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                    Abstract
The task of recovering a low-rank matrix from its noisy linear measurements plays a central role in computational science. Smooth formulations of the problem often exhibit an undesirable phenomenon: the condition number, classically defined, scales poorly with the dimension of the ambient space. In contrast, we here show that in a variety of concrete circumstances, nonsmooth penalty formulations do not suffer from the same type of ill-conditioning. Consequently, standard algorithms for nonsmooth optimization, such as subgradient and prox-linear methods, converge at a rapid dimension-independent rate when initialized within constant relative error of the solution. Moreover, nonsmooth formulations are naturally robust against outliers. Our framework subsumes such important computational tasks as phase retrieval, blind deconvolution, quadratic sensing, matrix completion, and robust PCA. Numerical experiments on these problems illustrate the benefits of the proposed approach.
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                    Notes
	Here, the subdifferential is formally obtained through the chain rule \(\partial f(x)=\nabla F(x)^*\partial h(F(x))\), where \(\partial h(\cdot )\) is the subdifferential in the sense of convex analysis.


	Both the parameters \(\alpha _t\) and \(\beta \) must be properly chosen for these guarantees to take hold.


	The authors of [57] provide a bound on L that scales with the Frobenius norm \(\sqrt{\Vert M_{\sharp }}\Vert _F\). We instead derive a sharper bound that scales as \(\sqrt{\Vert M_{\sharp }\Vert _\mathrm{op}}\). As a by-product, the linear rate of convergence for the subgradient method scales only with the condition number \(\sigma _1(M_{\sharp })/\sigma _r(M_{\sharp })\) instead of \(\Vert M_{\sharp }\Vert _F/\sigma _r(M_{\sharp })\).


	The guarantees we develop in the symmetric setting are similar to those in the recent preprint [57], albeit we obtain a sharper bound on L; the two sets of results were obtained independently. The guarantees for the asymmetric setting are different and are complementary to each other: we analyze the conditioning of the basic problem formulation (1.2), while [57] introduces a regularization term \( \Vert X^\top X - YY^\top \Vert _F\) that improves the basin of attraction for the subgradient method by a factor of the condition number of \(M_{\sharp }\).


	In the latter case, RIP is also called restricted uniform boundedness (RUB) [10].


	Weakly convex functions also go by other names such as lower-\(C^2\), uniformly prox-regularity, paraconvex, and semiconvex. We refer the reader to the seminal works on the topic [2, 67, 69, 72, 74].


	with 


	By this we mean that the vectorized matrix \(\mathbf {vec}(P)\) is a \(\eta \)-sub-Gaussian random vector.


	Recall that \(\Vert X\Vert _{2,\infty } = \max _{i \in [d]} \Vert X_{i \cdot }\Vert _2\) is the maximum row norm.
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Appendices
A Proofs in Sect. 5
                        
In this section, we prove rapid local convergence guarantees for the subgradient and prox-linear algorithms under regularity conditions that hold only locally around a particular solution. We will use the Euclidean norm throughout this section; therefore, to simplify the notation, we will drop the subscript two. Thus, \(\Vert \cdot \Vert \) denotes the \(\ell _2\) on a Euclidean space \(\mathbf {E}\) throughout.
We will need the following quantitative version of Lemma 5.1.

                  Lemma A.1

                  Suppose Assumption C holds and let \(\gamma \in (0,2)\) be arbitrary. Then, for any point \(x\in B_{\epsilon /2}(\bar{x})\cap \mathcal {T}_{\gamma }\backslash \mathcal {X}^*\), the estimate holds:
$$\begin{aligned} \mathrm{dist}\left( 0,\partial f(x)\right) \ge \left( 1-\tfrac{\gamma }{2}\right) \mu . \end{aligned}$$


                
                  Proof

                  Consider any point \(x\in B_{\epsilon /2}(\bar{x})\) satisfying \(\mathrm{dist}(x,\mathcal {X}^*)\le \gamma \frac{\mu }{\rho }\). Let \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x)\) be arbitrary and note \(x^*\in B_{\epsilon }(\bar{x})\). Thus, for any \(\zeta \in \partial f(x)\) we deduce
$$\begin{aligned} \mu \cdot \mathrm{dist}(x,\mathcal {X}^*)\le & {} f(x)-f(x^*)\le \langle \zeta ,x-x^*\rangle +\frac{\rho }{2}\Vert x-x^*\Vert ^2\le \Vert \zeta \Vert \mathrm{dist}(x,\mathcal {X}^*)\\&+\frac{\rho }{2}\mathrm{dist}^2(x,\mathcal {X}^*). \end{aligned}$$

Therefore, we deduce the lower bound on the subgradients \(\Vert \zeta \Vert \ge \mu -\frac{\rho }{2}\cdot \mathrm{dist}(x,\mathcal {X}^*)\ge \left( 1-\tfrac{\gamma }{2}\right) \mu ,\) as claimed. \(\square \)

                1.1 A.1 Proof of Theorem 5.6
                           
Let k be the first index (possibly infinite) such that \(x_k\notin B_{\epsilon /2}(\bar{x})\). We claim that (5.4) holds for all \(i<k\). We show this by induction. To this end, suppose (5.4) holds for all indices up to \(i-1\). In particular, we deduce \(\mathrm{dist}(x_{i},\mathcal {X}^*)\le \mathrm{dist}(x_{0},\mathcal {X}^*)\le \frac{\mu }{2\rho }\). Let \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x_i)\) and note \(x^*\in B_{\epsilon }(\bar{x})\), since
$$\begin{aligned} \Vert x^*-\bar{x}\Vert \le \Vert x^*-x_i\Vert +\Vert x_i-\bar{x}\Vert \le 2\Vert x_i-\bar{x}\Vert \le \epsilon . \end{aligned}$$

Thus, we deduce
$$\begin{aligned} \Vert x_{i+1} - x^*\Vert ^2&=\left\| \mathrm {proj}_{\mathcal {X}}\left( x_{i}-\tfrac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right) -\mathrm {proj}_\mathcal {X}(x^*)\right\| ^2\nonumber \\&\le \left\| (x_{i} - x^*)- \tfrac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right\| ^2 \end{aligned}$$

                    (A.1)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{2(f(x_i) - \min _{\mathcal {X}} f)}{\Vert \zeta _i\Vert ^2}\cdot \langle \zeta _i, x^* - x_{i}\rangle + \frac{(f(x_i) - f( x^*))^2}{\Vert \zeta _i\Vert ^2} \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{2(f(x_i) - \min f)}{\Vert \zeta _i\Vert ^2}\left( f( x^*) - f(x_i) + \frac{\rho }{2}\Vert x_i - x^*\Vert ^2 \right) \nonumber \\&\quad + \frac{(f(x_i) - f(x^*))^2}{\Vert \zeta _i\Vert ^2} \end{aligned}$$

                    (A.2)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{f(x_i) - \min f}{\Vert \zeta _i\Vert ^2}\left( \rho \Vert x_i - x^*\Vert ^2 - (f(x_i) - f( x^*)) \right) \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{f(x_i) - \min f}{\Vert \zeta _i\Vert ^2}\left( \rho \Vert x_i - x^*\Vert ^2 - \mu \Vert x_i - x^*\Vert \right) \end{aligned}$$

                    (A.3)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{\rho (f(x_i) - \min f)}{\Vert \zeta _i\Vert ^2}\left( \Vert x_i - x^*\Vert -\frac{\mu }{\rho }\right) \Vert x_i - x^*\Vert \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 - \frac{\mu (f(x_i) - \min f)}{2\Vert \zeta _i\Vert ^2}\cdot \Vert x_i - x^*\Vert \end{aligned}$$

                    (A.4)
                

$$\begin{aligned}&\le \left( 1-\frac{ \mu ^2}{2\Vert \zeta _i\Vert ^2}\right) \Vert x_i- x^*\Vert ^2. \end{aligned}$$

                    (A.5)
                

Here, the estimate (A.1) follows from the fact that the projection \(\mathrm {proj}_Q(\cdot )\) is nonexpansive, (A.2) uses local weak convexity, (A.4) follow from the estimate \(\mathrm{dist}(x_i,\mathcal {X}^*)\le \frac{\mu }{2\rho }\), while (A.3) and (A.5) use local sharpness. We therefore deduce
$$\begin{aligned} \mathrm{dist}^2(x_{i+1};\mathcal {X}^*)\le \Vert x_{i+1} - x^*\Vert ^2\le \left( 1-\frac{\mu ^2}{2L^2}\right) \mathrm{dist}^2(x_i,\mathcal {X}^*). \end{aligned}$$

                    (A.6)
                

Thus, (5.4) holds for all indices up to \(k-1\). We next show that k is infinite. To this end, observe
$$\begin{aligned} \Vert x_k-x_0\Vert&\le \sum _{i=0}^{k-1} \Vert x_{i+1}-x_i\Vert \nonumber \\&= \sum _{i=0}^{k-1} \left\| \mathrm {proj}_\mathcal {X}\left( x_i-\tfrac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2}\zeta _i\right) -\mathrm {proj}_\mathcal {X}(x_i)\right\| \nonumber \\&\le \sum _{i=0}^{k-1} \frac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert }\quad \nonumber \\&\le \sum _{i=0}^{k-1} \left\langle \tfrac{\zeta _i}{\Vert \zeta _i\Vert },x_i-\mathrm {proj}_{\mathcal {X}^*} (x_i) \right\rangle +\frac{\rho }{2\Vert \zeta _i\Vert }\Vert x_i-\mathrm {proj}_{\mathcal {X}^*}(x_i)\Vert ^2\nonumber \\&\le \sum _{i=0}^{k-1} \mathrm{dist}(x_i,\mathcal {X}^*)+\frac{2\rho }{3\mu }\mathrm{dist}^2(x_i,\mathcal {X}^*)\end{aligned}$$

                    (A.7)
                

$$\begin{aligned}&\le \frac{4}{3}\cdot \sum _{i=0}^{k-1} \mathrm{dist}(x_i,\mathcal {X}^*)\end{aligned}$$

                    (A.8)
                

$$\begin{aligned}&\le \frac{4}{3}\cdot \mathrm{dist}(x_0,\mathcal {X}^*) \cdot \sum _{i=0}^{k-1} \left( 1-\frac{\mu ^2}{2L^2}\right) ^{\frac{i}{2}}\nonumber \\&\le \frac{16L^2}{3\mu ^2}\cdot \mathrm{dist}(x_0,\mathcal {X}^*)\le \frac{\epsilon }{4}, \end{aligned}$$

                    (A.9)
                

where (A.7) follows by Lemma A.1 with \(\gamma = 1/2\), the bound in (A.8) follows by (A.6) and the assumption on \(\mathrm{dist}(x_0, \mathcal {X}^*),\) finally (A.9) holds thanks to (A.6). Thus, applying the triangle inequality we get the contradiction \(\Vert x_k-\bar{x}\Vert \le \epsilon /2\). Consequently, all the iterates \(x_k\) for \(k=0,1,\ldots , \infty \) lie in \(B_{\epsilon /2}(\bar{x})\) and satisfy (5.4).
Finally, let \(x_{\infty }\) be any limit point of the sequence \(\{x_i\}\). We then successively compute
$$\begin{aligned} \Vert x_k-x_\infty \Vert \le \sum _{i=k}^{\infty } \Vert x_{i+1}-x_i\Vert&\le \sum _{i=k}^{\infty } \frac{f(x_i)-\min f}{\Vert \zeta _i\Vert }\\&\le \frac{4L}{3\mu }\cdot \sum _{i=k}^{\infty } \mathrm{dist}(x_i,\mathcal {X}^*)\\&\le \frac{4L}{3\mu }\cdot \mathrm{dist}(x_0,\mathcal {X}^*) \cdot \sum _{i=k}^{\infty } \left( 1-\frac{\mu ^2}{2L^2}\right) ^{\frac{i}{2}}\\&\le \frac{16L^3}{3\mu ^3}\cdot \mathrm{dist}(x_0,\mathcal {X}^*)\cdot \left( 1-\frac{\mu ^2}{2L^2}\right) ^{\frac{k}{2}}. \end{aligned}$$

