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Abstract

Orthogonal polynomials with respect to a weight function defined on a wedge in the
plane are studied. A basis of orthogonal polynomials is explicitly constructed for two
large class of weight functions and the convergence of Fourier orthogonal expansions
is studied. These are used to establish analogous results for orthogonal polynomials on
the boundary of the square. As an application, we study the statistics of the associated
determinantal point process and use the basis to calculate Stieltjes transforms.
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1 Introduction
Let 2 be a wedge on the plane that consists of two line segments sharing a common

endpoint. For a positive measure du defined on €2, we study orthogonal polynomials
of two variables with respect to the bilinear form

(f. 8 =/Qf(x,y)g(x,y)du.
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We also study orthogonal polynomials on the boundary of a parallelogram. Without
loss of generality, we can assume that our wedge is of the form

Q={(, ) :x1 €[0, 1T} U{(1,x2) : x2 € [0, 1]} (1.1)

and consider the bilinear form defined by

1 1
(f.8) =/0 f(x,l)g(x,l)wl(X)dX+/(; S, y)g(, yywa(y)dy.  (1.2)

Since €2 is a subset of the zero set of a quadratic polynomial /1 (x, y)l2(x, y), where
l1 and [, are linear polynomials, the structure of orthogonal polynomials on €2 is very
different from that of ordinary orthogonal polynomials in two variables [4] but closer
to that of spherical harmonics. The latter are defined as homogeneous polynomials that
satisfy the Laplace equation AY = 0 and are orthogonal on the unit circle, which is the
zero set of the quadratic polynomial x% + y? — 1. The space of spherical polynomials
of degree n has dimension 2 for each n > 1 and, furthermore, one basis of spherical
harmonics when restricted on the unit circle are cos n6 and sin n6, in polar coordinates
(r, 0), and the Fourier orthogonal expansions in spherical harmonics coincide with
the classical Fourier series.

In Sect. 2, we consider orthogonal polynomials on a wedge. The space of orthogonal
polynomials of degree n has dimension 2 for each n > 1, just like that of spherical
harmonics, and they satisfy the equation d;3d2Y = 0. The main results are

e An explicit expression in terms of univariate orthogonal polynomials when
wi(x) = wa(x) = w(x) where w is any weight function on [0, 1] (Theorem 2.2),

e Sufficient conditions for pointwise and uniform convergence (Theorem 2.4), as
well as normwise convergence (Corollary 2.5),

e Explicit expression in terms of Jacobi polynomials when wi(x) = wg,, (x) and
w2(x) = wg,, (x) (Theorem 2.7),

e Sufficient conditions for normwise convergence (Theorem 2.9).

In Sect. 3 we study orthogonal polynomials on the boundary of a parallelogram,
which we can assume as the square [—1, 1]> without loss of generality. For a family of
generalized Jacobi weight functions that are symmetric in both x and y, we are able to
deduce an orthogonal basis in terms of four families of orthogonal bases on the wedge
in Theorem 3.2. Furthermore, the convergence of the Fourier orthogonal expansions
can also be deduced in this fashion, as shown in Theorem 3.3.

In Sect. 4 we use orthogonal polynomials on the boundary of the square to construct
an orthogonal basis for the weight function w(max{|x|, |y|}) on the square [—1, 112,
This mirrors the way in which spherical harmonics can be used to construct a basis
of orthogonal polynomials for the weight function w(y/x2 + y2) on the unit disc.
However, unlike the unit disc, the orthogonal basis we constructed are no longer
polynomials in x, y but are polynomials of x, y and s = max{|x][, |y|}.

The study is motivated by applications. In particular, we wish to investigate how
the applications of univariate orthogonal polynomials can be translated to multivariate
orthogonal polynomials on curves. As a motivating example, univariate orthogonal
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polynomials give rise to a determinantal point process that is linked to the eigenvalues
of unitary ensembles of random matrix theory. In Sect. 5, we investigate the statistics of
the determinantal point process generated from orthogonal polynomials on the wedge,
and find experimentally that they have the same local behaviour as a Coulomb gas
away from the corners/edges.

In “Appendix A”, we give the Jacobi operators associated with a special case of
weights on the wedge, whose entries are rational. Finally, in “Appendix B” we show
that the Stieltjes transform of our family of orthogonal polynomials satisfies a recur-
rence that can be built out of the Jacobi operators of the orthogonal polynomials, which
can in turn be used to compute Stieltjes transforms numerically. This is a preliminary
step towards using these polynomials for solving singular integral equations.

2 Orthogonal Polynomials on a Wedge

Let 73,3 denote the space of homogeneous polynomials of degree » in two variables;
that is, 73,% = span {x"*y¥ : 0 <k < n}. Let Hﬁ denote the space of polynomials of
degree at most 7 in two variables.

2.1 Orthogonal Structure on a Wedge

Given three non-collinear points, we can define a wedge by fixing one point and joining
it to other points by line segments. We are interested in orthogonal polynomials on the
wedge. Since the three points are non-collinear, each wedge can be mapped to

Q={(1, D :x; €[0, 11}U{(, x2) : x2 € [0, 1]}

by an affine transform. Since the polynomial structure and the orthogonality are pre-
served under the affine transform, we can work with the wedge €2 without loss of
generality. Henceforth we work only on €2.

Let w; and wy be two nonnegative weight functions defined on [0, 1]. We consider
the bilinear form define on 2 by

1 1
(f+ 8w wn 3=f0 fx, Dgx, Dwi(x)dx +/O S y)gd, y)wa(y)dy.
2.1

Let I be the polynomial ideal of R[x, y] generated by (1 —x)(1 — y).If f € I, then
(f+ & w,.w, = 0forall g. The bilinear form defines an inner product on 1'[,%, modulo
1, or equivalently, on the quotient space R[x, y]/I.

Proposition 2.1 Let ’H,% (w1, wy) be the space of orthogonal polynomials of degree n
in R[x, yl/I. Then

FoL g
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dim H3(wy, w2) = 1 and dim H2(wy, wp) =2, n> 1.

Furthermore, we can choose polynomials in ’H,zl(un, wy) to satisfy 0xdyp = 0.

Proof Since (1—x)(1—y)P,—>isasubsetof I, the dimension of dim H%(wl, wy) < 2.
Applying the Gram—Schmidt process on {1, x¥, y¥, k > 1} shows that there are two
orthogonal polynomials of degree exactly n. Both these polynomials can be written
in the form of p(x) + ¢g(y), since we can use xy = x + y — 1 mod I to remove all
mixed terms. Evidently such polynomials satisfy 9,9y (p(x) + g (y)) = 0. m]

In the next two subsections, we shall construct an orthogonal basis of Hﬁ (wy, wy)
for certain w and w, and study the convergence of its Fourier orthogonal expansions.
We will make use of results on orthogonal polynomials of one variable, which we
briefly record here.

