S’ and R € N, and hence s3 (S') > s. Since s € [0, 55 (S))
was arbitrary, this completes the proof. O

The following lemma shows that if a signal class S C X carries a Borel probability
measure of growth order s and satisfies sg (S) > s, then in fact 5§ (S) = so. This is
elementary, but will be used quite frequently, so that we prefer to state it as a lemma.

Lemma9 Letsg € [0, 00), let X be a Banach space, and let S C X. Assume that there
exists a Borel probability measure P of growth order so on S and that sy (S) > so.
Then, sx (S) = so and P is critical for S with respect to X.

Proof Corollary 2 shows that so > sy (S). Since 59 < sy (S) by assumption, the claim
of the lemma follows. O

We finally provide the proof of Theorem 5.

Proof of Theorem 5 Since @ : Sx — Z is Lipschitz continuous with @(Sx) D S,
Lemma 8 shows that s; (S) > sg (Sx) =: s*. Furthermore, since ¥ : Sy — Sis
measurable and expansive and [P has growth order sy (Sy) = s*, Lemma 7 shows that
v := P o ¥~ is a Borel probability measure on S of growth order s* as well. Now,
Lemma 9 shows that s (S ) = s* and that v is critical for S with respect to Z. O

B A Lower Bound for the Optimal Compression Rate sy, . (8';;?0)

Our goal in this appendix is to show that the optimal compression rate for the class
ST, satisfies P (S5%) =5 - (5 — %), assuming that o > d - (4 — %)Jr. Our
proof of this fact relies on an equivalence between the optimal distortion for a set and
the so-called entropy numbers of that set. By combining this equivalence with known
estimates for the entropy numbers of certain embeddings between sequence spaces
(taken from [20]), we will obtain the claim.

First, let us describe the equivalence between the optimal achievable distortion and
the entropy numbers of a set. Following [5,12], given a (quasi)-Banach space X, a set

M C X, and k € N, the k-th entropy number ex (M) := e (M; X) of M is defined as

zkfl
ex(M;X) := inf{s >0 ’ Ix..xp eX:M Ball(x,-,s;X)} € [0, oo],
i=1
FoCT
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(B.1)

with the convention that inf # = oco. Note that e; (M) is finite if and only if M is
bounded. Furthermore, ey (M) —> 0 if and only if M C X is totally bounded.

Finally, if Y is a further (quasi)- Banach space, and T : Y — X is linear, then the
entropy numbers ey (T') are defined as e (T) := ex (T (Ball(0, 1; Y)); X).

For proving that SZ‘Z @ (S 9(,101) > 9 - (— — —) we will use the following folklore
equivalence between entropy numbers and the optlmal achievable distortion for a given
set:

Lemma 10 Let X be a Banach space and ¥ # S C X. Then,
er+1(S; X) = inf {85 x(Eg. Dr): (Eg. Dg) € Enc§ y } forall R € N.

Proof The intuition is that a covering of S by 2R balls Ball(x;, ¢; X) (i € {1,...,2%})
gives rise to an encoder/decoder pair with R bits achieving distortion &, by mapping
each u € S to an index iy € {1,...,2%} = {0, 1}% such that u € Ball(x;,, ¢; X).
The reconstruction map is of the form i — x;. Conversely, any encoder/decoder pair
using R bits and achieving distortion & induces a covering of S by 2% balls of radius
. For more details, we refer to Remark 1 and [13, Section IV]. O

In addition to this equivalence between entropy numbers and best achievable dis-
tortion, we will use two results from [20] about the asymptotic behavior of the entropy
numbers of certain sequence spaces. The following definition introduces the termi-
nology used in [20].

Definition 8 (see [20, Equations (10), (11), and Definition 1])
A sequence (8;) jen, C (0, 00) is called
o an admissible sequence if there exist do, d; € (0, 00) such that dp 8; < Bj41 <
dy Bj for all j € No;
e almost strongly increasing if there existsk € Nsuchthat2f; < By forall j, k € Ny
withk > j 4+ «.
Given p, g € (0, oo] and sequences B = (8;) jen, C (0, 00) and N = (N;) jen, C
N, define JN :={(j,€) e Ng x N: 1 < £ < N} and

€ [0, oo] forx = ()ijg)(j,g)e\]N € (C']N,

as well as £9(B; Eﬁ,‘/_) = {X e C/N: ”X”zq(ﬁj %j) < oo}. For the case B = (1) jeng.,
. . q P . q P
we simply write €9 (¢ N,-) instead of £9(8; £ N ).
Using these notions, Leopold [20] proved the following results:

Theorem 9 (see [20, Theorems 3 and 4])
Let p1, p2,q1,q2 € (0, 0], andletN = (N;) jen, C Nand B = (B;) jen, C (0, 00)
both be admissible, almost strongly increasing sequences.
Assume that either
FoE'ﬂ
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(i) p1 < p2;or o

(i) p2 < p1 and the sequence (,Bj . ijl Pz) . is almost strongly increasing.
J€No
Then, the embedding £9' (B; Zf,‘j) > (12 (ZZ‘;) holds, and there exist C1, Co, > 0
such that for all L € N, the entropy numbers e, (id DB ZZI,-) — (12 (Zf,zj )) (see
the discussion around Eq. (B.1)) satisfy
(5r=7:) (=)

Cr-p N, < ean, (i €9 (B €5)) — €2(E2)) < Co- BN,

Remark For what follows, only the upper bound in Theorem 9 will matter. Even though
Theorem 9 pertain to spaces of complex sequences, this upper bound also holds for the
real-valued case. To see this, note that if we denote by Re x the (componentwise) real
part of the sequence x, then clearly ||Rex||eq(ﬁj ZK/,-) < ||x||eq(ﬁj ZZ./). Hence, defining

the real-valued version of the space £9(8; KZJ_) as
q P . . IN .
LB Ly R) = {x e R/N: ||x||gq(ﬂj£§j) < oo},

we see that if Ball (0, 1; €41 (8; ZZ']_)) CUiAi] Ball (x;, &; Zqz(ﬂﬁ)) forxy,...,Xy €

€2 (e), then Ball (0, 13 £41(B; £y 1 R)) C UM, Ball (Rex;, &1 £ (L3 R)), and
hence

e(id : €9 (B; €5 R) — €2 (R R)) < ex(id s €1 (B, £N)) — €2 (ERY)) Yk e N.
(B.2)

Proof of Proposition 2 Letn,, := |I,|and N; :=n ;4 form € Nand j € Ny. Further,
seti := [d™! - (1 +logy(A/a))], where werecall from Eq. (3.1) thata, A > Osatisfy
a-249m <, < A.29" Thus, Njt1 =njq < 2dG+2) — 9d d(j+1) njy1 = Nj,
which shows that N = (N;) jeN, is admissible. Furthermore, if k > j + «, then

Nk — nk+] >q- 2d(k+l) >q- 2d(j+l)+l+10g2(A/a) — 2 . A . Zd(/+l) > 2nj+1 — ZN,

which shows that N is almost strongly increasing.

Next, define B; := 2%U*D for j € Np, noting that 8,1 = 2% B;, which implies that
(B}) jen, is admissible. Furthermore, if k > j + [a~!], then B > 2-2¢U+D =23,
so that (8;) jeN, is also almost strongly increasing. Here, we used that & > 0.

Finally, for each m € N pick a bijection ¢, : [Ny,—1] = Z,, (wWhich is possible
since Ny, 1 = n,;, = |Z,,|) and define

v RI — RJN, X = (Xj)je7 —> (lel(g))
Elol:;ﬂ
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It is easy to see that ¥ is a bijection, and that

19O leags, e, = (85 105wl

=™ nlwa) .

for arbitrary p, g € (0, oo]. Here, X, = (x;);cz,, is as defined in Eq. (3.2). In the same
way, we see ”W(X)”eq(eﬁ,j) = ||x||£{;q’0 and also ”w(")”ﬁ%j) = ||x||@z’0 = [IXllg2(7)-

04

= ||IX g
Ixllgrs

Using these identities, it is straightforward to see that Ef;’,qa s (2(Z) holds if and
only if £9(B; ij; R) <> £2(¢2 X R), and furthermore that

ex (S5 ez(z))zek(zg;{a > 2(D)) =er (€9 (B, z;‘(,j; R)<—>e2(e2_l_; R)) VkeN.

There are now two cases. First, if p < 2, then Eq. (B.2) and the first part of Theo-
rem9 with p1 = p, g1 = q and p> = g2 = 2 show that £9(f; 6’;,/,; R) — 62(52 & R),
and yield a constant C; > 0 such that ' '

ean, (S50, (D) = ea, (¢4(B; €5 R) = £2(¢3,:R) = C1 - B!

forall L € N.
If otherwise p > 2, then l — % > 0, so that our assumptions concerning « imply

thato > d - (— — —)+ =d- (— — —) andhencey ;= o +d- (— — —) > 0. Therefore,
1
the sequence (K ) jen, = (B Nj 2)jeNO
1 1 .
ifk > j+ ﬁ/_l . (1 + logz[(a/A)F_f]ﬂ, then we see because of a - 24U+ <
1 1

. Lz 11 1_1
Nj<A-290% 0 and L — L <0that N7 2 4772 200G g v <

1_1 i 1_1 .
ar 2. 2d(‘/+1)(1’ 2). Since y > 0, we thus see

is almost strongly increasing; indeed,

1_

Ki=Bi- N/

N\—

. ATTT 9k pd kA D(G=3) _ 5y 457 vk

S VATV 2 () AYFTE = 2gp T . 20U AU DG =)

1

1
>2.200FtD NP2 0k,
> f .

