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Abstract

We consider the setting of Reeb graphs of piecewise linear functions and study dis-
tances between them that are stable, meaning that functions which are similar in the
supremum norm ought to have similar Reeb graphs. We define an edit distance for
Reeb graphs and prove that it is stable and universal, meaning that it provides an upper
bound to any other stable distance. In contrast, via a specific construction, we show
that the interleaving distance and the functional distortion distance on Reeb graphs
are not universal.
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1 Introduction

The concept of a Reeb graph of a Morse function first appeared in [16] and has
subsequently been applied to problems in shape analysis in [13,18]. The literature
on Reeb graphs in the computational geometry and computational topology is ever
growing (see, e.g., [2,3] for a discussion and references). The Reeb graph plays a
central role in topological data analysis, not least because of the success of Mapper
[19], a data analysis method providing a discretization of the Reeb graph for a function
defined on a point cloud.

A recent line of work has concentrated on questions about identifying suitable
notions of distance between Reeb graphs. These include the so-called functional dis-
tortion distance [2], the interleaving distance [8], and various graph edit distances
[1,9,11]. Naturally, there is a strong interest in understanding the connection between
different existing distances. In this regard, it has been shown in [3] that the functional
distortion and the interleaving distances are bi-Lipschitz equivalent. The edit distances
defined in [9,11] for Reeb graphs of curves and surfaces, respectively, are shown to be
universal in their respective settings, so the functional distortion and interleaving dis-
tances restricted to the same settings are a lower bound for those distances. Moreover,
an example in [9] shows that the functional distortion distance can be strictly smaller
than the edit distance considered in that paper.

In this paper, we consider the setting of piecewise linear (PL) functions on com-
pact triangulable spaces, and in this realm we study the properties of stability and
universality of distances between Reeb graphs. The notion of stability has been intro-
duced by Cohen-Steiner et al. [6] in the context of persistence diagrams and is a key
property for topological descriptors [15]. Stability means that two objects at a given
distance are assigned descriptors at no more than (a multiple of) that distance. This
requires a notion of distance on both the collection of objects and on the collection
of descriptors. The practical relevance of stability lies in the guaranteed robustness of
the method with respect to bounded imprecision, caused by noise, coarse sampling, or
other sources of uncertainty. However, the stability of a descriptor is not sufficient to
warrant discriminativeness, i.e., the ability to distinguish different objects: a construc-
tion that assigns to every object the same descriptor is certainly stable, but contains no
information. For that reason, given a fixed distance on the objects and a construction
for a descriptor, it is desirable to assign to the descriptors a distance that is as large
as possible while still satisfying the stability property. In that sense, such a distance
is then the most discriminative stable distance. Following Lesnick [14], we call such
a distance universal, noting that the concept already appears in [7] in the context of
topological descriptors.

Inspired by a construction of distance between filtered spaces [15], we first construct
anovel distance dy based on considering joint pullbacks of two given Reeb graphs and
prove that this distance satisfies both stability and universality and is also intrinsic. Via
analyzing a specific construction we then prove that neither the functional distortion
nor the interleaving distances are universal. Finally, we define two edit-like additional
distances between Reeb graphs that reinterpret those appearing in [1,9,11] and prove
that both are stable and universal. As a consequence, both distances agree with dy .
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2 Topological Aspects of Reeb Graphs

We start by exploring some topological ideas behind the definition of Reeb graphs.
Unless specified otherwise, all maps and functions considered in this paper will be
assumed to be continuous.

2.1 Reeb Graphs as Quotient Spaces

The classical construction of a Reeb graph [16] is given via an equivalence relation as
follows:

Definition1 For f : X — R a Morse function on a compact smooth manifold,
the Reeb graph of f is the quotient space X/~ , with x ~ ¢ y if and only if x
and y belong to the same connected component of some level set f~!(¢) (implying

t=fx) = fO).

While this definition was originally considered in the setting of Morse theory, it
does not make explicit use of the smooth structure, and so it can be applied quite
broadly. However, some additional assumptions on the space X and the function f are
necessary in order to maintain some of the characteristic properties of Reeb graphs in
a generalized setting. With this motivation in mind, we revisit the definition in terms
of quotient maps and functions with discrete fibers.

A quotient map p : X — Y is a surjection such that a set U is open in Y if and
only if p~!(U) is open in X. In particular, by the closed map lemma, any surjection
between compact Hausdorff spaces is a quotient map. A quotient map p : X — Y is
characterized by the universal property thata setmap @ : Y — Z into any topological
space Z is continuous if and only if @ o p is continuous.

The motivation for considering quotient maps and functions with discrete fibers is
explained by the following fact.

Proposition 1 Let f : X — R be a function with locally connected fibers, and let
q : X — X/~ be the canonical quotient map. Then the induced function f :

X/~p— Rwith f = f o g has discrete fibers.

Proof To see that the fibers of f are discrete, we show that any subset S of f~1(¢) is
closed. Let T = f ~I(t)\ S. Then ¢ ~!(T) is a disjoint union of connected components
of f —1(#). Since f “L)is locally connected, each of its connected components is open
in the fiber, and so ¢~} (T') is openin f~!(¢), implying that g1 (S)isclosedin f~1(r)
and hence in X. Since ¢ is a quotient map, ¢~ (S) is closed if and only if S is closed,
yielding the claim. O

2.2 Reeb Quotient Maps and Reeb Graphs of Piecewise Linear Functions

We now define a class of quotient maps that leave Reeb graphs invariant up to iso-
morphism. The main goal is to provide a natural construction for lifting a function
f : X — Rtoaspace Y through a quotient map ¥ — X in a way that yields isomor-
Elol:';”
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phic Reeb graphs. To this end, we will define a general notion of Reeb quotient maps
and Reeb graphs.

