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Abstract

We consider stochastic partial differential equations appearing as Markovian lifts of
matrix-valued (affine) Volterra-type processes from the point of view of the generalized
Feller property (see, e.g., Dorsek and Teichmann in A semigroup point of view on split-
ting schemes for stochastic (partial) differential equations, 2010. arXiv:1011.2651).
We introduce in particular Volterra Wishart processes with fractional kernels and val-
ues in the cone of positive semidefinite matrices. They are constructed from matrix
products of infinite dimensional Ornstein—Uhlenbeck processes whose state space is
the set of matrix-valued measures. Parallel to that we also consider positive definite
Volterra pure jump processes, giving rise to multivariate Hawkes-type processes. We
apply these affine covariance processes for multivariate (rough) volatility modeling
and introduce a (rough) multivariate Volterra Heston-type model.
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1 Introduction

It is the goal of this article to investigate the results of Cuchiero and Teichmann (2018)
on infinite dimensional Markovian lifts of stochastic Volterra processes in a multivari-
ate setup: We are mainly interested in the case where the stochastic Volterra processes
take values in the cone of positive semidefinite matrices Si. We shall concentrate on
the affine case due to its relevance for tractable rough covariance modeling, extending
rough volatility (see, e.g., Alos et al. 2007; Gatheral et al. 2018; Bayer et al. 2016) to
a setting of d “roughly correlated” assets.

Viewing stochastic Volterra processes from an infinite dimensional perspective
allows to dissolve a generic non-Markovianity of the at first sight naturally low-
dimensional volatility process. Indeed, this approach makes it actually possible to
go beyond the univariate case considered so far and treat the problem of multivariate
rough covariance models for more than one asset. Moreover, the considered Markovian
lifts allow to apply the full machinery of affine processes. We refer to the introduc-
tion of Cuchiero and Teichmann (2018) for an overview of theoretical and practical
advantages of Markovian lifts in the context of Volterra-type processes.

Let us start now by explaining why the matrix-valued positive definite case is
actually more involved than the scalar one in R, where, for instance, the Volterra
Cox—Ingersoll-Ross process takes values. The latter appears as variance process in
a rough Heston model (see, e.g., El Euch 2019; Abi Jaber and El Euch 2019; Alos
and Yang 2017). Consider now a standard Wishart process on Si, as defined in Bru
(1991), Cuchiero et al. (2011), of the form

dX; = (d — D 1dgdt + /X, dW, +dW," VX,, XoeSt. (1.1)

Here /- denotes the matrix square root, Id, the identity matrix and W a d x d
the matrix of Brownian motions. The (necessary) presence of the dimension d in the
drift is an obvious obstruction to infinite dimensional versions of this equation, which
could be projected to obtain Volterra-type equations by the variation of constants
formula; see Cuchiero and Teichmann (2018) for such a projection on R .. In order to
circumvent this difficulty, we present two approaches in this paper:

e We develop a theory of infinite dimensional affine Markovian lifts of pure jump
positive semidefinite Volterra processes.

e We develop a theory of squares of Gaussian processes in a general setting to con-
struct infinite dimensional analogs of Wishart processes. Their finite dimensional
projections, however, look different from naively conjectured Volterra Wishart pro-
cesses following the role model of Volterra Cox—Ingersoll-Ross processes. They
are also different in dimension one, as outlined below.

The jump part appears natural and comes without any further probabilistic problem
when constrained to finite variation jumps. Note that in the (non-Volterra) case of
affine processes on positive semidefinite matrices, quadratic variation jumps are not
possible either (see Mayerhofer 2012). With the generalized Feller approach from
Dorsek and Teichmann (2010), Cuchiero and Teichmann (2018), we obtain a new
class of stochastic Volterra processes taking values in Si of the form
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t

t
Vi = h(t)+/ (K(t —s)Vs+ VK (2 —s))ds+/ K(t —s)st+f dN;K (t —s),
0 0

(1.2)

where h : Ry — Si is some deterministic function, K a (potentially fractional)
kernel in L>(R, Sﬂl_) and N a pure jump process of finite variation with jump sizes in
S‘i, whose compensator is a linear function in V. This allows, for instance, to define
a multivariate Hawkes process N N'! with values i in N given by the diagonal entries of
N,ie., diag(N) = N, and the compensator of Ni is given by fo V;.iids (see Example
4.16). By means of the affine transform formula for the infinite dimensional lift of
(1.2), we are able to derive an expression for the Laplace transform of V; which can
be computed by means of matrix Riccati—Volterra equations.

The difficulty of the continuous part arises from geometric constraints, which can,
however, be circumvent by building squares of unconstrained processes. Let us illus-
trate the idea in a finite dimensional setting: Let W be an n x d matrix of Brownian
motions and let v be a matrix in R?*% consisting of k submatrixes v; € RY*?,
i=1,...,kie,v=(1,...,V).

Define now a Gaussian process with values in R”*% by 1 := Wv. Then, by Itd’s
product formula, the R%¥*9 valued process ¥, v satisfies the following equation

dy,"y = nvTvdr + v AW,y + y,TdW,v. (1.3)

Following Bru (1991, Subsection 5.2) and setting A; := )/,T ¥4, this can, however, also
be written via a kd x kd matrix of independent Brownian motions B satisfying

Vi thBtV Ty = Vi th (1.4)

in the more familiar form

di; = nvvdr + Vv TvdB /i 4+ /A dB VT v, (1.5)

Our article is devoted to analyze the situation where the index variable v gets contin-
uous, which is the only possible form of an infinite dimensional Wishart process. We
believe that generalized Feller processes are the right arena to achieve this purpose.
In this article, we choose measure spaces, but an analogous analysis can be done in
the setting of function spaces as, for instance, the Hilbert space setting of Filipovié¢
(2001); see Cuchiero and Teichmann (2018, Section 5.2). In the measure-valued set-
ting, we proceed as follows: Let ¢ be an infinite dimensional Ornstein—Uhlenbeck
process taking values in R”*“-valued regular Borel measures on R.. Then, Volterra
Wishart processes arise as finite dimensional projections of y " (dx1)y (dx2) on Si
and can be written as

' We refer to the original paper of (Hawkes 1971) for the one-dimensional case.

@ Springer



410 C. Cuchiero, J. Teichmann

t
V, = h(t)+n/ K(t —s)K(t — s)ds
0
t t
+/ K(t—s)dWSTY(t,s)ds+/ Y, s) [ dWK(t —s), (1.6
0 0

where h and K are asin (1.2), W an n x d matrix of Brownian motions and Y (¢, s) =
fooo e =9y (dx). As explained in Remark 5.4, V; corresponds to the matrix square
of a Volterra Ornstein—Uhlenbeck process X;, obtained as finite dimensional projection
of y (dx). The Volterra Wishart process (1.6) can then also be written in terms of the
forward process of X;, i.e., (E[X;|Fs])s<;, namely

t
V; =h(t)+n/ Kt —s)K(t —s)ds
0
t t
+/ K(t—s)dWsT]E[th]-"s]ds—k/ E[X, | F1dW K (t —5).
0 0

Note that this is not of standard Volterra form, as, e.g., in Abi Jaber et al. (2019),
since Y (¢, s) or E[X;|F;], respectively, cannot be expressed as a function of V;. By
moving to a Brownian field analogous to (1.4), it could, however, be expressed as a
path functional of (V;)s<;. Forn = d = 1, italso gives rise to a different equation than
the Volterra CIR process. We explain the connection between (1.6) and (1.3)—(1.5) in
detail in Sect. 5.

Note that by choosing K to be a matrix of fractional kernels, the trajectories of
(1.6) become rough, whence V qualifies for rough covariance modeling with poten-
tially different roughness regimes for different assets and their covariances. This is
in accordance with econometric observations. In Sect. 6, we show how such models
can be defined: We introduce a (rough) multivariate Volterra Heston-type model with
jumps and show that it can again be cast in the affine framework. This is particularly
relevant for pricing basket or spread options using the Fourier pricing approach.

The remainder of the article is organized as follows: In Sect. 1.1, we introduce some
notation and review certain functional analytic concepts. In Sects. 2 and 3, we recall
and extend results on generalized Feller processes as outlined in Cuchiero and Teich-
mann (2018). In particular, Theorem 2.8 provides a result on invariant (sub)spaces
for generalized Feller processes that is crucial for the square construction as out-
lined above. In Sect. 4, we apply the presented theory to SPDEs which are lifts of
matrix-valued stochastic Volterra jump processes of type (1.2). Section 5 is devoted
to present a theory of infinite dimensional Wishart processes which in turn give rise
to (rough) Volterra Wishart processes. In Sect. 6, we apply these processes for multi-
variate (rough) volatility modeling.

1.1 Notation and some functional analytic notions
For the background in functional analysis, we refer to the excellent textbook of Schae-

fer and Wolff (1999) as main reference and to the equally excellent books of Engel and
Nagel (2000) and Pazy (1983) for the background in strongly continuous semigroups.
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We shall apply the following notations: Let Y be a Banach space and Y* its dual
space, i.e., the space of linear continuous functionals with the strong dual norm

[Ally« = sup [{y, 4],
ME

where (y, A) := A(y) denotes the evaluation of the linear functional A at the point
y € Y. Since in the case of Eq. (1.2), cones £ of Y* will be our state spaces, we denote
the polar cones in pre-dual notation, i.e.,

Ec={yeY|(y,x) <0forallx € &}.