This completes the proof.
1.2 Proof of Theorem 5.7
                           
Fix an arbitrary index k and observe
$$\begin{aligned} \Vert x_{k+1}-x_k\Vert =\left\| \mathrm {proj}_Q(x_k)-\mathrm {proj}_Q\left( x_k-\alpha _k\frac{\xi _k}{\Vert \xi _k\Vert }\right) \right\| \le \alpha _k=\lambda \cdot q^k. \end{aligned}$$

Hence, we conclude the uniform bound on the iterates:
$$\begin{aligned} \Vert x_{k}-x_0\Vert \le \sum _{i=0}^{\infty }\Vert x_{i+1}-x_i\Vert \le \tfrac{\lambda }{1-q} \end{aligned}$$

and the linear rate of convergence
$$\begin{aligned} \Vert x_{k}-x_{\infty }\Vert \le \sum _{i=k}^{\infty }\Vert x_{i+1}-x_i\Vert \le \tfrac{\lambda }{1-q}q^k, \end{aligned}$$

where \(x_{\infty }\) is any limit point of the iterate sequence.
Let us now show that the iterates do not escape \(B_{\epsilon /2}(\bar{x})\). To this end, observe
$$\begin{aligned} \Vert x_k-\bar{x}\Vert \le \Vert x_k-x_0\Vert +\Vert x_0-\bar{x}\Vert \le \tfrac{\lambda }{1-q}+\tfrac{\epsilon }{4}. \end{aligned}$$

We must therefore verify the estimate \(\tfrac{\lambda }{1-q}{\le } \tfrac{\epsilon }{4}\), or equivalently \(\gamma {\le } \frac{\epsilon \rho L(1-\gamma )\tau ^2}{4\mu ^2(1+\sqrt{1-(1-\gamma ) \tau ^2})}.\) Clearly, it suffices to verify \(\gamma \le \frac{\epsilon \rho (1-\gamma )}{4L},\) which holds by the definition of \(\gamma \). Thus, all the iterates \(x_k\) lie in \(B_{\epsilon /2}(\bar{x})\). Moreover, \(\tau \le \sqrt{\frac{1}{2}} \le \sqrt{\frac{1}{2-\gamma }}\), the rest of the proof is identical to that in [31, Theorem 5.1].
1.3 A.3 Proof of Theorem 5.8
                           
Fix any index i such that \(x_i\in B_{\epsilon }(\bar{x})\) and let \(x\in \mathcal {X}\) be arbitrary. Since the function \(z\mapsto f_{x_i}(z)+\frac{\beta }{2}\Vert z-x_i\Vert ^2\) is \(\beta \)-strongly convex and \(x_{i+1}\) is its minimizer, we deduce
$$\begin{aligned} \left( f_{x_i}(x_{i+1})+\frac{\beta }{2}\Vert x_{i+1}-x_i\Vert ^2\right) +\frac{\beta }{2}\Vert x_{i+1}-x\Vert ^2\le f_{x_i}(x)+\frac{\beta }{2}\Vert x-x_i\Vert ^2. \end{aligned}$$

                    (A.10)
                

Setting \(x=x_i\) and appealing to approximation accuracy, we obtain the descent guarantee
$$\begin{aligned} \Vert x_{i+1}-x_i\Vert ^2\le \frac{2}{\beta }(f(x_i)-f(x_{i+1})). \end{aligned}$$

                    (A.11)
                

In particular, the function values are decreasing along the iterate sequence. Next choosing any \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x_i)\) and setting \(x=x^*\) in (A.10) yields
$$\begin{aligned} \left( f_{x_i}(x_{i+1})+\frac{\beta }{2}\Vert x_{i+1}-x_i\Vert ^2\right) +\frac{\beta }{2}\Vert x_{i+1}-x^*\Vert ^2\le f_{x_i}(x^*)+\frac{\beta }{2}\Vert x^*-x_i\Vert ^2. \end{aligned}$$

Appealing to approximation accuracy and lower-bounding \(\frac{\beta }{2}\Vert x_{i+1}-x^*\Vert ^2\) by zero, we conclude
$$\begin{aligned} f(x_{i+1})\le f(x^*)+\beta \Vert x^*-x_i\Vert ^2. \end{aligned}$$

                    (A.12)
                

Using sharpness, we deduce the contraction guarantee
$$\begin{aligned} f(x_{i+1})-f(x^*)&\le \beta \cdot \mathrm{dist}^2(x_i,\mathcal {X}^*)\nonumber \\&\le \frac{\beta }{\mu ^2}(f(x_i)-f(x^*))^2\nonumber \\&\le \frac{\beta (f(x_i)-f(x^*))}{\mu ^2}\cdot (f(x_i)-f(x^*))\le \frac{1}{2}\cdot (f(x_i)-f(x^*)), \end{aligned}$$

                    (A.13)
                

where the last inequality uses the assumption \(f(x_0)-\min _{\mathcal {X}} f\le \frac{\mu ^2}{2\beta }\). Let \(k>0\) be the first index satisfying \(x_{k}\notin B_{\epsilon }(\bar{x})\). We then deduce
$$\begin{aligned} \Vert x_{k}-x_0\Vert \le \sum _{i=0}^{k-1} \Vert x_{i+1}-x_i\Vert&\le \sqrt{\frac{2}{\beta }}\cdot \sum _{i=0}^{k-1} \sqrt{f(x_i)-f(x_{i+1})} \end{aligned}$$

                    (A.14)
                

$$\begin{aligned}&\le \sqrt{\frac{2}{\beta }}\cdot \sum _{i=0}^{k-1} \sqrt{f(x_i)- f(x^*)}\nonumber \\&\le \sqrt{\frac{2}{\beta }}\cdot \sqrt{f(x_0)-f(x^*)} \cdot \sum _{i=0}^{k-1} \left( \frac{1}{2}\right) ^{\frac{i}{2}}\nonumber \\&\le \frac{1}{\sqrt{2}-1}\sqrt{\frac{f(x_0)-f(x^*)}{\beta }}\le \epsilon /2, \end{aligned}$$

                    (A.15)
                

where (A.14) follows from (A.11) and (A.15) follows from (A.13). Thus, we conclude \(\Vert x_k-\bar{x}\Vert \le \epsilon \), which is a contradiction. Therefore, all the iterates \(x_k\), for \(k=0,1,\ldots , \infty \), lie in \(B_{\epsilon }(\bar{x})\). Combining this with (A.12) and sharpness yields the claimed quadratic converge guarantee
$$\begin{aligned} \mu \cdot \mathrm{dist}(x_{k+1},\mathcal {X}^*)\le f(x_{k+1})-f(\bar{x})\le \beta \cdot \mathrm{dist}^2(x_k,\mathcal {X}). \end{aligned}$$

Finally, let \(x_{\infty }\) be any limit point of the sequence \(\{x_i\}\). We then deduce
$$\begin{aligned} \Vert x_{k}-x_\infty \Vert \le \sum _{i=k}^{\infty } \Vert x_{i+1}-x_i\Vert&\le \sqrt{\frac{2}{\beta }}\cdot \sum _{i=k}^{\infty } \sqrt{f(x_i)-f(x_{i+1})}\nonumber \\&\le \sqrt{\frac{2}{\beta }}\cdot \sum _{i=k}^{\infty } \sqrt{f(x_i)-\min _{\mathcal {X}} f}\nonumber \\&\le \frac{\mu \sqrt{2}}{\beta }\cdot \sum _{i=k}^{\infty } \left( \frac{\beta }{\mu ^2}(f(x_0)-\min f)\right) ^{2^{i-1}}\nonumber \\&\le \frac{\mu \sqrt{2}}{\beta }\cdot \sum _{i=k}^{\infty } \left( \frac{1}{2}\right) ^{2^{i-1}}\nonumber \\&\le \frac{\mu \sqrt{2}}{\beta } \sum _{j=0}^{\infty } \left( \frac{1}{2}\right) ^{2^{k-1}+j}\le \frac{2\sqrt{2}\mu }{\beta }\cdot \left( \frac{1}{2}\right) ^{2^{k-1}}, \end{aligned}$$

                    (A.16)
                

where (A.16) follows from (A.13). The theorem is proved.
B Proofs in Sect. 6
                        
1.1 B.1 Proof of Lemma 6.3
                           
In order to prove that the assumption in each case, we will prove a stronger “small-ball condition” [62, 63], which immediately implies the claimed lower bounds on the expectation by Markov’s inequality. More precisely, we will show that there exist numerical constants \(\mu _0,p_0>0\) such that 
	
                      1.
                      
                        (Matrix Sensing)
$$\begin{aligned} \inf _{\begin{array}{c} M: \; \text {Rank }\,M \le 2r \\ \Vert M\Vert _F = 1 \end{array}} \mathbb {P}(|\langle P,M\rangle | \ge \mu _0) \ge p_0, \end{aligned}$$


                      
                    
	
                      2.
                      
                        (Quadratic Sensing I)
$$\begin{aligned} \inf _{\begin{array}{c} M\in \mathcal {S}^d: \; \text {Rank }\,M \le 2r \\ \Vert M\Vert _F = 1 \end{array}} \mathbb {P}(|p^\top M p| \ge \mu _0) \ge p_0, \end{aligned}$$


                      
                    
	
                      3.
                      
                        (Quadratic Sensing II)
$$\begin{aligned} \inf _{\begin{array}{c} M\in \mathcal {S}^d: \; \text {Rank }\,M \le 2r \\ \Vert M\Vert _F = 1 \end{array}} \mathbb {P}\big ( |p^\top M p- \tilde{p}^\top M \tilde{p}| \ge \mu _0\big ) \ge p_0, \end{aligned}$$


                      
                    
	
                      4.
                      
                        (Bilinear Sensing)
$$\begin{aligned} \inf _{\begin{array}{c} M: \; \text {Rank }\,M \le 2r \\ \Vert M\Vert _F = 1 \end{array}} \mathbb {P}(|p^\top M q| \ge \mu _0) \ge p_0. \end{aligned}$$


                      
                    

These conditions immediately imply Assumptions C-F. Indeed, by Markov’s inequality, in the case of matrix sensing we deduce
$$\begin{aligned} \mathbb {E}|\langle P,M\rangle | \ge \mu _0\mathbb {P}\left( |\langle P, M\rangle |> \mu _0\right) \ge \mu _0p_0. \end{aligned}$$

The same reasoning applies to all the other problems.
Matrix sensing Consider any matrix M with \(\Vert M\Vert _F =1.\) Then, since \(g := \langle P, M\rangle \) follows a standard normal distribution, we may set \(\mu _0\) to be the median of |g| and \(p_0= 1/2\) to obtain
$$\begin{aligned} \inf _{\begin{array}{c} M: \; \text {Rank }\,M \le 2r \\ \Vert M\Vert _F = 1 \end{array}} \mathbb {P}(|\langle P,M\rangle | \ge \mu _0) = \mathbb {P}(|g| \ge \mu _0) \ge p_0. \end{aligned}$$

Quadratic Sensing I Fix a matrix M with \(\text {Rank }\,M \le 2r\) and \(\Vert M\Vert _F=1\). Let \(M = UDU^\top \) be an eigenvalue decomposition of M. Using the rotational invariance of the Gaussian distribution, we deduce
$$\begin{aligned} p^\top M p{\mathop {=}\limits ^{ d }}p^\top D p= \sum _{k=1}^{2r} \lambda _k p_k^2, \end{aligned}$$

where \({\mathop {=}\limits ^{ d }}\) denotes equality in distribution. Next, let z be a standard normal variable. We will now invoke Proposition F.2. Let \(C>0\) be the numerical constant appearing in the proposition. Notice that the function \(\phi :\mathbf{R}_+ \rightarrow \mathbf{R}\) given by
$$\begin{aligned} \phi (t) = \sup _{u \in \mathbf{R}} \mathbb {P}(|z^2 - u| \le t) \end{aligned}$$

is continuous and strictly increasing, and it satisfies \(\phi (0)= 0\) and \(\lim _{t \rightarrow \infty } \phi (t) = 1.\) Hence, we may set \(\mu _0= \phi ^{-1}(\min \{1/2C,1/2\})\). Proposition F.2 then yields
$$\begin{aligned} \mathbb {P}(|p^\top M p| \le \mu _0)= & {} \mathbb {P}\left( \left| \sum _{k=1}^{2r} \lambda _k p_k^2 \right| \le \mu _0\right) \le \sup _{u \in \mathbf{R}} \mathbb {P}\left( \left| \sum _{k=1}^{2r} \lambda _k p_k^2 - u\right| \le \mu _0\right) \\\le & {} C \phi (\mu _0) \le \frac{1}{2}. \end{aligned}$$