For w defined on [0, 1], we let p,(w) denote an orthogonal polynomial of degree
n with respect to w, and let &, (w) denote the norm square of p, (w),

1
hn(w) :=f0 | pa(w; ) w(x)dx.

Let L%(w) denote the L? space with respect to w on [0, 1]. The Fourier orthogonal
expansion of f € L?(w) is defined by

1
hyp (w)

[ee] 1
f=Y fawpaw) with f,(w) = /O F ) pn(w; y)w(y)dy.
n=1

The Parseval identity implies that
— 2
) —~
”f”LZ(w,[O,l]) = E |fn(w)| hn(w)
n=0

The n-th partial sum of the Fourier orthogonal expansion with respect to w can be
written as an integral

n 1
sn(ws £)(x) =Y fi(w) pr(w; x) =/1f(y)kn(w;x,y)w(y)dy, 2.2)

k=1

where k, (w) denotes the reproducing kernel defined by

L pr(w; x) pre(w; y)
knp(w; x,y) = . 2.3
(w; x,y) kgo Ie(w) (2.3)
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2.2 Orthogonal Structure for w; = w; on a Wedge
In the case of w; = wy = w, we denote the inner product (2.1) by (-, -),, and the space
of orthogonal polynomials by H,% (w). In this case, an orthogonal basis for H%(w) can

be constructed explicitly.

Theorem 2.2 Let w be a weight function on [0, 1] and let pw(x) := (1 — x)?w(x).
Define

Py(x,y) = pp(w; x) + pp(w; y) — pu(w; 1), n=0,1,2,...,

(2.4)
On(x,y) =0 —=x)pp1(pw; x) — 1 = y)pp—1(@w; y), n=12,....

Then {P,, Q,} are two polynomials in H,% (w) and they are mutually orthogonal.
Furthermore,

(Pn, Pn)w =2h,(w) and (Qy, Qn)w =2h,—1(¢w). (2.5)

Proof Since P,(x,1) = P,(1,x) and Q,,(x, 1) = —Q,(1, x), it follows that

1

1
(Pns Om)y =/0 Py (x, 1) O (x, Dw(x)dx +/0 Py (1, %) QO (1, )w(x)dx =0
forn > 0 and m > 1. Furthermore,

1
(Pus Pn)y = 2/0 Prn(W; X) pp (w; x)w(x)dx = 2h, (W)8pm
by the orthogonality of p,(w). Similarly,
1

(Ons Om)y = 2/ Pr—1(@w; X) pru—1(dw; x)(1 — x)*w(x)dx = 2/, 1 (pw)8y -

0

The proof is completed. O

Let L2(2, w) be the space of Lebesgue measurable functions with finite

2

1
12 = (5 D8 = (1£C DI, 01 + 1L 20 10.1)

norms. For f € L?(Q2, w), its Fourier expansion is given by

f:ﬁ+2[ﬁnpil+]%nQn]»
n=1

FoE'ﬂ
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where P, and Q,, are defined in Theorem 2.2 and

o~ (f’1>w R <fs Pn>w - (f’ Qn)w

o=, T R, 12T 0 0

The partial sum operator S, f is defined by

n
Suf = fo+ > [FePe+ Jo, 0]
k=1
which can be written in terms of an integral in terms of the reproducing kernel K, (-, -),

Snf(x1,x2) = {f, Kn((x1,X2), ))w>

where

Ky((x1,x2), (y1,¥2)) = .

Z[Pk(m , X2) Pe(y1, y2) N Qk(xl»XZ)Qk(ylv)Q)iI
— Py, Py (Qk: Qi '

We show that this kernel can be expressed, when restricted on €2, in terms of the
reproducing kernel &, (w; -, -) defined at (2.3).

Proposition 2.3 The reproducing kernel K, (-, -) for (-, -),, satisfies
K}’l((xv 1)7 ()’7 1)) = K}’l((la -x)v (13 y))
1 1
= k(s x, y) + S (1 =) (1 = y)kn—1(Pw: x. ), (2.6)
Ky ((x, 1), (1, y)) = Kp((1,x), (y, 1))
1 1
= Ekn(w§ x,y) — 5(1 — X)L = Ykp—1(@w; x,y). (2.7

Proof By (2.4) and (2.5),

xX) pr(w; y)
2h(w)

1
Kl 1,0 1) = 3o+ Z”"("’

n Z (I =) pr-1(pw: x)(A = y) pr-1(pw: y)

a 21 (w)

1 1
= Ekn(w; x,y)+ 5(1 —x)(1 = Ykp—1(pw; x, y).
The other case is established similar, using Q (1, y) = —(1 — y) pr—1(dpw; y). O
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It is well-known that the kernel &, (w; -, -) satisfies the Christoffel-Darboux for-
mula, which plays an important role for the study of Fourier orthogonal expansion.
Our formula allows us to write down an analogue of Christoffel-Darboux formula for
K, (-, -), but we can derive convergence directly.

Theorem 2.4 Let f be a function defined on Q2. Define

lf(x,l)_f(l,x)

1
fe(x) == E(f(x’ D+ f(1,x)) and fo(x) :=

2 1—x
Then
Su f(x1, 1) = s (w; fe, x1) + (1 = xD)Sp—1(Pw; fo, x1), (2.8)
Snf(1,x2) = sp(w; fo, x2) — (1 = x2)s5—1(Qpw; fo, x2). (2.9

In particular, if sp(W; fo, X) = fe(x) and s, (pw; fo, x) — [fo(x), pointwise or in
the uniform norm as n — 0o, then S, f (x) converges to f(x) likewise.

Proof By our definition,

1
Suf i, 1) = /0 FOu DEn(1 1), (v D))y
1
+/0 FOL K (G, D, (1, y)w(3)dy

1 1
= 5/0 f(y, 1) [kn('LU, X1, )’) + (1 — XI)(I — y)kn—1(¢w; X1, y)]
x w(y)dy
1 1
+ Efo fa,y) [kn(w; x,y) — (1 =x)(1 — k,—1(pw; x1, y)]

x w(y)dy
=sp(w; fe, x1) + (I = xp)sp—1(Qw; fo, x1).

Similarly,
Suf(lx2) = /01 O DEa((1,x2), (3, D) w(y)dy
N /01 FOLDKn((Lx2). (1 y))w(y)dy
=%/01 Fu D [kn(wi x2, y) = (1 = x2)(1 = Ykn—1(pw; x2, y)]

x w(y)dy

1 1
+§/ L y) [kn(w: x2, y) + (1 = x2)(1 — Ykn—1(Pw; x2, y) ]
0
EOE';W
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x w(y)dy
=sp(w; fe, x2) — (1 = x2)8,—1(Qw; fo, x2).