We denote spaces of bounded linear operators from Banach spaces Y; to Y» by
L(Y1, Y2) with norm

[AllLr, v = sup [ Ayilly,-

Iyt lly, <1

If Y = Y», weonly write || - ||z (y,). On Y*, we shall usually consider beside the strong
topology (induced by the strong dual norm) the weak-*-topology, which is the weakest
locally convex topology making all linear functionals (y, -) on Y* continuous. Let us
recall the following facts:

e The weak-x-topology is metrizable if and only if Y is finite dimensional: This is
due to Baire’s category theorem since Y* can be written as a countable union of
closed sets, whence at least one has to contain an open set, which in turn means
that compact neighborhoods exist, i.e., a strictly finite dimensional phenomenon.

e Norm balls Kg of any radius R in Y* are compact with respect to the weak-x-
topology, which is the Banach—Alaoglu theorem.

e These balls are metrizable if and only if Y is separable: This is true since Y can
be isometrically embedded into C(K7), where y — (y, -), for y € Y. Since Y is
separable, its embedded image is separable, too, which means—by looking at the
algebra generated by Y in C(K)—that C(K) is separable, which is the case if
and only if K is metrizable.

Even though some results are more general, in particular, often only compactness of
K is used, we shall always assume separability in this article.

Finally, a family of linear operators (P;),>( on a Banach space Y with P, Py = P,
fors, t > 0and with Py = [ where I denotes the identity is called strongly continuous
semigroup if lim;_,o P,y = y holds true for every y € Y. We denote its generator
usually by A which is defined as lim;_. P‘yt_y for all y € dom(A), i.e., the set of
elements where the limit exists. Notice that dom(A) is left invariant by the semigroup

P and that its restriction on the domain equipped with the operator norm

¥ ldom(ay =/ IVI* + Ay |12

is again a strongly continuous semigroup.

@ Springer
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Moreover, as already used in the introduction, S¢ denotes the vector space of sym-
metric d X d matrices and Si the cone of positive semidefinite ones. Furthermore, we
denote by diag(A) the vector consisting of the diagonal elements of a matrix A.

2 Generalized Feller semigroups and processes

In the context of Markovian lifts of stochastic Volterra processes (signed), measure-
valued processes appear in a natural way. The generalized Feller framework is
taylor-made for such processes, as it allows to consider non-locally compact state
spaces, going beyond the standard theory of Feller processes as provided e.g. in Ethier
and Kurtz (1986). This is explicitly needed in Sect. 5 for Ornstein-Uhlenbeck pro-
cesses which take values in the space of matrix-valued measures. Beyond that jump
processes with unbounded, but finite activity can be easily constructed in this setting,
see Proposition 3.4 and Sect. 4. We shall first collect some results from Cuchiero and
Teichmann (2018) and generalize accordingly for the purposes of this article.

2.1 Definitions and results

First, we introduce weighted spaces and state a central Riesz—Markov—Kakutani rep-
resentation result. The underlying space X here is a completely regular Hausdorff
topological space.

Definition 2.1 A function ¢: X — (0, 00) is called admissible weight function if the
sets Kg := {x € X: o(x) < R} are compact and separable for all R > 0.

An admissible weight function g is necessarily lower semicontinuous and bounded
from below by a positive constant. We call the pair X together with an admissible
weight function g a weighted space. A weighted space is o -compact. In the following
remark, we clarify the question of local compactness of convex subsets £ C X when
X is a locally convex topological space and o convex.

Remark 2.2 Let X be a separable locally convex topological space and £ a convex
subset. Moreover, let o be a convex admissible weight function. Then, o is continuous
on & if and only if £ is locally compact. Indeed, if o is continuous on &, then of course,
the topology on £ is locally compact since every point has a compact neighborhood
of type {0 < R} for some R > 0. On the other hand, if the topology on £ is locally
compact, then for every point Ao € &, there is a convex, compact neighborhood V C &
such that (1) — o(Ap) is bounded on V by a number £ > 0, whence by convexity
lo(s(A — Ag) + Ao) —o(ho)| < sk for k. —Xip € s(V — Ag) and s €]0, 1]. This in turn
means that o is continuous at Ag.

From now on, o shall always denote an admissible weight function. For com-
pleteness, we start by putting definitions for general Banach space valued functions,
although in the sequel, we shall only deal with R-valued functions: Let Z be a Banach
space with norm ||-|| . The vector space
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BO(X; Z) = {f: X = Z: supo) )z < oo} @.1)

xeX

of Z-valued functions f equipped with the norm

1fllg == sup o)~ f (@)l z, 2.2)

xeX

is a Banach space itself. It is also clear that for Z-valued bounded continuous functions,
the continuous embedding C,(X; Z) C B8 (X; Z) holds true, where we consider the
supremum norm on bounded continuous functions, i.e., sup, <y || f (x)l.

Definition 2.3 We define B?(X; Z) as the closure of Cy(X; Z) in B2(X; Z). The
normed space 3°(X; Z) is a Banach space.

If the range space Z = R, which from now on will be the case, we shall write
Be(X) for B(X; R) and analogously B?(X).

We consider elements of 3¢ (X) as continuous functions whose growth is controlled
by 0. More precisely, we have by Dorsek and Teichmann (2010, Theorem 2.7) that
f € B%(X) if and only if f|g, € C(Kg) forall R > 0 and

lim  sup o(x) ' f(x)|l =0. (23)
R—00 yex\Kp

Additionally, by Dérsek and Teichmann (2010, Theorem 2.8), it holds that for every
f e Be(X) with sup,.x f(x) > 0, there exists z € X such that

Q(x)flf(x) < .Q(z)*lf(z) for allx € X, 2.4)

which emphasizes the analogy with spaces of continuous functions vanishing at co on
locally compact spaces.
Let us now state the following crucial representation theorem of Riesz type:

Theorem 2.4 (Riesz representation for B¢ (X)) For every continuous linear functional
£: B2(X) — R there exists a finite signed Radon measure . on X such that

L(f) =/ f)u(dx) forallf € B2(X). (2.5)
X

Additionally,
/XQ(X)lﬂl(dx) = €]l L(Be(x).R)> (2.6)

where ||1| denotes the total variation measure of L.

We shall next consider strongly continuous semigroups on 3¢(X) spaces and
recover very similar structures as well known for Feller semigroups on the space
of continuous functions vanishing at oo on locally compact spaces.

Definition 2.5 A family of bounded linear operators P, : B%(X) — Be(X) fort > 0
is called generalized Feller semigroup if
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(i) Py = I, the identity on B¢ (X),
(ii) Prys = P;Psforallt,s >0,
(iii) forall f € B(X) and x € X, lim;—q P, f(x) = f(x),
(iv) thereexistaconstantC € Rande > Osuchthatforalls € [0, e], | Pl LBe(x)) <
C.
(v) Py is positive for all ¢ > 0, that is, for f € B2(X), f > 0, we have P; f > 0.

We obtain due to the Riesz representation property the following key theorem:

Theorem 2.6 Let (P;);>0 satisfy (i) to (iv) of Definition 2.5. Then, (P;);> is strongly
continuous on B8 (X), that is,

lim|| P f — fllo =0 forallf € B*(X). 2.7)

One can also establish a positive maximum principle in case that the semigroup
P; grows around O like exp(wt) for some w € R with respect to the operator norm
on B2(X). Indeed, the following theorem proved in Dorsek and Teichmann (2010,
Theorem 3.3) is a reformulation of the Lumer—Phillips theorem for pseudo-contraction
semigroups using a generalized positive maximum principle which is formulated in
the sequel.

Theorem 2.7 Let A be an operator on BC(X) with domain D, and w € R. A is
closable with its closure A generating a generalized Feller semigroup (Py)i=0 with
| Pl LBe(x)) < exp(wt) forallt > 0 if and only if
(i) D is dense,
(ii) A — wo has dense image for some wy > w, and
(iii) A satisfies the generalized positive maximum principle, that is, for f € D with
@ 'f)vVO=0@ " f(2) forsomez € X, Af(2) < wf(2).

As a new contribution to the general theorems, we shall work out a statement on
invariant subspaces which will be crucial for constructing squares of infinite dimen-
sional OU processes.

Theorem 2.8 Let X be a weighted space with weight o1 and q : X — q(X) be a
(surjective) continuous map from (X, 01) to the weighted space (q(X), 02). Let PO
be a generalized Feller semigroup acting on B (X). Assume that 0 o g < o1 on X.
Let D be a dense subspace of 392 (q(X)). Furthermore, forevery f € D C B9 (q(X))
and for every t > 0, there is some g € B°2(q (X)) such that

PV(fogq)=gogq, (2.8)

and additionally, there is a constant C > 1 such that
1
PP (0209) = Caroq. 29)
Then, there is a generalized Feller semigroup P® acting on B (q(X)) such that

PO(foq)=PPf)oq. (2.10)
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Proof The continuous map ¢ defines a linear operator M from B2 (g (X)) to B2 (X)
via f > f oq. Notice that M is bounded, since

IMfllg, < fllgy f€B%(q(X))

due to the assumption g3 o ¢ < p1. It is also injective, but its image is not necessarily
closed. Assumptions (2.8) and (2.9) now mean that

POMf € rg(M)
for every f € B92(¢(X)) and not only for f € D. Hence, we can define
PP f=mP "My,

which is by the very construction a semigroup of linear operators on 3°2(q(X)).
Since M is continuous, its graph is closed, whence Pt(z) is a bounded linear operator
by the closed graph theorem. Moreover, property (iv) of Definition 2.5 holds true due
to Assumption (2.9). Positivity is also preserved, since for f > 0, we have due to
Assumption (2.8) and the fact that P is a generalized Feller semigroup,

2 — 1 _ 1 _
PPr=M"POMf=M"P (fog)=M(gog) =g >0.