By taking the supremum of both sides of the inequality we conclude that Assumption D holds with \(\mu _0\) and \(p_0= 1/2.\)
Quadratic sensing II Let \(M = UDU^\top \) be an eigenvalue decomposition of M. Using the rotational invariance of the Gaussian distribution, we deduce
$$\begin{aligned} p^\top M p- \tilde{p}^\top M \tilde{p} {\mathop {=}\limits ^{ d }}p^\top D p- \tilde{p}^\top D \tilde{p} = \sum _{k=1}^{2r} \lambda _k \left( p_k^2 - \tilde{p}_k^2\right) {\mathop {=}\limits ^{ d }}2 \sum _{k=1}^{2r} \lambda _k p_k \tilde{p}_k, \end{aligned}$$

where the last relation follows since \(\left( p_k - \tilde{p}_k\right) ,\left( p_k + \tilde{p}_k\right) \) are independent standard normal random variables with mean zero and variance two. We will now invoke Proposition F.2. Let \(C>0\) be the numerical constant appearing in the proposition. Let z and \( \tilde{z} \) be independent standard normal variables. Notice that the function \(\phi :\mathbf{R}_+ \rightarrow \mathbf{R}\) given by
$$\begin{aligned} \phi (t) = \sup _{u \in \mathbf{R}} \mathbb {P}(|2 z\tilde{z} - u| \le t) \end{aligned}$$

is continuous, strictly increasing, satisfies \(\phi (0)= 0\) and approaches one at infinity. Defining \(\mu _0= \phi ^{-1}(\min \{1/2C,1/2\})\) and applying Proposition F.2, we get
$$\begin{aligned} \mathbb {P}\left( \left| 2\sum _{k=1}^{2r} \sigma _k p_k \tilde{p}_k \right| \le \mu _0\right) \le \sup _{u \in \mathbf{R}} \mathbb {P}\left( \left| 2\sum _{k=1}^{2r} \sigma _k p_k \tilde{p}_k - u\right| \le \mu _0\right) \le C \phi (\mu _0) \le \frac{1}{2}. \end{aligned}$$

By taking the supremum of both sides of the inequality we conclude that Condition E holds with \(\mu _0\) and \(p_0= 1/2.\)
We omit the details for the bilinear case, which follow by similar arguments.
1.2 B.2 Proof of Theorem 6.4
                           
The proofs in this section rely on the following proposition, which shows that that pointwise concentration imply uniform concentration. We defer the proof to Appendix B.3.

                    Proposition B.1

                    Let \(\mathcal {A}: \mathbf{R}^{d_1 \times d_2} \rightarrow \mathbf{R}^m\) be a random linear mapping with property that for any fixed matrix \(M \in \mathbf{R}^{d_1 \times d_2}\) of rank at most 2r with norm \(\Vert M\Vert _F =1\) and any fixed subset of indices \(\mathcal {I}\subseteq \{1, \dots , m\}\) satisfying \(|\mathcal {I}| < m/2\), the following hold: 
	
                        (1)
                        
                          The measurements \(\mathcal {A}(M)_1, \dots , \mathcal {A}(M)_m\) are i.i.d.

                        
                      
	
                        (2)
                        
                          RIP holds in expected value: 
$$\begin{aligned} \alpha \le \mathbb {E}| \mathcal {A}(M)_i | \le \beta (r) \qquad \text {for all } i \in \{1, \dots , m\} \end{aligned}$$

                    (B.1)
                

 where \(\alpha > 0\) is a universal constant and \(\beta \) is a positive-valued function that could potentially depend on the rank of M.

                        
                      
	
                        (3)
                        
                          There exist a universal constant \(K>0\) and a positive-valued function c(m, r) such that for any \(t \in [0, K]\) the deviation bound 
$$\begin{aligned} \frac{1}{m}\left| \Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1 - \mathbb {E}\big [\Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1\big ] \right| \le t \end{aligned}$$

                    (B.2)
                

 holds with probability at least \(1-2\exp (-t^2c(m,r)).\)

                        
                      

Then, there exist universal constants \(c_1, \dots , c_6 > 0\) depending only on \(\alpha \) and K such that if \(\mathcal {I}\subseteq \{1, \dots , m\}\) is a fixed subset of indices satisfying \(|\mathcal {I}| < m/2\) and
$$\begin{aligned} c(m,r) \ge \frac{c_1}{(1-2|\mathcal {I}|/m)^2}r(d_1+d_2 + 1) \ln \left( c_2 + \frac{c_2\beta (r)}{1- 2|\mathcal {I}|/m} \right) \end{aligned}$$

then with probability at least \(1-4\exp \left( -c_3(1-2|\mathcal {I}|/m)^2 c(m,r)\right) \) every matrix \(M \in \mathbf{R}^{d_1 \times d_2}\)of rank at most 2r satisfies
$$\begin{aligned} c_4 \Vert M\Vert _F \le \frac{1}{m}\Vert \mathcal {A}(M)\Vert _1 \le c_5 \beta (r) \Vert M\Vert _F, \end{aligned}$$

                    (B.3)
                

and
$$\begin{aligned} c_6 \left( 1 - \frac{2|\mathcal {I}|}{m} \right) \Vert M\Vert _F \le \frac{1}{m}\left( \Vert \mathcal {A}_{\mathcal {I}^c}(M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} M\Vert _1\right) . \end{aligned}$$

                    (B.4)
                


                  Due to scale invariance of the above result, we need only verify it in the case that \(\Vert M\Vert _F = 1\). We implicitly use this observation below.
1.2.1 B.2.1 Part 1 of Theorem 6.4 (Matrix sensing)

                      Lemma B.2

                      The random variable \(|\langle P, M\rangle |\) is sub-Gaussian with parameter \(C\eta .\) Consequently,
$$\begin{aligned} \alpha \le \mathbb {E}|\langle P, M\rangle | \lesssim \eta . \end{aligned}$$

                    (B.5)
                

Moreover, there exists a universal constant \(c> 0\) such that for any \(t \in [0, \infty )\) the deviation bound
$$\begin{aligned} \frac{1}{m}\left| \Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1 - \mathbb {E}\big [\Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1\big ] \right| \le t \end{aligned}$$

                    (B.6)
                

holds with probability at least \(1-2\exp \left( - \frac{ct^2}{\eta ^2}m\right) .\)

                    
                      Proof

                      Condition C immediately implies the lower bound in (B.5). To prove the upper bound, first note that by assumption we have
$$\begin{aligned} \Vert \langle P, M\rangle \Vert _{\psi _2} \lesssim \eta . \end{aligned}$$

This bound has two consequences, first \(\langle P, M\rangle \) is a sub-Gaussian random variable with parameter \(\eta \) and second \(\mathbb {E}|\langle P,M\rangle | \lesssim \eta \) [79, Proposition 2.5.2]. Thus, we have proved (B.5).

                      To prove the deviation bound (B.6), we introduce the random variables
$$\begin{aligned} Y_i = {\left\{ \begin{array}{ll} |\langle P_i, M\rangle | - \mathbb {E}|\langle P_i, M\rangle | &{} \text {if } i \notin \mathcal {I}\text {, and }\\ - \left( |\langle P_i, M\rangle | - \mathbb {E}|\langle P_i, M\rangle | \right) &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$

Since \(|\langle P_i, M\rangle |\) is sub-Gaussian, we have \(\Vert Y_i\Vert _{\psi _2} \lesssim \eta \) for all i,  see [79, Lemma 2.6.8]. Hence, Hoeffding’s inequality for sub-Gaussian random variables [79, Theorem 2.6.2] gives the desired upper bound on \(\mathbb {P}\left( \frac{1}{m} \left| \sum _{i=1}^m Y_i \right| \ge t \right) .\) \(\square \)

                    Applying Proposition B.1 with \(\beta (r) \asymp \eta \) and \(c(m,r) \asymp m/\eta ^2\) now yields the result. \(\square \)
1.2.2 B.2.2 Part 2 of Theorem 6.4 (Quadratic sensing I)

                      Lemma B.3

                      The random variable \(|p^\top M p|\) is sub-exponential with parameter \(\sqrt{2r} \eta ^2.\) Consequently,
$$\begin{aligned} \alpha \le \mathbb {E}|p^\top M p| \lesssim \sqrt{2r}\eta ^2. \end{aligned}$$

                    (B.7)
                

Moreover, there exists a universal constant \(c> 0\) such that for any \(t \in [0, \sqrt{2r} \eta ]\) the deviation bound
$$\begin{aligned} \frac{1}{m}\left| \Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1 - \mathbb {E}\big [\Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1\big ] \right| \le t \end{aligned}$$

                    (B.8)
                

holds with probability at least \(1-2\exp \left( - \frac{ct^2}{\eta ^4}m/r\right) .\)

                    
                      Proof

                      Condition D gives the lower bound in (B.7). To prove the upper bound, first note that \(M = \sum _{k=1}^{2r} \sigma _k u_k u_k^\top \) where \(\sigma _k\) and \(u_k\) are the kth singular values and vectors of M, respectively. Hence,
$$\begin{aligned} \Vert p^\top M p\Vert _{\psi _1}&= \left\| p^\top \left( \sum _{k=1}^{2r} \sigma _k u_k u_k^\top \right) p\right\| _{\psi _1} = \left\| \sum _{k=1}^{2r} \sigma _k \langle p, u_k\rangle ^2 \right\| _{\psi _1} \\&\le \sum _{k=1}^{2r} \sigma _k \left\| \langle p, u_k\rangle ^2 \right\| _{\psi _1} \le \sum _{k=1}^{2r}\sigma _k \left\| \langle p, u_k\rangle \right\| _{\psi _2}^2 = \eta ^2 \sum _{k=1}^{2r} \sigma _k \le \sqrt{2r} \eta ^2, \end{aligned}$$

where the first inequality follows since \(\Vert \cdot \Vert _{\psi _1}\) is a norm, the second one follows since \(\Vert XY\Vert _{\psi _1} \le \Vert X\Vert _{\psi _2}\Vert Y\Vert _{\psi _2}\) [79, Lemma 2.7.7], and the third inequality holds since \(\Vert \sigma \Vert _1 \le \sqrt{2r}\Vert \sigma \Vert _2\). This bound has two consequences, first \(p^\top M p\) is a sub-exponential random variable with parameter \(\sqrt{r} \eta ^2\) and second \(\mathbb {E}p^\top M p\le \sqrt{2r} \eta ^2\) [79, Exercise 2.7.2]. Thus, we have proved (B.7).