Thus, Part (ii) of Theorem 9 and Eq. (B.2) show that £9(8; ZZI_; R) — EZ(ZZJ_; R),
and that there is a constant C» > 0 such that

—(‘ -3)
ean, (S5 (D) = ean, (L9 £33 B) = £2(¢3;R)) < C2- B!

forall L € N.
FoE'ﬂ
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Define C3 := max{Cy, C>} and note that the preceding estimates only yield bounds
for the entropy numbers er (S P> £2(Z)) in case of k = 2N, for some L € N, not for
general k € N. This, however, suffices to handle the general case. Indeed, let R € N
with R > 2N; be arbitrary, and let L € N be maximal with 2Ny < R + 1; this is
possible since Ny — ocoas L — co.Note R < R+ 1 < 2Np4| = 2np40 <
2A24(L+2) — p2d+1 g 2dL by maximality. Since the sequence of entropy numbers
(ek(S} = Zz(I)))kEN is non-increasing, we thus see

1 oG
eRH(S%,e?(I))<e2NL(s%,z2(Z>)<C3-ﬂL1 re

o 1 1
(since Ny =ny 1=200) < Cy - 2700 . 2G7 9L — ¢ (2d1) =@+ D)

(since @41 1 <C R—(g'*‘;—%)
since 3+F_7>0)— 5 - s

for all R > 2N and suitable constants C4, C5 > 0 which are independent of R.
Now, since Sp ’q C ¢*(7) is bounded (otherwise, all entropy numbers would be

a1 1
infinite), it is easy to see eR+1(S EZ(I)) < el(S ZZ(I)) <15 Rty =2)

for R € N with R < 2N;. With thls the claim SE2(I) (817/.,11 ) > < - (% - ;) and

the existence of a codec C = ((ER, DR))ReN € Codecsqu (D) satisfying (3.3)
follow from the relation between entropy numbers and optlmal distortion described
in Lemma 10.

Finally, since eR(S(}—J a, €2(T)) — 0 as R — oo, it follows that Sé}’,qa c 2@ is
totally bounded. Since 8 P C £2(T) is also easily seen to be closed (this essentially
follows from Fatou’s lemma), we see that S;qa C 03(D) is compact. O

C A Review of Besov Spaces

In this subsection, we review the relevant properties of Besov spaces on R? and
on domains, including the characterization of these spaces in terms of wavelets; see
Sect. C.2.

Before we dive into the details, a word of caution is in order. In the literature,
there are two common definitions of Besov spaces: A Fourier analytic definition and a
definition using moduli of continuity. Here, we only consider the former definition; the
reader interested in the latter is referred to [9]. It should be mentioned, however, that
the two definitions do not agree in general; see for instance [16]. Nevertheless, in the
regime that we are interested in, the two definitions coincide, as can be deduced from
[36, Theorem in Section 2.5.12]. Since we focus on the Fourier analytic definition
only, we omit the details.

FoE'ﬂ
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C.1 The (Fourier-analytic) Definition of Besov Spaces

Our presentation here follows [36, Section 2.3] and [35, Section 1.3]. In this section,
all functions are taken to be complex-valued, unless indicated otherwise. Let .7 (R?)
denote the space of Schwartz functions (see, for instance, [14, Section 8.1]), and
" (R?) its topological dual space, the space of tempered distributions (see [ 14, Section
9.2]). We use the Fourier transform on L'(R?) with the same normalization as in
[36,39]; that is,

F&) == Ff&) = @Qn) 4> /Rd f)e "8 dx for fe L'(RY) and & € RY,

where (x,&) = Z?:l x;&; denotes the standard inner product on R4, With this

normalization, the Fourier transform F : Ll(Rd) — Co(R?) extends to a unitary
operator F : L2(R?) — L%(R9) and also to linear homeomorphisms F : ./ (R?) —
SR and F : L' (RY) — ' (RY), with the latter defined by (F f, Q) =
(f, Fo).o .. Here, as in the remainder of the paper, the dual pairing for distributions
is taken to be bilinear. In any case, the inverse Fourier transform is given by (the
extension of) the operator F -1 f(x) = Ff(—x). All of the facts listed here can be
found in [30, Chapter 7].

Fix ¢y € .Z(R%) satisfying ¢o(§) = 1 for all £ € R? such that |£] < 1, and
@o(&) = Oforall & € R? satisfying |€| > 3/2. Define ¢ : R? — C, & > @o(27%€)—
@o(27F*1g) for k € N, noting that )52 ¢;(§) = 1 on RY.

With this, the (inhomogeneous) Besov space B; q (R?) with smoothness 7 € R and
integrability exponents p, g € (0, oo] is defined (see [35, Section 1.3, Definition 1.2])
as

By o)) = {f € ' ®"): IIfllgy, ) < 00}
where

€[0,00] for fe. 7 (RY).

115, ey = [ @7 1F s Tler) e |,

This is well-defined, since ¢; f is a tempered distribution with compact support, so
that the Paley—Wiener theorem (see [30, Theorem 7.23]) shows that F~!(¢; - i f ) is
a smooth function of which one can take the L” norm (which might be infinite). One
can show that the definition of B, p (R%) is independent of the precise choice of the
function ¢y, with equivalent quasi-norms for different choices; see [36, Proposition
1 in Section 2.3.2]. Furthermore, the spaces B;’ q(Rd ) are quasi-Banach spaces that
satisfy Bl’,’q(Rd) — 7' (R9); see [36, Theorem in Section 2.3.3].

Now, let § # 2 C R4 be a bounded open set, and let T € R and p, g € (0, o<].
We will use the space D’ (£2) of distributions on §2; for more details on these spaces,
we refer to [30, Chapter 6]. Following [35, Definition 1.95], we then define

B} ,(2):={flo : fe€B},, R} (C.1)
FoE'ﬂ
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and

1 £ 1185, @) = inf {llgllg; (zo): g € By R and glg = f} for f e B, (%),
(C.2)

Here, given a tempered distribution f € .#/(R%), we write f ¢ for the restriction of f
to £2, given by f|o : C°(2) — C, ¥ + f (). Itis easy to see that f|g € D'(£2).
The spaces Bp q(.Q) are quasi-Banach spaces that satisfy B (£2) < D'(£2); see
[35, Remark 1.96].

p-q

C.2 The Wavelet Characterization of Besov Spaces

Wavelets are usually constructed using a so-called multiresolution analysis of L*>(R).
A multiresolution analysis (see [39, Definition 2.2] or [8, Section 5.1]) of L*(R) is a
sequence (V;) jez of closed subspaces V; C L*(R) with the following properties:

Vi C Vipqforall j € Z;

UjeZ V; is dense in L%(R);

ijZ V = {0}

for f € Lz(R), we have f € V; if and only if f(27/e) € Vp;

there exists a function ¥ € Vy (called the scaling function or the father wavelet)
such that (1//17 (o — m))meZ is an orthonormal basis of V.

Nk W=

To each multiresolution analysis, one can associate a (mother) wavelet Ypy €
L%(R); see [39, Theorem 2.20]. More precisely, denote by Wy < L?(R) the orthogonal
complement of V) as a subset of Vi, and define W; := {f(27e): f € Wy} forj €N,
so that W; is the orthogonal complement of V; in V;,;. We then have L’(R) =
Vo & @?020 W, where the sum is orthogonal.

One can show (see [39, Lemma 2.19]) that there exists ¥y € Wy such that the
family (¢M(° - k))keZ is an orthonormal basis of Wy. In this case, we say that vy
is a mother wavelet associated with the given multiresolution analysis. For each such
Yy, one can show (see [35, Proposition 1.51]) that if we define

_ £i20
Yim: R=>C, xm— WF(x m), 0
Yy x —m), ifjeN

for j € Noandm € Z, then the inhomogeneous wavelet system (Y j ) jeNo,meZ forms
an orthonormal basis of L*(R). Furthermore, the family (2//2 /(27 o —k)) rez i

an orthonormal basis of L2(R).
For our purposes, we will need sufficiently regular wavelet systems, as provided
by the following theorem:

Theorem 10 For each k € N, there is a multiresolution analysis (V;) ez of L%(R)
with father/mother wavelets g, Wy € L*>(R) such that the following hold:

L. YF, ¥m are real-valued and have compact support;
Fol:'ﬂ
@ Springer LL.:‘O E|



Foundations of Computational Mathematics (2023) 23:329-392 367

2. Y. Y € CR);
3. YF(0) = )~ 1/%;
4. fR xt- Yyu(x)dx =0foralll € {0, ..., k} (vanishing moment condition).

Proof The existence of a multi-resolution analysis (V;);cz with compactly sup-
ported father/mother wavelets Vr, ¥y € ck (R) is shown in [39, Theorem 4.7]
(while the original proof was given in [7]). It is not stated explicitly, however, that
Y, ¥y are real-valued, but this can be extracted from the proof: The function
@ := Yy is constructed as @ = (27) /2 F~ 1O, with O () = 152 mQ27/&)
(see [39, Theorem 4.1]), where the trigonometric polynomial m(§) = Z/{:O aye'ké
is obtained through [39, Lemma 4.6], so that ag, ...,ar € R and m(0) = 1. There-
fore, [39, Lemma 4.3] shows that @ is real-valued. Finally, ¥ := v, is obtained
from @ as ¥ (x) =2 ZkT:o ar(—Dk® 2x + k + 1); see [39, Equation (4.5)]. Since
aop, ...,ar € R, this shows that )y = ¥ is real-valued as well.

The above construction also implies@(O) = Q2n)"1200) = 27)" Y2, because
of ®(0) = ]_[CIX;l m(0) = 1. Finally, the vanishing moment condition is a consequence
of [39, Proposition 3.1]. O

Wavelet systems in R? can be constructed by taking suitable tensor products of
a one-dimensional wavelet system. To describe this, let ¥ r, ¥y be father/mother
wavelets, and let Ty := {F}“ and T, =T :={F, M} \ Ty for j € N. Now, for
t=(t1,....tg) € Tandm = (my,...,my) € Z% define ¥, : R? - C and
Yo RY - C by

d d
W)= [ [wrGj—mp and W) =[] v, —mp. (C3)

j=1 j=1
Finally, set J := {(j,t,m): j € No,t € T;,m € Z%}, and

@, (x) if j=0,1€eTy, andm e Z¢
Wiim: RT > C, x> (C.4)
2U=Dd/2y, (2/71x) ifjeN,teT;, andmeZ¢

Then (see [35, Proposition 1.53]), the system (¥} ;) (j,r,m)eJ i an orthonormal basis
of L?(R%).

Finally, we have the following wavelet characterization of the Besov spaces

d

B;ﬁq(R ).
Theorem 11 (consequence of [35, Theorem 1.64])

Letd € N, p,q € (0,00] and t € R. For a sequence ¢ = (Cj 1,m)(j,1,myes € c’
define

FiTHd- (5=

el = llelly, @ = | D N smdmezler ) € 10, oo,

Jj€No,teT; lled
FolCT
u o
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and b}, ,(RY) :={e € C/: |leflpr (gay < 00}
’ p.q

Let k € N, and let ¥, Wy as provided by Theorem 10, for this choice of k. Let
the d-dimensional wavelet system (W ; m) (j,1,m)eJs be as defined in Eq. (C.4). Finally,
suppose that k > max {r, % + % - r}. Then, the map

r=rg: b, ,®RY - By R, (cjm)imes > Y CumPiim
(j,t.m)el

is well-defined (with unconditional convergence of the series in .#'(R%)), and an
isomorphism of (quasi)-Banach spaces. The inverse map of I" will be denoted by

©=06p:=I": By ,R) = by R, [ (05.m(H)ymes
We will also use the real-valued Besov space

d. . d / d. . . .
B;, (R R) == B, (R")N.7"(RY;R) equipped with the (quasi)-norm || - ”B]r”q(]Rd),

where we write ./ (R R) :== {p € S’ R :V f € SRER) : (o, o .v € R}
and (R4 R) :={f :RY = R: f € .Z(R?)}. The spaces B;’q(Q; R) are defined
similarly. We will also use the space b;’q (R?; R) := b;’q RHNR.