Moreover, since f,(x)+(1—x) fo(x) = f(x, D) and fo.(x)—(1—x) fo,(x) = f(1, x),
it follows that

Spfx1, 1) = f 1) =sn(w; fe, x1) — fe(x1) + (1= x1) (Su—1(@w; fo, X1) — fo(x1)),
Spf(1,x2) — f(x2) =sp(w; fe, x2) — fe(x2) — (1 — x2) (su—1(Pw; fo, x2) — fo(x2))

from which we see that the convergence of s, (w; f.) and s, (¢w; f,) imply the con-
vergence of Sy, f. O

Since f € LZ(Q, w), itis evident that f, € Lz(w). Moreover, f, € L2(¢w) since

1 1
f | fo () Ppw(x)dx =/ |fG D) = FA0Pw@dr <201 f1172q )
0 0

In particular, s, (w, f,) and s, (¢w; f,) convergeto f, and f, in Lz(w) andin L2(¢w),
respectively.

Corollary 2.5 If f € L*(Q2, w), then

1 = S22y =2 (53 £0) = fellZagy + Isnm1(@ws fo) = follagy )

Proof By the displayed formulas at the end of the proof of the last theorem and

1 1
[ 10 =0sePu@a = [lswPonmar = el .
it is easy to see that

1Snf = Fl20 ) = Isn(ws fo) = fo+ (1= () (a1 @w5 fo) = f) 72,
+llsa(ws fo) = fo = (L= {D) (a1 @w3 £o) = fo) 720

=2 (llsu (s £0) = fell2ag + I50-1@05 fo) = Folltag ) -
where we have used the identity (a + b)? + (a — b)> = 2(a® + b?). o
2.3 Orthogonal Structure on a Wedge with Jacobi Weight Functions
For a, y > —1, let wg,,, be the Jacobi weight function defined by

We,y (x) == x*(1 — x)7, x €[0,1].

FoC'T
e,
@ Springer |03



Foundations of Computational Mathematics (2019) 19:561-589 569

We consider the inner product (-, -),,, ., defined in (2.1) with w; (x) = wq,, (x) and
wa(x) = wg,y (x). More specifically, for o, 8, y > —1 and o > 0, we define

1
(fs8apy = Coc,yfo fx, Dgx, Dwg,y (x)dx
1
+66ﬂ,yf0 S e, yywg,, (v)dy,

where

([ -1 Ty+e+2)
Cony *= (/0 (W) = F(y+ D@+ 1)

2.3.1 Orthogonal Structure

We need to construct an explicit basis of H2(wq,,, wg,,). The case & = B can be
regarded as a special case of Theorem 2.2. The case & # f is much more complicated,
for which we need several properties of the Jacobi polynomials.

Let P,f“’ﬁ ) denote the usual Jacobi polynomial of degree n defined on [—1, 1]. Then
Pn(y’a) (2x — 1) is an orthogonal polynomial with respect to wg,;, on [0, 1]. Moreover,

1 2
heY =cq., /O [P,f%“)(zx— 1)] We,, (x)dx (2.10)

_ + D+ Dyin+y+a+1)
Ty +a+20,Qu+y+a+1)

by [12, (4.3.3)]. Furthermore, 2% (1) = ("*%) and, in particular, "% (1) = 1.

n
Our construction relies on the following lemma.

Lemma2.6 Form >n >0,

1
2=y, / P 2x — HPY D 2x — (1 — x)’H x%dx
0

0, n>m,
—m(y + Dy + Dy n=m
mQm+y +a+ Dy +a+2)y,’ ’

(v + Do+ Dp—1(y + Dy
, n<m.

¥ + o+ 2pn!

Proof Since Pn(y’a) (2x — 1) is an orthogonal polynomial of degree n with respect to

(1 —x)Yx%on [0, 1], I,,’;j‘,}f = 0 for n > m holds trivially. For m > n, we need two
identities of Jacobi polynomials. The first one is, see [12, (4.5.4)] or [9, (18.9.6)],

FoC
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Cm+y +a+ 1)1 —x)PY 2D 0x 1)

=m+y+DPYQx — 1) —mPI T 2x - 1)

and the second one is the expansion, see [9, (18.18.14)],

m

. (a+1)m Z(V+a+l)k(2k+7/+0l+1)
T a4+, (@+ Dy +a+1)

pIYTL® 0y
k=0

x P9 2x — 1).
Putting them together shows that

(4 D@+ D
(y +a+ Dpy1

(1 —x)PY 29 0x — 1) 2.11)

m—1

Dr(2k 1
XZ(V""(X"_ )k( +yt+a+ )Pk(y,oc)(zx_l)
= (o + Di
m (v,)
- P 2x — 1).
mtytatl m (2% )

Substituting this expression into I,},L':ff and using the orthogonality of the Jacobi poly-
nomials and (2.10), we conclude that, form — 1 > n,

(¥ + D@+ Dpy—1 (¥ + 1),
(y +a+2)m nl

oy
1, no=

Hence, the case m > n follows. The same argument works for the case n = m. |

What is of interest for us is the fact that the dependence of I, on n and « is
separated, which is critical to prove that O, in the next theorem is orthogonal.

Theorem 2.7 Let Py(x,y) = 1 and, forn = 1,2, ..., define

Pa(r.y) = PO @x — 1)+ PPy — 1) — (” : ”), 2.12)
y+a+2), (y+2,0)
n(X, = (0=0)PF 7 (2x -1
Qnx.y) =~ == (=0 P Y Qe = D)
D
ot AP D 2By ) (213

(ﬁ + l)n—l
Then {P,, Q,} are two polynomials in H%(wa,y, wg,y) and

— (ﬂ - Ol)(V + 1)n+1
B Onlapy = Cn+y+a+D)@u+y+B+Dn—1 @14

FoC'T
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In particular, the two polynomials are orthogonal to each other if B = a. Furthermore

=ny" +ohf”
V+ Dale+y+2)2 4y
@4y +2n@+12 "

ool (y + 1D2(B+vy +2)> BB +2
B+y+228+12_ "1

(Pu, Pn)a,ﬁ,y

(On, Qn)a,ﬁ,y =

Proof Since PV (1) = PP (1) = ("*7), our definition shows that

n

P _(V+a+2)m o,y (V+ﬂ+2)m By
( n» Qm)a,ﬁ,y - (a+1)m—1 m,n (/3+ 1)m_1 m,n -

By the identity in the previous lemma, if n > m, then (P,, Q,,) = 0 since both

o By
Ik =0and Iﬁj,’; = 0, whereas if n < m, then

_ Dy +Dn v+ D+ Da

<an Qm)o[)ﬂ,y - =0

n! n!