                      To prove the deviation bound (B.8), we introduce the random variables
$$\begin{aligned} Y_i = {\left\{ \begin{array}{ll} p_i^\top M p_i - \mathbb {E}p_i^\top M p_i &{} \text {if } i \notin \mathcal {I}\text {, and }\\ - \left( p_i^\top M p_i - \mathbb {E}p_i^\top M p_i \right) &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$

Since \(p^\top M p\) is sub-exponential, we have \(\Vert Y_i\Vert _{\psi _1} \lesssim \sqrt{r} \eta ^2\) for all i,  see [79, Exercise 2.7.10]. Hence, Bernstein inequality for sub-exponential random variables [79, Theorem 2.8.2] gives the desired upper bound on \(\mathbb {P}\left( \frac{1}{m} \left| \sum _{i=1}^m Y_i \right| \ge t \right) .\) \(\square \)

                    Applying Proposition B.1 with \(\beta (r) \asymp \sqrt{r}\eta ^2\) and \(c(m,r) \asymp m/{\eta ^4}r\) now yields the result. \(\square \)
1.2.3 B.2.3 Part 3 of Theorem 6.4 (Quadratic sensing II)

                      Lemma B.4

                      The random variable \(|p^\top M p- \tilde{p}^\top M \tilde{p}|\) is sub-exponential with parameter \(C\eta ^2.\) Consequently,
$$\begin{aligned} \alpha \le \mathbb {E}|p^\top M p- \tilde{p}^\top M \tilde{p}| \lesssim \eta ^2. \end{aligned}$$

                    (B.9)
                

Moreover, there exists a universal constant \(c> 0\) such that for any \(t \in [0, \eta ^2]\) the deviation bound
$$\begin{aligned} \frac{1}{m}\left| \Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1 - \mathbb {E}\big [\Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1\big ] \right| \le t \end{aligned}$$

                    (B.10)
                

holds with probability at least \(1-2\exp \left( - \frac{ct^2}{\eta ^4}m\right) .\)

                    
                      Proof

                      Condition E implies the lower bound in (B.9). To prove the upper bound, we will show that \(\Vert |p^\top M p- \tilde{p}^\top M \tilde{p}^\top |\Vert _{\psi _1} \le \eta ^2\). By definition of the Orlicz norm \(\Vert |X|\Vert _{\psi _1} = \Vert X\Vert _{\psi _1}\) for any random variable X,  hence without loss of generality we may remove the absolute value. Recall that \(M = \sum _{k=1}^{2r} \sigma _k u_k u_k^\top \) where \(\sigma _k\) and \(u_k\) are the kth singular values and vectors of M, respectively. Hence, the random variable of interest can be rewritten as
$$\begin{aligned} p^\top M p- \tilde{p}^\top M \tilde{p}^\top {\mathop {=}\limits ^{ d }}\sum _{k=1}^{2r} \sigma _k\left( \langle u_k, p\rangle ^2 - \langle u_k, \tilde{p}\rangle ^2 \right) . \end{aligned}$$

                    (B.11)
                

By assumption the random variables \(\langle u_k, p\rangle \) are \(\eta \)-sub-Gaussian, this implies that \(\langle u_k,p\rangle ^2\) are \(\eta ^2\)-sub-exponential, since \(\Vert \langle u_k, p\rangle ^2\Vert _{\psi _1} \le \Vert \langle u_k, p\rangle \Vert _{\psi _2}^2\).

                      Recall the following characterization of the Orlicz norm for mean-zero random variables
$$\begin{aligned} \Vert X\Vert _{\psi _1} \le Q \iff \mathbb {E}\exp (\lambda X) \le \exp (\tilde{Q}^2\lambda ^2) \;\; \text {for all }\lambda \text { satisfying } |\lambda | \le 1/\tilde{Q}^2 \end{aligned}$$

                    (B.12)
                

where the \(Q \asymp \tilde{Q},\) see [79, Proposition 2.7.1]. To prove that the random variable (B.11) is sub-exponential we will exploit this characterization. Since each inner product squared \(\langle u_k,p\rangle ^2\) is sub-exponential, the equivalence implies the existence of a constant \(c>0\) for which the uniform bound
$$\begin{aligned} \mathbb {E}\exp (\lambda \langle u_k,p\rangle ^2) \le \exp \left( c\eta ^4 \lambda ^2\right) \qquad \text {for all } k\in [2r]\text { and }|\lambda |\le 1/c\eta ^4 \end{aligned}$$

                    (B.13)
                

holds. Let \(\lambda \) be an arbitrary scalar with \(|\lambda |\le 1/c\eta ^4\), then by expanding the moment generating function of (B.11) we get
$$\begin{aligned}&\mathbb {E}\exp \left( \lambda \sum _{k=1}^{2r} \sigma _k \left( \langle u_k, p\rangle ^2 - \langle u_k, \tilde{p}\rangle ^2 \right) \right) \\&\quad = \mathbb {E}\prod _{k=1}^{2r} \exp \left( \lambda \sigma _k \langle u_k, p\rangle ^2\right) \exp \left( - \lambda \sigma _k \langle u_k, \tilde{p}\rangle ^2 \right) \\&\quad = \prod _{k=1}^{2r} \mathbb {E}\exp \left( \lambda \sigma _k \langle u_k, p\rangle ^2\right) \mathbb {E}\exp \left( - \lambda \sigma _k \langle u_k, \tilde{p}\rangle ^2 \right) \\&\quad \le \prod _{k=1}^{2r} \exp \left( (c\eta )^2\lambda ^2 \sigma _k^2\right) \exp \left( c\eta ^4\lambda ^2 \sigma _k^2 \right) \\&\quad = \exp \left( 2c\eta ^4\lambda ^2 \sum _{k=1}^{2r} \sigma _k^2\right) = \exp \left( 2c\eta ^4\lambda ^2\right) . \end{aligned}$$

where the inequality follows by (B.13) and the last relation follows since \(\sigma \) is unit norm. Combining this with (B.12) gives
$$\begin{aligned} \Vert |p^\top M p- \tilde{p}^\top M \tilde{p}^\top |\Vert _{\psi _1}\lesssim \eta ^2. \end{aligned}$$

This bound has two consequences, first \(|p^\top M p- \tilde{p}^\top M \tilde{p}^\top |\) is a sub-exponential random variable with parameter \(C\eta ^2\) and second \(\mathbb {E}|p^\top M p- \tilde{p}^\top M \tilde{p}^\top | \le C \eta ^2\) [79, Exercise 2.7.2]. Thus, we have proved (B.9).

                      To prove the deviation bound (B.10) we introduce the random variables
$$\begin{aligned} Y_i = {\left\{ \begin{array}{ll} \mathcal {A}(M)_i - \mathbb {E}\mathcal {A}(M)_i &{} \text {if } i \notin \mathcal {I}\text {, and }\\ - \left( \mathcal {A}(M)_i - \mathbb {E}\mathcal {A}(M)_i \right) &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$

The sub-exponentiality of \(\mathcal {A}(M)_i\) implies \(\Vert Y_i\Vert _{\psi _1} \lesssim \eta ^2\) for all i,  see [79, Exercise 2.7.10]. Hence, Bernstein inequality for sub-exponential random variables [79, Theorem 2.8.2] gives the desired upper bound on \(\mathbb {P}\left( \frac{1}{m} \left| \sum _{i=1}^m Y_i \right| \ge t \right) .\) \(\square \)

                    Applying Proposition B.1 with \(\beta (r) \asymp \eta ^2\) and \(c(m,r) \asymp m/{\eta ^4}\) now yields the result. \(\square \)
1.2.4 B.2.4 Part 4 of Theorem 6.4 (Bilinear sensing)

                      Lemma B.5

                      The random variable \(|p^\top M q|\) is sub-exponential with parameter \(C\eta ^2.\) Consequently,
$$\begin{aligned} \alpha \le \mathbb {E}|p^\top M q| \lesssim \eta ^2. \end{aligned}$$

                    (B.14)
                

Moreover, there exists a universal constant \(c> 0\) such that for any \(t \in [0, \eta ^2]\) the deviation bound
$$\begin{aligned} \frac{1}{m}\left| \Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1 - \mathbb {E}\big [\Vert \mathcal {A}_{\mathcal {I}^c} (M)\Vert _1 - \Vert \mathcal {A}_{\mathcal {I}} (M)\Vert _1\big ] \right| \le t \end{aligned}$$

                    (B.15)
                

holds with probability at least \(1-2\exp \left( - \frac{ct^2}{\eta ^4}m\right) .\)

                    
                      Proof

                      As before the lower bound in (B.14) is implied by Condition F. To prove the upper bound, we will show that \(\Vert |p^\top M q|\Vert _{\psi _1} \le \eta ^2\). By definition of the Orlicz norm \(\Vert |X|\Vert _{\psi _1} = \Vert X\Vert _{\psi _1}\) for any random variable X,  hence we may remove the absolute value. Recall that \(M = \sum _{k=1}^{2r} \sigma _k u_k v_k^\top \) where \(\sigma _k\) and \((u_k, v_k)\) are the kth singular values and vectors of M, respectively. Hence, the random variable of interest can be rewritten as
$$\begin{aligned} p^\top M q{\mathop {=}\limits ^{ d }}\sum _{k=1}^{2r} \sigma _k \langle p,u_k\rangle \langle v_k, q\rangle . \end{aligned}$$

                    (B.16)
                

By assumption the random variables \(\langle p, u_k\rangle \) and \(\langle v_k,q\rangle \) are \(\eta \)-sub-Gaussian, this implies that \(\langle p,u_k\rangle \langle v_k,q\rangle \) are \(\eta ^2\)-sub-exponential.

                      To prove that the random variable (B.16) is sub-exponential, we will again use (B.12). Since each random variable \(\langle p,u_k\rangle \langle v_k,q\rangle \) is sub-exponential, the equivalence implies the existence of a constant \(c>0\) for which the uniform bound
$$\begin{aligned} \mathbb {E}\exp (\lambda \langle p,u_k\rangle \langle v_k,q\rangle ) \le \exp \left( c\eta ^4 \lambda ^2\right) \qquad \text {for all } k\in [2r]\text { and }|\lambda |\le 1/c\eta ^4 \end{aligned}$$

                    (B.17)
                

holds. Let \(\lambda \) be an arbitrary scalar with \(|\lambda |\le 1/c\eta ^4\), then by expanding the moment generating function of (B.16) we get
$$\begin{aligned} \mathbb {E}\exp \left( \lambda \sum _{k=1}^{2r} \sigma _k \langle p,u_k\rangle \langle v_k,q\rangle \right)&= \prod _{k=1}^{2r} \mathbb {E}\exp \left( \lambda \sigma _k \langle p,u_k\rangle \langle v_k,q\rangle \right) \\&\le \exp \left( 2c\eta ^4\lambda ^2 \sum _{k=1}^r \sigma _k^2\right) = \exp \left( 2c\eta ^4\lambda ^2\right) . \end{aligned}$$

where the inequality follows by (B.17) and the last relation follows since \(\sigma \) is unitary. Combining this with (B.12) gives
$$\begin{aligned} \Vert |p^\top M q|\Vert _{\psi _1}\lesssim \eta ^2. \end{aligned}$$

Thus, we have proved (B.14).

                      Once again, to show the deviation bound (B.15) we introduce the random variables
$$\begin{aligned} Y_i = {\left\{ \begin{array}{ll} |p_i^\top M q_i| - \mathbb {E}|p_i^\top M q_i| &{} \text {if } i \notin \mathcal {I}\text {, and }\\ - \left( |p_i^\top M q_i| - \mathbb {E}|p_i^\top M q_i| \right) &{} \text {otherwise.} \end{array}\right. } \end{aligned}$$

and apply Bernstein’s inequality for sub-exponential random variables [79, Theorem 2.8.2] to get the stated upper bound on \(\mathbb {P}\left( \frac{1}{m} \left| \sum _{i=1}^m Y_i \right| \ge t \right) .\) \(\square \)

                    Applying Proposition B.1 with \(\beta (r) \asymp \eta ^2\) and \(c(m,r) \asymp m/{\eta ^4}\) now yields the result. \(\square \)
1.3 B.3 Proof of Proposition B.1
                           
Choose \(\epsilon \in (0,\sqrt{2})\) and let \(\mathcal {N}\) be the (\(\epsilon /\sqrt{2}\))-net guaranteed by Lemma F.1. Pick some \(t \in (0,K]\) so that (B.2) can hold, we will fix the value of this parameter later in the proof. Let \(\mathcal {E}\) denote the event that the following two estimates hold for all matrices in \(M\in \mathcal {N}\):
$$\begin{aligned} \frac{1}{m}\Big |\Vert \mathcal {A}_{ \mathcal {I}^c }(M)\Vert _1 - \Vert \mathcal {A}_{ \mathcal {I}}(M)\Vert _1 - \mathbb {E}\left[ \Vert \mathcal {A}_{ \mathcal {I}^c }(M)\Vert _1 - \Vert \mathcal {A}_{ \mathcal {I}}(M)\Vert _1\right] \Big |&\le t, \end{aligned}$$

                    (B.18)
                

$$\begin{aligned} \frac{1}{m}\Big |\Vert \mathcal {A}(M)\Vert _1 - \mathbb {E}\left[ \Vert \mathcal {A}(M)\Vert _1 \right] \Big |&\le t. \end{aligned}$$

                    (B.19)
                