C.3 Wavelets and Besov Spaces on Bounded Domains

Note that Theorem 11 only pertains to the Besov spaces B}, , (R4). To describe Besov
spaces on domains, we will use the sequence spaces b;’ q (2int; R) and b;’ q (2ext; R)
that we now define.

Definition9 Let p,g € (0, c0]and 7 € R, andletk € Nwithk > max{r, %—i—%—t}.

Let @ # £2 C R? be a bounded open set. With the father/mother wavelets ¥, ¥y as
in Theorem 10 (with the above choice of k) and ¥; ; ,, as in Eq. (C.4), define

J = U (1) x J$) where J§* := {(t,m) € Tj x Z4: 2 N supp ¥; ;.m # O},
Jj€No

and JiM .= U ({j} x J;-m) where J}m ={(t,m) eT; x 7% supp Vim C 2}
JjeNo

Finally, set
bl (Rexii R) = {(Cjim)jurmes €D} ;RER): i =0 Y(j.t.m) e J\ T,

and define b7, , (£2in; R) similarly. Both of these spaces are considered as subspaces
of b;’ q (R4; R); they are thus equipped with the (quasi)-norm || - ||b;_q-
FoC'T
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Remark Strictly speaking, the spaces b;, ¢ (L2int; R) and b;, ¢ (Qexts R) (and the index

sets J&Xt and Jint) depend on the choice of k € N and on the precise choice of Y g, V.
We will, however, suppress this dependence. <

The next lemma describes the relation between these sequence spaces and the Besov
spaces B; q (£2; R).

Lemma 11 Lerd € N, § # 2 C R? open and bounded, p,q € (0, 00] and t € R.

Letk € Nwith k > max{, 28 + 4 — ). Let b}, , (Qin; R) and b, ,(2ex; R) be as

in Definition 9 (for the given choice of k, Yr, Wy ), and J as defined before Eq. (C.4).
Then, there exist continuous linear maps

Tine b;’q(Qint; R) — B;,q(Q; R) and Tex: b;,q (2ext; R) — B;’q(Q; R)

with the following properties:

o Thereisy > Osuchthat || Tincll12() = V- llcll 2 foralle € Ez(J)ﬂb;’q(.Qim; R),
and || Tinel| B; ,(2) < llelloy, forall ¢ € bj, ,(£2ing; R).

o There exists Q > 0 such that [ Texcell 22y < © - llellp2 forall ¢ € b (.Qext; R),
and we have

Ball (0, 1; B} ,(2: R)) C Text(Ball (0, 1 b (Rexcs IR{))). (C.5)

Proof With the operator I" as in Theorem 11, let y := (1 + I ||b; RO B q(Rd))_l,

and define
Tt b5, (Q2uiR) = BY (2:R), ey - (I0)lg.

By definition of the Besov space B;, q (£2; R) and its norm (see Eq. (C.2)), we then
see that Ty is a well-defined continuous linear map, with

I Tinc ell B, (2) < ¥ - |Fc||B,r,1q(Rd) < lleller, Vee b;,q(Qint; R).

Next, lete = (¢j,r,m)(j,1,mes € EZ(J)ﬂb;yq (£2int; R) be arbitrary. By orthonormality
of the family (¥} 1 ) (j.r.mes C L*(RY),and since ¢j s m = Ofor (j, 1, m) € J\J™,
while supp ¥ ; ., C £2 for (j,t,m) € JM we see

Tl 22y =V - H Z Cjam Wjom vy H Z Cjtm Yjtm

. . LZ(RJ)
(j,t,m)yeJmnt (j,t,m)yeJmnt

=V ||(Cj.,t,m)(j,z,m)ejim ez = - llelle.

To construct Texs, let @ be asin Theorem 11, setp := 2- (1 +1©]|| By (RH—bT, q(Rd))’
and define ’ '

Tex: bYo(QexiiR) = BY (2:R), cr> 0 (I'0)lo.
FoE'ﬂ
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Exactly as for Tiy, we see that Tex is a well-defined continuous linear map. Fur-
thermore, using again that the family (¥} ;) (j.r.myes C L*(RY) is an orthonormal
system, we see

[Texcell22) <0 I el 2@ay <0 llcllz Ye €b), ,(2exi; R).

It remains to prove the inclusion (C.5). To this end, let f € Ball (0, 1; B ,(£2; R))
be arbitrary. By definition, this implies f = g|p for some g € B;’q(Rd) with
||g||B;,q < 2. Lete:=0g € b;’q(Rd), and ¢ = (¢j,r,m)(j,1,mes Where cj ;=
0™ L yen((j 1, m) - Re(ej ). Clearly, llels, < 0™ llells;, < 2101/0 < 1,
which means ¢ € Ball (0, 1; b;,q (2ext; R)).

Finally, for an arbitrary real-valued test function ¢ € C2°(£2), we have
(W m.p) € Rforall (j,1,m) € Jand (¥ m, ) = 0if (j,1,m) ¢ J™'. There-
fore,

(Text ¢, @) = Re Z (ej,t,m (lpj,t,m» (P>) =Re ( Z €j.t.m lpj,t,ma (P>
(j,t,m)eJext (j,t,m)eJ

= Re(I"e, ¢) = Re(I'(Og), ¢) =Re(g. ¢) =Re(f. ) = (f. ).

since ® = I''!and f = glg and ¢ € C°(£2), and since f is a real-valued
distribution. Therefore, f = Tix €, proving (C.5). |

Finally, we show that the sequence spaces bT (.le; R) and bT (.Qext; R) are quite

similar to the sequence spaces Z” o 1ntroduced in Definition 5. In fact, the following
(seemingly) weak property will be enough for our purposes.

Lemma12 Let ¥ # 2 C RY be open and bounded. Let p,q € (O, ooland t € R,
and define @ := 1t +d - (— — ;) Let k € N with k > max{r > d 4 % — t}, and
let bp’q(.th, R) and bp’q(.Qex[, R) be as in Definition 9 (for the given choice of
k,YF, ¥m).

Assume that o > d - (% — %)+. Then, the embeddings b;,q(Qim; R) <> ¢2(Jint)
and b}, ,(2exi; R) < £2(JY hold. Furthermore,

(i) There is a d-regular partition 2™ of J™ and some y > 0 such that if we define

et L = b (2 R), ey

where ¢@ € R’ is obtained by extending ceR™ by zero, then ||tint|| < 1 and

lltinc€llp2 = ¥ el 2 for all ¢ € E@ml

(ii) There is a d-regular partition 2 of J*' and some ¢ > 0 such that if we define

X T :
text ki (= by (2ex; R), €0 ¢

Fo C 'ﬂ
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where ¢’ € RJ is obtained by extending ¢ € R/ by zero, then ||text €|z = 0 ||cllp2
forallc e £ @exl , and

Ball (0, 1; b}, , (S2exi; R)) C texe(Ball(0, 15 €75, ).
Proof The proof is divided into three steps.
Step 1 (Estimating |J}“‘| and |JJ‘?X‘|): We show that there are jo € Nanda, A > 0
satisfying

M <N <A2Y VjieN and  [JPY =M za2Y VjeNg,

First of all, we clearly have J; it~ J; Xt and thus I/ mt| < | ext| Next, since
2 ¢ R? is bounded and Y, WM have compact support, there is R € N such that
2 C [-R, R1? and supp Y7 U supp ¥y C [—R, R]. Define A := (8R)“. In view of
Eqgs. (C.3) and (C.4), this implies supp ¥,, U supp ¥; , C m 4+ [—R, R14, and hence
supp¥.;m C m + [—R, R]d fort € Ty and m € 74, and finally supp ¥; s m C
21=J(m 4+ [—R, R]d) forjeN,te€Tj,andm € 74,

Now, itis not hard to see thatif ¥ # £2Nsupp Yo.r.m C [—R, R]dﬂ(m+[—R, R]d),
then m € [-2R,2R1Y N Z? = {-2R,...,2R}¢, and thus [J$| < (1 +4R)4 <
A 240,

Furthermore, if j € Nand® # 2 Nsupp¥; ,m C [-R, R1* N2/ (m + [-R, R]9),
then 2!~/ (m + x) = y for certain x, y € [—R, R]d, and hence

m=2"1y —xezZ'Nn[—(R+2/"'R), R+2/7'RI1Y c {-2/R,...,2/R}".

Because of || < 2¢, this implies | < 1T51-1 +2/H1RY < (8R)42/4 < A 2%,

Regarding the lower bound, recall that £2 # @ is open, so that there are xo € R? and
n € N satisfying xo + [—r, r14 c §2, where r := 27". Choose Jjo € N>p43 such that
2/0=1y > 2R, andnote 2/0=3y = 2/0=3=" ¢ N.Let j > jo.Choosemq := |2/ "'xq] €
74, with the “floor” operation applied componentwise. We have |27~ ! xg—mglloo < 1,
and hence

129" %0 — (m + mo)lloe < 1 +2/73r <2972 for m e (=273, ..., 2773},

Here, one should observe 2/ 73y = 2/=J02j0=3-n ¢ N. Because of R < 2072y <
27=2r the above estimate implies that

2" (m+mo+ [—R. R)Y) < 2" (27 o + [=(R+2772r). (R +2/721)]7)
c2' 2 g + =27 27 ) = xo + [ € 2

for all m € {—2/73r,...,2/73r}4. Because of supp ¥; 1 m+my C 2'77/(m + mo +

[—R, R]%), this implies |J}m| > (2/72r) = (r/4)¢ - 29 so that we can choose
a=(r/4.