Definition 2 A Reeb domain is a connected compact triangulable space. A Reeb quo-
tient map is a surjective piecewise linear map of Reeb domains with connected fibers.

We remark that connectedness of Reeb domains is assumed only for the sake of
simplicity (see Remark 4).

As shown in Corollary 1, Reeb domains with Reeb quotient maps constitute a
subcategory of the category of triangulable spaces and piecewise linear maps.

Definition 3 A Reeb graph is a pair (R, f) where Ry is a Reeb domain endowed
with a PL function f : R r — R with discrete fibers, called a Reeb function.

In particular, the isomorphisms between Reeb graphs are PL. homeomorphisms that
preserve the function values of the associated Reeb functions. While the definition
does not assume this explicitly, a Reeb graph is indeed a finite topological graph (a
compact triangulable space of dimension at most 1).

Proposition 2 For any Reeb graph (R, f), the space R is a finite topological graph.

Proof By definition, f is (simplexwise) linear for some triangulation of Ry. If there
were a simplex o of dimension at least 2 in the triangulation of R 7, then for any x in
the interior of o, the intersection o N f e f (x)) would have to be of dimension at
least 1. But this would contradict the assumption that f has discrete fibers. O

Definition 4 Generalizing the classical definition (Definition 1), we say that a Reeb
graph (Ry, f) is a Reeb graph of f : X — R if there is a Reeb quotient map

p:X—)Rfsuchthatf:fop.

We now proceed to prove that Reeb quotient maps are closed under composition.
We start by showing that not only the fibers, but more generally all preimages of closed
connected sets are connected.

Proposition3 If p: X — Y is a Reeb quotient map, then the preimage p~' (K) of a
closed connected set K C Y is connected.

Proof Assume that K is nonempty; otherwise, the claim holds trivially. Let p~ ' (K) =
UUV,with U, V nonempty and closed in p_1 (K). To show that p_1 (K) is connected,
it suffices to show that U N V is necessarily nonempty.

Because p~!(K) is closed in X, the sets U and V are also closed in X. The
images p(U) and p(V) are closed by the closed map lemma, and their union is K. By
connectedness of K, their intersection is nonempty. Let y € p(U) N p(V). We have

Pl = 'nupTto)ny).

The subspaces (p~'(y»)NU) and (p~'(y)NV) are closed in p~!(y), and by connect-

edness of the fiber p~!(y), their intersection must be nonempty. In particular, U N V

is nonempty. O
Elol:;ﬂ
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Corollary1 If p: X — Y and q: Y — Z are Reeb quotient maps, then the composi-
tionqg o p: X — Z is a Reeb quotient map too.

As mentioned before, the main purpose of Reeb quotient maps is to lift Reeb
functions to larger domains while maintaining the same Reeb graph. The following
property is a consequence of the above statement:

Corollary 2 Let (Ry, f) be aReeb graph of a function f : X — R, andletq : Y — X
be a Reeb quotient map. Then (R, f) is also a Reeb graph of foq : Y — R.

Proof Let p : X — Ry be the Reeb quotient map factoring f = f o p, as in the
following diagram:

Lot

y L5 x s Ry
Then by Corollary 1, (R, £) is also a Reeb graph for f og = fo(pog):Y >R
via the Reeb quotient map pog : ¥ — Ry. O

The following lemma shows how a transformation g = £ o f of a function f lifts
to a Reeb quotient map ¢ between the corresponding Reeb graphs.

Lemma 1 Consider a commutative diagram

imf —%— img

where (R, f), (R, g) are Reeb graphs, py : X — Ry, pg : X — R, are Reeb
quotient maps, and x : im f — im g is a PL function such that g = x o f. Then
{=pgo p;l is a Reeb quotient map from Ry to R,.

In particular, if x is a PL homeomorphism, then so is . Note that the definition of ¢
does not involve the function y; the existence of x already ensures that ¢ is a Reeb
quotient map.

Proof Let x € Ry, and let t = f (x). Then C = p;] (x) is a connected component

of f~1(¢) by the assumption that p 7 is a Reeb quotient map. By commutativity, we
have

-1 -1 -1 -1
JTSf ox T ex=g ox,
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and since C is connected, there must be a single y € R, with p,(C) = {y}. Hence,
¢ =pgo p}l is a set map. Moreover, since pg is continuous and p is closed, the
map ¢ is continuous; since pg and p ¢ are PL, the map ¢ is PL as well.

Now let y € R, and let s = g(y). Similarly to above, C = p;l () is a connected

component of g~'(s). We have ps(C) = pyo p;'(y) = ¢7'(y) # 0,50 ¢ is
surjective, and the fiber ¢ ~!(y) = p £(C) is connected as the image of a connected
set. O

Remark 1 By Proposition 1 and Lemma 1, given a Reeb graph (R, f Jof f: X - R
with Reeb quotient map p: X — Ry, there is a canonical isomorphism Ry = X /~ .
As a consequence, the Reeb graph (R, f ) together with the Reeb quotient map p
is unique up to a unique isomorphism, thus defining the Reeb graph as a universal

property.
We now show that Reeb quotient maps are stable under pullbacks.

Proposition 4 Consider a pullback diagram of PLmaps p1: X1 — Y, p2: Xo — Y

/\
\/

X1 xy X3

where, as usual, X1 Xy Xo = {(x1,x2) € X1 X X3: p1(x1, x2) = pa(x1, x2)}. If the
map p1 (resp. p2) is a Reeb quotient map, then so is the map q (resp. q1). Hence, the
class of Reeb quotient maps is stable under pullbacks.