Throughout the proof, we will assume that the event \(\mathcal {E}\) holds. We will estimate the probability of \(\mathcal {E}\) at the end of the proof. Meanwhile, seeking to establish RIP, define the quantity
$$\begin{aligned} c_2 := \sup _{M \in S_{2r}} \frac{1}{m}\Vert \mathcal {A}(M)\Vert _1. \end{aligned}$$

We aim first to provide a high probability bound on \(c_2\).
Let \(M \in S_{2r}\) be arbitrary and let \(M_\star \) be the closest point to M in \(\mathcal {N}\). Then, we have
$$\begin{aligned} \frac{1}{m}\Vert \mathcal {A}(M)\Vert _1&\le \frac{1}{m}\Vert \mathcal {A}(M_\star )\Vert _1 + \frac{1}{m}\Vert \mathcal {A}(M- M_\star )\Vert _1\nonumber \\&\le \frac{1}{m}\mathbb {E}\Vert \mathcal {A}(M_\star )\Vert _1 + t+ \frac{1}{m}\Vert \mathcal {A}(M- M_\star )\Vert _1 \end{aligned}$$

                    (B.20)
                

$$\begin{aligned}&\le \frac{1}{m}\mathbb {E}\Vert \mathcal {A}(M)\Vert _1 + t+ \frac{1}{m}\left( \mathbb {E}\Vert \mathcal {A}(M - M_\star )\Vert _1+ \Vert \mathcal {A}(M- M_\star )\Vert _1 \right) , \end{aligned}$$

                    (B.21)
                

where (B.20) follows from (B.19) and (B.21) follows from the triangle inequality. To simplify the third term in (B.21), using SVD, we deduce that there exist two orthogonal matrices \(M_1, M_2\) of rank at most 2r satisfying \(M - M_\star = M_1+M_2.\) With this decomposition in hand, we compute
$$\begin{aligned} \frac{1}{m}\Vert \mathcal {A}(M - M_\star )\Vert _1&\le \frac{1}{m}\Vert \mathcal {A}(M_1)\Vert _1 + \frac{1}{m}\Vert \mathcal {A}(M_2)\Vert _1\nonumber \\&\le c_2 (\Vert M_1\Vert _F+\Vert M_2\Vert _F) \le \sqrt{2}c_2 \Vert M-M_\star \Vert _F \le c_2 \epsilon , \end{aligned}$$

                    (B.22)
                

where the second inequality follows from the definition of \(c_2\) and the estimate \(\Vert M_1\Vert _F + \Vert M_2\Vert _F \le \sqrt{2} \Vert (M_1, M_2)\Vert _F = \sqrt{2} \Vert M_1 + M_2\Vert _F.\) Thus, we arrive at the bound
$$\begin{aligned} \frac{1}{m}\Vert \mathcal {A}(M)\Vert _1 \le \frac{1}{m}\mathbb {E}\Vert \mathcal {A}(M)\Vert _1 + t+ 2c_2 \epsilon . \end{aligned}$$

                    (B.23)
                

As M was arbitrary, we may take the supremum of both sides of the inequality, yielding \(c_2\le \frac{1}{m}\sup _{M \in S_{2r}}\mathbb {E}\Vert \mathcal {A}(M)\Vert _1 + t+ 2c_2 \epsilon \). Rearranging yields the bound
$$\begin{aligned} c_2 \le \dfrac{\frac{1}{m}\sup _{M \in S_{2r}}\mathbb {E}\Vert \mathcal {A}(M)\Vert _1 + t}{1-2\epsilon }. \end{aligned}$$

Assuming that \(\epsilon \le 1/4\), we further deduce that
$$\begin{aligned} c_2 \le \bar{\sigma } := \frac{2}{m}\sup _{M \in S_{2r}}\mathbb {E}\Vert \mathcal {A}(M)\Vert _1 + 2t \le 2 \beta (r) + 2t, \end{aligned}$$

                    (B.24)
                

establishing that the random variable \(c_2\) is bounded by \(\bar{\sigma }\) in the event \(\mathcal {E}\).
Now let \(\hat{\mathcal {I}}\) denote either \(\hat{\mathcal {I}}=\emptyset \) or \(\hat{\mathcal {I}}=\mathcal {I}\). We now provide a uniform lower bound on \(\frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\). Indeed,
$$\begin{aligned}&\frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\nonumber \\&\quad =\frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M_{\star })+\mathcal {A}_{\hat{\mathcal {I}}^c }(M-M_{\star })\Vert _1 - \frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}} }(M_{\star })+\mathcal {A}_{\hat{\mathcal {I}} }(M-M_\star )\Vert _1\nonumber \\&\quad \ge \frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M_\star )\Vert _1 - \frac{1}{m}\Vert \mathcal {A}_{\hat{\mathcal {I}} }(M_\star )\Vert _1 - \frac{1}{m}\Vert \mathcal {A}(M- M_\star )\Vert _1 \end{aligned}$$

                    (B.25)
                

$$\begin{aligned}&\quad \ge \frac{1}{m}\mathbb {E}\left[ \Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M_\star )\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M_\star )\Vert _1\right] - t - \frac{1}{m}\Vert \mathcal {A}(M- M_\star )\Vert _1 \end{aligned}$$

                    (B.26)
                

$$\begin{aligned}&\quad \ge \frac{1}{m}\mathbb {E}\left[ \Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\right] - t -\frac{1}{m} \left( \mathbb {E}\Vert \mathcal {A}(M- M_\star )\Vert _1 + \Vert \mathcal {A}(M- M_\star )\Vert _1\right) \end{aligned}$$

                    (B.27)
                

$$\begin{aligned}&\quad \ge \frac{1}{m}\mathbb {E}\left[ |\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\right] - t - 2\bar{\sigma } \epsilon , \end{aligned}$$

                    (B.28)
                

where (B.25) uses the forward and reverse triangle inequalities, (B.26) follows from (B.18), the estimate (B.27) follows from the forward and reverse triangle inequalities, and (B.28) follows from (B.22) and (B.24). Switching the roles of \(\mathcal {I}\) and \(\mathcal {I}^c\) in the above sequence of inequalities, and choosing \(\epsilon = t/4\bar{\sigma }\), we deduce
$$\begin{aligned} \frac{1}{m}\sup _{M \in S_{2r}}\Big |\Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1 - \mathbb {E}\left[ \Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\right] \Big | \le \frac{3t}{2}. \end{aligned}$$

In particular, setting \(\hat{\mathcal {I}}=\emptyset \), we deduce
$$\begin{aligned} \frac{1}{m}\sup _{M \in S_{2r}}\Big |\Vert \mathcal {A}(M)\Vert _1 - \mathbb {E}\left[ \Vert \mathcal {A}(M)\Vert _1 \right] \Big | \le \frac{3t}{2} \end{aligned}$$

and therefore using (B.1), we conclude the RIP property
$$\begin{aligned} \alpha -\frac{3t}{2}\le \frac{1}{m}\Vert \mathcal {A}(M)\Vert _1\lesssim \beta (r)+\frac{3t}{2},\qquad \forall X\in S_{2r}. \end{aligned}$$

                    (B.29)
                

Next, let \(\hat{\mathcal {I}} = \mathcal {I}\) and note that
$$\begin{aligned} \frac{1}{m}\mathbb {E}\left[ \Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}} }(M)\Vert _1\right] = \frac{|\mathcal {I}^c| - |\mathcal {I}|}{m}\cdot \mathbb {E}|\mathcal {A}(M)_i | \ge \left( 1- \frac{2|\mathcal {I}|}{m}\right) \alpha , \end{aligned}$$

where the equality follows by assumption (1). Therefore, every \(M\in S_{2r}\) satisfies
$$\begin{aligned} \frac{1}{m}\left[ \Vert \mathcal {A}_{\hat{\mathcal {I}}^c }(M)\Vert _1 - \Vert \mathcal {A}_{\hat{\mathcal {I}}}(M)\Vert _1\right] \ge \left( 1- \frac{2|\mathcal {I}|}{m}\right) \alpha -\frac{3t}{2}. \end{aligned}$$

                    (B.30)
                

Setting \(t=\frac{2}{3}\min \{\alpha , \alpha (1-2|\mathcal {I}|/m)/2\} = \frac{1}{3}\alpha (1-2|\mathcal {I}|/m)\) in (B.29) and (B.30), we deduce the claimed estimates (B.3) and (B.4). Finally, let us estimate the probability of \(\mathcal {E}\). Using the union bound and Lemma F.1 yields
$$\begin{aligned} \mathbb {P}(\mathcal {E}^c)&\le \sum _{M \in \mathcal {N}} \mathbb {P}\big \{ (\hbox {B.18}) \text { or } (\hbox {B.19}) \text { fails at }M\big \} \\&\le 4|\mathcal {N}|\exp \left( -t^2 c(m,r)\right) \\&\le 4\left( \frac{9}{\epsilon }\right) ^{2(d_1+d_2+1)r} \exp \left( -t^2 c(m,r)\right) \\&=4 \exp \left( 2(d_1+d_2+1)r\ln (9/\epsilon )- t^2c(m,r)\right) \end{aligned}$$

where c(m, r) is the function guaranteed by assumption (3).
By (B.1), we get \(1/\epsilon = 4\bar{\sigma }/t \lesssim 2 + \beta (r)/(1 - 2|\mathcal {I}|/m)\). Then, we deduce
$$\begin{aligned} \mathbb {P}(\mathcal {E}^c)\le 4 \exp \left( \!c_1(d_2+d_2+1)r\ln \left( \!c_2+\frac{c_2\beta (r)}{1-2|\mathcal {I}|/m}\!\right) -\frac{\alpha ^2}{9}(\!1-\frac{2|\mathcal {I}|}{m})^2c({m},{r})\!\right) . \end{aligned}$$

Hence, as long as \(c(m,r)\ge \frac{9c_1(d_1+d_2+1)r^2\ln \left( c_2+\frac{c_2\beta (r)}{1-2|\mathcal {I}|/m}\right) }{\alpha ^2 \left( 1-\frac{2|\mathcal {I}|}{m}\right) ^2}\), we can be sure
$$\begin{aligned} \mathbb {P}(\mathcal {E}^c)\le 4 \exp \left( -\frac{\alpha ^2}{18}\left( 1-\frac{2|\mathcal {I}|}{m}\right) ^2c({m},{r})\right) . \end{aligned}$$

Proving the desired result. \(\square \)
C Proof in Sect. 7
                        
1.1 C.1 Proof of Lemma 7.4
                           
Define \(P(x,y)=a\Vert y-x\Vert ^2_2+b\Vert y-x\Vert _2\). Fix an iteration k and choose \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x_k)\). Then, the estimate holds:
$$\begin{aligned} f(x_{k+1})&\le f_{x_k}(x_{k+1})+ P(x_{k+1},x_k) \\&\le f_{x_k}(x^*)+ P(x^*,x_k)\le f(x^*)+2P(x^*,x_k). \end{aligned}$$

Rearranging and using the sharpness and approximation accuracy assumptions, we deduce
$$\begin{aligned} \mu \cdot \mathrm{dist}(x_{k+1},\mathcal {X}^*)&\le 2(a\cdot \mathrm{dist}^2(x,\mathcal {X}^*)+b\cdot \mathrm{dist}(x,\mathcal {X}^*))\\&=2(b+a\mathrm{dist}(x,\mathcal {X}^*))\mathrm{dist}(x,\mathcal {X}^*). \end{aligned}$$

The result follows.
1.2 C.2 Proof of Theorem 7.6
                           
First notice that for any y, we have \(\partial f(y) = \partial f_y(y)\). Therefore, since \(f_y\) is a convex function, we have that for all \(x, y \in \mathcal {X}\) and \(v \in \partial f(y)\), the bound
$$\begin{aligned} f(y) + \langle v , x - y \rangle&= f_y(y) + \langle v ,x -y \rangle \le f_y(x) \nonumber \\&\le f(x) + a\Vert x - y\Vert _F^2 + b\Vert x - y\Vert _F. \end{aligned}$$

                    (C.1)
                