FoE"ﬂ
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Step 2 (Constructing the partitions 2™, 2 and showing |||y =< |lcll,pa ):
p gtnep 8 b ot

Define 7" := 5(’:0({j} x in.“t) and IP¥ := j:‘)zo({j} X Jj?’“), as well as
= (o +m — 1} x }(?Erm , and M= {jo+m — 1} x ]e(i‘jrm 1

for m € Nx5. As shown in Step 1, we have for m € N>, that
a- de <a- 2d(j0+m71) < |Iint| < |Iext| <A. 2d(j()+m71) — A 2dm
— —Fml=1"m I = .

and also [Z¢*] > |ZiM] > |J}gt| > q - 2400 >
a-29. Thus, a- 29" < |ZiM| < |I2 < A”- 29" for all m € N, where A” :=
max{A’, |Z{*'|}. Furthermore, we have J™ = (4, Zintand J = |4,y ZS, s
that 2 .= (T}') . and 2 = (I2) . are d- regular partitions of J in d
J respectively.

Now, for Jo € J and ¢ € R%, let ¢? € R’ be the sequence ¢, extended by zero.
We claim that there are C|, C» > 0 such that

meN

int
Ci-llellyra < lIe%lpr . < Co-llell,ra Vee R, (C.6)
P int o P-4 P int o

and similarly for ' and J*" instead of 2 and J™. For brevity, we only prove
the claim for 2™, .
To prove (C.6), let ¢ € R™. For m € N and j € Ny, define ¢, =

. j i : _
2™ Il eezip ller andw; = 27 [ (1€, Dnez ler) e, | o moting that flellps =

I GmImenlles as well as (€]l = [I(@;) jerllea- Since |Tj| < 27 forall j € No, we
have || - ler(r;) < || - lea(r;) for all j € No, with implied constant only depending on
d,p,q.

Now, define J,m;t =1{k eZ%: (t,k) € J}“t} for j € Np and ¢ € T}, and note for

m > 2 that ZI" = LﬂlETj0+m—l ({jo +m — 1} x {r} x Jj‘(‘]lim | t) which implies

G = 27" H (” (Cj0+m—1’f’k)kej‘m

0+m— lt||ep)t€Tj0+m_1 p
— paljo+m— 1)”(”

jo+m 1.t k)keZd ”EP) = Wjo+m—1,

t€Tj)+m—1 04

with implied constants only depending on d, p, g, jo, «. With similar arguments, we
see that

g1 =2

Ci int || P
(H( ””k)k“}?z”[ )je{O,...,jo},teTj er

<171 rezsler) e o)

FolCT
L
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Overall, we obtain that

ey, =1 Enhmerler = 61+ 1 Edmerli
= (wj)je{O,...,jo}”M + | (wm+j0*1)meN22 ”eq < | (wj)jeNo HM = ||Cu||b;,,q,

which proves Eq. (C.6).
Step 3 (Completing the proof): Step 2 guarantees the existence of y > 0 satisfying

||Limc||blr) =V ||cu||b;q < llell,pa  forall c € E‘Z}’fm . Furthermore, we clearly
N N ylnt_a

have [|tinc ell2 = ¥ llellg2.
Similarly, Step 2 shows that there is ¢ > 0 satisfying ||c|| 4 L, <o ||c”||b;q
P ext o s

for all ¢ € RY™. Now, given b € Ball(O, 1; b;,,q (2ext; R)), note that b = (b| jext)”
and furthermore ||b|,m||£pq " <o ||(b|1m)”||br <o, sothate := o' -bljext €

Ball(O L et ) satlsﬁes b = texe. It is clear that [eexcc|l,2 = o lle]lp2 for all

@ext
1204
E ]ext C{
Finally, Proposition 2 shows that zf’}i’m < £2(J" and €7 ]m s L2(JEX),

Hence, we see for ¢ € b}, ; (2in; R) that lell 2 < [ltinellez < llimellera S lielloy,,
K o '

and hence b;, ¢ (£ini; R) — £2(J™Y, Similarly, one can show that b;’ ¢ (Qext; R) —
ZZ(Jext)' O

D The Phase Transition for Sobolev Spaces with p € {1, oo}

In this subsection, we provide the missing proof of Theorem 8 for the cases p = 1
and p = oo. We begin with the case p = 1.

D.1 Thecasep =1
The proof is crucially based on the following embedding.

Lemma13 For arbitrary k,d € Nand 1 < p < 00, we have Wk’p(Rd) —
RY).

oo(

Proof This follows from [1, Section 7.33]. Here, the definition of Besov spaces used
in [1] coincides with our definition, as can be seen by combining [36, Theorem in
Section 2.5.12] with [19, Proposition 17.21 and Theorem 17.24]. O

Using this embedding, we can now prove Theorem 8 for the case p = 1

Proof of Theorem 8 forp=1 Let k € Nwithk > d - (% — %)+ = % and define S :=

Ball(0, 1; W5 1(£2)). Our goal is to apply Theorem 5 for X :=Y := Z := L2(£2),

Sx = Ball(0, 1; Bf (£2)), and Sy := Ball(0, 1; W2(£2)), with suitable choices
of o, P.
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To this end, first note that since £2 C R is bounded, there exists ¥ > 0 satisfying
k1 fllweki 2y < I fllwrz ) forall f e W*2(£2). Next, Theorems 7 and 8 (the latter
for p = 2 € (1, 00)) show that Sx, Sy C L?(£2) are bounded with

k k k
SLZ(_Q) (SX) = SLZ(_Q) (SY) = E

and that there exists a Borel measure Py on Sy that is critical for Sy with respect to
L*(£2).

Next, we claim that there exists C > 0 satisfying ”f”B{‘ @ = C Il f lwk1 (g for
all f € Wo1(£2). Indeed, [33, Theorem 5 in Chapter VI] shows that there exists a

bounded linear extension operator & : W&1(2) — WEI(R?) satisfying (£ f)|o =
f forall f € W51(£2). Then, Lemma 13 yields C; > 0 satisfying

||f||311<00(_(2) = ||((§f)|9||3fm(g) = ”éafllgfl\'m(]]gd) <Cy- ”ébf”Wk-l(]Rd) <G |&| HfHW“(Qy

so that we can choose C = Cj - ||&]|. In particular, this implies that S C C - Sx C
L?(£2) is bounded, so that Lemma 16 shows that S = S N L%(2) C L*(2) is
measurable.

Overall, we see that if we choose

@: Sx—>L*R2), f—>C-f and ¥: Sy—S, fr«k-f,

then @, ¥ are well-defined and satisfy all assumptions of Theorem 5. This theorem
then shows that s, @ S) = 5 and that P := Py o ¥ ~! is a Borel probability measure
on S that is critical for S with respect to L2(£2).

Finally, Part (iii) of Theorem 7 yields a codec C* = ((Ej. Dy))gey €
Codecsg, ;2o satisfying 8, 12(o)(Eg, D) < R7/4. Since & is Lipschitz with
d(Sx) O S, Lemma 8 shows that there exists a codec C = ((ER, DR))ReN €
Codecsg 12(p) that satisfies the estimate §s ;2.0\ (ERr, Dr) S R7K/4 claimed in Part
(iii) of Theorem 8. O

D.2 TheCasep = o0

Let k € Nwithk > d - (£ — J)+ = 0 and define S := Ball(0, I; W (£2)).
Note that trivially S C L°°(£2) C L%(£2) is bounded, so that Lemma 16 implies that
S C L?*(£) is Borel measurable. Our goal is to apply Theorem 5 for X := Y := Z :=
L*(2), Sx := Ball(0, I; Wk2(£2)), and Sy := Ball(0, 1; BX, |(£2)), for suitable
choices of @, ¥ and P.

To this end, first note that since £2 C R? is bounded, there exists C > 0 satisfying
I fllwkziay < C Il koo forall £ € WE(82),

Next, it is well-known (see for instance [38, Example 7.2]) that there is « > 0
such that « || fllyk.comay < ||f||B§c.l(Rd) for all f € B’o‘o’l(Rd). Now, for f €

B’go’l(.Q) and ¢ > 0, by definition of the norm on BIéO,l(Q) (see Eq. (C.2)) there
FolCTM
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is some ¢ € B |(RY) with gt may = A +EMflgt (o) and [ = glo.
Since g € B |(RT) ¢ WE®RY), we see f € Wr(2) and k| fllyroog) <
Kl gllwk.oomay < ”g”Béc_,(Rd) <(1+e ”f”B’éo.l(Q)' We have thus shown

N flwesiey < IFlgt 2y VI € Booa(82).

Finally, Theorems 7 and 8 (the latter applied with p = 2 € (1, 00)) show that the
respective optimal compression rates are given by szz @) (Sx) = S;2 @) (Sy) = §
and that there exists a Borel probability measure Py on Sy that is critical for Sy with
respect to L2(2).

Combining these observations, it is not hard to see that all assumptions of Theorem 5
are satisfied for

@: Sx—>L*R2), f—>C-f and ¥: Sy—3S8, frk-f.
This theorem thus shows that SZZ(Q)(S) = % and that P := Py o ¥ ! is a Borel
probability measure on S that is critical for S with respect to L?(£2).

Finally, Theorem 8 shows that there exists C* = ((E* , D;))ReN € CodecsSX’Lz(Q)
satisfying 8, 12(0)(Efx. D) < R7/4. Since & is Lipschitz with &(Sx) D S,
Lemma 8 shows that there exists a codec C = ((ER, DR))ReN € Codecsg 2(p) sat-

isfying the estimate 85 ;2()(Er, Dr) < R™*/?, as claimed in Part (iii) of Theorem 8.
u]

E Measurability of Besov and Sobolev Balls

In this subsection, we show for the range of parameters considered in Theorems 7
and 8 that the balls Ball (0, R; B;’q([))) and Ball (0, R; Wk"”(.Q)) are measurable
subsets of L2(§2). We remark that for the case where p, g € (1, 00), easier proofs than
the ones given here are possible. Yet, since the proofs for the cases where p € {1, oo}
or g € {1, oo} apply verbatim for a whole range of exponents, we prefer to state and
prove the more general results.

We begin with the case of Besov spaces, for which the balls are in fact closed.

Lemma 14 Let @ # 2 C RY be open and bounded and let p, q € (0, 00] and T € R
witht > d-(5—3)+. Then, B} ,(2) < L*(2), andthe balls Ball(0, R; B}, ,(£2)) C
L%(2) are closed for all R > 0.