>0

Here, g is nonnegative due the positivity of Pt(l)( f o¢g). By (2.8) and the definition
of P, (2.10) clearly holds true. Hence,

lim P f(q(x)) = lim PV £ (q(x) = f(q(x))

for x € X and thus property (iii) of Definition 2.5. Hence, all conditions of Definition

2.5 are satisfied and we can conclude that the operators (P,(z)) form a generalized
Feller semigroup.

O

Remark 2.9 In the setting of general semigroups, it is not clear that restrictions of
semigroups to (not even closed) subspaces preserve strong continuity.

Remark 2.10 There are several methods to show that (2.8) is satisfied. In general, it is
not sufficient to assume that the generator of P(!) has this property.

Corollary 2.11 Let the assumptions of Theorem 2.8 except Assumption (2.9) hold true
and suppose additionally that

@209 = Q1.

Then, the same conclusions hold true. In particular, the range of the operator M :
B (q(X)) — B%(X), f+> fogqisclosed.
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We restate from Cuchiero and Teichmann (2018) assertions on existence of gener-
alized Feller processes and path properties. It is remarkable that in this very general
context, cag versions exist for countably many test functions.

Theorem 2.12 Let (P;);>0 be a generalized Feller semigroup with Pi1 = 1 fort > Q.
Then, there exists a filtered measurable space (2, (Ft)i>0) with right continuous
filtration, and an adapted family of random variables (A;),>( such that for any initial
value Lo € X there exists a probability measure P*0 with

Eko[f()"t)] = E]pko [f)] = P f(ro)

fort > 0and every f € BC(X). The Markov property holds true, i.e.,

Epio [f ) | Fsl = Pr—s f(As)
almost surely with respect to P*0.

Theorem 2.13 Let (Py);>0 be a generalized Feller semigroup, and let (A;):>0 be a gen-
eralized Feller process on a filtered probability space. Then, for every countable family

(fu)n=0 of functions in B (X), we can choose a version of the processes (%) v
> >

such that the trajectories are caglad for all n > 0. If additionally P;o < exp(wt)o
holds true, then (exp(—wt)o(A;));>0 is a super-martingale and can be chosen to have
caglad trajectories. In this case, we obtain that the processes ( fn ()L,)) ;=0 can be
chosen to have caglad trajectories.

Remark 2.14 In the general case, when P;o < M exp(wt)o for M > 1, we obtain for
( fn (A,)) (-0 only cag trajectories. To see this, consider the measurable set of sample
events {supy—,<; 0(A;) < R}. Then, we can construct on the metrizable compact set

TS . SnOr) 1 1
{o < R} a caglad version of the processes < 000 >t§1 and (Q(Af))zgl and in turn

also of (fu(%)),~o- The limit R — oo, however, only leads to a cag version since we
cannot control the right limits.

2.2 Dual spaces of Banach spaces

The most important playground for our theory will be closed subsets of duals of Banach
spaces, where the weak-x-topology appears to be o-compact due to the Banach—
Alaoglu theorem. Assume that £ C Y* is a closed subset of the dual space Y* of
some Banach space Y where Y* is equipped with its weak-x-topology. Consider a
lower semicontinuous function o: £ — (0, c0) and denote by (&, @) the correspond-
ing weighted space. We have the following approximation result (see Doorsek and
Teichmann (2010, Theorem 4.2)) for functions in B¢ () by cylindrical functions. Set

Cyly = {g(( y1), ... (. yn)): g € CP(RY)
andy; €Y, j=1,...,N}, (2.11)
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where (-, -) denotes the pairing between Y* and Y. We denote by Cyl := |y Cyly
the set of bounded smooth continuous cylinder functions on £.

Theorem 2.15 The closure of Cyl in Be(E) coincides with B8 (E), whose elements
appear to be precisely the functions f € BC(E) which satisfy (2.3) and that f|k is
weak-*-continuous for any R > 0.

Proof See Cuchiero and Teichmann (2018).
O

Assumption 2.16 Let (););>0 denote a time homogeneous Markov process on some
stochastic basis (€2, F, (F;)r>o0, P*0) with values in .
Then, we assume that

(i) there are constants C and ¢ > 0 such that
Ejolo(A)] < Co(rg) forall lg € Eandt € [0, e]; (2.12)

(ii)
tlin(l)E;Lo[f()L,))] = f(ro) forany f € B%(E)and Ag € &; (2.13)

(iii) for all f in a dense subset of B9(£), the map Ao — E; [ f(1,)] lies in B9(E).

Remark 2.17 Of course inequality (2.12) implies that |E, [ f(A;)]] < Co(Aro) for all
feBe&),refandt €0, ¢].

Theorem 2.18 Suppose Assumptions 2.16 hold true. Then, P; f(Lo) = Ey [ f(A)]
satisfies the generalized Feller property and is therefore a strongly continuous semi-
group on BC(E).

Proof This follows from the arguments of Dorsek and Teichmann (2010, Section 5).

O

3 Approximation theorems

In order to establish existence of Markovian solutions for general generators A, we
could at least in the pseudo-contractive case either directly apply Theorem 2.7, where
we have to assume that the generator A satisfies on a dense domain D a generalized
positive maximum principle and that for at least one wg > o the range of A — wy
is dense, or we approximate a general generator A by (finite activity pure jump)
generators A" and apply the following (well known) approximation theorems. They
also work in the general context when the constant M > 1.

Theorem 3.1 Let (P}'),en,i>0 be a sequence of strongly continuous semigroups on a
Banach space Z with generators (A™),eN such that there are uniform (in n) growth
bounds M > 1 and w € R with

1P lLcz) < M exp(wt) 3.1
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fort > 0. Let furthermore D C N, dom(A™) be a dense subspace with the following
three properties:

(i) D is an invariant subspace for all P", i.e., for all f € D, we have P'f € D,
forn>0andt > 0.

(ii) There is a norm ||.||p on D such that there are uniform growth bounds with
respect to |.|| p, i.e., there are Mp > 1 and wp € R with

1P fllp < Mpexplwp)| flp

fort > 0 and forn > 0.
(iii) The sequence A" f converges asn — oo foreach f € D, in the following sense:
There exists a sequence of numbers an,, — 0 asn,m — oo such that

IA"f = A" fIl < anm |l flIp

holds true for every f € D and for all n, m.

Then, there exists a strongly continuous semigroup (P°);>0 with the same growth
bound on Z such that lim,_, o P' f = P> f forall f € Z uniformly on compacts
in time and on bounded sets in D. Furthermore on D, the convergence is of order
O(anm). If in addition for each n € N, (P}');>¢ is a generalized Feller semigroup,
then this property transfers also to the limiting semigroup.

Proof See Cuchiero and Teichmann (2018). m]

For the purposes of affine processes, a slightly more general version of the approx-
imation theorem is needed, which we state in the sequel:

Theorem 3.2 Let (P}'),eN,i>0 be a sequence of strongly continuous semigroups on a
Banach space Z with generators (A™),eN such that there are uniform (in n) growth
bounds M > 1 and w € R with

I P'lLcz) < M exp(wr)

fort > 0. Let furthermore D C N, dom(A") be a subset with the following two
properties:

(i) The linear span span(D) is dense.
(ii) There is a norm ||.|| p on span(D) such that for each f € D and fort > 0, there

exists a sequence a,,f,;f, possibly depending on f and t,
A" P f — A" P £l < @il | £l

holds true for n, m and for 0 < u < t, with a,{,;f — Qasn,m — oo.

Then, there exists a strongly continuous semigroup (P°);>0 with the same growth
bound on Z such that lim, .« P! f = P f forall f € Z uniformly on compacts in
time. If in addition for each n € N, (P}');>¢ is a generalized Feller semigroup, then
this property transfers also to the limiting semigroup.
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Proof See Cuchiero and Teichmann (2018). O

Our first application of Theorem 3.1 is the next proposition that extends well-known
results on bounded generators toward unbounded limits.

We repeat here a remark from Cuchiero and Teichmann (2018) since it helps to
understand the fourth condition on the measures:

Remark 3.3 Let (P;);>0 be a generalized Feller semigroup with || P|lp5ecx)) =<
M exp(wt) for some M > 1 and some w. Additionally, it is assumed to be of transport
type, i.e.,

Prf(x) = f(i(x)) (3.2

for some continuous map ¥; : X — X. Define now a new function

8(x) := sup exp(—wr) Po(x)

>0
for x € X. Notice that ¢ is an admissible weight function, since
{0 < R} =Ni>0{Pro < exp(wt)R} < {0 < R}

is compact by the definition of o and the continuity of x — ¥, (x) which leads to an
intersection of closed subsets of compacts. Additionally, we have that

0<0=<Mop

by the growth bound, and therefore, the norm on B¢ (X) is equivalent to
|f 0l
I fllg = sup ——=.
¢ xex @ ()C )

Furthermore,

1P fllg < exp(wn)| fllz

holds for all + > 0 and f € B9(X). Indeed, this is a consequence of the following
estimate

S (W (x))
sup exp(—ws)o (s (x))
S Wi (x)
sup exp(—ws)o(¥s (V1 (x)))

J (Wi (x))
sups exp(—(r + 5))0(Vi4s(x))

1P fllg = sup

X

X

< exp(wt) sup
X

< exp(@n) | fla-

Hence,
| P f(x)] < exp(wn)o()]l flg,
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which implies
P;o <exp(wt)o, t=>0.