Proof First note that the category of compact triangulable spaces has all pullbacks [20].
For x; € X», by surjectivity of pj there is some x; € X such that pj(x1) = pa(x2).
Thus (x1, x2) € X1 xy Xz andg>(x1, x2) = X, proving that g; is surjective. Moreover,
for xo € X5, we have qz_l(xz) = pl_1 (p2(x2)) x {x2}. By assumption, pl_l(pz(xz))
is connected as a fiber of pj, implying that pf] (p2(x2)) x {x2} is connected. Finally,
applying Proposition 3 to ¢», we obtain that the pullback space X1 xy X3 is connected.
The proof for g; is analogous. O

3 Stable and Universal Distances

Throughout this paper, we will use the term distance to describe an extended pseudo-
metricd : X x X — [0, oo] on some collection X. As usual, extended means that the
distance can attain the value 400, and pseudo refers to the fact that two elements can
have null distance without coinciding. Our main goal is the introduction of a distance
between Reeb graphs that is stable and universal in the following sense.

FoE'ﬂ
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Definition 5 We say that a distance ds between Reeb graphs is stable if and only if
given any two Reeb graphs (R, f) and (R,, &), for any Reeb domain X with Reeb
quotient maps pr : X — Ry and pg : X — R, we have

ds((Rf, ), (Rg, &) < If oy — &0 pgllcc- (S)

Note that stability implies that isomorphic Reeb graphs have distance 0. Indeed, an
isomorphism of Reeb graphs y : Ry — Ry yields ds((Ry, f), (Rg, 8)) < |If o
id—goyllee =0.

Moreover, we say that a stable distance dyy between Reeb graphs is universal if and
only if for any other stable distance ds between Reeb graphs, we have

ds((Ry, ), (Rg, 8)) < du((Ry, f), (Rg, &), U)

forall (R, f) and (Ry, §).

Remark 2 By connectedness of R and R,, there is at least one space X together with
maps p s, p, as needed to define the stability property: X = Ry x Rg, with pr, p, the
canonical projections. The resulting functions f = f o Pf.8§ =80pg: R xRy —
R then satisfy || f — gllcc = max(sup f —inf g, sup g — inf ). In particular, by
compactness a stable distance for Reeb graphs is always finite.

The definition of stability yields the following universal distance.

Definition 6 For any two Reeb graphs (R, . (Rg, 8), let

du((Ry, ), (Rg, 8)) = inf Ifops—&opellos
pf: RfeX»Rg: Dg

where the infimum is taken over all possible Reeb domains X and Reeb quotient maps
pr: X — Ryand pg: X — Ry, as in the following diagram:

R R

7 Tz

Rf Rg
X

Remark 3 The universal distance can equivalently be expressed as a quotient pseudo-
metric [5,17], satisfying the following universal property.

Let Co(X,R) be the metric space of continuous real-valued functions on X,
endowed with the metric induced by the supremum norm. Moreover, let Rx be the
pseudo-metric space of Reeb graphs of such functions, endowed with the universal
distance, and let r: Co(X,R) — Rx be the map sending a function f: X — R
to its Reeb graph. Then r is non-expansive, and any other non-expansive map

Elol:';”
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s: Co(X,R) — Z which satisfies s(f) = s(g) whenever f and g have isomor-
phic Reeb graphs factors uniquely through a non-expansive map Ry — Z as in the
following commutative diagram:

Co(X,R) /= Rx

\ laz

Notice that stability is encoded here in the use of non-expansive maps, while maxi-
mality is encoded in the existence of the vertical map Ry — Z. This map always
exists uniquely at the level of the underlying sets, so the existence condition simply
translates to the statement that this map is also non-expansive.

Remark 4 The connectedness assumption for Reeb domains can be dropped by adapt-
ing the definition of the universal distance as follows. If Ry and R, have a different
number of connected components, then dy(Ry, Rg) := oo. If both Ry and R, have
n connected components so that Ry = ]_[ie[n] F; and R, = ]_[l-e[n] G,; with each F;
and G; connected, then

dy((Rr, f), (R,, &) := min inf Ffop—2g
(R ). (Rg. @) =min . _inf . fop=goqlo

where y varies among all permutations on n objects, i € [n], and the infimum is
taken over all possible Reeb domains X and Reeb quotient maps p: X — F; and
q: X — Gj.

Proposition 5 The distance dy is the largest stable distance on Reeb graphs. Hence,
dy is universal.

Proof To see that dy is a distance, the only non-trivial part is showing the triangle
inequality. To this end, given diagrams py : Ry < X — R, : p, and pg, iRy <~
Y — Ry : pn, we can form a pullback of the diagram p, : X — Ry <~ Y : pé to
obtain the diagram

R R R
7 G i
Ry R, Ry

P’f\ /jg ;é\ //’\:'
X Y
qx qy
X Xgr, Y

FoC'T
e,
@ Springer |03



Foundations of Computational Mathematics (2021) 21:1441-1464 1449

where X x g, Y is a Reeb domain and gx, gy are Reeb quotient maps by Proposition 4.

Defining f = fopsogx.g=§opsoqx =§o pyoqy.andh =ho pyoqy,we
have

du(Ry, ), (Rpuh) < I1f —hllos < I1f = &llos + g — hllos
=1fops—&opgllc+ 80P, —hophloo

where the last equality holds because gy and gy are surjective. Hence

du((Ry¢, ), (Ru, 1)) < dy((Ry, f), (Rg, ) +du((Rg, §), (R, 1))

The stability of dyy is immediate from its definition. Moreover, for any stable distance
ds between Reeb graphs, combining the stability of dg and the definition of dy, we
obtain dg < dy, implying that dy is universal. O

Corollary 3 The universal distance dy is a metric on isomorphism classes of Reeb
graphs.