Proof Let py := max{p, 2}. Then, [38, Example 7.2] shows that B;,q (RY)
LPo (Rd), since p < po and since T > d - (% — %) by our assumptions on T.
This implies B;)q(.Q) — L2*(£2), since if f € B;’q(.Q), then by definition of
this space (see Eqgs. (C.1) and (C.2)) there exists some g € Bl’,)q(Rd) satisfying
FoC Tl
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Il sy ey = 21 flisg, (@) and f = gle, and hence
||f||L2(_Q) S llLroe) = ||g|.Q||Lpo(_Q) = ”g”LI’O(Rd) ~ ||g||3f (Rd) =2 ||f||Bf 7 (82)-

It remains to show that Ball(0, R; B;’q(s?)) C L?(£2) is closed. To see this, first
note that if (g,)nen C B;’q(Rd) satisfies g, — g € &%/ (RY) with convergence
in .7/ (RY), then ||g||Br o (BY) < liminf,— |l gn ||Bf SR Indeed, with the family
(@j)jeng C 7 (RY) used in the deﬁnmon of Besov spaces (see Sect. C.1), we have
for f € #'(RY) and x € R? that F~'(¢; - /) (x) = Qm)~4/2-(f, €®*)g; )y,’y,
see for instance [30, Theorem 7.23]. From this, we easily see that F _1(<p IR &n) —
F ;- &), with pointwise convergence as n — oc. Therefore, Fatou’s lemma shows
that [|F = (g; - ®llr < liminfy—oo [F~'(¢; - &) llLr. By another application of
Fatou’s lemma, we therefore see

e, @0 = | (27 177" @ Dller )

= liminf [lgull gr  (e),

<timinf | (27 17 ;- &) llLr)
n—00 Jj€Noy

Jj€eNy lleq 1

as claimed.

Now, we prove the claimed closedness. Let (f;),en C Ball(0, R; B;,q(Q)) C
L*($2) such that f, — f € L?(£2) with convergence in L2(£2). By definition of
B;’q(.Q) (see Egs. (C.1) and (C.2)), for each n € N there exists g, € B;,q(Rd)
satisfying f,, = gnle and

lgnllay ey < (1+3) - [ fullg 2y < (14 )R < 2R

As seen above, BY | (R?) < LPO(RY), so that (gx)nen C LPO(RY) = (LPo(RY))
is bounded, where p6 < 2 < 09, so that L7 (Rd ) is separable. Thus, [2, Theorem 8.5]
shows that there is a subsequence (gp, )xen and some g € L0 (R9) such that &u — 8
in the weak-*-sense in LP0(R9) = (LPo(RY)). In particular, g,, — g in ./(RY).
By what we showed above, this implies ||g||B;q(Rd) < liminf;— o llgn, ||B'r (Rd) <

R. Finally, we have for any ¢ € CZ°(£2) that (g,¢) = llmk_>oo<gnk,§0> =

limi—o(fues @) = (f. @), since fu, = gul@ and fu, — f in L*(£2). Overall,
we thus see that f = gl € B}, ,(£2) and || f 55 (2) = ||g||Bz SR = R. O

pr.q

For the Sobolev spaces Wk"’(.Q) with p = 1, the set Ball (0, R; Wk’l(.Q)) is not
closed in L%(£2). In order to show that this ball is nonetheless Borel measurable, we
begin with the following result on R?.

Lemma15 Let d,k € N and p € [1,2]. Then, L>*(RY) N W5P(R?) is a Borel-
measurable subset of L2(R%).

Proof Let ¢ € C?O(Rd) with ¢ > 0 and fRd ¢(x)dx = 1 and define ¢, (x) :=
4. p(nx). It follows from [2, Section 4.13] that if f € L*(R?), then ¢, % f €
L>(R?) N C®(RY) with 8% (¢, * ) = (8%¢n) * f.
Fol:'ﬂ
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Step 1: Define S := L2(R?) N W57 (R?). In this step, we show that
S={feLl’?®R") : V| <k:(@%pn)* ),y is Cauchy in L7 (R?)}.

For “C”, note that if f € S, then from the definition of the weak derivative we see

[(0%pa) * f1(x) = /R )@ o) =y dy = (=1 /}R (FO) - 5 len(x = y)ldy
= /Rd 3L () - pn(x — y)dy = [pn * (3 £)1(x),

so that [2, Theorem 4.15] shows that (0%¢,) * f —= a” f, with convergence in
LP(RY). This proves “C”.

For “27, let f € L*(RY) such that ((3%¢,) * ), ex is Cauchy in LP(RY) for each
S Ng with |a| < k. Define g, = lim,_, oo[(0%¢py) * f] € LP(RY) for || < k.
Since [2, Theorem 4.15] shows that ¢, * f — f with convergence in L?, we get
f = go € LP(R?). Furthermore, as seen above, we have ¢, * f € C®(R?) with
3% (g x f) = (0%py) * f. Therefore, we see for arbitrary ¥ € C?O(Rd) and o € Ng
with |«| < k that

/ [y dx = hm/ (@n * f)-0%Y dx = lim (—1)'”‘/ [(0%@n) * f1- ¥ dx
R4 n— 00 R4 n— 00 R4

(since weCchL”/) = (_1)|01| _/d 8o - Y dx,
R

which shows that g, is the a-th weak derivative of f; thatis, 3% f = g, € LP(R?).
Since this holds for all |«| < k, we see that f € W5P(R?) and thus f € S.
Step 2: For n, m, M € N, define

Luomm : L*RY) —>[0,00),  f > [[0%(@0n — om) * f1- L ppama -

Since p < 2,itis easy to see that I, ,,, p is well-defined and continuous. Furthermore,

0% @n) * f1 = [(%pm) * flllLr = suppren Tnm.m(f), which—together with the
result from Step 1—implies that

090,

{f e L*®RY): Towm(f) < 1/¢)

ﬁDz
ﬁDS

1

is a Borel-measurable subset of L2(R%). O

We can now prove a similar result on bounded domains. For the convenience of the
reader, we recall that || f ||y, = maxq|<x 0% f|lLr; see Eq. (4.2).

Lemma16 Let p € [1,00], k € N, R € (0,00), and let 2 C RY pe open and
bounded. In case of p = 1, assume additionally that 2 is a Lipschitz domain.
Then, L(§2) N Ball (O, R; Wk’P(SZ)) is a Borel-measurable subset of L*(£2).
Fol:'ﬂ
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Proof Step 1: The space C*(£2) (with the norm ||f||Ck(§) = max|q <k 0% flsup) is
separable; see [2, Section 4.18]. Since subsets of separable spaces are separable, there
exists a sequence (¢,)peny C C2°(82) \ {0} that is dense in C°(£2) \ {0} with respect
to || ® [lck(g)- Forn € N, define

Vi L*(2)—[0,00), f > max

|| <k

/ 0%, dx /||<p,,||u,,,
2

where p’ € [1, co] is the conjugate exponent to p. Since 3%, € C°(£2) C L2(),
we see that y, is continuous, so that y : L2(2) — [0, oo], S = sup,en va(f) is
Borel measurable.

Step 2: We claim that | [, f - 3%pdx| < y(f) - l¢ll, forall f € L?(2), ¢ €
CX(£2), and |a| < k. Clearly, we can assume without loss of generality that y (f) <
oo and ¢ # 0. Thus, there is a sequence (n¢)¢eny C N such that [l¢ — ¢y, ||Ck(§) — 0,
which easily implies ||gn,|l,,» — ll¢ll,,» and 3%¢,, — 3%¢ with convergence in
L?*(£2) for all |o| < k. Hence, |[,, f - 3% dx| = limi_oo| [ f - 3%¢n, dx| <
limg—oo ¥ (f) - ll@nell = v (f) - ll@llyp, as claimed.

Step 3: In this step, we prove for p > 1 that S := L?(£2) N Ball(0, R; W~P(£2))
satisfies S = {f € L2(.Q): y(f) < R}, which then implies that S is a Borel measur-
able subset of L2(£2).

First, it f € S, then | [, £ 8%¢ndx| = | [ @n 9° f dx| < 18° Lo - llgnll <
R |l@ull, forall o] < kandn €N, sothat y(f) < R.

Conversely, if ¥ (f) < R, then Step 2 shows for arbitrary |e| < k and ¢ € C°(£2)
that |fQ f-0% dx| <v(f) el < R-lell,,, sothat [2, Section E6.7] implies
that f € WkP(2); this uses our assumption p > 1. Finally, for ¢ € C°(£2) and
|| < k, we have |f9(p . 8"‘fdx| = |f9 f- 8"‘g0dx| < R |¢ll,, . Therefore, [2,
Corollary 6.13] shows [[0% f||L» < R forall |«| < k. By our definition of || ||y (0)
(see Eq. (4.2)), this implies f € S.

Step 4: We prove the claim for the case p = 1. Since §2 is a Lipschitz domain, [33,
Theorem 5 in Chapter VI] yields a linear extension operator E : LY(2) > Ll(Rd)
satisfying (Ef)|g = f forall f € L'(£2), and such that for arbitrary £ € Ny and
g € [1, 0o] the restriction E : W54(£2) — W44 (R?) is well-defined and bounded.

In particular, E : L?>(£2) — L?*(R?) is continuous and hence measurable. By
Lemma 15, this means that @ = {f € L?>(2): Ef € WCI(RY)) ¢ L*(R2) is
measurable. We claim that

(S := L*(£2)NBall0, R; Wh' () =0 n{f e L>(2): y(f)< R},

which then implies that S C L?(£2) is measurable.

For“C”,weseeasin Step 3 that y(f) < Rif f € S. Furthermore, by the properties
of the extension operator E, we also have f € @ if f € S.For “D”, let f € O satisfy
y(f) < R.Since f € @, we have f = (Ef)|p € Wk1(£2). One can then argue as
at the end of Step 3 (using [2, Corollary 6.13]) to see that f € Ball(0, R; Wk'l(ﬂ))
and thus f € S. O
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F Proof of the Lower Bounds for Neural Network Approximation

In this appendix, we establish a connection between rate distortion theory and approx-
imation by neural networks. This is based on the observation from [4,29] that one can
use the existence of approximating networks to construct a codec for a function class.
This in turn relies on sharp estimates for the number of functions in the class . NZ’%V
appearing in Theorem 3. ’

The first ingredient for such a bound is the following “compression lemma,” show-
ing that for each neural network @, one can find a “compressed network™ ¥ with the
same realization R,¥ = R,® and such that the number of weights, layers, and neu-
rons of ¥ is controlled by the number of weights of @. We remark that a similar result
already appears in [29, Lemma G.1]. However, the proof in [29] proceeds by removing
“dead neurons;” that is, neurons that do not receive input from any other neurons. The
proof then relies on the assumption o(0) = 0 to ensure that a “dead neuron” has trivial
output. In contrast, our proof relies on removing “ignored neurons,” whose output is
not used in the subsequent layer; this allows us to omit the assumption o(0) = 0.