Proposition 3.4 Let (X, 0) be a weighted space with weight function o > 1. Consider
an operator A on B8 (X) with dense domain dom(A) generating on B2 (X) a general-
ized Feller semigroup (P;);>0 of transport type as in (3.2), such that for all t > 0, we
have || Pt || Be(x)) < M1 exp(wt) for some M and w and such that BV (X) C B2 (X)
is left invariant.

Consider furthermore a family of finite measures ((x, .) for x € X on X such that
the operator B acts on B°(X) by

Bf(x) := f(f(y) — f)pulx, dy)

for x € X yielding continuous functions on {0 < R} for R > 0, and such that the
following properties hold true:

e Forallx € X

f@(y)u(x, dy) < Mo*(x), (3.3)
as well as

f Veu(x. dy) < Mo(x), (3.4)
and

/M(x, dy) = My/o(x), (3.5

hold true for some constant M.
e For some constant @ € R,

/‘ ‘ sup,q exp(—wt) Pro(y) — sup;>q exp(—wt) Pro(x)

(x,dy) <o, (3.6)
sup;>q exp(—wr) Pro(x) ‘M Y

for all x € X. In particular, y — sup,~qexp(—wt) P,o(y) should be integrable
with respect to u(x, .)

Then, A + B generates a generalized Feller semigroup (P°);>0 on B (X) satisfying
I PN LBexy) < Miexp((w+ d)t).

Proof See Cuchiero and Teichmann (2018). O

Remark 3.5 In contrast to classical Feller theory, also processes with unbounded jump
intensities can be constructed easily if o is unbounded on X. The general character of
the proposition allows to build general processes from simple ones by perturbation.
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cgee . . . . od
4 Lifting stochastic Volterra jump processes with values in S

Building on the theory of generalized Feller processes from the above, we shall now
treat the following type of matrix measure-valued SPDEs

di (dx) = A*A (dx)ds + v(dx)dX; + dX,v(dx),
2 € E. 4.1)

As shown below, this equation corresponds to a Markovian lift of the Volterra jump
process in (1.2).

We consider here the setting of Sect. 2.2. The underlying Banach space Y* is here
the space of finite S¢-valued regular Borel measures on the extended half real line
Ry := R, U {oo}, and £ denotes a (positive definite) subset of ¥*. Moreover, A* is
the generator of a strongly continuous semigroup S* on Y*, v € Y* (or in a slightly
larger space denoted by Z* in the sequel). The pre-dual space Y is given by Cp (R, S%)
functions. Note that since R is compact, ¥ = C, (R4, S?) is separable. The driving
process X is an S¢-valued pure jump It6-semimartingale, whose differential character-
istics depend linearly on A, precisely specified below. Let us remark that other forms
of differential characteristics of X, in particular beyond the linear case, can be easily
incorporated in this setting.

The pairing between Y and Y*, denoted by (-, -), is specified via:

(L)Y xY* >R, (,A)—= (y,A)=Tr (/ooy(x)k(dx)>,
0

where Tr denotes the trace. We also define another bilinear map via

oo

() Y xY* =8 (3, 4) > (v, 1) :fo y(x)A(dx) +/o A(dx)y(x).
4.2)

In the following, we summarize the main ingredients of our setting. For the norm
on S¢, we write || - ||, which is given by |u|| = +/Tr(u?) foru € s,

Assumption 4.1 Throughout this section, we shall work under the following condi-
tions:

(i) We are given an admissible weight function o on Y* (in the sense of Sect. 2)
such that

o) =1+ |Al3., reY™

where || - ||y+ denotes the norm on Y™*, which is the total variation norm of A.

(ii) We are given a closed convex cone £ C Y* (in the sequel the cone of Si valued
measures) such that (£, o) is a weighted space in the sense of Sect. 2. This will
serve as state space of (4.1).
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(iii) Let Z C Y be a continuously embedded subspace.

(iv) We assume that a semigroup S* with generator A* acts in a strongly continuous
way on Y* and Z*, with respect to the respective norm topologies. Moreover, we
suppose that for any matrix A € S¢, it holds that

SFAC)A + ALY = (SFACDA + A(S]A(C)). 4.3)

(v) We assume that A — S;*A is weak-#-continuous on Y* and on Z* forevery t > 0
(considering the weak-x-topology on both the domain and the image space).

(vi) We suppose that the (pre-) adjoint operator of A*, denoted by .4 and domain

dom(A) C Z C Y, generates a strongly continuous semigroup on Z with respect

to the respective norm topology (but not necessarily on Y).

To analyze solvability of (4.1), we first consider the following linear deterministic
equation

dA; (dx) = A* A (dx)dr + v(dx) B(A())dt + B(A (-))v(dx)dr (4.4)

for Ao € Y*, v € Z* and B a bounded linear operator from Y* — S? which satisfies
forAeS?and A € Y*

BA(A+ AL()) = BA()A+ AB()). 4.5

We denote by B : S — Y the adjoint operator defined via

Trwp()) =Tr </00 ﬁ*(u)(x)k(dx)) = (B(u),\), ueS rev*
0

Remark 4.2 Notice that drift specifications could be more general here, but for the
sake or readability, we leave this direction for the interested reader.

For notational convenience, we shall often leave the dx argument away when writing
an (S)PDE of type (4.4) subsequently. Under the following assumptions on &* and
v € Z*, we can guarantee that (4.4) can be solved on the space Y* for all times in the
mild sense with respect to the dual norm || - || y+ by a standard Picard iteration method.

Assumption 4.3 We assume that

(i) Sv e Y*forallt > 0even though v does not necessarily lie in Y* itself, but only
in Z*;
(i) fy IS v]|3.ds < oo forall > 0.

For the linear operator 8 as of (4.5), we define

K(t) := B(S/v), (4.6)

@ Springer



Markovian lifts of positive semidefinite affine Volterra. .. 423

which will correspond to a kernel in LIZOC(R+, S?%) of a Volterra equation. Define
furthermore Rx € leoc (R4, S%) as a symmetrized version of the resolvent of the
second kind [(see, e.g., Gripenberg et al. (1990, Theorem 3.1)] that solves

K« Rx + Rk * K = K — Ry, “4.7)

where K * Rk denotes the convolution, i.e., K * Rg = fo K(-—s)Rk(s)ds.

Example 4.4 The main examples that we have in mind for 8 and for §*, and thus in
turn for the kernel K, are the following specifications:

B\ = /ook(dx), Sfv(dx) = e v(dx).
0

In this case, K = fooo e *"v(dx) and the adjoint operator B, is given by the constant
function

(B«(u))(x) = u, forallx € R;.

Remark 4.5 To the semigroup S = e~*' of the above example, we associate our

(main) specification of the space Z: Let Z C Y such that for all y € ¥ the map
hy :RJr S x> xy(x)

lies in Z equipped with the operator norm, i.e.,

x>0

lhyllz = \/SUP ly@)l + sup [[xy(x)| forhy € Z.
x>0

The corresponding dual space Z* D Y* is the space of regular S?-valued Borel
measures v on R that satisfy

||foo (1 A 1) v(dx)| < oo.
0 X

Note that we can specify the components of v to be measures of the form
_l_qg. 1
vij(dx)zx 20 Hl’j S 0,5 s

which gives rise to fractional kernels K;; (1) = fooo e yi(dx) ~ 1

in turn main ingredients of rough covariance modeling.

1
Hij=3 These are

Remark 4.6 In this article, we choose to work with state spaces of matrix-valued mea-
sures using the representation of the kernel K as Laplace transform of a matrix-valued
measure v as specified in Example 4.4. We could, however, perform the same analysis
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on a Hilbert space of forward covariance curves. This corresponds then to a multivari-
ate analogon of Cuchiero and Teichmann (2018, Section 5.2).

Proposition 4.7 Under Assumption 4.3, there exists a unique mild solution of (4.4)
with values in Y*. Additionally, the solution operator is a weak-*-continuous map
Ao > Ay, for each t > 0, and the solution satisfies

o) < Co(hy), forallig € Y* andt € [0, €]

for some positive constants C and ¢.

Remark 4.8 The unique mild solution of Equation (4.4) satisfies by means of (4.3) the
variation of constants equation

t
A= STho + /0 (S 0s) + PSS v)ds,

for all t+ > 0. Applying the linear operator 8 and using property (4.5), we obtain a
deterministic linear Volterra equation of the form

t
) = B(SHho) + /0 B(SP vB(ky) + (ST, v) ds
t
— B(ST0)+ /0 (K(t = $)B0w) + BOHK( —s))ds  (48)

where we have used (4.6).

Proof We follow the arguments of Cuchiero and Teichmann (2018) and translate the
proof to the matrix-valued stetting. We show first the completely standard convergence
of the Picard iteration scheme with respect to the dual norm on Y*. Define

A = ko,

t t
Al = S + / (S* v)B(M)ds + / BOMSE v)ds, n > 0.
0 0

Then, by Assumption 4.3, (i) each A} lies Y*. Consider now

t
I Ay = | /O (S BOM — BOI1)ds
t
+ /0 BOM) — BOIY)(S_ v)dsy+
t
< 21Blop fo 1S e IAE = 27 yeds,

where ||B]lop denotes the operator norm of 8. Assumption 4.3 (ii) and an extended
version of Gronwall’s inequality see Dalang (1999, Lemma 15) then yield convergence
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of (A}),en to some A, with respect to the dual norm || - ||y uniformly in # on compact
intervals. For details on strongly continuous semigroups and mild solutions, see Pazy
(1983).