Proof According to Remark 2, by stability, dy is always finite. Moreover, we recall
from [8] that there exists a stable distance d;, the interleaving distance, which is a
metric on isomorphism classes of Reeb graphs; in particular, d; (R, f ), (Rg, 8) =
0 if and only if (Ry, f) = (Rg, ). By stability of d; and universality of dy, we
have d; ((Ry, f), (Rg, 8)) < du((Ry, f), (Rg, &)). Thus, dy((Ry, f), (Rg,8)) =0
implies that dj(Ry, R;) = 0 and hence (R, f) = (Rg, 8)- m]

Example 1 Consider the one-point Reeb graph (x, ¢) endowed with the function iden-
tical to ¢ € R. Then, for any Reeb graph (R, f), we have dy((Ry, f), (x,¢)) =

I = cll-

We now establish that the universal distance is intrinsic.

A reference for the concepts that follow is [4, Section 2]. Recall that the length
Lgy(y) of acurve y : [0,1] — X in a metric space (X, dy) is defined to be the
supremum of the sum Z;z:—()l dx(y (), y(tiy1)overall0 =1 <t; <---<t, =1
and all natural numbers 7. Note that one always has dx (¥ (0), y (1)) < Lg, (¥).

The metric space (X, dyx) is said to be intrinsic if for every pair of points x, y € X
and any € > 0 there exists a curve y : [0, 1] - X with y(0) = x, y(1) = y, and
Lay(y) <dx(x,y) +e.

Proposition 6 The universal distance is intrinsic.

Proof Indeed, given any pair (R, f) and (R, &) of Reeb graphs and any € > 0, there
always exists a continuous curve y, from [0, 1] to the collection of all Reeb graphs
with the properties that y.(0) = (Ry, f), Ye(1) = (Rg, g), and such that its length
L, (ve) isatmostdy (R, f), (Rg. §)) + €.
In order to construct the curve y,, we proceed as follows. First note that by Defini-
tion 6 there exists a triple py: Ry <= X — Rg: pg such that I f o Pr— 8o pell <
Elol:';”
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Fig. 1 The space C used in
Example 2 (cf. Proposition 7),
together with the two Reeb
graphs obtained from the
coordinate functions

dy((Rf, f), (Rg, §)) + €. For each t e [0,1] let b, :== (1 — 1) - fops+
t-go pgand ye(t) := X/~p,. That the length of this curve is bounded above
as desired follows immediately from the observation that for every s,¢ € [0, 1],

dy (X /~ng, hs), (X/~n, he)) < |s —t| I f o pr — & o pqll. o

Remark5 Whether dy is a geodesic metric is not yet known. This is related to the
question whether a minimizing triple py: Ry <= X — R, : p, always exists in Defi-
nition 6: indeed, via an argument similar to the one given in the proof of Proposition 6
any such triple would permit constructing a curve joining Ry and R, with the prop-
erty that its length is exactly equal to the universal distance between its endpoints. See
Sect. 6.

Example 2 We now consider an example where we can explicitly determine the value
of the distance dy (R, f ), (Rg, g)) between two specific simple Reeb graphs Ry =
S = {(x,y) e R? : x> +y? = 1} with f(x, y) = x and Ry = [—1, 1] with (1) = 1.

Consider the cylinder C = {(x, y, z) € R3:x24y2=1,12z—x| <1} together
with functions f(x,y,z) = x and g(x, y,z) = z defined on C. Then (R, f) is a
Reeb graph of f via the Reeb quotient map (x, y, z) = (x, ¥), and (R, g) is a Reeb
graph of g via the Reeb quotient map (x, y, z) — z, see Fig. 1.

The example demonstrates the non-universality of certain distances proposed in the
literature. We prove:

Proposition 7 dy((Ry, f), (Rg, §)) = 1.

Proof First note that | f(c) — g(c)| < 1 for all ¢ € C, implying that dy((Ry, f),
(Rg, 8)) < 1.Toshow thatdy ((Ry, f), (Rg, 8)) = 1, assume for a contradiction that
there is a diagram

pf:Ry <~ Z— Ry :pg

of Reeb quotient maps such that, letting f = fop rand § = g o p,, we have
||f — &llooc = 8 < 1. We then observe the following:
- §710) < fI(I-8. +oD. i
- f’l([—cS, +48]) consists of two circular arcs homeomorphic by f to [—§, +6].
Thus, by Proposition 3, f —1([=8, +8]) consists of two connected components
C4 and C_ as well.
FolCT
o H
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— For both components, we have f(Ci) = [-4, 5], and so ||f — 8lloo = 8 implies
that 0 € §(C+). Thus g~ '(0)NC_ # Pand g~ (0) N Cy # 7.

But since §~'(0) € C_ U C., this would contradict the assumption that the fiber
&~ 1(0) is connected. 0

The current example illustrates that the functional distortion distance introduced in
[2] and the interleaving distance introduced in [8] are both stable but fail to be universal.
We first recall the definition of the former. For any Reeb graph (R, . (Rg, 8,
consider the metric on Ry given by

dg(x,y) =inf{b —a | x, y are in the same connected component of f_l([a, bD}.
Given maps ¢ : Ry — Rg and ¢ : R, — Ry, we write
G@.¥):={(p.d(P):p e RAU{Y(@).9) g € Ry}

for the correspondences induced by the two maps, and

1
D($,¥) = sup —|ds(p, p') — dg(q.q")|

(P (0 a)EG () 2

for the metric distortion induced by (¢, ¥). The functional distortion distance is then
defined as

drp(Rf, Rg) = ;ni(max {D@. ), IIf —go¢lloo, I1f 0¥ — glloc})-

To see that neither the functional distortion distance nor the interleaving distance are
universal, we establish:

Proposition 8 d;((R¢, f). (Rg. 8)) < drp((Ry, f), (Rg. ) < 5.