The case n = m follows from a simple calculation. Moreover, for m # n,
1
(Pus Pu)apy =Cary / P x — HPYY 2x — 1)(1 — x)? x%dx
0

1
+eyy / PP @x = )PP 2x — D(1 - x)xPdx =0
0

by the orthogonality of the Jacobi polynomials, and it is equal to h}'® + h%’ﬂ for
m = n. Similarly,

(y +a+2) ! 2 2
(Qn» Oy = ch /0 PO 0y _ 1P H2D 0y )
o
(1 —x)’2x%x
2 1
+ 0_1—(1(/ ﬁ++ﬂ l;r L / PP 2x — DPY PP 2x — 1)1 — 0 F2xPdx
m—1 0
=0.

To derive the norm of (0, Q), weneedtouse ¢y ¢ = (¥ +1)2/(@+y +2)2¢p42,4-
The proof is completed. O

Corollary2.8 Forn =1,2,..., define

(Plh Qn)a,ﬂ,y

Po(x, y). (2.15)
Y fonl? "

Rn(xv Y) = Ql’l(xv J’) -

FolCT
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Then, for a # B, { Py, Ry} are two polynomials in H%(wa,ﬁ,y) and they are mutually
orthogonal. Moreover,

(Pn’ Qn)a,ﬂ,y

(an Rn)a,ﬂ,y = (Qﬂ’ Qn>a,ﬁ,y - <P P >

o, B,y

2.3.2 Fourier Orthogonal Expansions

Let L2(S2, We,y» We,y) be the space of functions defined on €2 such that f(1, 1) is
finite and the norm

1
112000y 5y = (ca,y f |f G D way (0dx
0

1

1 2
+ocpy fo |f(1,y>|2wﬁ,y<y>dy>

is finite for every f in this space. For f € L*(<2, Wq,y, Wg,,) We consider the Fourier
orthogonal expansion with respect to (-, -), g ,,. With respect to the orthogonal basis
{P,, R} in Theorem 2.7 and Corollary 2.8, the Fourier orthogonal expansion is defined
by

f=Fo+ ) [Fr.Pu+ Fr,Ra],

n=1
where

= <fv 1>a,/3,y = <f: Pn)g,ﬁ,y = <f’ Rn)a,ﬂ,y

0= b P, = b R, -*— .
<17 l)a,ﬁ,y <Pn» n>a,’6,y (Rn’ Rn)a,ﬁ,y

Its n-th partial sum is defined by

n
S o 3t k]
k=1

In this case, we do not have a closed form for the reproducing kernel with respect
to (-, -)q,g,, - Nevertheless, we can relate the convergence of the Fourier orthogonal
expansions to that of the Fourier-Jacobi series. For wy,,, we denote the partial sum
defined in (2.2) by 557 f.

For f defined on €2, we define fij(x) = f(x, 1) and f>(x) = f(1, x), and

-1 Lo f
ae = LEDZIAD g, SN =D,
- =

It is easy to see that if £(-, 1) € L*(wa,y, [0, 1]), then g1 € L?(wq,, 2, [0, 1]), and
lff(l, ) € Lz(wﬁ‘}/’ [07 1])’ then & € Lz(wﬂ,y+2, [07 1])
FolCTM
. Ut
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Theorem 2.9 Let o, B,y > —1. Then the Fourier orthogonal expansion converges
in f € LZ(Q,wa,y,wﬁ,y). Furthermore, for f(-,1) € Lz(wa’y) and f(1,-) €
L*(wg,y),

1S =S Fllar =€ (1A = 557 Filli2gug, + 12 = 587 ol 2y )

Y2 )
(g1 =557 281 20w + 182 = 57 P2l 200 )
where c is a constant that depends only on o, B, y.
Proof Since polynomials are dense on €2, by the Weierstrass theorem, the orthogonal

basis {P,, R,} is complete, so that the Fourier orthogonal expansion converges in
LZ(Q, Wq,y, Wg,y). By the Parseval identity,

o0 o0
1L =SeP Fl12 gy = D 1P (P Papy + Y 1R (Res Rida gy -
k=n+1 k=n+1

Throughout this proof we use the convention A ~ B if ciB < A < ¢ A, where ¢
and ¢ are constants that are independent of varying parameters in A and B. By (2.10)
and the fact that I'(n 4+ o + 1) /n! ~ n%, it is easy to see that heV ~n~1 5o that

(Pos Pi)apy ~n" 0 (Qn Ondapy ~ 02 (Pay Qndap, ~ 17,
and, consequently,

(RuRu)g gy ~ n? 2 il ~ 23,
The Fourier—Jacobi coefficients of f; and f> are denoted by flzy and ﬁf v, respec-

tively. It follows readily that J/‘}” ~ ﬁzy + fzg "', consequently,

o o
> TP Powpy ¢ Y (IAE7 PR + 1707 P
k=n+1 k=n+1

<c (I =587 fillz2u,) + 172 = 27 olliaguy ) -
We now consider the estimate for R,, part. By the definition of R,

(foR)apy ~ (F2 Ondapy =0 T Padap.y-

It is easy to see that
FolCT
u o
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o KNS P

2 o0
a,ﬂ,yl -1 2
~ E kK= 1(f s Pr) I
(Ri, Ry) R

a.p.y k=n+1

k=n+1

o0
~ Z kizlka|2(Pk7Pk>a,/S,y,
k=n+1

so that we only have to work with the term (f, Qk)y g,, - The definition of Q shows
that (1, Qk)q ., = 0, which leads to the identity

(v +a+2) 1 o
(fs Qkdapy = = Gt - a,y/o (fx, 1) — (1, 1) Ox(x, Dx*(1 — x)”dx
2 1
w—njjcﬂy/ (F(1,y) = f(1,1D))0k(1, y)yP(1 = y)dy

_(V+0t+2)k§ay+2hay+2 (V+ﬁ+2)kAﬁy+2hﬂy+2
(o +k)i—1 (B+n)k-1

Consequently, it follows that

2 S Ok)apy |
(Rk, Rk)

]

k=n+1 a.p.y

<c Z (k|glay+2 ay+2| +k|Aﬂy+2hﬁ y+2|)
k=n+1

o

2.2, a,y+2 2 2

<c Z (|g1ay+ | hzw _Hgﬂwr |2hﬂy+)
k=n+1

B.y+2

Y42
81 ||L2(wa_y+2) + llg2 — sn

=c(llg1 = s 82120500 ) -

The proof is completed. O

3 Orthogonal Polynomials on the Boundary of the Square

Using the results in the previous section, we can study orthogonal polynomials on a

parallelogram. Since orthogonal structure is preserved under an affine transformation,

we can assume without loss of generality that the parallelogram is the square [—1, 1]%.
For o, y > —1, let wy,, be the weight function