Consequently, given that \(\mathrm{dist}(x_i,\mathcal {X}^*)\le \gamma \cdot \frac{\mu - 2b}{2a}\), we have
$$\begin{aligned} \Vert x_{i+1} - x^*\Vert ^2&=\left\| \mathrm {proj}_{\mathcal {X}}\left( x_{i}-\tfrac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right) -\mathrm {proj}_\mathcal {X}(x^*)\right\| ^2\nonumber \\&\le \left\| (x_{i} - x^*)- \tfrac{f(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right\| ^2 \end{aligned}$$

                    (C.2)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{2(f(x_i) - \min _{\mathcal {X}} f)}{\Vert \zeta _i\Vert ^2}\cdot \langle \zeta _i, x^* - x_{i}\rangle + \frac{(f(x_i) - f( x^*))^2}{\Vert \zeta _i\Vert ^2} \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{2(f(x_i) - \min f)}{\Vert \zeta _i\Vert ^2}n\nonumber \\&\qquad \qquad \left( f( x^*) - f(x_i) + a\Vert x_i - x^*\Vert ^2 + b \Vert x_i - x^*\Vert \right) \nonumber \\&\qquad + \frac{(f(x_i) - f(x^*))^2}{\Vert \zeta _i\Vert ^2} \end{aligned}$$

                    (C.3)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{f(x_i) - \min f}{\Vert \zeta _i\Vert ^2}\nonumber \\&\qquad \left( 2a\Vert x_i - x^*\Vert ^2 + 2b \Vert x_i - x^*\Vert - (f(x_i) - f( x^*)) \right) \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{f(x_i) - \min f}{\Vert \zeta _i\Vert ^2}\left( a\Vert x_i - x^*\Vert ^2 - (\mu -2b)\Vert x_i - x^*\Vert \right) \end{aligned}$$

                    (C.4)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{2a (f(x_i) - \min f)}{\Vert \zeta _i\Vert ^2}\left( \Vert x_i - x^*\Vert -\frac{\mu - 2b}{2a}\right) \Vert x_i - x^*\Vert \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 - \frac{(1-\gamma )(\mu - 2b)(f(x_i) - \min f)}{\Vert \zeta _i\Vert ^2}\cdot \Vert x_i - x^*\Vert \end{aligned}$$

                    (C.5)
                

$$\begin{aligned}&\le \left( 1-\frac{ (1-\gamma )\mu (\mu - 2b)}{\Vert \zeta _i\Vert ^2}\right) \Vert x_i- x^*\Vert ^2. \end{aligned}$$

                    (C.6)
                

Here, the estimate (C.2) follows from the fact that the projection \(\mathrm {proj}_\mathcal {X}(\cdot )\) is nonexpansive, (C.3) uses the bound in (C.1), (C.5) follow from the estimate \(\mathrm{dist}(x_i,\mathcal {X}^*)\le \gamma \cdot \frac{\mu - 2b}{2a}\), while (C.4) and (C.6) use local sharpness. The result then follows by the upper bound \(\Vert \zeta _i\Vert \le L\).
D Proofs in Sect. 8
                        
1.1 D.1 Proof of Lemma 8.1
                           
The inequality can be established using an argument similar to that for bounding the \( T_3 \) term in [27, Section 6.6]. We provide the proof below for completeness. Define the shorthand \( \varDelta _S := S-S_{\sharp }\) and \( \varDelta _X = X- X_{\sharp } \), and let \( e_j \in \mathbb {R}^d\) denote the j-th standard basis vector of \( \mathbb {R}^d \). Simple algebra gives
$$\begin{aligned} | \langle S-S_{\sharp }, XX^\top -X_{\sharp } X_{\sharp }^\top \rangle |&= | 2 \langle \varDelta _S, \varDelta _X X_{\sharp }^\top \rangle + \langle \varDelta _S, \varDelta _X \varDelta _X^\top \rangle | \\&\le \Big ( 2 \Vert X^{\top }_{\sharp } \varDelta _S \Vert _F + \Vert \varDelta _X^\top \varDelta _S \Vert _F \Big ) \cdot \Vert \varDelta _X\Vert _F. \end{aligned}$$

We claim that \( \Vert \varDelta _S e_j \Vert _1 \le 2\sqrt{k} \Vert \varDelta _S e_j \Vert _2\) for each \( j\in [d] \). To see this, fix any \( j\in [d] \) and let \( v := Se_j \), \( v^* := S_\sharp e_j \), and \( T := \text {support}(v^*). \) We have
$$\begin{aligned} \Vert v^*_T \Vert _1 = \Vert v^* \Vert _1&\ge \Vert v \Vert _1&S \in \mathcal {S}\\&= \Vert v_T \Vert _1 + \Vert v_{T^c} \Vert _1&\text {decomposability of } \ell _1 \text { norm}\\&= \Vert v^*_T + (v - v^*)_T \Vert _1 + \Vert (v - v^*)_{T^c} \Vert _1&\\&\ge \Vert v^*_T \Vert _1 - \Vert (v - v^*)_T \Vert _1 + \Vert (v - v^*)_{T^c} \Vert _1.&\text {reverse triangle inequality} \end{aligned}$$

Rearranging terms gives \( \Vert (v - v^*)_{T^c} \Vert _1 \le \Vert (v - v^*)_T \Vert _1 \), whence
$$\begin{aligned} \Vert v - v^* \Vert _1 = \Vert (v - v^*)_T \Vert _1 + \Vert (v- v^*)_{T^c} \Vert _1&\le 2 \Vert (v - v^*)_T \Vert _1 \\&\le 2\sqrt{k} \Vert (v- v^*)_T \Vert _2 \le 2\sqrt{k} \Vert v - v^* \Vert _2, \end{aligned}$$

where step the second inequality holds because \( |T| \le k \) by assumption. The claim follows from noting that \( v-v^* = \varDelta _S e_j \).
Using the claim, we get that
$$\begin{aligned} \Vert X^{\top }_{\sharp } \varDelta _S \Vert _F = \sqrt{\sum _{j\in [d]} \Vert X^{\top }_{\sharp } \varDelta _S e_j \Vert _2^2 }&\le \sqrt{\sum _{j\in [d]} \Vert X_{\sharp } \Vert _{2,\infty }^2 \Vert \varDelta _S e_j \Vert _1^2 } \\&\le \Vert X_{\sharp } \Vert _{2,\infty } \sqrt{\sum _{j\in [d]} 4k \Vert \varDelta _S e_j \Vert _2^2 } \le 2 \sqrt{\frac{\nu r k}{d}} \Vert \varDelta _S \Vert _F. \end{aligned}$$

Using a similar argument and the fact that \( \Vert \varDelta _X \Vert _{2,\infty } \le \Vert X\Vert _{2,\infty } + \Vert X_{\sharp }\Vert _{2,\infty } \le 3\sqrt{\frac{\nu r}{d}} \), we obtain
$$\begin{aligned} \Vert \varDelta _X^{\top } \varDelta _S \Vert _F \le 6 \sqrt{\frac{\nu r k}{d}} \Vert \varDelta _S \Vert _F. \end{aligned}$$

Putting everything together, we have
$$\begin{aligned} | \langle S-S^*, XX^\top -X_{\sharp }X_{\sharp }^\top \rangle | \le \left( 2 \cdot 2 \sqrt{\frac{\nu r k}{d}} \Vert \varDelta _S \Vert _F + 6 \sqrt{\frac{\nu r k}{d}} \Vert \varDelta _S \Vert _F \right) \cdot \Vert \varDelta _X \Vert _F. \end{aligned}$$

The claim follows.
1.2 D.2 Proof of Theorem 8.6
                           
Without loss of generality, suppose that x is closer to \(\bar{x}\) than to \(-\bar{x}\). Consider the following expression:
$$\begin{aligned}&\Vert \bar{x}(x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top \Vert _1\\&\quad = \sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}((\bar{x}(x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top )V)\\&\quad = \sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}(\bar{x}x^\top V + x \bar{x}^\top V - 2\bar{x}\bar{x}^\top V)\\&\quad = \sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}(x^\top V\bar{x} + \bar{x}^\top Vx - 2\bar{x}^\top V\bar{x})\\&\quad = 2\sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}(x^\top V\bar{x} - \bar{x}^\top V\bar{x})\\&\quad = 2\sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}((x- \bar{x})^\top V\bar{x})\\&\quad = 2\sup _{\Vert V\Vert _\infty = 1, V^\top = V} \mathrm {Tr}(\bar{x} (x - \bar{x} )^\top V). \end{aligned}$$

We now produce a few different lower bounds by testing against different V. In what follows, we set \(a = \sqrt{2} - 1\), i.e., the positive solution of the equation \(1-a^2 = 2a\).
Case 1: Suppose that
$$\begin{aligned} |(x - \bar{x} )^\top \mathrm {sign}(\bar{x})| \ge a\Vert x - \bar{x}\Vert _1. \end{aligned}$$

Then, set \(\bar{V} = \mathrm {sign}((x - \bar{x} )^\top \mathrm {sign}(\bar{x})) \cdot \mathrm {sign}(\bar{x})\mathrm {sign}(\bar{x})^\top \), to get
$$\begin{aligned}&\Vert \bar{x}(x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top \Vert _1 \\&\quad \ge 2\mathrm {Tr}(\bar{x} (x - \bar{x} )^\top \bar{V})\\&\quad = 2\mathrm {sign}((x - \bar{x} )^\top \mathrm {sign}(\bar{x}))\cdot \mathrm {Tr}( (x - \bar{x} )^\top \mathrm {sign}( \bar{x})\mathrm {sign}(\bar{x})^\top \bar{x}) \\&\quad = 2\Vert \bar{x}\Vert _1\mathrm {sign}((x - \bar{x} )^\top \mathrm {sign}(\bar{x}))\cdot (x - \bar{x} )^\top \mathrm {sign}( \bar{x}) \\&\quad \ge 2a\Vert \bar{x}\Vert _1 \Vert x - \bar{x}\Vert _1 \end{aligned}$$

Case 2: Suppose that
$$\begin{aligned} |\mathrm {sign}(x - \bar{x} )^\top \bar{x}| \ge a \Vert \bar{x}\Vert _1. \end{aligned}$$

Then, set \(\bar{V} = \mathrm {sign}(\mathrm {sign}(x - \bar{x} )^\top \bar{x}) \cdot \mathrm {sign}( x - \bar{x})\mathrm {sign}( x - \bar{x})^\top \), to get
$$\begin{aligned}&\Vert \bar{x}(x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top \Vert _1 \\&\quad \ge 2\mathrm {Tr}(\bar{x} (x - \bar{x} )^\top \bar{V})\\&\quad = 2\mathrm {sign}(\mathrm {sign}(x - \bar{x} )^\top \bar{x}) \cdot \mathrm {Tr}( (x - \bar{x} )^\top \mathrm {sign}( x - \bar{x})\mathrm {sign}( x - \bar{x})^\top \bar{x}) \\&\quad = 2\Vert x - \bar{x}\Vert _1\mathrm {sign}(\mathrm {sign}(x - \bar{x} )^\top \bar{x})\cdot \mathrm {sign}( x - \bar{x})^\top \bar{x} \\&\quad \ge 2a\Vert \bar{x}\Vert _1 \Vert x - \bar{x}\Vert _1 \end{aligned}$$

Case 3: Suppose that
$$\begin{aligned} |(x - \bar{x} )^\top \mathrm {sign}(\bar{x})| \le a\Vert x - \bar{x}\Vert _1 \qquad \text {and} \qquad |\mathrm {sign}(x - \bar{x} )^\top \bar{x}| \le a \Vert \bar{x}\Vert _1 \end{aligned}$$

Define \(\bar{V} = \frac{1}{2}(\mathrm {sign}(\bar{x}(x - \bar{x})^\top ) + \mathrm {sign}((x - \bar{x}) \bar{x}^\top ))\). Observe that
$$\begin{aligned} \mathrm {Tr}( \bar{x}(x - \bar{x} )^\top \mathrm {sign}(\bar{x}(x - \bar{x})^\top ))&= (x - \bar{x} )^\top \mathrm {sign}(\bar{x}) \mathrm {sign}(x - \bar{x})^\top \bar{x} \\&\ge - a^2\Vert \bar{x}\Vert _1 \Vert x - \bar{x}\Vert _1 \end{aligned}$$

and
$$\begin{aligned} \mathrm {Tr}( \bar{x}(x - \bar{x} )^\top \mathrm {sign}((x - \bar{x}) \bar{x}^\top ))&= \mathrm {Tr}( \bar{x}(x - \bar{x} )^\top \mathrm {sign}(x - \bar{x}) \mathrm {sign}(\bar{x}^\top ))\\&= \Vert \bar{x}\Vert _1\Vert x - \bar{x}\Vert _1. \end{aligned}$$