Proof By [3, Lemma 8], the functional distortion distance is an upper bound on
the interleaving distance on Reeb graphs [8], and so it is enough to prove that
drp((Ry, f), (R, 8)) < % To this end, consider the maps

¢:Rf > Rg, (x,y)>x and ¢ :R; — Ry, t > (t,ﬂ).
For every pair p, p’ € R one can verify that
1f(p) = F(POI < dgp.p) < 1f(p) = F(POI+ 1,
while for every pair ¢, g" € Rg, we have
de(q,q") = 18(q) — &gl

FolCT
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This implies that for any two corresponding pairs (p, q), (p’, ¢') € G(¢, ¥), we have
ld(p, p') —dg(q. g < 1,

and thus D(¢,¥) < % Both maps preserve function values, so we have
drp(Ry, Rg) < 1. o

3.1 A General Lower Bound

We conclude this section by pointing out that the method used to compute a lower
bound for dy; in Example 2 gives rise to a general statement. Given a functionh: Z —
R, let ,36’ be the function that takes each closed interval I of R (possibly degenerate)
into the number of connected components C of h~Y(I) such that the interlevel-set
components of 7 whose images under / span the whole interval I, i.e., h(C) = I.
Ifl : Z — R is another function on the same space Z such that, for some § > 0,
lh —1llco < &, an argument similar to the one in Example 2 would yield that for every
t € R one must have ﬂé’ ([, t]) = ﬂ(l)([t — 8,1+ 6]). By swapping the roles of 4 and
[, one then obtains a condition suggesting the following symmetric definition.
Given two functions f : X — Rand g: Y — R define

0B, B8 =inffe>0|VeeR: Bl (1, 1]) = St — e, 1 + &)
and B§([r,1]) = B3 (It — e, +e])}.

With this definition, we can now prove:

Theorem 1 For any two Reeb graphs (Ry, . (R, 8),

0Bl %) < du((Ry. ). (Rg. 8)-

Proof By definition of diy and by the fact that for any Reeb quotientmap pr : Z — Ry
one has ﬁ({ = /3({ °or 7 it is sufficient to show that, for all Z and forall f, g: Z — R,

el B < 1If - glloo-

Taking § := || f — glleo, and given ¢t € R, let Cq, ..., Cy be those components of
g’1 ([t — 8, t +8]) which entirely span [t — §, ¢ + 8] through g: g(C;) = [t — 4,1 + 6]
for j = 1,..., k. We claim that f‘l(t) NCj #@for j =1,...,k which would
imply that

B . 1) = B (Lt — 8.1+ 8)).

To see that indeed f~'(r) N C; # ¥, consider any point x; € g 'on Cj. Assume
that f(x;) > t and choose any y; € () NC;, which is non-empty by definition
of C;. By definition of 8, f(y;) € [t — 26, t], yielding f(y;) <t < f(x;). Hence,
FolCT
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Fig. 2 The functions /35z and ﬁg corresponding to the spaces used in Example 2. An interval [a, b] is
represented by a point in the plane. The values of ﬂ(')f and ﬁg are zero outside of the grey triangular areas.
Note that /3(')f~ equals 1 for points on the dotted part of the boundary, that is, 5({ (I) = 1 for intervals I of
the form [—1, b] for —1 < b < 1 or of the form [a, 1] for —1 < a < 1. Note that indeedé(ﬂ({, ,Bg) =1

for any path y in C; connecting x; to y;, f o y attains the value ¢, thus proving the
claim when f(x;) > t. The proof is analogous if f(x;) < t. Similarly, exchanging

the role of f and g, we can prove that ,Bg([t, t) > ,Bg([t —3,t+96)). O

Remark 6 The B functions corresponding to the spaces from Example 2 are depicted
in Fig. 2.

Remark 7 Subsequently generalizing this strategy for obtaining lower bounds leads
to the theory of interlevel set persistent homology. As it turns out, for the mentioned
examples, the bottleneck distance of interlevel set persistent homology coincides with
the bounds obtained using Theorem 1.

4 Edit Distances

Given a pair of Reeb graphs Ry, R, consider a diagram of the form

R R R R
f'lT f'zT fnflT f'nT
Ry =Ry Ry R,_1 R, =Ry
X1 X Xn_2 Xn—1
(D
where forn € N fi, ..., f, are Reeb functions with f = f and f, = g, and the maps
X; = Rj,Riy fori =1,...,n — 1, are Reeb quotient maps. We call the diagram a

Reeb zigzag diagram between Ry and R,. Observe that, by Remark 2, between any
two Reeb graphs Ry and R, there exists a Reeb zigzag diagram.

FoC
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A Reeb zigzag diagram can be regarded as being composed of the following ele-
mentary diagrams:

R R

R
il il fi]
R; R; Ri1
VAN N S
Xi X; X;

This way, we may think of a Reeb zigzag diagram as a sequence of operations
transforming Ry into R,. The elementary diagram on the left corresponds to an edit
operation: the space X;_1, together with a function X;_; — R with Reeb graph R;,
is transformed to another space X;, with a function X; — R having the same Reeb
graph R;. The elementary diagram on the right corresponds to a relabel operation:
the function on X; with Reeb graph R; is transformed to another function with Reeb
graph R; 1. The idea of edit and relabel operations is inspired by previous work on
edit distances for Reeb graphs [1,9].

In order to define an edit distance using Reeb zigzag diagrams, we need to assign
a cost to a given Reeb zigzag diagram between Ry and R,. To that end, we consider
a cone from a space V by Reeb quotient maps V — R;:

NN TN S e
NVM

We call this diagram a Reeb cone. Any Reeb zigzag diagram admits such a cone.
Indeed, the limit over the lower part of the diagram (1) can be constructed from
iterated pullbacks, and since Reeb quotient maps are stable under pullbacks, the maps
in the resulting limit diagram are Reeb quotient maps as well. In a Reeb cone, by
commutativity, each of the Reeb functions f; induces a unique function f; : V — R.
By Corollary 2, the Reeb graph of f; is isomorphic to R;. This way, we pull back the
individual functions f, to functions f; on a common space with the same Reeb graphs,
where they can be compared via the supremum norm.

Using these ideas, we can now introduce edit distances on Reeb graphs and proceed
to prove that they are stable and universal.