Lemma17 Letd,k € Nand ® C R with0 € ©. Let @ be a neural network with all
weights/biases contained in ® and with din(®) = d and dow (P) = k. Then, there
exists a “compressed” network ¥ with the following properties:

din(¥) = d and dow(¥) = k,

all weights/biases of ¥ are contained in ©,
forevery o : R — R, we have R, @ = R, VY,
W) < W(P),

L) =WW)+1,
NW)<k+d+WW).

AR

Proof For an arbitrary neural network @, define C(®) := L(®) + N(®) € N. Fur-
thermore, define the set of “bad” networks as

Bo— {q§ @ NN with dip (@) = d, dou(P) = k, all weights/biases of @ belong to @, }

" and ANN ¥ satisfying properties 1-6 from the lemma

Toward a contradiction, assume that the lemma is false. Then, there exists @* € B
satisfying C(®*) = mingep C(®). Write @* = ((A1, b1), ..., (AL, by)) with A¢ €
RNexNe1 and by € RNt where Ny = d and N; = k. Note that if L = 1, then
L(@*)=1<W(@*)+1and N(®*) <k+d < k+d+ W(®*), so that properties
1-6 of the lemma are satisfied for ¥ = @* (and @* instead of @), in contradiction to
@* € B. Hence, L > 2.

Below, we will show that

—-(EIZG{Z,...,L} 3 € [Ne_t] Viel[Ne: (Ag),-,,:o). (E1)

Thus, for every ¢ € {2,...,L} and j € [Ny—1], we have Z,N{] T(ay); j#0 = 1 and

hence W (®*) > Y F_ 2ZN£ Iy L(a);,;#0 = Y= Ne—1. On the one hand, this
Fol:rﬂ
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implies W(®*) > L — 1 and on the other hand

L
W(@*) > ZNgq = N(@*) = NL — Ny=N(@")—k—d.
=2

Thus, choosing ¥ = @*, we see that ¥ satisfies properties 1-6 of the lemma (with @
replaced by &%), in contradiction to @* € B.

It remains to prove Eq. (F.1). Assume toward a contradiction that it is false. Then,
thereexist¢* € {2,..., L}and j* € [Ngs—1]satisfying (A¢+)— j» = 0. We distinguish
two cases:

Case 1 (N¢x_1 > 2): In this case, define a new network

@ = ((A1,b1), ..., (Ap—2, bee—2), (A, b), (B, ©), (Ags 41, bes41), - - ., (AL, bL)),

where A € RWer—1—=DxNex—2 apd p € RNex—1-1 are obtained from Ag«_; and by,
respectively, by dropping the j*-th row. Further, we set ¢ := by € RV and we
choose B € RNt *(Nex—1=1 a5 the result of dropping the j*-th column of Ay

Since (Ag+)_ j+ = 0,itiseasy tosee R,® = R, P forevery ¢ : R — R. Note that
C(®) =C(@*)—1,sothat @ ¢ Bby “minimality” of @*. Thus, there exists a network
Y satisfying properties 1-6 from the statement of the lemma. Note in particular that
R,®* = Ry @ = R,¥ and that W(¥) < W(®) < W(P*); hence, ¥ also satisfies
properties 1-6 of the lemma for @* instead of @, in contradiction to @* € B.

Case 2 (Ng=—1 = 1): Since j* € [Ngx—1], this implies j* = 1. Furthermore,
since Agr € RNewxNexoi — RNexx1 gpd (Agr)—1 = (Ag)_ j» = 0, this implies
Ags = 0. Define @ := ((On,«xda, bes), (Agst1, bes41), ..., (AL, br)) and note for
any 0 : R — Rand Ty x := Ay x + by that Tyex = by for all x € RVe*—1 which
implies that

Ro®*(x)
=[TLo(@oTr-1)o---0(0oTri1) o] (Te<((@o Te—1) o+ 0 (00 T)(x)))

L ]
omit this if £*=L

= [TL o(oTp—1)o---0(0oTpy1)o0 Q] (bg*) =R, ®(x) Vxe RY.
omit this if £*=L

Furthermore, note that all weights/biases of @ belong to ® U {0} = ® and because
of ¢* > 2that L(®) =L —¢*+1 <L -1 < L(®*) and N(®) < N(®*), so
that C(®) < C(®*). Now, since also W(®) < W(®*), one obtains a contradiction
exactly as in Case 1. O

Using the preceding compression result, we can now derive a sharp bound on the
cardinality of the set VA Z’%V of neural network functions that appears in Theorem 3.
We mention that this result is similar to [29, Lemma B.4], but without the assumption
0(0) =0.
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Lemma18 Let o : R — R and d,o € N. With NNZ”%, as defined in Theorem 3,
there exists a constant Cy = Co(d, o) € N satisfying

2
|NNZ:$}V| < 2C0<W-]'10g2(1+W)-| VW eN.

In fact, one can choose Co = 4 + 4[log,(4ed)] + 8o.

Proof Fix W € N.
Step 1: Recall the definition of G, w (Eq. (1.7)) and note |ZN[a, b]| < 1+ (b—a)
for a < b. Thus, noting that log, (1 + W) > log,(2) = 1, we easily see

|G w| = 7N zaflogz W'\z[ _ WU[logz W]’ Wzr[logz W'\]‘
<142 wolog W yoTlog, w12 <142.2%Tog w12 <3. 920 [logy (14+W)1?
< pdoflogy(1+W)1*
Step 2: Given L € N, define Ny := d and Ny := 1 and define the set of all
architectures with L layers and at most W “hidden neurons” as

L-1

oy = {N: (Ni,...,N._1) e NL— 1. ZNg < W},
=1

with the understanding that 2] contains a single element, the empty tuple. Next, for
fixed architecture N € 71, define

L L
U {€) x [Nel x [Ne1])  and U (€} x [Nel)
Finally, given subsets / C Hy and J C Ry, define
I {0y, if (i, j)¢1, {0}, if (¢, k)¢ J,
2= : and O = -
Go,w, otherwise Gg w, otherwise

for ¢,i, j, k € N. Overall, recalling the definition of NN Z%, and using Lemma 17,
we see

W+1
0,0 1 J
witeU U U U lrewex (X al,« xon)l
L=1 Neg/; ICHy JCRNn =1 (i,j)€[N¢]x[Ne-1] ke[N¢]
=W |[JI=W

Finally, note that |Ry| = Y7, Ny < W 4+ 1 < 4d - W? and

L L
—_— . . . 2
|HN|—2_szNe_1s(0<xp<aL><_1Nl);Ngs<d+W) W+ 1) <4d - W

FoE'ﬂ
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Step 3: We complete the proof by estimating [N N, d W| using the inclusion from

Step 2. First, note that if A is any non-empty set with | A| < 4d - W2, then a standard
estimate for (sums of) binomial coefficients (see, e.g., [37, Exercise 0.0.5]) shows

min{W,|Al}
can=wy= Y <|k|> (el Al/ min{w, |A)™ 4 < (deaw)V,
k=0

where the overall estimate also holds if A = @J. Furthermore, using the estimate from
Step 1, we see for I C Hy and J C Ry with |/[, |J]| < W that

>L<( X 2 x X@({J,k)

=1 (i, )E[N¢IX[Ng-1] ke[Ne]

:ﬁ< I1 124,51 T1 |@Zj~k|)

=1 (i,j)€[N¢]x[N¢-1] ke[N¢]
< Gow!"HH < |Gy w?Y

< ZSUWﬂogZ(H»Wﬂz.

Moreover,each N = (Ny, ..., Np—1) € <7 satisfies Ny < W, which implies for L <
W + 1 that |77 | < [[W]L~!| < WW. Overall, combining the preceding observations
with the inclusion from Step 2, we conclude as claimed that

W1
IWNGS 1< 3 3 W C Hy: 11 < W)I-1{J C Ry: |J] < )| - 25 W Tloaa W7
L=1 NE%L
< W+ 1)WY (dedW)V - (dedw)W . 28 W Mog2 (14 W)T?
< (dedW)*V . 280 WTlogy (I4W)1? . o (4-+41og, (4ed)+80)-W-Tlogy (1+W)1*

O

Finally, using the preceding estimate for the cardinality of NN Z’%,, we can now
formulate the precise connection between neural network approximation and rate
distortion theory.

Lemma19 Let ¥ # 2 C RY be measurable, let 0 : R — R be measurable, and let
o €N. For f € L3(2) and € € (0, 1), let We,o(f;¢) € NU {oo} be as defined in
Theorem 3. For t > 0 define

A\Noo ={f€L?(@) 1 3C>0 Vee (0, 1): Woolf;e) <C-e 7}

Then, there exists a codec C = C(0, 0, §2) € Codecs 2oy 12(0) such that

ANNUQCA Vt>0ands e 0,1).

LZ(.Q) LZ(Q) (C)

Proof Step 1: (Constructing the codec C): Let Cy = Co(d, o) € N as in Lemma 18.

For R € Nx¢,, let Wg € N be maximal with Cy - Wg - [log,(1 + Wg)1?> < R. By
Fol:'ﬂ
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Lemma 18, there exists a surjection Dy : {0, 1}¥ — J\/’Z:%VR. Foreach f € L%(£2),
choose ¢(R, f) € {0, 1}% such that

I f = DreR, D2y = min || f = Dr(©)ll2(0y= min | f —gll;20),
f D2 camin f L2(2) e, S —gllxe)

and define Eg : L2(2) — {0, }X, f — ¢(R, f).
Finally, for R € N with R < Cy, define

Er: L*@2) = {0,1}%, f—>(0,...,00 and Dg: {0,1}¥ > L*(2), ¢~ 0.