@y (1) =[x (1 — X2,

We consider orthogonal polynomials of two variables on the boundary of [—1, 1]?
with respect to the bilinear form

Fol:'ﬂ
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1
(f. 8 =ca,y/1[f(x,—l)g(x,—1)+f(x, Dg(x, D]wg,, (x)dx 3.D
1
+Cﬁ,y/][f(—l,y)g(—l,y)+f(1,y)g(1,y)]w15,y(y)dy

fora, B,y > —1. Since (1 — xz)(l — y2) vanishes on the boundary of the square, the
bilinear form defines an inner product modulo the ideal generated by this polynomial,
or in the space

Rlx, y1/1 := Rlx, y1/((1 — x*)(1 — y)).

Let BV,% denote the space of orthogonal polynomials in R[x, y]// with respect to the
inner product (-, -).

Proposition 3.1 For n > 0, the dimension ofBV,% is given by
dmBV?=n+1, n=0,1,2, and dimBV> =4, n=>3.

Recall that the inner product (-, -) studied in the previous section contains a

a+61 B+82,y

a.p.y
fixed parameter o. For fixed «, 8 and 61, 82 € {0, 1}, we define p,,

a+d1,+82,y
m,2

defined by

and

to be a basis of Hm(waﬂgl,y, Wp+s,,y) for a partlcular choice of o

Cﬁ,)/ca+81,)/ (3 2)

051,6, =
Co,yCA+82,y

For example, pm’? "7 are defined with 00,0 = 1l and p,, are defined with 01,1 =

(¢ +y +2)/(o + 1). For each pair of « + 61, B8 + 82, we can choose, for example,
po P PHY = P, defined in (2.12) and take pl 5"t = 0, defined in (2.13)

m,1

or p% LMY Z Ry, defined in (2.15).

a+ By

Theorem 3.2 Forn =0, 1, 2, a basis for BV, is denoted by Y, ; and given by

You(x,y) =1, Yii1(x,y)=x Yi20x,y) =y,
Vau(x,y) = pyl7 3y, Yool y) =xy. Yas(x,y) = pis7 (2 2.

For n > 3, the four polynomials in BV,% that are linearly independent modulo the
ideal can be given by

Yam1(x,y) = p,, 1V(x ¥,

Yzm,z(x,y)=pm Y(x%, ),

1 1,
Y2m,3(xs )’) =Xy p;.:1+1€+ y(xzs )’2)7

1 1,
Yama(x, y) = xy piiiht 7 2 )?)

FoE'ﬂ
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forn =2m > 2, and

+1,8,
Yamer,1(x,y) = x part P72, 32,

+1,8,
YVams12(x,y) = x par P72, y?),

B+1,
Y2m+1,3(x,y)=ypzlﬁ Y(x?yh,

,B+1,
Vams14(xr,y) =y puh 7 (22,32

forn =2m + 1 > 3. In particular, these bases satisfy the equation 338}2,14 =0.

Proof The proof relies on the parity of the integrals. For example, it is easy to see that
(xf (%, y3), g(x?, yH)) = 0 and (yf (x?, y?), g(x?, y?)) = 0 for any polynomials f
and g, which implies, in particular, that (Y2, ;, Y2,41,j) = O fori,j = 1,2,3,4.
Furthermore, it is easy to see that (xyf(x2, y?), g(x%, y*)) = 0 for any polynomials
f and g. Hence, (Y2,i, Yok, j) = 0 fori = 1,2 and j = 3, 4. Furthermore, using the
relation

1 1
/ FOEHP1 - 1?7 dx = / F)x*(1 —x)"dx, (3.3)
-1 0
it is easy to see that

Yo Yo ) = Py 0 E Vapy i =1.2

Cay , a+l,B+l,y _a+l,B+1y .
(Yom,i» Yok, j) = ﬁ”’mi  Pr dat1,p+1,ys ©sJ =34
a+1,y

where in the second identity, we have adjusted the normalization constants of integrals
from ¢q,, and cg ) 10 cy41, and cgy1,,, respectively, and used our choice of oy 1.
Hence, with our choice of 09 ¢ and 01,1, we see that Y3, ; is orthogonal to Y2, ; for
i,j=1,2and i, j = 3,4, respectively. Similarly, by the same consideration, we
obtain that

Ca,y a+1,8,y _a+l1,B,y ..
Yomsris Yokr1,j) = ——(pp i "7 Py j dat1 gy LJ=12
Ca+l,y
a,f+1y  a,B+1ly . .
Yomsvis Yokt1,j) =Py Pk apirys =34

which shows, with our choice of 0q,1 and o7 ¢, that ¥2,,,11,; is orthogonal to Yoy 1
fori, j =1,2andi, j = 3, 4, respectively. Finally, since axaypfl"f (x,y) =0, we see
that ¥, ; = §(x, y)u(x) + n(x, y)v(x), where £ and 7 are linear polynomial of x, y,

so that it is evident that BﬁayZYn,j(x, y) =0. O
In our notation, the case o = —% B = —% and y = 0 corresponds to the inner
product in which the integrals are unweighted.
FoC'T
‘_I o
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Let L2([—1, 1]2, @Wa,y, Wg,y) be the space of functions defined on the boundary
of [—1, 1]2 such that f(£1, 1) are finite and the norm

1
1f 22 s = <ca,y / 1 (|f<x, DI+ f(x, —1>|2) Wy (¥)dx
! )
+c,s,yf (|f(1,y>|2+|f(—1,y>|2)w,s,y(y>dy) _

1

is finite for every f.For f € L>([—1, 1]?, W,y T,y ), its Fourier orthogonal expan-
sion is defined by

2 n+l co 4 (f ya.ﬂ,y)
F=2 3 byl A 33 vyl =
n=0i=1 n=3i=1 Yui, Yn,i )
Forn > 2, let S, (f) denotes its n-th partial sum defined by
2 k+1 n 4
.= 30 Rt + Y Y Rt
k=0 i=1 k=3 i=1

For fixed «, B, y, let (-, -)o4s, p+s,,, be the inner product defined in the previous
section with o = 0% #¥_ For f defined on [—1, 1]?, we define four functions

Foe(x,y) = J[f (. 0) + f(=x,9) + fx, =) + f(—=x, =],
Feolx,y) = JLf (. y) + f(=x,y) — f(x,=y) — f(—=x, =],
Foe(x,y) = 3 [f(x.9) — f(=x,9) + f(x,—y) — f(—x, =),
Foo(x,y) = 1 [f(x,y) = f(=x,9) = f(x, =) + f(=x, =],

where the subindices indicate the parity of the function. For example, F, , is even in
x variable and odd in y variable. By definition,

f(x» y) = Fe,e(xv y) + Fe,o(xv )’) + Fo,e(xv y) + Fu,o(xv y)-

We further define

Goo(x,y) = Feelx,y), Goi(x,y) =y 'Foolx,y),
Gro(x,y) =x 'Fo(x,y), Giri(x,y) =x""y'F, (x,)

and define ¥ : R> > RZby ¢ : (x,y) — (Jx, 4/¥). Changing variables in inte-

grals as in (3.3), we see that if f € L*([—1, 1]?, @q,,, @p,,), then Gs, 5, 0 Y €
L*(B, Wats,.y» Whts,,y) for §; € {0, 1}.