Putting these two bounds together, we find that
$$\begin{aligned} \Vert \bar{x}(x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top \Vert _1&\ge 2\mathrm {Tr}(\bar{x} (x - \bar{x} )^\top \bar{V}) = (1-a^2)\Vert \bar{x}\Vert _1\Vert x - \bar{x}\Vert _1. \end{aligned}$$

Altogether, we find that
$$\begin{aligned} F(x)&= \Vert xx^\top - \bar{x} \bar{x}^\top \Vert _1\\&= \Vert \bar{x} (x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top + (x - \bar{x})(x - \bar{x})^\top \Vert _1 \\&\ge \Vert \bar{x} (x - \bar{x})^\top + (x - \bar{x}) \bar{x}^\top \Vert _1 - \Vert (x - \bar{x})(x - \bar{x})^\top \Vert _1\\&\ge 2a\Vert \bar{x}\Vert _1\Vert x - \bar{x}\Vert _1 - \Vert (x - \bar{x})\Vert _1^2\\&= 2a\Vert \bar{x}\Vert _1\left( 1 - \frac{\Vert x - \bar{x}\Vert _1}{2a\Vert \bar{x}\Vert _1}\right) \Vert x - \bar{x}\Vert _1, \end{aligned}$$

as desired.
1.3 D.3 Proof of Lemma 8.8
                           
We start by stating a claim we will use to prove the lemma. Let us introduce some notation. Consider the set
$$\begin{aligned} S = \left\{ (\varDelta _+, \varDelta _-) \in \mathbf{R}^{d \times r } \times \mathbf{R}^{d \times r}\mid \Vert \varDelta _+\Vert _{2, \infty } \le (1+C)\sqrt{\frac{\nu r}{ d}} \Vert X_\sharp \Vert _{op}, \Vert \varDelta _-\Vert _{2, 1} \ne 0\right\} . \end{aligned}$$

Define the random variable
$$\begin{aligned} Z&= \sup _{(\varDelta _+, \varDelta _-) \in S} \bigg | \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle | \\&\quad - \mathbb {E}\frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle |\bigg |. \end{aligned}$$


                    Claim

                    There exist constants \( c_2, c_3 > 0\) such that with probability at least \(1-\exp (-c_2 \log d)\)
$$\begin{aligned} Z \le c_3 C\sqrt{ \tau \nu r\log d } \left\| X_\sharp \right\| _{op}. \end{aligned}$$


                  Before proving this claim, let us show how it implies the theorem. Let
$$\begin{aligned} R \in {\mathop {\hbox {argmin}}\limits _{\hat{R}^\top \hat{R} = I}} \Vert X - X_\sharp \hat{R}\Vert _{2, 1}. \end{aligned}$$

Set \(\varDelta _- = X - X_\sharp R\) and \(\varDelta _+ = X + X_\sharp R\). Notice that
$$\begin{aligned} \Vert \varDelta _+\Vert _{2, \infty } \le \Vert X\Vert _{2, \infty } + \Vert X_\sharp \Vert _{2, \infty } \le (1 + C) \Vert X_\sharp \Vert _{2, \infty } \le \sqrt{\frac{\nu r}{ d}} (1+C) \Vert X_\sharp \Vert _{op}. \end{aligned}$$

Therefore, because \((\varDelta _+, \varDelta _-) \in S\) and
$$\begin{aligned}&\frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \delta _{ij} |\langle X_i,X_j\rangle - \langle (X_\sharp )_i, (X_\sharp )_j\rangle | = \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle \\&\quad + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle |, \end{aligned}$$

we have that
$$\begin{aligned}&\sum _{i,j=1}^d \delta _{ij} |\langle X_i,X_j\rangle - \langle (X_\sharp )_i,(X_\sharp )_j\rangle | \\&\quad \le \tau \Vert XX^\top - X_\sharp X_\sharp ^\top \Vert _1 +c_3C \sqrt{\tau \nu r\log d } \Vert X_\sharp \Vert _{op} \Vert X - X_\sharp R \Vert _{2, 1}\\&\quad \le \left( \tau + \frac{c_3C \sqrt{\tau \nu r\log d }}{c} \Vert X_\sharp \Vert _{op}\right) \Vert XX^\top - X_\sharp X_\sharp ^\top \Vert _1 , \end{aligned}$$

where the last line follows by Conjecture 8.7. This proves the desired result.

                    Proof of the Claim

                    Our goal is to show that the random variable Z is highly concentrated around its mean. We may apply the standard symmetrization inequality [7, Lemma 11.4] to bound the expectation \(\mathbb {E}Z\) as follows:
$$\begin{aligned} \mathbb {E}Z&\le 2\mathbb {E}\sup _{(\varDelta _+, \varDelta _-) \in S} \left| \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \varepsilon _{ij}\delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle | \right| \\&\le 2\mathbb {E}\sup _{(\varDelta _+, \varDelta _-) \in S} \left| \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \varepsilon _{ij}\delta _{ij}| \langle \varDelta _{-,i},\varDelta _{+,j}\rangle | \right| \\&\quad + 2\mathbb {E}\sup _{(\varDelta _+, \varDelta _-) \in S} \left| \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\sum _{i,j=1}^d \varepsilon _{ij}\delta _{ij} |\langle \varDelta _{+,i},\varDelta _{-,j}\rangle |\right| \\&=:T_1+T_2. \end{aligned}$$

Observing that \(T_1\) and \(T_2\) can both be bounded by
$$\begin{aligned} \max \{T_1, T_2\}&\le 2 \sup _{(\varDelta _+, \varDelta _-) \in S} \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\Vert \varDelta _+\varDelta _-^\top \Vert _{2,\infty } \mathbb {E}\max _{j} \left| \sum _{i=1}^d \varepsilon _{ij}\delta _{ij} \right| \\&\le 2 \sup _{(\varDelta _+, \varDelta _-) \in S} \Vert \varDelta _+\Vert _{2, \infty } \mathbb {E}\max _{j} \left| \sum _{i=1}^d \varepsilon _{ij}\delta _{ij} \right| \\&\le 2(1+C) \sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} \mathbb {E}\max _{j} \left| \sum _{i=1}^d \varepsilon _{ij}\delta _{ij} \right| \\&\lesssim C \sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} (\sqrt{\tau d \log d} + \log d), \end{aligned}$$

where the final inequality follows from Bernstein’s inequality and a union bound, we find that
$$\begin{aligned} \mathbb {E}Z \lesssim C\sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} (\sqrt{\tau d \log d} + \log d). \end{aligned}$$

To prove that Z is well concentrated around \( \mathbb {E}Z\), we apply Theorem F.3. To apply this theorem, we set \(\mathcal {S}= S\) and define the collection \((Z_{ij,s})_{ij, s\in \mathcal {S}}\), where \(s = (\varDelta _+, \varDelta _-)\) by
$$\begin{aligned} Z_{ij,s}&= \frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle | \\&\quad - \mathbb {E}\frac{1}{\Vert \varDelta _-\Vert _{2, 1}}\delta _{ij} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle |\\&= \frac{(\delta _{ij} - \tau )}{\Vert \varDelta _-\Vert _{2, 1}} |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle |. \end{aligned}$$

We also bound
$$\begin{aligned} b&= \sup _{ij, s \in \mathcal {S}} |Z_{ij,s}| \le \sup _{ij, (\varDelta _+, \varDelta _-) \in S} \left| \frac{(\delta _{ij} - \tau )}{\Vert \varDelta _-\Vert _{2, 1}} (\Vert \varDelta _{-,i}\Vert _F\Vert \varDelta _{+,j}\Vert _F + \Vert \varDelta _{+,i}\Vert _F\Vert \varDelta _{-,j}\Vert _F) \right| \\&\le (1+C)\sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} \sup _{ij,(\varDelta _+, \varDelta _-) \in S} \left| \frac{1}{\Vert \varDelta _-\Vert _{2, 1}} (\Vert \varDelta _{-,i}\Vert _F + \Vert \varDelta _{-,j}\Vert _F) \right| \\&\le 2C\sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} \end{aligned}$$

and
$$\begin{aligned} \sigma ^2&= \sup _{(\varDelta _+, \varDelta _-) \in S} \mathbb {E}\frac{1}{\Vert \varDelta _-\Vert _{2, 1}^2} \sum _{ij =1}^d(\delta _{ij} - \tau )^2 |\langle \varDelta _{-,i},\varDelta _{+,j}\rangle + \langle \varDelta _{+,i},\varDelta _{-,j}\rangle |^2\\&\le \tau \sup _{(\varDelta _+, \varDelta _-) \in S} \frac{1}{\Vert \varDelta _-\Vert _{2, 1}^2} \sum _{ij =1}^d (\Vert \varDelta _{-,i}\Vert _F\Vert \varDelta _{+,j}\Vert _F + \Vert \varDelta _{+,i}\Vert _F\Vert \varDelta _{-,j}\Vert _F)^2\\&\le \tau \sup _{(\varDelta _+, \varDelta _-) \in S} \frac{4}{\Vert \varDelta _-\Vert _{2, 1}^2} \sum _{ij =1}^d \Vert \varDelta _{-,i}\Vert _F^2\Vert \varDelta _{+,j}\Vert _F^2\\&\le \tau \frac{4(1+C)^2\nu r}{d}\Vert X_\sharp \Vert _{op}^2\sup _{(\varDelta _+, \varDelta _-) \in S} \frac{2}{\Vert \varDelta _-\Vert _{2, 1}^2} \sum _{ij =1}^d \Vert \varDelta _{-,i}\Vert _F^2\\&\le \tau \frac{4(1+C)^2\nu r}{d}\Vert X_\sharp \Vert _{op}^2\sup _{(\varDelta _+, \varDelta _-) \in S} \frac{2d\Vert \varDelta _-\Vert _F^2}{\Vert \varDelta _-\Vert _{2, 1}^2} \\&\le 16\tau C^2\nu r\Vert X_\sharp \Vert _{op}^2. \end{aligned}$$

Therefore, due to Theorem F.3 there exists a constant \(c_1, c_2, c_3 > 0\) so that with \(t = c_2 \log d\), we have that with probability \(1-e^{-c_2\log d}\) that Z is upped bounded by
$$\begin{aligned}&\mathbb {E}Z + \sqrt{8\left( 2b\mathbb {E}Z+\sigma {}^{2}\right) t}+8bt\\&\quad \le c_1C\sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op} (\sqrt{\tau d \log d} + \log d) \\&\qquad + \sqrt{8c_2\left( \frac{c_1^2 C^2\nu r}{d}\Vert X_\sharp \Vert _{op}^2 (\sqrt{\tau d \log d} + \log d)+16\tau C^2 \nu r\Vert X_\sharp \Vert _{op}^2\right) \log d } \\&\qquad + 16 c_2C \sqrt{\frac{\nu r}{d}}\Vert X_\sharp \Vert _{op}\log (d)\\&\quad \le C \sqrt{\nu r\log d } \Vert X_\sharp \Vert _{op} \left( c_1\sqrt{\tau } + c_1\sqrt{\tfrac{\log d }{d}} + \sqrt{8c_2}\sqrt{ \sqrt{\tfrac{c^4_1\tau \log d}{d}} + \tfrac{c_1^2\log d}{d} + 16\tau } + 16c_2 \sqrt{\tfrac{\log d}{d}}\right) \\&\quad \le c_3C \sqrt{\tau \nu r \log d } \Vert X_\sharp \Vert _{op}. \end{aligned}$$

where the last line follows since by assumption \(\log d / d \lesssim \tau .\) \(\square \)