Step 2: (Completing the proof): Let t > 0, § € (0, %), and f € A/, 050 that
there is C = C(f) > O satisfying W, ,(f;€) < C-& * foralle € (0, 1).
Since the logarithm grows slower than any positive power and since the maximality

of Wg implies that R < Cp - (Wg + 1) - [logy,(Wg + 2)12, itis easy to see that there
exists C; = C(1,8,d,0) > Osuchthat R < C; - W}{,/(l_ns) for all R € N>¢,. Note

that if R is large enough, then ¢ := clr ~Cfl_(m/r ~R*(%*‘3) satisfies ¢ € (0, 1). For
these R, we thus get

Woo(fie) <C e " < CrU 7 RIT < Wi,

By definition of Wy ,(f; ) and by choice of Dg, Eg, we therefore see for all suffi-
ciently large R € N that

| f = DRCERUD || 20y = omin, Nf gl

d,Wg

< min If —gli2e
ceN A L2(2)

Woo(f3€)

<e=cClr. Cfl_‘m/f . Rf(%fa)’
1
. o 15 .
which easily implies that f € A£2(Q),L2(Q)(C)' Since T > 0, 8 € (0, %), and f €
Ajt\/’ N oo WeTe arbitrary, we are done. O

Proof of Theorem 3 Part 1: Let s > s*. As shown in Theorems 7 and 8, the measure
P from Theorem 1 is critical for S with respect to L?(£2). Thus (see Eq. (2.1)), there

exist ¢, &9 > 0 such that P(S N Ball(f, &; L2(2))) < 27<¢ /" forall f € LX(£2)

and ¢ € (0, g9). Lemma 18 shows that INNZZ%,I < 2CoWoga(14W)? for ol W € N
and a suitable Co = Cy(d, 0); in fact, one can take Cop = 4 + 4[log,(4ed)] + 8o.
Thus, setting C := Cp, we see that

Pr( min If — gl =e) =P( | Balig.e: L2(2)))
geNN Y gENNZﬁV
< 2CW[]0g2(1+W)'|22—C<£’1/°'
EOE';W
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for all ¢ € (0, o). This is precisely what is claimed in Part 1 of Theorem 3.
Part 2: For ¢, o0 € N, define

Ao ={feS : 3C>0 Vee (0, 1): Woo(fie) <C-e 1"},

It is not hard to see that A%\, C Usen Uren At.o so that it suffices to show
P*(Ag,o) = Oforallo, £ € N. Tosee this, let C € Codecst(_Q) 12(¢) asinLemma 19,

and note with the notation of that lemma and with § := 57 "/ 21 and T = (1 — ﬁ) / s*
that
Ao =SNAGE csn AT )= £ @)
lo = NN L2(2),L2(2) S L) Y
o+, 20=1/2
where Theorem 1 shows that P* (A s, Lﬁi};) (C)) =0. o

We close this section by proving the claim at the end of Remark 3.

Proof of Remark 3 Case 1 (Besov spaces): Here, S = Ball(0, I; B,’,’q(Q; R)) and
s* = t/d, where T > d - (% — %)Jr. By definition of the space B;’q(.Q; R) (see
Egs. (C.1) and (C.2)), each f € S extends to a function f € BT (Rd' R) satisfying
I f I By, (R4:R) < 2. Thanks to [36, Theorem in Section 2.5. 12] this implies for a
sultable C, = Cid, p,q,7) > 0 that ||f||Br*(9) < Cy, where || - ||B,§j;(9) is the
norm on the Besov space used in [34].

Now, [34, Proposition 1] yields Ca, C3, No, 6 € Ns, (all depending only on
d, p,q,t) such that for every f € S and N > Np, there exists a network
@ = &(f, N) satistying || f — Ro(P)llp20) =< . NS as well as L(®D) <
Cz-logy Nand W(®) < C3 - N - log, N, and such that all weights of @ have absolute
value at most C3 - N?. This almost implies the desired estimate; the main issue is that
the weights are merely bounded, but not necessarily quantized. To fix this, we will use
[13, Lemma VIL.8].

To make this formal, let us assume in what follows that ¢ € (0, %) NO,Ca-Ny )

it is easy to see that this implies the claim of Remark 3 for general ¢ € (0, %). Let
N € N be minimal with C, - N —s* < &, noting that this entails N > Ny > 2 as well as
e<Cy-(N— 1)_“* < 2‘Y*C2 . N_S*, and therefore N < 2C21/S g~ 1/s", Now, given
f €8, choose @ = @(f, N) as above and note that || f — Ro(P)ll122) = 5

Define W := [C3-N - 10g2 N7 > N andchoosek = k(p,q,d, 7) € Nwithk > S%
so large that C5 - (2C1/S ) <C3- (ZCI/S ) < 2K,

Since log, N < N, we then see that W < C3N2 <Cs- (2 C;/S*‘e_l/s*)2 < (%)_k
and C3-N% < C3- (2 Cl/s 71/.3'*)9 < (§)7*. Therefore, [13, Lemma VL8] produces
anetwork @’ satisfying W(Cb’) < W(®) < Wand |Ry(P) — Ro(P )l o 0.17¢) < 5
and such that

o

all weights of @' belong to [—(§)7, (§)77°]N27% Mog /N7 where o := 3k L(D).
Fol:rﬂ
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To see that this implies the claim, first note that || f — R, (")l 12(2) < € and that
a1 1
W(®') < W <203 N logy N <4C5 C3 6™ -log,y(2C3 7)< Cy - 75 log (1/e)

for a suitable constant C4 = Cs(d, p, ¢q, 7). Regarding the quantization, first define
o1 = 3kC3, so that o9 = 3kL(®) < 3kC3 -logy N < oq[log, W1]. Next, note
that % < % < NS < WS*, meaning (¢/2)7% < (WS*)"O < wolloga W1 with
o = o1 [s*]. Furthermore, we have log,(2/¢) < logQ(WS*) < [s*] [log, W1, which
easily implies that

2090 [log, (2/€)] 7, c 2790 [s*7[log, W1 7c2° [log, W'\ZZ'

Overall, this shows that @’ is (o, W)-quantized, so that R,®’ € NN Z%V Because of
I f — Ro(®")l 2y < e this implies that W o(f5€) < W < Cy4- 671/ log, (1/e),
which is what we wanted to show.

Case 2 (Sobolev spaces): Set p; := min{p,2} and note S C § :=
Ball(0, 1; W5P1(£2)). Since 2 = [0,1]¢ is a Lipschitz domain, [33, Chapter VI,
Theorem 5] shows that each f € S extends to a function f € W57 (R?) with
”f”Wk.pl ®dy = Ci, where C; = Ci1(d, p,k). Now, Lemma 13 shows that f €

BY (R?) with | f]| B4, i) = C2 where Cy = Ca(d, p. k). Overall, this easily

implies S C Ball(0, C»; Bi‘,l’oo(ﬂ; R)), so that the claim follows from that for the

Besov spaces. Here, we implicitly used that the condition k > d - (% — %)Jr holds if

and only if k > d - (% — %)+, since k € N. O

G Optimal Compression Rate and Baire Category

In Sect. 1.3.3, it was claimed that if S C X satisfies some mild assumptions and
§* = 55 (S), then the set | J_ AfS’X(C) is of first category in S, for every codec
C. In this appendix, we provide a proof of this fact. In particular, we will see (thanks
to the Baire category theorem) that this implies existence of a “badly encodable”
x =x(C) € S\ U;- ¢+ A% x(C), meaning that x is not encoded at any rate s > 55 (S)

by the codec C.

Proposition 3 Let X be a Banach space and let ) # S C X. Assume that at least one
of the following two conditions is satisfied:

1. S is closed, bounded, and convex; or
2.8 ={x e X: x|« <r}forsomer € (0,00) and amap || - ||+ : X — [0, 00]
with the following properties:

(@) |- I« is a quasi-norm;, that is, there exists k > 1 such that ||« X||x = |a]| - [|X]|«
and [[X +yllx < & - (IXll« + Iylls) forallo € R and X,y € X;
(b) there exists C > 1 satisfying ||x||x < C - ||X]||« for all x € X;
(¢) § C Xis closed;
FolCT
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(@) || - I+ is “continuous with respect to itself,” meaning that ||X|l« — [|Xoll«
whenever | X — Xgl||x — 0.

Set s* := sy (S) and assume s* < oo. Then, for any codec C = ((ER, DR))REN €
Codecss x, the set |- o« .Afg x(C) is of first category in S. Moreover, there exists
x = x(C) € S such that for each € N, we have

”x — DR(ER(X))HX > RG+D) for infinitely many R € N. (G.1)

Remark (1) Itis not hard to see that if x satisfies (G.1), thenx € S\ (- 4+ Afg’X(C).

(2) The assumptions on the quasi-norm || - ||« might appear quite technical, but they
are usually satisfied. Indeed, the condition ||x|[x < C - ||X||+ is equivalent to
S C X being bounded, which is necessary for having s (S) > 0. Next, most
naturally appearing quasi-norms are g-norms for some g € (0, 1], meaning that
Ix +yld < IxIZ + llyl. In this case, it is not hard to see |[Ix]|7 — [ly[{] <
x — y||IZ, which implies that || - ||, is “continuous with respect to itself.” Finally,
most natural quasi-norms satisfy the Fatou property, meaning that if x, — X in
X, then ||x||« < liminf,_, o ||X;|«. If this is the case, then S C X is closed.

Proof For R € N, define M := range(Dpg) C X. Furthermore, for N, £ € N, let
Gvei={xe8: VR eN:distx(x, Mg) < N - R™"+0),

Since distx (-, Mg) is continuous, it is not hard to see that each set Gy ¢ C S is closed.
Denote by QX,’ , the (relative) interior of GyeinS.

Step 1: (If Gy , # 9, then there exist X, € Xand t > 0 such that X;+1tS C Gy ).
Choose x¢ € g;,,( C S and note that S N Ball(xo, ¢; X) C Gy ¢ for a suitable
¢ € (0, 1). We distinguish the two cases regarding the assumptions on S.

Case 1: S is convex. Note that S C Ball(0, C; X) for a suitable C > 1, since S is
bounded. Define # := 5= € (0, 1) and x; := (1 — 1)xo € X. With these choices, we
see for arbitrary x € S that x;, + rx € S by convexity, and furthermore

%o — (xp +x)|x =1 lIx0 — x[x <2C =e.

Thus, x, + tS C S N Ball(xo, &; X) C G .
Case 2: § = {x € X: x|« < r}for somer € (0, ).