FoC'T
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Definition 7 Given a Reeb cone from a space V as in (2), we define the spread of the
functions (f;)i=1,..» : V — R, as the function

,,,,,

ViV R, x> 'nllax fitx) — ‘nllin fi(x).
i=1,...,n j=1,..n

Moreover, for a Reeb zigzag diagram Z between Ry and R, as in (1), consider the
limit of Z, denoted by L. The cost of the Reeb zigzag diagram Z is the supremum
norm of the spread sL,

cz = s loo = sup (m_ax fi(x) — min fj(x)> .
J

xelL t

Definition 8 We define the (PL) edit distance d. between Reeb graphs (R, f) and
(R, g) as the infimum cost of all Reeb zigzag diagrams Z between Ry and R,:

de((Ry, ), (Rg, 8)) := inf c.

Moreover, we define the graph edit distance d.Gqpn between Reeb graphs (R, f )
and (R, g) analogously by restricting the infimum to Reeb zigzag diagrams Z where
all the spaces X; and R; are finite topological graphs.

Thus, on Reeb graphs we have two edit distances, satisfying
de < deGraph . 3)

The Reeb graph edit distance deGqpn is a categorical reformulation of the definition
given in [1]. The main goal is to prove that these distances satisfy the stability and
universality properties (Propositions 9 and 10, Theorem 2, and Corollary 5). As a
consequence, whenever applicable, they will actually coincide with the canonical
universal distance dy defined in Definition 6:

Corollary 4 dy = d. = deGraph -

The proofs of stability and universality for d, are straightforward and are given next.
The verification of stability and universality for deG;qpn follows in Sect. 5.

Proposition 9 d, is a stable distance.

Proof Let (Ry, ), (Rg, &) be Reeb graphs. For any space X such that there exist two
Reeb quotient maps pr : X — Ry and pg : X — R, the diagram

FolCT
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is a Reeb zigzag diagram with limit object X. The cost of this Reeb zigzag diagram is
exactly || f — glloo- Hence, de((Ry, f), (Rg, 8) = IIf — gllco- 0

Our proof of universality of the edit distance is similar to previous universality
proofs for the bottleneck distance [7] and for the interleaving distance [14].

Proposition 10 d, is a universal distance.

Proof Let (Ry, f), (R, &) be Reeb graphs with d,((Ry, f), (R,, §)) =: d. Hence,
for any & > 0, there is a Reeb zigzag diagram Z between Ry = R; and R, = R,,
with limit L and functions f; as in Definition 7, having cost

¢z = lIs"lloo = | max f; — min fjlloo <d +e.
1 J

Let py: L — Ry and pg : L — R, be the induced Reeb quotient maps. If dy is any
other stable distance (cf. Definition 5) between R ¢ and R,, we have

ds((Rf, ), (Rg, &) < Ifops—gopgllec < | max f; —mjinf/noo <d+e.

Since the above holds for all ¢ > 0, we have dg((Ry, f), (Rg,8) < d =
de((Rfa f)’ (Rg’ g)) o

5 Stability and Universality of the Reeb Graph Edit Distance

We now turn to the proof of stability and universality for the Reeb graph edit distance.
Recall that, in the case of deGyaph, the admissible Reeb zigzag diagrams are PL zigzags
of finite topological graphs. As mentioned above, the distance d,Gqpn is applicable to
Reeb graphs of compact triangulable spaces.

Lemma 2 Let X be a compact triangulable space, with PL functions f,g : X — R,
which are assumed to be simplexwise linear on a triangulation |K| = X of X by some
simplicial complex K. Let x : im f — im g be a weakly monotonic PL surjection
such that x o f(v) = g(v) for every vertex v € V of K. Then there is a Reeb quotient
map X /~f¢ — X/~,.

Proof Without loss of generality, assume X = |K|. For simplicity, we write Ry =

X/~¢, Ry = X/~g,and Ry, = X/~y, where h := x o f. Applying Proposition 1, f

can be factorized as f = fogq r»where g7 : X — Ry is the canonical projection and

f : Ry — Ris a Reeb function. Analogously, we obtain g = g ogg and h = hogp.

We show that there is a Reeb quotient map k : X — Rj, making the following diagram
FoC T
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commute:

imf —2% % img

fT /T

Ry,

qu Ja

X

The claim then follows by applying Lemma 1 to obtain Reeb quotient maps Ry — Ry,
and R, — R, which compose to the desired map Ry — R,.
In order to prove the existence of such a Reeb quotient map k, we define the relation

k:=gqpo ((hi1 o g)Nstg)
on X x Rj. Here stx denotes the open star on X = | K|, defined as
stx(x):={yeX|oeK,yeo’, x o},

where o° is the interior of the simplex o. Note that the converse relation to the open
star is the (closed) carrier, st;(1 = carrg, where carrg (A) is the underlying space of
the smallest subcomplex of K containing A C X. For later use, we note that

= (carrg o g, )N (g™ o h). 4

We will also use the open carrier relation carrg,, where carrg (A) is the small-
est union of open simplices of K covering A. Note that the open carrier relation is
symmetric, i.e., (carlr‘;()_1 = carr . Moreover, we have carry C stg.

The remainder of the proof is split into several lemmas. Lemma 3 describes the
behavior of the functions /# and g on the simplices of K. Lemma 4 shows that & is a
continuous surjection, and Lemma 5 shows that k has connected fibers. Since hok = g,
we conclude that k is PL. Thus, & is a Reeb quotient map, and the claim follows from
Lemma 1. O

Lemma 3 For every simplex o in K, g(o) = h(o) and g(c°) C h(c°).

Proof Wehave h(c) = g(o) because h isequal to g on the vertices of K,andh = yo f
with f linear on o and x a weakly monotonic surjection.