Having established the existence of a mild solution of (4.4) in Y*, consider now
the S?-valued process B(A;):

t
BO) = B(SH0) + /0 B (S5 vB(h) + BO)S? ) ds.
t
— B(S ho) + /0 (B(ST)BO) + BOSBSE ) ds

1
= B(S/h0) +/0 (R (t = $)B(S10) + B(Ssh0) Rk (1 — 5)) ds (4.9)

where we applied property (4.5). Remember that Rx denotes the resolvent of the
second kind of K (t) = B(S; v) as introduced in (4.7) by means of which we can solve
the above equation in terms of integrals of t — B(S/Ap). Since by assumption, S*
is a weak-*-continuous solution operator, the map Ao — (¢t — B(S;Ao)) is weak-x-
continuous as a map from Y* to C (R, S%) (with the topology of uniform convergence
on compactson C (R, s4 )). From (4.9), we thus infer that 8 (1) is weak-*-continuous
for every t > 0, which clearly translates to the solution map of Equation (4.4).

Finally, we have to show that the stated inequality for o(%;) holds true on small
time intervals [0, ¢]. Observe first that for ¢t € [0, €]

IS A3 < ClIAI3-

forall A € Y™ just by the assumption that S;* is strongly continuous, for some constant
C > 1. Furthermore for ¢ € [0, ¢],

t t
Ihel2. <3 (cuxouzy* + /0 1S5 WO 2 + 1 /0 ||ﬂ(xs>s;*_sv||2y*>

t
<3 (CII?»OIIZ* +2¢18Il5, / ||S:‘_Sv||%*||xs||2y*ds> :
0

Consider now the kernel K'(¢,s) = 6e||5||§p||8,*_sv||%,* 1(s<¢) and denote by R’ the
resolvent of —K’, which is non-positive. By exactly the same arguments as in Cuchiero
and Teichmann (2018), we then have for ¢ € [0, ¢]

£
2012 < Cllaoll3 (1— / R/(s)ds>,
0

for some constant C. This leads to the desired assertion due to the definition of 0.
From this inequality, also uniqueness follows in a standard way. O
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As our goal is to consider Si-measure-valued processes, we denote by £ the fol-
lowing weak-*-closed convex cone

E={heY*|rpisan SflF -valued measure on R }.

The next proposition establishes that the solution of (4.4) leaves £ invariant, if the
following assumption holds true:

Assumption 4.9 We assume that

D S E e, V=0
(i) visan S‘i-valued measure;
(i) (&) < 4.

Proposition 4.10 Let Assumptions 4.3 and 4.9 be in force. Then, the solution of
(4.4) leaves & invariant and it defines a generalized Feller semigroup on (£, o) by
Py f(ho) := f(Ay) forall f € Be(E)andt > 0.

Proof Consider first the slightly modified equation
drs(dx) = A*x(dx)dtr + SFv(dx)B(A(-)dr + (A (-))SFv(dx)dt (4.10)

for some ¢ > 0. Then, the operator B = Sv(dx)B(-) + B(-)S}v(dx) is bounded
and the associated semigroup is given by P¢ = ¢5’. Due to the assumptions on S*,
v and B, we have B(£) € £ implying that PF(£) C & for all ¢+ > 0. The Trotter-
Kato theorem, see, e.g., Engel and Nagel (2000, Theorem II1.5.8), then yields that the
semigroup associated with (4.10) maps £ to itself. This then also holds true for the
limit when ¢ = 0 by Theorem 3.1.

Since by Proposition 4.7, the solution operator is weak-*-continuous, we can con-
clude that Ao — f(A;) lies in B9(E) for a dense set of B2(€) by Theorem 2.15.
Moreover, it satisfies the necessary bound (2.12) for o and (2.13) is satisfied by (norm)-
continuity of # — A;. Hence, all the conditions of Assumption 2.16 are satisfied and
the solution operator therefore defines a generalized Feller semigroup (P;) on B¢ (&)
by Theorem 2.18. This generalized Feller semigroup of course coincides with the
previously constructed limit. O

By the previous results, we can now construct a generalized Feller process on £
which jumps up by multiples of Sv for some ¢ > 0 and with an instantaneous
intensity of size 8(X;). Recall that &, C Y denotes the (pre-)polar cone of &, that is,

E=1{ye¥|ye R, S

Recall the notation from (4.2) and define the following set

D={yeY|yedom(A) s.t ({y,v))is well defined}. 4.11)
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Proposition 4.11 Let Assumptions 4.3 and 4.9 be in force. Moreover, let u be a finite
S‘i—valued measure on S‘i such that f\IEH>1 IEN2 I (dE)|| < oo. Consider the SPDE

di; = A*Adf + vB(A)dE + BO)vdr + SHVdN, + dN,S*, (4.12)

where (N;);>0 is a pure jump process with jump sizes in Si and compensator

/ | / £ Tr (B(hy)(d8)) ds.
0 Jsd

(i) Then, for every Mg € £ and ¢ > 0, the SPDE (4.12) has a solution in £ given by
a generalized Feller process associated with the generator of (4.12).

(ii) This generalized Feller process is also a probabilistically weak and analytically
mild solution of (4.12), i.e.,

t t
A= SFods + / SF vB(hs)ds + / BOLSE vds+
0 0

t t
+/ St*—s+sdeS +/ dNY'S;k—S-i-sv ’
0 0

which justifies Eq. (4.12). In particular for every initial value the process N can
be constructed on an appropriate probabilistic basis. The stochastic integral is
defined in a pathwise way along finite variation paths. Moreover, for every family
(fi)n € B2(E), t — f,(Ay) can be chosen to be caglad for all n.

(iii) For every ¢ > 0, the corresponding Riccati equation d;y; = R(y;) with R :
DNE, — Y given by

R(y) = Ay + B, ( /0 y(ov(dx) + v(dx)y(x))
1B, ( fs (exply. SvE +ESTV) — 1) M(d$)> . @13)
+

admits a unique global solution in the mild sense for all initial values yy € &,.
(iv) The affine transform formula holds true, i.e.,

]E)LO [eXP(b’O’ )"l))] = exp((yls )"0>)s

where y; solves 9;y; = R(y;) for all yy € & in the mild sense with R given by
(4.13). Moreover, y; € &, forallt > 0.

Proof We assume that v # 0, otherwise there is nothing to prove. To prove the first
assertion, we apply Proposition 3.4. By Propositions 4.7 and 4.10, the deterministic
equation (4.4) has a mild solution on & which—by Assumption 4.3—defines a gen-
eralized Feller semigroup (P;);>0 on B¢(E). The operator A in Proposition 3.4 then
corresponds to the generator of (P;);>0, i.e., the semigroup associated with the purely
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deterministic part of (4.12). This is a transport semigroup, and in view of Remark 3.3,
we can have an equivalent norm with respect to a new weight function ¢ on B¢ (E),
such that || Pl s gy, < exp(wt). Therefore, we find ourselves in the conditions of
Proposition 3.4.

Note that by the same arguments as in Proposition 4.10 and by applying Theorem
2.18, we can prove that ( P,),( also defines a generalized Feller semigroup on Bv? (€).
For the detailed proof which translates literally to the present setting, we refer to
Cuchiero and Teichmann (2018).

Finally, we need to verify (3.3)—(3.5), which read as follows

/ 00 + SPvE + ES) THB(IL(AE)) < Mo(h),
/ a0 + SIvE 1 EST) THBVM(E)) < Mo(h),

/ Te(BOY(E)) < My/a(h),

which hold true by the second-moment condition on p. Concerning (3.6), denote as
in Remark 3.3

o(A) = supexp(—wt)Pio(X) .

t>0

In particular, we know that ¢ < ¢ and it holds that P, f(x) = f(y¥;(x)) where ¢ is
the solution of (4.4) which is linear. Using this together with | sup, c(t) —sup, d(¢)| <
sup, |c(t) — d(1)|, we obtain for some @

500 + S* S*v)y —o(h
[ |20+ SvE +8570) — 0 55 ae)
()
3 / | S exp(—wt)lprQ()»;)ig vE +ESv) — Pio(W)] | Tr(B(A) 1 (dE))
) / | SUP;;O exp(—wl)IQ(I//t (}L —g(‘ia) US + SSS U)) - Q(llft ()L))l | Tr(ﬂ()»)ﬂ(d%'))
_ / S0 () QU ()l (S VE + ESEV) Ly + I(S2VE + £S5 V)
= o(})

x Tr(B(Mu(d§)) < @.