FoCq
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Theorem 3.3 For f € L*([—1,11%, @a,,, @p,y),

Som f @, y) = 8P Gog 0y (22, y?) + ySEP T Go g oy (62, 2
+ xS G g oy yD) + xySEE P Gy o w2y,

Somr1 00, ) =Si P Goo o Y (2%, ¥ + ySu T Go 0w (62, y?)
+xSat PTG oy D) + xySEt P Gy oy (62, 0.

In particular, the norm of S, f — f is bounded by those ofoffB' Fréry Gs,.5,—Gs,.5,
as in Theorem 2.9.

Proof Using the parity of the function, it is easy to see that

o.By
(f’ Y2m,i) . <F€,€a YZm,i> . (G()()Olﬂ p2mi >Ol,/3»)/ i=1.2
<Y2m,ia Y2m,i> (YZm,i’ Y2m,i> (pgmﬂly, pgmﬂly>a,ﬂ,y

where we have used the fact that F, , is even in both variables and use the change of
variables in integrals as in (3.3). The similar procedure can be used in the other three
cases, as G;(x, y) is even in both variables, and the result is

1,841,
FoVomi)  FooYouid  (Grioy, pp ) iy
: N 4 N T et LBt 1B+, ;
(Yom,is Yom,i) (Yom,is Yom,i) (pam i p v pgm,i b y>a+1’ﬂ+1,y
i =34,
a,B+1,
(f, Y2m+1,i> _ (Fe,()a Y2m+1,i) <GO 10 1/[ pm i y>0h/3+1,V
Yomt1,is Yoms1,i) (Yamt1,is Yomt1,i) (pg‘rfl“ v, pgmﬁfl Ve pily 7
i=1,2,
+1.B.y
<f7 Y2m+1,i) _ (Fo,ea Y2m+1,i) <G1 00 w pm i )01+1y/3»V
(Yom+1,is Yam+1,i)  (Yomtis Yome1,i) (pgn’:ll b pg,::l, P y)a+l,ﬂ,y’

i =3,4.
Since §2T01ATo VGs, 5, 0 U (x?, ¥%) — G, 5,(x, y) and

S, y) =Goolx,y) +yGoi1(x,y) +yGiolx,y) +xyGr1(x, y),

the last statement is evident. O
Fo C 'ﬂ
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4 Orthogonal System on the Square

Let w be a nonnegative weight function defined on [0, 1]. Define

W(x, y) = w(max{|x], [yl}),  (x,y) € [~1, 11%

We construct a system of orthogonal functions with respect to the inner product

1 1
fsV)w =/1/1f(x,y)g(x,y)W(x,y)dxdy.

by making use of the orthogonal polynomials on the boundary or the square, studied
in the previous section. Our starting point is the following integral identity derived
from changing variables (x, y) — (s&, sn),

1 1 K
/1/1f(x,y)w(max{IXI,Iyl})dxdyZ/O S/Bf(SE,Sn)dG(E,n)w(S)ds,
4.1)

where |, 5 do denotes the integral on the boundary of the square,

1 1
fo(s,mdo(s,n) =f] [f(5,1)+f($,—1)]dé+/l LF(Lm) + F(—1n)]dn.

Our orthogonal functions are similar in structure to orthogonal polynomials on the
unit disc that are constructed using spherical harmonics. However, these function are
polynomials in (s, &, n) for the (x, y) = (s&, sn) € [—1, 1]%, but not polynomials in
(x, y).

Let BV,% be the space of orthogonal polynomials on the boundary of [—1, 1]> with
respect to the inner product

(f.g) = /B FE g mdo . ),

which is the inner product with o = —%, B = —% and y = 0 studied in the previous
section. Let Y, ; be an orthogonal basis for BV,%. For n < 2, they are defined by, see
Theorem 3.2,

Yoa(x,y) =1, Yii(x,y)=x, Yiax,y)=y;

2 2 2 2 2

Yo1(x,y) =x" — 3 Yoo(x,y) =xy, Yy3(x,y)=y"— 3

whereas forn > 3, they are constructed in Theorem 3.2. Forn > k, denote by P, 2,,—2x

the orthogonal polynomial of degree m with respect to 1221y () on [0, 1] and with
Poon—2k(s) == 1.Forn > 0and 0 < k < n, we define

EOE';W
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N

O (x, y) i= Pran—2k(s)s"" Yk (i 77)

wherei = 1, ..., min{n + 1, 4}.

Theorem 4.1 In the coordinates (x,y) = s(&, n), the system of functions
{QZJ ci=1,...,min{fn+ 1,4}, 0<k <n, n>0}

is a complete orthogonal basis for L>(W; [—1, 1]%).

Proof Changing variables x = s& and y = n shows

|
Qi O jhw =f Pic 2n—2k(8) Prom—21 (5)s" * M=y (5)ds
0

« /B Yootd (2 1) Y (6 o (. 7).

The second integral is zero if i # j and n — k # m — [, whereas the second integral
is zero when n —k = m — [ and k # [, so that (Qy ,, QZ’J.)W =0ifi # j, k #1
and n # m. By definition, s" %Y, _; ; (%, g) is a polynomial of degree n — k in
the variable s, so that Q7 riisa polyn0m1a1 of degree n. To show that the system is
complete, we show that 1f (f, Qk = 0 for all k, i, n, then f(x,y) = 0. Indeed, by
the orthogonality of polynomials on the boundary, we see that

n k
ey = fst sy =Y 5 aj&in
k=0  j=0
k  min{m+1,4}

=Z Z Z b, Y (E.)

modulo the ideal. Changing order of summation shows that

n min{m+1,4} /n—m
foey=Y > (Zb’;;msk>s’" i (6, 1)

m=0 i=1 k=0

n min{m+1,4} /n—m
3% (zcm,i,kpk,z,n(x)) S Eo s 6 ).
m=0 i=1 k=0

This completes the proof. O

Fo C 'ﬂ
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5 Sampling the Associated Determinantal Point Process

Associated with an orthonormal basis go(x), ..., gn(x) is a determinantal point pro-
cess, which describes N points A1, ..., Ay distributed according to

Kn(i, A1) -+ KA1, An)
det : :
Kn(AN, A1) - KN(AN, AN)

where

N
Ky, y) =) qr()gr(y)
k=0

is the reproducing kernel, see [1] for an overview of determinantal point processes.