To show that g(0°) € h(c°), note that since g is linear on o, either g is constant
on o and so g(c°) = g(o) = h(o) = h(c°), or g(c°) = (g(v), g(w)) for some
vertices v, w of o. In the latter case, since 4 and g coincide on the vertices, we have
g(0°) = g(0)° = h(0)°. Finally, h(c°) is an interval whose closure is / (o), and thus
we have h(0)° C h(o°) and the claim follows. m]

Lemma4 k is a continuous surjection.

FoE'ﬂ
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Proof Recall that the relation k € X X Ry, is a partial set map if for any x € X and
v,y € k(x), we have y = y’. Moreover, a partial set map k is a (total) set map if for
every x € X, k(x) # (. Finally, a set map k is a surjection if for every y € Ry, there
is some x € k_l(y).

We first show that k is a partial set map, i.e., forany x € X and y, y’ € k(x), we
have y = y’. To see this, let 7 = g(x) and note that (y) = h(y') = t. Leto € K
be such that x € ¢°. By Lemma 3, there is a point ¢ € ¢° with h({) = g(x) = t;in
particular,

¢ eh (1) Nstg (x).

Furthermore, there are points &, & € h~!(t) N stx(x) with £ € qh_](y) and &’ €
a, ! (y). But since 2~ 1(¢) N  is necessarily connected for every simplex 7, we know
that ¢ lies in the same connected component of /=1 () N st (x) as both £ and £, and
so we have y = g5 (§) = g (&) = ¥’ as claimed.

To show that k is a set map, we need to show that for every x € X, k(x) # 0. It
suffices to show that for every x € X, stx (x) contains a point x” with ~A(x") = g(x).
This follows by considering the simplex o € K with x € 0°. Now by Lemma 3, there
isa point x’ € 0° C stg (x) with h(x") = g(x) as claimed.

To show that k is surjective, we show, using Eq. (4), that for every y € Ry, there is
some

x ek (y) = (carrg o g, H) N (g o ) (),

or equivalently, there is some x € carrg o qh_l(y) such that g(x) = I;(y). If qh_l(y)
contains some vertex v of K, choose x = v. Otherwise, let§ € g, ! (y),andleto € K
be such that £ € 0°. Now by Lemma 3 there is a point x € o C carrg o qh_l(y) with
g(x) = h(§) = h(y).

Finally, to show that k is continuous, we show that for every closed subset L of
Ry, the preimage k~Y(L) is closed. Since k' = (carrg o qh_l) N (g_1 o fz), it is
Iy ﬁ(L) are closed in X. First note
that carrg o g, l(L) is closed as a subcomplex of K. Furthermore, the image h(L)

sufficient to show that both carrg o g, ! (L)and g™

is closed by the closed map lemma. By continuity of g it follows that g~ o &(L) is
closed in X. O

Lemma5 The fibers of k are connected.

Proof Let y € Ry, be a point in the Reeb graph with value 7 = h(y), and let
C =g, ](y) C h™(1r) the corresponding component of the level set of /. Let
U = carrg(C), and let L be the corresponding subcomplex of K. Recall that f
is linear on every simplex o € L and y is piecewise linear. Restricting the level set
h='(t) of h = x o f to o thus yields a connected subset o N h=1(¢), and so we have
o Nh~'(t) = o N C. Taking the union over all such simplices and using C € U
yields U N h~!(t) = U N C = C. Moreover, writing D = k~'(y), by (4) we have
D = U N g~ (z). To prove that D is connected, it is sufficient to show that C and D
Elol:;ﬂ
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have finite closed covers with isomorphic nerves; since C is connected, both nerves
and hence also D are then connected too.

The cover of C is given by {o¢ N C | ¢ € L}, and similarly the cover of D is
{o N D | o € L}. Observe that any two cover elements of C,say c N C and Tt N C,
have a nonempty intersection (c NC)N(tNC) = (cNt)NCifandonlyifs € h(oNt).
Similarly, o N D and T N D have nonempty intersection if and only if r € g(oNt). But
g(oc N1) =h(o N7t)by Lemma 3, and so the nerves of both covers are isomorphic
as claimed. m]

We thus have shown the existence of the Reeb quotient map k. This completes the
proof of Lemma 2. We will now apply Lemma 2 to construct Reeb graph edit zigzags
from straight line homotopies.

Lemma6 Let X be a compact triangulable space, with PL functions f,g : X — R,
simplexwise linear on a triangulation |K| = X. Consider the straight line homotopy
fHi=00=A)f+ rg, withQ < A < 1. Then there exists a partition ) = L} < --- <
An = lsuchthatforeveryl <i < nandp € (Ai, Ai+1), there exist weakly monotonic
PL surjections y; :im f, — im f, and &1 :im f, — im f;, | with

Xi o fp(v) = fo,(v) and &iy10 fp(v) = fi,,, (V)

for every vertex v of K.

Proof Consider the set of values 0 < A < 1 such that there exist vertices v, w € K
with

fr) = fi(w), but f,(v) # f,(w) forevery p # A.

This set is finite because the function A +— f;(v) — fi(w) is linear and K has a
finite number of vertices. Let {A;}1<;<, be this set together with 0 and 1, indexed in
ascending order. By the linearity of f; with respect to the parameter A, we also see
that the order induced by f,, on the vertices is the same for every p € (A;, Aj11).
Indeed, if there exist two distinct vertices v, w of K such that f,(v) = f,(w) for
some p € (Aj, Ai+1), then f, (v) = fo(w) for every A € [0, 1]. By continuity, the
order is still weakly preserved along [X;, A;41].

Therefore, the function f,(v) — fj, (v) is well-defined and can be extended to a
piecewise linear function yx; satisfying the claim. The function &; 1 can be defined
similarly. O

Theorem 2 dcGrqpi is a stable distance.