The last inequality holds by the linearity of v and the second-moment condition on
. Proposition 3.4 now allows to conclude that A + B, where B is given by

Bf(h) = /(f(l + SgvE +ESTv) = f() Tr(B(M)(d§)),

generates a generalized Feller semigroup P as asserted.
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For (ii), we now construct the probabilistically weak and analytically mild solution
directly from the properties of the generalized Feller process: take y € D where D is
defined in (4.11) and consider the S¢-valued martingale

M} = ((y, A)) — ({3, ko)) —fo ((Ay, As)) + ({3, VB(As) + B(Ag)v))ds
- fo / ({y, SFvE + ESF0)) Tr(B(Ay) 1 (dE))ds (4.14)

fort > 0 (after an appropriate and possible regularization according to Theorem 2.13).
Let now y be as above with the additional property that ((y, S}v& 4+ £S}v)) =
&+ Emforall & € Si and some fixed 7 € Si. For such y, define

t
N' =N, + Ny := M +/ /((y, SFVE 4+ ES*V)) Tr(B(hs)u(dé))ds (4.15)
0

for + > 0, which is a caglad semimartingale. Notice that the left-hand side only
defines N7 and not the more suggestive 7 N + Nm. Then, N™ does not depend on
y by construction. Indeed, for all y; with ((y;, Sfv& + £S}v)) = & + &Ex for all &,
i =1, 2, we clearly have

t
/0 /((yl — Y2, S{vE + £S7v)) Tr(B(As)u(d€))ds =0

and M>" — M2 = M> 72 = ( as well. The latter follows from the fact that the
martingale M” is constant if ((y, Sfv€é + £S}v)) = 0 for all &, since its quadratic
variation vanishes in this case.

Moreover, by the definition of N7 in (4.15), its compensator is given by fé [(E+
Em) Tr(B(As)(d€))ds. Since it is sufficient to perform the previous construction for
finitely many 7 to obtain all necessary projections, a process N can be defined such
that N¥ = w N 4+ N, as suggested by the notation.

By (4.14) and the very definition of (4.15), we obtain that

t

t
(¥, A1) = ((y,)»o))Jr/O ((Ay,)»s>)dS+fo (¥, vB(hs) + B(As)v))ds
+ (v, SEVN)) + (v, NiSv))

for y € D. This analytically weak form can be translated into a mild form by standard
methods. Indeed, notice that the integral is just along a finite variation path, and
therefore, we can readily apply variation of constants. The last assertion about the
caglad property is a consequence of Theorem 2.13 by noting that o (1) does not explode.
This proves (ii).
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Concerning (iii), note first that we have a unique mild solution to

e¢]

0y = Ayr + B (/O y(x)V(dX)Jr/O V(dX)y(X)>, Yo €Y, (4.16)

since this is the adjoint equation of (4.4). For the equation with jumps, we proceed as
in Proposition 4.7 via Picard iteration. Denote the semigroup associated with (4.16)
by SP+ and define

' = o,

1
=8 v+ f SP= B ( / (exp((yi ™, S1ve +857v) - l)mds)) ds.
0 se

Moreover, for t € [0, §] for some § > 0, we have by local Lipschitz continuity of
X = exp(x)

t
I =t <1 [ S, ( L, (exp«y:,s:vs»—exp«yfI,S;‘vsmu(ds)) dsly

t
< /O CISE Bellopllyy =3~y ( /S ) IISJVSIIY*M(dE)> ds.
+

By an extension of Gronwall’s inequality, see Dalang (1999, Lemma 15), this yields
convergence of (y}'),en With respect to || - ||y and hence the existence of a unique
local mild solution to (4.13) up to some maximal life time 74 (yo). That 4 (yp) = oo
for all yg € &, follows from the subsequent estimate

13
Iyelly = 15 yo + /0 S/, Bs ( /S  (exp((ys, ST +8870) — 1) M(d§)> dslly

¢
t
< 18P yolly + [ 157 Bullop lexp((ys, SSvE + ES7V)) — 1|p(dx) ) ds
0 s
¢

< 185 yolly + 1 sup ISP By llop(S4).
s<t

where we used | exp((y, S;vé + £Sfv)) — 1| < 1 forall y € &, in the last estimate.

To prove (iv), just note that by the existence of a generalized Feller semigroup, the
abstract Cauchy problem for the initial value exp({yo, .)) can be solved uniquely for
vo € & Indeed, E; [exp({yo, A;))] uniquely solves

Qpu(t, ) = Au(t, 1), u(0, 1) = exp((yo, 1)),

where A denotes the generator associated with (4.12). Setting u (¢, 1) = exp({yr, A)),
we have

du(t, 1) = exp((yr, A)R(yr),

@ Springer



Markovian lifts of positive semidefinite affine Volterra. .. 431

where the right-hand side is nothing else than A exp((y;, A)); hence, the affine trans-
form formula holds true. This also implies that y, € &, for all ¢ > 0, simply because
E; [exp({yo, A))] < 1forall x € £. m|

We are now ready to state the main theorem of this section, namely an existence
and uniqueness result for equations of the type

d)"t = A*)\.tdt =+ UdXt + dXt\), (417)

where (X;);>0 is a Si-valued pure jump Itd semimartingale of the form

t t
Xt=/ ﬂ(xx)ds+f / enX(dg, ds), (4.18)
0 0 Jsd

with g specified in (4.5) satisfying Assumption 4.9 and random measure of the jumps
wX . Its compensator satisfies the following condition:

Assumption 4.12 The compensator of ;X is given by

n(d§) )
§1 A1

Tr (ﬁ (A1)

where 1 is a S‘fr-valued finite measure on Sﬂlr satisfying fIIEHzl €121 (dE)] < oo.

For the formulation of the subsequent theorem, we shall need the following set of
Fourier basis elements

D={fy:£—[0,1]; A = exp({y, A)) | y € & Ndom(A) s.t. {{y, v)) is well defined}.
(4.19)

Theorem 4.13 Let Assumptions 4.3, 4.9 and 4.12 be in force.
(i) Then, the stochastic partial differential equation (4.17) admits a unique Marko-

vian solution (A)r>0 in € given by a generalized Feller semigroup on B°(E)
whose generator takes on the set of Fourier elements
fy €= 10,11 A — exp({y, 1))
fory € DN E, where D is defined in (4.11) the form
Afy() = [y (Ay, 2) + (R(((y, v)), 1)), (4.20)

with R : S — Y given by

~ u(de)
R(u) = Buu) + B ( /; , PTG = b 1) . @2
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(ii)

(iii)

(v)

(v)

This generalized Feller process is also a probabilistically weak and analytically
mild solution of (4.17), i.e.,

t t
A = SFhods + f S vd X, +/ dXS' (v,
0 0

This justifies Eq. (4.17); in particular, for every initial value, the process X can
be constructed on an appropriate probabilistic basis. The stochastic integral is
defined in a pathwise way along finite variation paths. Moreover, for every family
(fidn € Be(E), t — fu(As) can be chosen to be cag for all n.

The affine transform formula is satisfied, i.e.,

Exo [exp({y0, )] = exp({yr, X0)),

where y; solves d;y; = R(y;) for all yo € E, and t > O in the mild sense with
R:DNE. — Y given by

R(y) = Ay + R({{(y, ) (4.22)

with R defined in (4.21). Furthermore, y, € &, for all t > 0.
For all Ay € &, the corresponding stochastic Volterra equation, V; := B(A;),
given by

t t
V= B = 70 + [ B0, + [ axps:
1 t
=h(t)+/ K(t—s)dXx—i-/ dX;K(t —s) (4.23)
0 0

admits a probabilistically weak solution with cag trajectories. Here, h(t) :=
B(S{ 10).

The Laplace transform of the Volterra equation V; is given by

t

Ey, [exp (Tr(uV,))] = exp <Tr(uh(t)) + / TrR (W) h(t — s))ds) , (4.24)
0

where h(t) = B(S720) R : S — 8w Rw) = ut fog (7O —1) 5

and Y solves the matrix Riccati—Volterra equation

Y = uK (1) +/m(wx)1<(z —s)ds, > 0.

Hence, the solution of the stochastic Volterra equation in (4.23) is unique in law.

Remark 4.14 One essential point here is that we loose the caglad property as stated in
Proposition 4.11 (ii) when we let ¢ of S, tend to zero. As long as the kernel K has
a singularity at t = 0, it is impossible to preserve finite growth bounds with M = 1,
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as ¢ — 0, but we get cag versions (compare with the second conclusion in Theorem
2.13 and Remark 2.14).

Remark 4.15 Note that for 8 as of Example 4.4, the above equations simplify consid-
erably. In particular, B, in (4.21) is simply the identity.

Proof We apply Theorem 3.2 and consider a sequence of generalized Feller semi-
groups (P™),en with generators A" corresponding to the solution A" of (4.12) for
&= % and compensator

. o gy 1y4(d6) N
r ,B()\t) ||%_|—|/\1 , neN.