In the particular case of univariate orthogonal polynomials with respect to a weight
w(x), the associated determinantal process is equivalent to a Coulomb gas—that is,
the points are distributed according to

N
1 2
Zn kl_l1 w(xg) | | [Ak — Ajl

k<j

where Zy is the normalization constant—as well as the eigenvalues of unitary ensem-
bles, see for example [3] for the case of an analytic weight on the real line or [8] for
the case of a weight supported on [—1, 1] with Jacobi-like singularities.

In the case of our orthogonal polynomials on the wedge, the connection with
Coulomb gases and random matrix theory is no longer obvious: the interaction of
the points is not Coulomb (that is, it cannot be reduced to a Vandermonde determinant
squared times a product of weights), nor is there an obvious distribution of random
matrices whose eigenvalues are associated with the points.! We note that there are
recent universality results due to Kro6 and Lubinsky on the asymptotics of Christoffel
functions associated with multivariate orthogonal polynomials [6,7], but they do not
apply in our setting.

Using the algorithm for sampling determinantal point processes associated with
univariate orthogonal polynomials [10], which is trivially adapted to the orthogonal
polynomials on the wedge, we can sample from this determinantal point process. We
use this algorithm to calculate statistics of the points. In Fig. 1, we use the sampling
algorithm in a Monte Carlo simulation to approximate the probability that no eigen-
value is present in a neighbourhood of three points for« = B = y = 0. That is, we
take 10,000 samples of a determinantal point process, and calculate the distance of
the nearest point to zg, for zo equal to (1, 1), (0, 1), (0.5, 1) and (0.7, 1). The plots
are of a complementary empirical cumulative distribution function of these samples.

L If there is such a random matrix distribution, one would expect it to be a pair of commuting random
matrices, whose joint eigenvalues give points on the wedge.

FolCT
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N =21

—— (1.1

0,1)
— (05,1)
— =71

—— (11

0.1)
— (05,1)
— = (7,1

0 1 2 3 4 5 6 7

Fig. 1 Monte Carlo calculation of the probability that no point satisfying y = 1 sampled according to the
determinantal point process associated to the wedge orthogonal polynomials withae = =y = Oliesina
neighbourhood of four different points. N is the total number of basis elements and points. We have scaled
the statistics so that the variance is one, and have used 10,000 samples
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N =21
—— 11
0,1)
—— (05,1)
— —(071)
5 6 7
—— 11
0,1)
—— (05,1)
— —(071)
5 6 7
1.0
—— 11
0,1)
0.8 — (0.5,1)
— —(07,1)
0.6
0.4
0.2
0.0 — e L -
0 1 2 3 4 5 6 7

Fig.2 Monte Carlo calculation of the probability that no point satisfying y = 1 sampled according to the
Coulomb gas on the wedge lies in a neighbourhood of four different points. N is the total number of basis
elements and points. We have scaled the statistics so that the variance is one, and have used 10,000 samples
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N =101

—— OP process
— — Coulomb process

0 1 2 3 4 5 6 7

Fig. 3 Comparison of the gap probability of the determinantal point process associated to the wedge
orthogonal polynomials and Coulomb gas near (0.5, 1) for N = 101 points. We have scaled the statistics
so that the variance is one, and have used 10,000 samples

This gives an estimation of the probability that no eigenvalue is in a neighbourhood of
z0. We have scaled the distributions so that the empirical variance is one: this ensures
that the distributions tend to a limit as N becomes large, which is the regime where
universality is present.

In Fig. 2 we plot the same statistics but for samples from the unweighted Coulomb
gas on the wedge, which has the distribution

1
— [T 1 =207
ZN k<j

for A, supported on the wedge. As this is a Vandermonde determinant squared, it is
also a determinantal point process with the basis arising from orthogonalized complex-
valued polynomials 1, (x+iy), (x+iy)?, ... [2]. We approximate this orthogonal basis
using the modified Gram—Schmidt algorithm with the wedge inner product calculated
via Clenshaw—Curtis quadrature. Again, this fits naturally into the sampling algorithm
of [10], hence we can produce samples of this point process. What we observe is
that, while our determinantal point process is not a Coulomb gas, it appears to be in
the same universality class as the Coulomb gas away from the edge and corner, as
the statistics follow the same distribution. This universality class matches that of the
Gaussian Unitary Ensemble, as seen in Fig. 3 where we compare the three for N = 50.

6 Conclusion

We have introduced multivariate orthogonal polynomials on the wedge and boundary

of a square for some natural choices of weights. We have also generated a complete

orthogonal basis with respect to a suitable weight inside the square. We have looked at

determinantal point process statistics and observed a relationship between the resulting
Elo [y
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statistics and Coulomb gases, suggesting that, away from the corner and edge, they
are in the same universality class.

One of the motivations for this work is to solve singular integral equations and
evaluate their solutions on contours that have corners, in other words, to generalized
the approach of [11]. Preliminary work in this direction is included in “Appendix B”,
which shows how the recurrence relationship that our polynomials satisfy can be used
to evaluate Stieltjes transforms.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix A. Jacobi Operators

By necessity, multivariate orthogonal polynomials have block-tridiagonal Jacobi oper-
ators corresponding to multiplication by x and y. We include here the recurrences
associated with the inner product (f, g)¢ 4., (thatis, 8 = «) that encode the Jacobi
operators as they have a particularly simple form. The following lemma gives a linear
combination of our orthogonal polynomials that vanish on x = 1:

Proposition A.1 For B = «, we have
(@+y+2)01(x,y) — Pix, y) + (I + ) Po(x, y) =2(¢ + ¥ +2)(1 — x)
andforn=1,2,...,

n+y+a+2)0pp1(x,y) =+ DPp1(x,y) — (n+y)0n(x,y)
+m4+a+1)P,(x,y)
=2(1-x)2n+y+a+2PY T 0x 1)

Proposition A.2 Assume (1 — x)(1 —y) = 0. Then

_! S S 1ty
A= D)Po(x.y) = Q1. 3) = 5o s P D) + 55— R )

y+a+2 y+a+2
l—x)Pi(x,y) = ———Qs(x,y) — P (x,
( YPi(x, y) 2(4+y+a)Q2( y) Girt0dtrro 2(x, y)
l+o 443a0+yQB3+y+a)