Proof Let X = |K| be a compact triangulable space with f,g : X — R be PL
functions, simplexwise linear on K; without loss of generality, assume X = |K]|.
Consider the straight line homotopy f, = (1 — A) f + Ag, with 0 < A < 1, and take
values A; € [0, 1], 1 <i <n,asin Lemma 6. Set p; = (A; + Ait+1)/2.
We first define a Reeb cone of the form (2), with V = X, R; = X/kal_, i =
1,...,n,and X; = X/Nfﬂi,i =1, ..., n—1.Thecanonical projections g, : X — X;
Elol:';”
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andg;, : X — R; are Reeb quotient maps, and the Reeb functions R; — R are induced
by f,; as in Proposition 1. To complete the construction, we show that there are Reeb
quotient maps p; : X/wfpi — X/kal_ and 0;41 : X/pri — X/fv]ckl_+1 that make
the following diagram commute:

Rit1=X/~p.

i+1

We prove the existence of p;, that of 0;41 being analogous. By Lemma 6, there is
a weakly monotonic PL surjection x; : im f, — im f;, such that x; o f, = fx
Hence, Lemma 2 provides the desired Reeb quotient map p; : X/~ fo > X /~ for

Now consider the limit L over the resulting Reeb zigzag diagram Z consisting of
the maps p; and o;, with maps r; : L — X; and s; : L — R;. Since the maps from
X in the above Reeb cone factor through a unique map m: X — L by the universal
property of the limit, we obtain the commutative diagram

it

R R

f*iﬂT

Rit1

We have f3, = f){; omforl <i < n, with f;ﬁ = f;, os;. Hence, forevery £ € L,

n—1

sk = max FL@ —min ££0) < 3150 = £

i=1

By the surjectivity of g, for every i there is x;; € X such that g, (x¢,;) = r;(£).
Thus,

|5 0 = FEO =1 fa Ge) = fu o)l < Qi = 2) - [1f = glloo-
FolCTM
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Fig.3 The graph edit zigzag induced by the straight line homotopy between the functions from Example 2

Combining the above for every £ € L we have

n—1

SEO =D i = 1) - 1 f = glloo = ILf = gllco-

i=1
We conclude that
de(Rf, Ry) < cz = |Is"lloo < IIf = glloos

showing that d, is a stable distance. O

Figure 3 shows the two steps edit zigzag induced on Reeb graphs by a straight line
homotopy between the functions considered in Example 2. This has to be compared
with the one-step zigzag shown in Fig. 1.

Corollary 5 deGrapn = du is the universal distance.

Proof The claim is a direct consequence of inequality (3) together with Theorem 2
and Propositions 9 and 10. O

6 Discussion

Motivated by questions arising in topological data analysis, in this paper we have intro-
duced three constructions of a distance between Reeb graphs: dy, de, deGrapn- These
constructions have considerably different combinatorial flavors. deGrapn is completely
combinatorial, as it is based on graph zigzagging, with zigzags interpretable as honest
graph edit operations as in [1]. In the definition of d,, edit zigzagging operations are
Eol:;ﬂ
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relaxed to also comprise non-graph spaces. Finally, dyy does not even allow for zigzag-
ging. In spite of these differences, we have shown that these three distances coincide.
The main implication of this result is that computing the universal distance for Reeb
graph boils down to a combinatorial problem (though a hard one, as discussed below).

We believe that the following questions are of interest and could motivate further
research:

— Do minimizers in the definition of the universal distance always exist? Besides
guaranteeing that the universal distance would then be geodesic, this would also
have algorithmic implications. See below.

— Is the interleaving distance [8] bi-Lipschitz equivalent to the universal distance ? I
the answer to this question is affirmative, then by results of [3], one would obtain
the bi-Lipschitz equivalence between the universal distance and the functional
distortion distance from [2].

— What is the computational complexity of the universal distance? This problem is
at least graph-isomorphism hard, which can be seen as follows. First note that
bipartite graphs form a graph-isomorphism complete class of graphs.

Any bipartite simple graph can be interpreted as a Reeb graph with function values
in {0, 1} corresponding to the partition of the vertex set. Using Corollary 3, these
Reeb graphs are at universal distance O if and only if the bipartite graphs are
isomorphic, so both of these decision problems are graph-isomorphism complete.
A similar observation has been made for the interleaving distance [8].
These considerations motivate the following three ancillary questions:

(a) Is the universal distance a minimum over a certain finite set, possibly of car-
dinality polynomially dependent on the size of the input Reeb graphs?

(b) In a similar vein to (a) above: What are suitable parameters for measuring
the structural complexity of Reeb graphs so that the problem of computing
the universal distance between any two Reeb graphs becomes fixed parameter
tractable (FPT) [12]? Some success in a related direction has been reported
by Touli and Wang [21] who identify a certain growth condition for merge
trees under which they are able to provide fixed parameter algorithms for
approximating the interleaving distance.

(c) In more generality than (a) above: are the possible values of the universal
distance always contained in some canonical set of values, constructed from
the sets of vertex function values of the two Reeb graphs? Related results in
the context of manifolds endowed with Morse functions appear in the work of
Donatini and Frosini [10]. This work carries over to the setting of Reeb graphs
by the results of [9].

— How do the theoretical properties of the universal distance extend to more general
settings?

— The definition of the universal distance also makes sense in a more general
topological setting, where we consider locally compact Hausdorff spaces as
Reeb domains and proper quotient maps with connected fibers as Reeb quotient
maps. The distance one obtains in this larger category can still be applied to
finite Reeb graphs, in which case it will be smaller or equal to the PL universal
Elol:;ﬂ
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distance that we described in this paper. However, we conjecture that in this
case the two distances actually coincide.

— Reeb spaces: Generalizing our definitions and results up to Sect. 5 to Reeb
spaces of piecewise linear maps X — R” is straightforward. Do our results
from Sect. 5 generalize as well?
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