Let us first establish a uniform growth bound for this sequence. To this end, denote

Ljgy>1y1(d§)
IEN AT

Note that for the solution of (4.12), we have due to Proposition 4.11 (ii) the following
estimate for ¢t € [0, T'] for some fixed T > 0

F'(d§) =

t
ELIAY I5+1 < 508 ol + 10 fo IS, oI5+ I BlIG,ELIA 17+ 1ds

t t 2
+10E /0 St i vdN, — /0 / S, 1vE Tr(BOI) F" (d§))ds }
n n Y*

(1 pt ! 2
+ 10E / dN; S* s+ v — / /55;“7 1 v Tr(B(AY)F"(d))ds) :|
0 s+ -

- ,
+10E / / St vE TH(BG F" (d8)ds }
0 h n

Y*

t 2
+ 10E / /ES:_Y+lvTr(ﬂ(kg')F"(d‘;‘))ds i| .
B 0 h n Y*

As a consequence of [td’s isometry, the martingale part can be estimated by

2
Y*

|:H s+‘VdN / /8* lvé Tr(ﬁ(k”)F”(dé))ds
sE[n fo f Is* 1v||zy*||s||2Tr<ﬂ(A?>F"<ds)>ds}

t
< / IE 171 F" d&)] /0 157 1ol BllopELIAL lly+1ds

t
< (/ [ (&)l +/ ||§||2||M(d§)||)/ ||S:;X+1V”%/*”lguopE[”)\?”Y*]ds
l§N<1 GBS 0 n
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t
<C [ 17, VIR I8 T BIIA -1
0 n

t
<CK /0 187, vl (1 + IBIG,ELIA, I3 Dds

where C = (flléllsl [l (dé)| + fl\§\|>1 ||E||2||,u(df;‘)||> and K some other constant.
Moreover, for the last terms, we have

2

Y*j|

il

t
<t [, vIE [H [ mpanraey

t
/0 /Sz*—s-s-l vE Tr(B(AT)F" (d§))ds

2

:|ds
t

=2 fo IS} 1V I3E [H /| oy S THEODE" @)

_2

:|ds
t

<2 /O IS7 VI I BIGELIAL [17-1 f (@8

x <f [l (d&)l +/ Iléllzllu(dé)ll>
HE HES

t
<2tC | ||S*
o I~

2

+ H /” L ETBODP )

2 2 ny2
X+%V”y*”ﬂ”op]E[”)\g lly+<]

where C = S llp(dé) ||6 . Putting this together, we obtain

t
E[|A" |31 < Colloll3+ + 10z fo 187 vlIF+ 1 BIZELIAL I3+ 1ds

t
-~ * 2
+20CK /O IS5, 1vI-ds

t
+20(CK +2tC) /O 157, 1Vl IBIGELIAL I5-+]

t t
< Collrollys + Ci /0 ISF_ vIF+ds + Ca /O IS IFELIAL I3 1ds

where Co and C, depend on T'. We use ||S,*)»O||2 < Collrg||? for t € [0, T, as well
as ||S:‘_Y+lv||y* < C|S;_;v]ly= for some constant C and all n € N due to strong

continuity.nExactly by the same arguments as in the proof of Proposition 4.7, we thus
obtain for ¢ € [0, T'] for some fixed T
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t
E[ 2131 < Cllrol3 + 1) (1—/0 R/(s),ds),

where R’ denotes the resolvent of —C3||S;"_ v||y=. Hence, E[o(A;)] < Co(hro) for
t € [0, T]. From this, the desired uniform growth bound || P ||z (Be(g)) < M exp(wt)
for some M > 1 and w € R follows.

For the set D as of Theorem 3.2, we here choose Fourier basis elements of the form

fy i €= 10,1]; A — exp({y, 1)) (4.25)
such that y € &, and X +— exp(({y, A)) lies in N,>; dom(A"), whose span is dense,
whence (i) of Theorem 3.2. Here, A" denotes the generator corresponding to (4.12)

with ¢ = ,ll and p replaced by F"'. We now equip span(D) with the uniform norm
Il - loo and verify Condition (ii), i.e., we check

||AnP1:nfy - Ampzjnfyllg = ||fy||ooanm (4.26)

forall 0 < u <t with a,,, — 0 as n,m — 00, and possibly depending on y. Note
that

A" fy () = (R"(»), A) fy (D),

where R" corresponds to (4.13) for ¢ = % and u replaced by F”. As P" leaves D
invariant for all n € N by Proposition 4.11 (iv), we have

|A P fy(B) — A" P fy (V)]

o(2)
fy,’{'(}\) m « "
= 00 <ﬂ*(/sﬁ exp((y, ,S%vf +55%u>)1{“$”2%}
=bum(§)
d
x exp((y)! (S§v — SEW)E +ESTy — S5 ) — 1 ”’;(l i)l)
Ty ()
m ¥ * p(d§)

+ﬁ*(/§d exp((yy's S1vE +ES1VD) = Dy 1) = 1{||s|>,;}lm>>.

+

i
Here, y)' denotes the solution of d;y;' = R™(y;") at time u with yo = y. Moreover,
al,, (€) and @2, can be chosen uniformly forall u < ¢ and tend to O as n, m — oo. This
is possible since for the chosen initial values y we obtain that y]/* is bounded on compact
intervals in time uniformly in m (see Cuchiero and Teichmann 2018 for details). This
together with dominated convergence for the first term (note that by, (¢ )5,1”” (¢) canbe
bounded by ||&|| A 1) we thus infer (4.26). The conditions of Theorem 3.2 are therefore
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satisfied, and we obtain a generalized Feller semigroup whose generator is given by
(4.20).

For the second assertion, we proceed as in the proof of Proposition 4.11, the proof
of the existence of X can be transferred verbatim. However, one looses the existence
of caglad paths of f;,,(A) due to the possible lack of finite mass of v. Here, we only
obtain cag trajectories (compare with Remarks 2.14 and 4.14).

Concerning the third assertion, the affine transform formula follows simply from
the convergence of the semigroups P” as asserted in Theorem 3.2 by setting y; =
lim, o0 y}', Where y;' solves d;y; = R"(y;') in the mild sense with R" given again
by (4.13) with e = % and p replaced by F". Since exp({y;, A)) is then also the unique
solution of the abstract Cauchy problem for initial value exp({yo, A})), i.e., it solves

ou(t,X) = Au(t, )), u(0,r) =exp({yo, 7)),
where A denotes the generator (4.20), we infer that y; satisfies d;y; = R(y;) with R
given by (4.22). This is because A exp({y, A)) = exp({ys, A)) R(yr).
The fourth claim follows from statement (ii), property (4.5) and the definition of K
in (4.6).

Finally to prove (v), note that due to (iv) and the definition of the adjoint operator
B+, we have

Tr(uVi) = Tr(uB(re)) = (Bx(u), A¢).
Statement (iii) therefore implies that

E[eTr(th)] — e<y[7)‘0>’
where the mild solution of y, can be expressed by
t
Vi =SiBe(u) + /O Si—sR(({ys, v)))ds. (4.27)

Hence, by definition of R, R and &, we find

t
(31 h0) = (S, Buut) + /O S—sR(({ys. v))ds. Ao}
t
— Trup(S o)) + /0 TER((y, VDB, o))ds
t
— Tr(h() + / TeR({y V)G — 5))ds 4.28)
0

From this and (4.27), it is easily seen that we can replace ((ys, v)) in (4.28) by a
solution of the following Volterra—Riccati equation

t
Vi = uK(1) +/0 RW)K (- s).
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Note that we do not need to symmetrize here since we apply the trace and 4 is sym-
metric. This proves the assertion. O

The following example illustrates how a multivariate Hawkes process can easily be
defined by means of (4.18).

Example 4.16 Let B and S* be as of Example 4.4. Define u;; (d€) = §,,, (d€) and
wij = 0fori # j. Then, the Volterra equation as of (4.23) is given by

00 t
V, = / e ho(dx) +f (K@ —s)Vs + VoK (t —s))ds
0 0
t t
+/ K(t—s)dNS—f-/ AN, K (t — 5).
0 0

Only the diagonal components of the matrix-valued process N jump, and we can
define N := diag(N) which is a process with values in Ng. Its components jump by
one, and the compensator of N;; = ﬁ,- is given by fo V;.iids, which justifies the name
multivariate Hawkes process. Note that the components of V are not independent if v
and in turn K are not diagonal.

5 Squares of matrix-valued Volterra OU processes

As in the finite dimensional setting, squares of Gaussian processes provide us with
important process classes for financial and statistical modeling. In this section, we
outline this program in utmost generality from a stochastic and analytic point of view.
In particular, we consider continuous affine Volterra-type processes on Si, which we
construct as squares of matrix-valued Volterra Ornstein—Uhlenbeck (OU) processes
(see Remark 5.4). Following the finite dimensional analogon (Bru 1991), we start by
considering matrix measure-valued OU processes of the form

dy,(dx) = A*y,(dx)dt +dW,v(dx), yo € Y*(R"™D). 5.1)

The underlying Banach space, denoted by ¥ * (R"*%), is the space of finite R" *d_yalued
regular Borel measures on the extended half real line Ry := R U{oo}. Together with

o) =1+ 1715w gueay ¥ € YR,

where || - ||y« gnxay denotes the total variation norm, this becomes a weighted space.
Moreover, A* is the generator of a strongly continuous semigroup S* on ¥ *(R"*),

which satisfies a property analogous to (4.3), i.e., for elements A € R"*¢, and it holds
that
SyOAT) = (Sfy(DAT and SHAy () =AY (52)

The process W is a n x d matrix of Brownian motions and v € Y* =: Y*(S%) or Z*,
as defined in Sect. 4 such that Assumption 4.3 holds true. The pre-dual space denoted
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by Y (R"*?) is given by C; (R, R"*?) functions, where we fix the pairing (-, -) as
follows

() YR x Y* R - R, (y,7) <y,y>=Tr(/0 yT<x)y(dx>>.

Again Tr denotes the trace. We assume that all relevant properties from Assumption
4.1 are translated to the current setting.

Remark 5.1 Observe the analogy to the process y defined in the introduction. If A* = 0
and v is supported on a finite space with k points, then (5.1) is exactly the process
from the introduction.