S p
4+y+aQ1(x’y)+2(2+y+a)(4+y+a) 1% )

(1+y)1+a)
—3 Po(x,y)
QCQ+y+a)3+y+a)

1 1

- - P
Wty +0 2T E S Taary v 2

(I =x)Qi(x,y) =
EOE';W
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G+ _ 2+y)
Tty 0 Y T e Gty e Y
d+y)2+y)

22+y+a)B+y+ao

Pyo(x,y)

and, forn =2,3, ...,

I+y+a+n)n+y+a+2)
A ) = Tat 20+ y +atam 21 Y
I+y+a+nm+1)
214y +a+2mQ2+y +a+2n)
(c+n)d+y+a+n)d+y+o+2n)
I+y+a+2nQ2+y+a+2n)(y +a+2n)
(1+y)(y +a) +2(1 +y +a)n + 2n?
2Q+y +a+2n)(y + o +2n)
m4+ao)n+a—1)
1y tatm@nty o 2rt®Y)
(n+o)n+y)
204+ y +a+2n)2n+y + o)
n2+y+a+n)
2+ y+a+2nCn+y+a+1)
n(l+n)
+2(2+)/+oc+2n)(2n+y+(x+1)
(1+y)Q2+y+a)+2(1+y +a)n+2n?
2 +a+2n)QR+y + o + 2n)
- ity ) Pax. )
(y+a+2nQ2+y +oa+2n)
A+y+n)(a+n-—-1)
2y +a+2mn+y+a+ 1)
(I+y+n(y+n)
Py_1(x,y)
20 +a+2n)2n+y +a+1)

Pl’l+l(-x9 )’)

On(x,y)

Pu(x,y)

Py_1(x,y)

Ont1(x, y)

(I =x)Qn(x,y) =

Pn+1(x9 )’)

On(x,y)

Qn—l(xv y)

Proof The first equation follows from Proposition A.1, since, for y = 1, we have
(using [9, (18.9.5)] to increment the first parameter)

Qn+y+a+D1—x)Pyx,y)=m+y+a+ D1 —x)PYT0x —1)
—n+a) 1 —x)P7T2x - 1)

The second equation also follows from Proposition A.1, since, for y = 1, we have
(using [9, (18.9.6)] to decrement the first parameter)

Cn+y+a+ D1 —x)0nx,y) =—n(l —x)PY T 02x — 1)
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++y+ DU —x)PY T 0x —1).

The recurrences for multiplication by 1 — y follow from the symmetries P, (x, y) =
Pu(y, x) and Qp(x, y) = —Qn(y, x).

Appendix B. Stieltjes Transform of Orthogonal Polynomials

Consider the Stieltjes transform

fx,y)

e )

ds,

where ds is the arc-length differential. Just as in one-dimensions, the Stieltjes transform
of weighted multivariate orthogonal polynomials satisfies the same recurrence as the
orthogonal polynomials themselves.

Proposition B.1 Suppose P, are a family of orthogonal polynomials with respect to
w(x, y). Then, forn =1,2, ...,

z8alPrwl(z) = Sel¢Pwl(z)
In particular, if P, satisfies the recurrence relationships

xP, = C,)fIPn_l + Aﬁpn + B;]P’,H_]
yP, = Cr)l)Pnfl + A;;Pn + Br{]P)rH»]

then for AL = A; + Ay, Bl = By + iB; and C:=C; + iC; we have
z8alPrwl(z) = C;SalPr-1wl(2) + A;SalPywl(z) + B, SalPnt1wl(z)
Proof We will identify R? and C and use the notation ¢ = x + iy. Note that

f@)d_:/<z Of@) o cf@)

Qz—¢

d—ffmm+&wma

The first integral is zero if f is orthogonal to 1. O

While this holds true for all families of multivariate orthogonal polynomials, in
general, satisfying a single recurrence is not sufficient to determine Sq[P,w](2).
However, since our blocks are square, in our case it is:

Corollary B.2 If BZ = B} +iB;, is invertible, then

SalP,1wl(z) = 2(B3) ' Sal[Pywl(z) — (BS) ' CiSalPy—1wl(z) — (B!
x AZSq[P,w](z)

FoE'ﬂ
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This means that we can calculate the Stieltjes transform in linear time by solving
the recurrence equation, using explicit formulas for the n = 0 and n = 1 terms.
Unfortunately, the results are numerically unstable for both z on and off the contour.
Here we sketch an alternative approach built on (F.W.J.) Olver’s and Miller’s algorithm,
see [9, Section 3.6] for references in the tridiagonal setting and [5, Section 2.3] for
the equivalent application to calculating Stieltjes transforms of univariate orthogonal
polynomials.

For z off the contour, we can successfully and stably calculate the Stieltjes transform
using a block-wise version of Olver’s algorithm, which is equivalent to solving the
2n + 1 x 2n + 1 block-tridiagonal system

qo =1
Cidi—1 + (A — 2Dk + B{qgy1 =0 fork=1,2,...,n—1

()

where qop € C' and q; € C*>fork = 1,2, ..., n. Then
Sa[Prw](z) ~ Sq[Powl(z)qk

Olver’s algorithm consists of performing Gaussian elimination adaptively until a con-
vergence criteria is satisfied.

For z on or near the contour, we no longer see quick decay in the Stieltjes transform
(it is no longer a minimal solution to the recurrence), hence n must be prohibitively
large. Instead, we adapt Olver’s algorithm in a vein similar to Miller’s algorithm to
allow for a non-decaying tail. We do so by calculating two additional solutions q!,
and 2 (with the same block-sizes as before) satisfying:

These three solutions avoid picking up the exponentially growing solution that forward
recurrence does. Thus we can solve a 3 x 3 system for constants a, b and ¢ satisfying

a(2)qo + b(2)q + ¢(2)q} = SalPow](z)
a()q1 +b(2)q] + c(2)q} = SalPiwl(z)

We immediately have that

SalPrwl(z) = a(@)qi + b(2)q, +c(z)q;  for k=0,1,...,n. (B.2)
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Fig.4 Numerical error in approximating the Stieltjes transform on the wedge, with @ = 8 = y = 0 using
(B.2). Note that we need to choose n larger than necessary to avoid the errors in the tail, and there are
unresolved numerical errors if z is close to the corner

While this holds true for all n, we note that in practice we need to choose n bigger
than the number of coefficients in order to observe numerical stability, see Fig. 4. We
also find that there are still stability issues near the corner. Resolving these issues is
ongoing research.
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