                  E Proofs in Sect. 9
                        
1.1 E.1 Proof of Lemma 9.1
                           
The proof follows the same strategy as [32, Theorem 6.1]. Fix \(x \in \widetilde{\mathcal {T}}_1\) and let \(\zeta \in \partial \tilde{f}(x)\). Then, for all y, we have, from Lemma 9.3, that
$$\begin{aligned} f(y) \ge \tilde{f}(x) + \langle \zeta , y - x\rangle - \frac{\rho }{2} \Vert x - y\Vert ^2_2 - 3\varepsilon . \end{aligned}$$

Therefore, the function
$$\begin{aligned} g(y) := f(y) - \langle \zeta , y - x\rangle + \frac{\rho }{2} \Vert x - y\Vert ^2_2 + 3\varepsilon \end{aligned}$$

satisfies
$$\begin{aligned} g(x) - \inf g \le f(x) - \tilde{f}(x) + 3\varepsilon \le 4\varepsilon . \end{aligned}$$

Now, for some \(\gamma > 0\) to be determined momentarily, define
$$\begin{aligned} \hat{x} = \hbox {argmin} \left\{ g(x) + \frac{ \varepsilon }{\gamma ^2}\Vert x - y\Vert ^2_2 \right\} . \end{aligned}$$

First-order optimality conditions and the sum rule immediately imply that
$$\begin{aligned} \frac{2\varepsilon }{\gamma ^2} (x -\hat{x}) \in \partial g(\hat{x}) = \partial f(\hat{x}) - \zeta + \rho (\hat{x} - x). \end{aligned}$$

Thus,
$$\begin{aligned} \mathrm{dist}(\zeta , \partial f(\hat{x})) \le \left( \frac{2\varepsilon }{\gamma ^2} + \rho \right) \Vert x -\hat{x}\Vert _2. \end{aligned}$$

Now we estimate \(\Vert x - \hat{x}\Vert _2\). Indeed, from the definition of \(\hat{x}\) we have
$$\begin{aligned} \frac{\varepsilon }{\gamma ^2}\Vert \hat{x} - x\Vert ^2 \le g(x) - g(\hat{x}) \le g(x) - \inf g \le 4\varepsilon . \end{aligned}$$

Consequently, we have \(\Vert x - \hat{x}\Vert \le 2\gamma \). Thus, setting \(\gamma = \sqrt{2\varepsilon /\rho }\) and recalling that \(\varepsilon \le \mu ^2/56\rho \) we find that
$$\begin{aligned} \mathrm{dist}(\hat{x}, \mathcal {X}^*) \le \Vert x - \hat{x}\Vert + \mathrm{dist}(x, \mathcal {X}^*) \le 2\sqrt{\frac{2\varepsilon }{ \rho }} + \frac{\mu }{4\rho } \le \frac{\mu }{\rho }. \end{aligned}$$

Likewise, we have
$$\begin{aligned} \mathrm{dist}(\hat{x}, \mathcal {X}) \le \Vert x - \hat{x}\Vert \le 2\sqrt{\frac{2\varepsilon }{ \rho }} . \end{aligned}$$

Therefore, setting \(L = \sup \left\{ \Vert \zeta \Vert _2:\zeta \in \partial f(x), \mathrm{dist}(x, \mathcal {X}^*) \le \frac{\mu }{\rho }, \mathrm{dist}(x, \mathcal {X}) \le 2\sqrt{\frac{\varepsilon }{\rho }}\right\} \), we find that
$$\begin{aligned} \Vert \zeta \Vert \le L + \mathrm{dist}(\zeta , \partial f(\hat{x})) \le L + \frac{4\varepsilon }{\gamma } + 2\rho \gamma = L + 2\sqrt{8\rho \varepsilon }, \end{aligned}$$

as desired.
1.2 E.2 Proof of Theorem 9.4
                           
Let \(i \ge 0\), suppose \(x_i \in \widetilde{\mathcal {T}}_1\), and let \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x_i)\). Notice that Lemma 9.2 implies \(\tilde{f}(x_i)-\min _{\mathcal {X}}f>0\). We successively compute
$$\begin{aligned} \Vert x_{i+1} - x^*\Vert ^2&=\left\| \mathrm {proj}_{\mathcal {X}}\left( x_{i}-\tfrac{\tilde{f}(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right) -\mathrm {proj}_\mathcal {X}(x^*)\right\| ^2\nonumber \\&\le \left\| (x_{i} - x^*)- \tfrac{\tilde{f}(x_i)-\min _{\mathcal {X}} f}{\Vert \zeta _i\Vert ^2} \zeta _i\right\| ^2 \end{aligned}$$

                    (E.1)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{2(\tilde{f}(x_i) - \min _{\mathcal {X}} f)}{\Vert \zeta _i\Vert ^2}\cdot \langle \zeta _i, x^* - x_{i}\rangle + \frac{(\tilde{f}(x_i) - \min _\mathcal {X}f)^2}{\Vert \zeta _i\Vert ^2} \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{2(\tilde{f}(x_i) - \min _\mathcal {X}f)}{\Vert \zeta _i\Vert ^2}\left( \min _\mathcal {X}f - \tilde{f}(x_i) + \frac{\rho }{2}\Vert x_i - x^*\Vert ^2 + 3\varepsilon \right) \nonumber \\&\qquad \qquad + \frac{(\tilde{f}(x_i) - \min _\mathcal {X}f)^2}{\Vert \zeta _i\Vert ^2} \end{aligned}$$

                    (E.2)
                

$$\begin{aligned}&= \Vert x_{i} - x^*\Vert ^2 + \frac{\tilde{f}(x_i) - \min _\mathcal {X}f}{\Vert \zeta _i\Vert ^2}\left( \rho \Vert x_i - x^*\Vert ^2 - (\tilde{f}(x_i) - \min _\mathcal {X}f) + 6\varepsilon \right) \nonumber \\&\le \Vert x_{i} - x^*\Vert ^2 + \frac{\tilde{f}(x_i) - \min _\mathcal {X}f}{\Vert \zeta _i\Vert ^2}\left( \rho \Vert x_i - x^*\Vert ^2 - \mu \Vert x_i - x^*\Vert + 7\varepsilon \right) \end{aligned}$$

                    (E.3)
                

$$\begin{aligned}&\le \Vert x_{i} - x^*\Vert ^2 + \frac{\rho (\tilde{f}(x_i) - \min _\mathcal {X}f)}{\Vert \zeta _i\Vert ^2}\left( \Vert x_i - x^*\Vert -\frac{\mu }{2\rho }\right) \Vert x_i - x^*\Vert \end{aligned}$$

                    (E.4)
                

$$\begin{aligned}&\le \Vert x_{i} - x^*\Vert ^2 - \frac{\mu (\tilde{f}(x_i) - \min _\mathcal {X}f)}{4\Vert \zeta _i\Vert ^2}\cdot \Vert x_i - x^*\Vert \end{aligned}$$

                    (E.5)
                

$$\begin{aligned}&\le \Vert x_{i} - x^*\Vert ^2 - \frac{\mu (\mu \Vert x_i - x^*\Vert - \varepsilon )}{4\Vert \zeta _i\Vert ^2}\cdot \Vert x_i - x^*\Vert \nonumber \\&\le \left( 1-\frac{13\mu ^2}{56\Vert \zeta _i\Vert ^2}\right) \Vert x_i- x^*\Vert ^2. \end{aligned}$$

                    (E.6)
                

Here, the estimate (E.1) follows from the fact that the projection \(\mathrm {proj}_Q(\cdot )\) is nonexpansive, (E.2) uses Lemma 9.3, the estimate (E.4) follows from the assumption \(\epsilon <\frac{\mu }{14}\Vert x_k-x^*\Vert \), the estimate (E.5) follows from the estimate \(\Vert x_i-x^*\Vert \le \frac{\mu }{4\rho }\), while (E.3) and (E.6) use Lemma 9.2. We therefore deduce
$$\begin{aligned} \mathrm{dist}^2(x_{i+1};\mathcal {X}^*)\le \Vert x_{i+1} - x^*\Vert ^2\le \left( 1-\frac{13\mu ^2}{56L^2}\right) \mathrm{dist}^2(x_i,\mathcal {X}^*). \end{aligned}$$

Consequently, either we have \(\mathrm{dist}(x_{i+1}, \mathcal {X}^*) < \frac{14\varepsilon }{\mu }\) or \(x_{i+1} \in \widetilde{\mathcal {T}}_1\). Therefore, by induction, the proof is complete.
1.3 E.3 Proof of Theorem 9.6
                           
Let \(i \ge 0\), suppose \(x_i \in \mathcal {T}_\gamma \), and let \(x^*\in \mathrm {proj}_{\mathcal {X}^*}(x_i)\). Then,
$$\begin{aligned} \mu \mathrm{dist}(x_{i+1}, \mathcal {X}^*) \le f(x_{i+1}) - \inf _{\mathcal {X}} f&\le f_x(x_{i+1}) - \inf _\mathcal {X}f + \frac{\rho }{2}\Vert x_{i+1} - x_i\Vert ^2 \\&\le \tilde{f}_x(x_{i+1}) - \inf _\mathcal {X}f + \frac{\rho }{2}\Vert x_{i+1} - x_i\Vert ^2 + \varepsilon \\&\le \tilde{f}_x(x^*) - \inf _{\mathcal {X}} f + \frac{\beta }{2}\Vert x_i - x^*\Vert ^2 + \varepsilon \\&\le f_x(x^*) - \inf _{\mathcal {X}} f + \frac{\beta }{2}\Vert x_i - x^*\Vert ^2 + 2\varepsilon \\&\le f(x^*) - \inf _{\mathcal {X}} f + \beta \Vert x_i - x^*\Vert ^2 + 2\varepsilon \\&= \beta \mathrm{dist}^2(x_i, \mathcal {X}^*) + 2\varepsilon . \end{aligned}$$

Rearranging yields the result.
F Auxiliary Lemmas

                  Lemma F.1

                  (Lemma 3.1 in [13]) Let \(S_r := \left\{ X \in \mathbf{R}^{d_1 \times d_2} \mid \text {Rank }\,(X) \le r, \left\| X \right\| _F = 1\right\} \). There exists an \(\epsilon \)-net \(\mathcal {N}\) (with respect to \(\Vert \cdot \Vert _F\)) of \(S_r\) obeying
$$\begin{aligned} |\mathcal {N}| \le \left( \frac{9}{\epsilon }\right) ^{(d_1+d_2+1)r}. \end{aligned}$$


                
                  Proposition F.2

                  (Corollary 1.4 in [75]) Consider \(X_1, \dots , X_d\) real-valued random variables and let \(\sigma \in \mathbb {S}^{d-1}\) be a unit vector. Let \(t, p > 0\) such that
$$\begin{aligned} \sup _{u \in \mathbf{R}} \mathbb {P}\left( |X_i - u| \le t \right) \le p \qquad \text {for all }i = 1, \dots , d. \end{aligned}$$

Then, the following holds
$$\begin{aligned} \sup _{u \in \mathbf{R}} \mathbb {P}\left( \left| \sum _k \sigma _k X_k - u\right| \le t \right) \le Cp, \end{aligned}$$

where \(C > 0\) is a universal constant.

                
                  Theorem F.3

                  (Talagrand’s Functional Bernstein for non-identically distributed variables [53, Theorem 1.1(c)]) Let \(\mathcal {S}\) be a countable index set. Let \(Z_{1},\ldots ,Z_{n}\) be independent vector-valued random variables of the form \(Z_{i}=(Z_{i,s})_{s\in \mathcal {S}}\). Let \(Z:=\sup _{s\in \mathcal {S}}\sum _{i=1}^{n}Z_{i,s}\). Assume that for all \(i\in [n]\) and \(s\in \mathcal {S}\), \(\mathbb {E}Z_{i,s}=0\) and \(\left| Z_{i,s}\right| \le b\). Let
$$\begin{aligned} \sigma {}^{2}=\sup _{s\in \mathcal {S}}\sum _{i=1}^{n}\mathbb {E}Z_{i,s}^{2}. \end{aligned}$$

Then, for each \(t>0\), we have the tail bound
$$\begin{aligned} \mathbb {P}\left( Z-\mathbb {E}Z\ge \sqrt{8\left( 2b\mathbb {E}Z+\sigma {}^{2}\right) t}+8bt\right)&\le e^{-t}. \end{aligned}$$
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