With C,x > 1 as in Part 2 of the assumptions of the proposition, let 0 < o <

m < € < 1 and define x6 := (1 — o) X¢, noting that ||X6||* < r. By continuity
of || - ||+ with respect to itself, we can choose 0 < § < %{C”} such that || x4y« < r

for all y € X satisfying ||y[|« < §. Define ¢t := é For arbitrary y € S, we then have
lzylls < tr = 68, and hence, x;, + 1y € S. Furthermore, |(x; + 7y) — Xollx <
C-|l—oxo+1yl« < koCr + kC8 < ¢. Overall, we have shown that x{, + tS C
S N Ball(xo, ¢; X) C Gn,¢, as desired.
Step 2: (We have g,°\,’ .= @ for all N, ¢ € N). Assume toward a contradiction that
Gy # 9. By Step 1, there then exist x, € X and ¢ > 0 satisfying x; + 1S C G ¢
Elol:;ﬂ
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Thus, for each x € S, we have x{, 4+ X € Gy ¢, and therefore distx (x), + 7 x, M) <
N - R=C™*+D for all R € N. Because of Mp = range(Dg), this implies that there

exists cx, g € {0, 1} satisfying || (x{ +1X) — Dr(ex,p)lIx < N - R™ @),
Now, we define a new codec C= ((ER, DR))R N € Codecss x by

R:S— {0, 1 x> cxp and  Dr:{0,1}F - X, crs 17! (Dr(c) — xp).
For arbitrary x € S, we then see
[x = Dr(Er®)|x =17" - rx = (Drlex.r) — %)) [

= H(X6 +1x) — DR(CX,R)”X = T . R_(S*+%)

Z

forall R € N. By definition of the optimal exponent, this implies s* = s5 (S) > s*+%,
which is the desired contradiction. Hence, Gy, , =¥ forall N, £ € N.

Step 3: (Completing the proof). It is easy to see U, o A5 x(€) C Uy en Gn.63
see Eq. (1.2). We saw in the beginning of the proof that each Gn ¢ is closed, and in
Step 2 that each Gy, has empty interior (in S) and is hence nowhere dense in S.
By definition, this shows that (J ,en Gn,¢— and hence also |, A’g x—is of first
category in S.

Finally, we prove the existence of x € S satisfying Eq. (G.1). Assume toward a
contradiction that no such x exists. Then for each x € S there exist nyx, £x € N such

* 1
that for every R > ny, we have |[x — Dp(Er(X))|x < R &), Thus, it is not hard
to see that

distx (x, Mg) < [x — Dr(Er®)llx < Nx- R-*T%)  VReN,

where we defined Ny := 1 4+ max {ksui Ix = Dr(Exx)|x: 1 <k < nx}.
Since x € S was arbitrary, this easily implies S = (Jy oy Gn.¢- Because S C X
is a closed set, and hence a complete metric space (equipped with the metric induced
by || - |Ix), the Baire category theorem ( [14, Theorem 5.9]) shows that there are certain
N, £ € N such that g;,, ¢ # ¥, in contradiction to Step 2. O

As the second result in this appendix, we show that the preceding property does
not hold for general compact sets S C X, even if X = H is a Hilbert space. In other
words, some additional regularity assumption beyond compactness—Ilike convexity—
is necessary to ensure the property stated in Proposition 3.

Example 1 We consider the Hilbert space H := ¢2(N), where we denote the standard
orthonormal basis of this space by (e,),en. Fix s > 0, define xg := 0 € ?2(N) and
X, = (logy(n+1))"-e, € 22(N) forn € N, and finally set

S = {x,:n e Np}.
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We claim that 53, (S) = s, but that there is a codec C = ((Eg, DR)) poyy € Codecss 3
such that Ag,H(C) = S for every o > 0; that is, every element x € S is compressed
by C with arbitrary rate o > 0.

To prove 55, (S) < s,let R € N and (E,D) € Encg’H. By the pigeonhole-
principle, there are n, m € {1, ..., 2R 4 1} satisfying n # m but E(x,) = E(X,). By
symmetry, we can assume that n < m, so thatn + 1 < 2R 4 1 < 2R+L Therefore,

27 R = (R+ D77 = (logy(n+ 1) = X0 — Xmllg2
< %X = D(E&)) 2 + ID(E(Xm)) = Xnll2 < 285 H(E, D).

Since this holds for any encoder/decoder pair (E, D) € Encg’H and arbitrary R € N,
we see 53, (S) < s.

Next, we construct the codec C mentioned above. To do so, for each n € N, fix a
bijection «,, : {0, ...,2" — 1} — {0, 1}" and define

, ifm <2 —1,

E,: S— (0,1}, S
k,(0), otherwise,

Dn : {0, l}n —> S, 60— XK;](Q)'

For m € Ny with m < 2" — 1, we then have D, (E,(X;,)) = X =1 (e (m)) = Xm> while

if m > 2", then D, (E, (X;;)) = X1, (0)) = X0 = 0, and hence

1% — Dp(EnXm)) g2 = 1Xmll 2 = (logz(m + 1))73‘ <n’.

Therefore, ||x — D, (E,(x))|l,2 < n~* forall x € S, and thus 85 3 (E,, D) < n™%,
so that 53, (S) > s.

We have now proved that s;‘_[ (S) = s. Finally, it is easy to see that given arbitrary
o > 0, the codec C = ((Eg, Dg)) rey COnstructed above approximates each fixed
x € S with rate o. Indeed, for m € N and x = x,,,, we have

(logy(m + 1)), ifn < logy(m + 1),

X = Dp(En(X))lp2 {0’ if n > logy(m + 1)

< (logy(m +1))” -n=" = Cx o -n°

for all n € N, while for x = xp we have ||x — D,(E,(x))||,2 =0foralln € N. |

Finally, we show (under suitable assumptions on S) that the set of probability
measures satisfying the phase transition (1.4) is meager in the set of all atom-free
probability measures; this was claimed in Sect. 1.3.3.

Proposition 4 Let X be a Banach space and let ) # S C X with s* := 55 (S) < oo.
Assume that there exist Xo, yo € X satisfying Xo # yo and

[x0. Yol := {(1 —D)xo+1yo: 1 € [0, 1]} C S.
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Denote by Pys the set of all atom-free Borel probability measures P on S (i.e.,
satisfying P({x}) = 0 for all x € S). Furthermore, denote by G the set of all P € Pys
satisfying the phase transition (1.4). Then, equipping Pas with the metric dry given
by dry (j4, V) 1= SUPAS Borel ser [IL(A) — V(A)], the set G C Pyt is closed and has
empty interior; in particular, G is meager in Phys.

Proof G is closed: Let (P,),eny C G satisfy dry (P,,P) — 0. Let s > s* and
C € Codecss x be arbitrary. Then, we have P} (Afg,x(C)) = 0 for eachn € N, so that
there exists a Borel set N, O A X(C) satisfying P, (N,) = 0. Define N := (72| Ny,
noting that N is a Borel set satlsfylng ND AS x©).

We then see 0 < P(N) = lim;;,_ o0 Py, (N) < limy,; s o0 Py (N,;,) = 0. Overall, this
shows P € G, so that G is closed.

G has empty interior in P,: Assume toward a contradiction that there exists P €
G°; thus, there exists ¢ > 0 such that P € G whenever P € Py with dpy (P, P) < «.
Let M := [x0,y0) = {(1 — )Xo +tyo: t € [0, 1)}. Itis easy to see that

1
PH(A) = / ]lA(xo + t(yo — Xo)) dt, A€ Bs
0

defines an atom-free Borel probability measure on S satisfying PY(M) = 1. This easily
implies P.= (1—eP+ e P! € Pyt with dTV(]P’ P) < ¢. Therefore, by choice of P
and g, we get Peg. Finally, it is easy to see * that there exists a codec C € Codecss x
satisfying M C (),. A% x(C). By definition of G and since s* < oo, this implies

ﬁ(M ) = 0. However, ﬁ(M ) > ¢ PY(M) = ¢ > 0, which is the desired contradiction.

O
H Technical Results Concerning Sequence Spaces
Proofoflemma2 Let x € RZ. Set u,, := m?*? . 20m . X ller (z,) and vy, = m=,
and observe that || (um)menlles = IXllgpa and [[(Vm - tm)menller = IIXIIW o
Let us first consider the case ¢ < oo. In this case, % € (1, 00) and € (1 00)

are conjugate exponents, so that Holder’s inequality shows

o=l men | <

1/r
| om - (||(U;1)meN lcara=n - | @hImen ”zq/r)

erallq—r) “ (Um)meN H 04

= || (vm)men

4 To prove this, fix a bijection tg : [2R] — {0, 1} and define E;eo) :[0,1) — {0, l}R by E;eo) ) =
tg(k), where k = k(t) is the unique k € [2R] witht € [ 2R] s 1;) Furthermore, define Eg : S — {0, l}R
by setting ER(x) := Eg))(t) if x € S is of the form x = xo + 7(yg — Xo) for some ¢ € [0, 1), and
Er(x) := E$(0) otherwise. Finally, define Dg : (0, )8 — S, ¢ = x0 +27R - .31 (©) - (vo — x0)-

It is then easy to see [|x — DR(Ep(X)|[Ix < 2~ RHXO —yollx Ss R™* for arbitrary s > 0 and all
x € M =[x, yo)-
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Here, wenoteﬁ-quqr =12+ > land v, =m =7, sothatk :=max{1, | (Vm)menllyrasq-n}

1_1
roq

is finite.
Finally, in case of ¢ = oo, simply note that

” (Vm Um)meN o = ” (m~ H (tm)meN ”eq’
where now « := max{l, ||(m_’9)m€N||gr} is finite, since ¥ > % — [ll = % O

Proof of Lemma 4 By definition of the product o -algebra, each of the finite-dimensional
projections 1, : RL — RIm x > x,, is measurable. Since Il - ller(z,,) is continuous
on RZ» and hence Borel measurable, qm - RZ = [0, 00), x > 22" m? ||x,, ler(z,) is
HPBr-measurable for each m € N.

In case of ¢ < oo, this implies that the map

(0.¢]
RY — [0,00], x> Ixljpy Z [gm ()17

is A7-measurable as a countable series of measurable, non-negative functions, and
hence so is X ||x||gpq . If ¢ = oo, the (quasi) norm || - ||zpoo = SUp,,cN Gm 1S
o0

Pr-measurable as a countable supremum of A7-measurable, non-negative functions.

For proving the final claim, let us write 7 := ¢>(Z) M%7 for brevity. By the first part

of the lemma, || - fl2 = - [[,22 : RZ — [0, 0o] is #r-measurable. Furthermore,
2 .,0,0

for arbitrary x € RZ the translation RZ — RZ, y = ¥ + x is #7-measurable. These
two observations imply that the norm || - [|,2 : 02(7) — [0, co) and the translation
operator 2(T) — €*(I),y — y + x are T-measurable for any X € 02(T). This
implies that the openball {y € () ly+(—x)|l,2 < r}is T-measurable. But ¢2(Z) is
separable, so that every open set is a countable union of open balls; therefore, it follows
that ,2 C T.Conversely, 7 is generated by sets of the form {x € ¢>(Z): p;i(x) € M},
where M C R is a Borel set and p; : R > R, (xj)jez > xi. Since pilp gy :
02(7) — R is continuous with respect to || - [ 2(7), we see that each generating set of
T also belongs to A2, which completes the proof. O
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