Proposition 5.2 For every yy € Y*(R"™*4), the SPDE (5.1) has a solution given by
a generalized Feller semigroup on B2(Y*(R"*%)) associated with the generator of
(5.1). The mild formulation directly yields a stochastically strong solution

t
yi(dx) = §Fyo(dx) + / AW, 57, v(dx)
0

where order matters, i.e., the matrix Brownian increment is applied to S} v(dx) on the
left. The integral is understood in the weak sense, i.e., after pairing with y € Y (R"*9).

Proof The construction of the generalized Feller process can be done by jump approx-
imation of the Brownian motion similarly as in Cuchiero and Teichmann (2018,
Theorem 4.16). Notice here that we consider the process on the whole space ¥ * (R”*%).
So no issues with state space constraints occur.

The right-hand side of the stochastically strong formulation defines —after pairing
with y € Y (R"*4)— almost surely a continuous linear functional with value

t
(y, S:VO) + /0 (v, dWYSt*—sv) ’

since the integrand of the stochastic integral is deterministic and in L? for each 7 > 0.
O

In order to define the actual process of interest, we need to introduce some further
notations: For elements in y € Y*(R"*?), we define

YOV, ) =y OrE).

The corresponding contracted, i.e., one matrix multiplication is performed, algebraic
tensor product is denoted by Y*(R"™*4)QY*(R"*¢), and we set

o~

&= {y®y e Y R™HRY* R} (5.3)
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This corresponds to the space of finite Si-valued, rank 7, product measures on Ry x

R... We shall introduce a particular dual topology on g , namely a(a Y ® Y), where
the corresponding pairing is given by

1 ® y2, V1®p) = (M1®y2, 11®y2)

=Tr ( /0 v DY)y, (dxl))/2(dx2)> :

We denote the pre-dual cone by
—& = {y®y e YRHRY R}, (5.4)

where we use again the contracted algebraic tensor product corresponding to the
following matrix multiplication of R”*¢ valued functions

OB, ) =y Oy(), yeYR™).

The minus on the left-hand side of (5.4) is to obtain elements in the polar cone.
Let us now define the actual process of interest, namely

A (dxy, dxa) = y," (dx1) v (dx2) = y,(dx)) @y (dx2). (5.5)

Note again the analogy to the Wishart process A defined in the introduction. The
process (5.5) clearly takes values in & as defined in (5.3). We will now show that we
can define a Volterra-type process by considering projections on Sfi. Applying Itd’s
formula, we see that A;(dx1, dx,) satisfies the following equation

di;(dx, dxo) = (ATA,(dxl, dxp) + A5x,(dxy, dx2) + nv(dxl)v(dxz)) dr
+v(dx1)dW,Tyt (dx2) + y(dx1) TdW,v(dxo), (5.6)
where AJA;(dxy, dx2) = A", (-, dx2)(dx1) and analogously for A3. Note that for
A* = 0, this is completely analogous to (1.3).

By alot of abuse of notation, but parallel with Bru (1991) and Egs. (1.4)-(1.5), we
can also write

di;(dxy, dxo) = (ATA,(dxl, dxp) + A5x,(dxy, dx2) + nv(dxl)v(dxz)) dr

o0 o0
—|—f / vV v@v(dxl , dx)dBtT (dy, dx)\/)T,(dy, dx)p)
0 0

+f / VA (dxy, dx)dB; (dx, dy)y/v®v(dy, dxs), (5.7)
0 0

where heuristically B(dx, dy) is d x d matrix of Brownian fields. We shall not develop
a framework where this notation makes sense, but continue with proving that X is
actually a generalized Feller process, which should be considered the correct infinite
dimensional version of a Wishart process.
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By only a slight abuse of notation, we understand .A*, and in the sequel also &*
and other linear operators, as operators acting on both S¢-valued measures as well as
R4*"_yalued or R"*9-valued ones as in (5. 1).AThe mild formulation of (5.6), denoting

the semigroup generated by A} + A% by S/ '®_ then reads as

~ t —
A (dxp, dxp) = SF®ho(dxy, dxa) +n / SH%(dx)v(dxy)ds
0
t —~
- / SEE (w(dx)dW, s (dxa) + yy(dxp) TdWiv(dx2))
0
—~ t
= S,*’®ko(dx1, dxy) +n/ (S v(dx)) (S v(dx2))ds
0
t
+ / (SF w(de)AW (87,7 ([dx))
0

t
+ /0 (8775 (drr)) AW (87, v(dx2)

where the second equality follows from property (5.2).

Let now S be a linear operator from Y*(F) to F where F stands here for R™>d or
S? with the property that for a constant matrix A with appropriate matrix dimensions,
we have

B(Ay () = AB(y (), Br(HA) =By ()A. (5.8)

By means of g, define now an operator Eacting on R?*? valued product measures
as follows

B (1)) = Bri() T BGA (), (5.9

where y; and y» are either in Y*(R"*¢) or in Y*(S?). In the latter case, the transpose
is not needed. Note that (5.9) implies that ﬂ(yT(')y(')) is Si—valued. Applying g to
A, we find

~ t
BOw) = B(S®r0) + n/O B(S_sv)B(S[_sv)ds

t t
4 /0 B(SE_ AW BST7s) + fo B(S™_7s) TAW, (ST, ).

Defining as in Eq. (4.6) an S?-valued kernel via

K(t) = B(Sv),
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we obtain the following generalized Si-valued Volterra equation

R t
V, := BO) = B(SH®h) +n/ K(t—s)K(t —s)ds
0

t t
+ / K(t —s)dW] B(SF_,vs) + / B(S;_svs) TdW K (t —5), (5.10)
0 0

which we call Volterra Wishart process in the following definition.

Definition 5.3 For g, B\as given in (5.8)—(5.9) and an S?-valued kernel K (¢) defined
by K (t) = B(S;'v), we call the process defined in (5.10), Volterra Wishart process.

Remark 5.4 (i) Note that B(y,) defines an R"*“-valued Volterra OU process, that

(i)

is,

t

X, = B(y) = BSiw) +f0 AW,K (1 — 5). (5.11)

By the definition of E, the Volterra Wishart process
Vi = BOs) = BB () = X[ X,

is thus the matrix square of a Volterra OU process, which justifies the terminology.
Note that different lifts of the Volterra OU process given in (5.11) are possible,
e.g., the forward process lift f;(x) := E[X,4,|F;]. Then, f;(0) = X;, and
similarly as in Cuchiero and Teichmann (2018, Section 5.2), it can be shown that
f 1s an infinite dimensional OU process that solves the following SPDE (in the
mild sense)

d
dfi(x) = afz(x)dt +dW,K(x),  fo(x) = B(Si ),

on a Hilbert space H of absolutely continuous functions (AC) with values
in R"*4, precisely H = {f € AC(R.,R™)| [7° ] f(0)|[*(x)dx < oo}
where o > 0 denotes a weight function (compare Filipovi¢ 2001). We can then
set As(x,y) = f,T (x) fz(v) and define the same Volterra Wishart process as in
(5.10) by V; := 1;(0,0) = XtTX,. By It6’s formula and variation of constants,
its dynamics can then equivalently be expressed via

t
V, := 2,(0,0) = fOT(t)fo(t)+n/ K(t—s)K(t — s)ds
0

t t
+f K(t—s)dWSTfs(t—s)+/ Tt —s)dWK (1 — 5).

0 0
(5.12)
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Comparing (5.12) and (5.10) yields
BSiv) = fi(x) = ElX; 12| Fl, x,1>0. (5.13)

(iii) In the case when $ and S* are as in Example 4.4, (5.10) reads as

t
/ A(dxl,dxz)zf e_(x1+x2)tko(dx1,dx2)+n/ K(t —s)K(t — s)ds
R2 R2 0
t o0
+/ / K(t —s)dW, e ™9y (dx)
0 JO
t o0
+/ / e 1=y T(dx)dWs K (1 — 5).
0 JO

Hence by (5.13), [~ ¢~ y,(dx) = E[X;|F;]. This yields exactly Eq. (1.6)
considered in the introduction. Note that if v and in turn K are chosen as in
Remark 4.5, this Volterra Wishart process has exactly the roughness properties
desired in rough covariance modeling.

In the following remark, we list several properties of Volterra Wishart processes.

Remark 5.5 (i) Note that the marginals of V are Wishart distributed as they arise
from squares of Gaussians.

(ii) Inorder to bring (5.6) in a “standard” Wishart form (with the matrix square root)
asin (1.1) by replacing y (dx) by VA@dx, dy), new notation has to be introduced,
compare with (5.7).

(iii) Nevertheless, both the drift and the diffusion characteristics of A depend linearly
only on A, e.g.,

d[A;j(dxy, dx2), Ag(dyr, dy2)]s
dr

= (K(x1) K (y1)ikArs, ji(dxz, dy2)
+ (K (x1) K (y2))iths, jk (dx2, dy1)
+ (K (x2) K(31)) jicAr,it(dxy, dy2)
+ (K (x2) K (32)) jirse,ik (dx1, dy1) ,

which indicates that (A;);>¢ is Markovian on its own. This is shown rigorously
below.

Using Theorem 2.8, we now show that A is a generalized Feller process on (g', 0)
with weight function o satisfying

2(y®y) = o(y). (5.14)

We also prove that this generalized Feller process is affine, in the sense that its Laplace
transform is exponentially affine in the initial value. The process A can therefore be
viewed as an infinite dimensional Wishart process on g analogously to Bru (1991),
Cuchiero et al. (2011).
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Theorem 5.6 The process A defined in (5.5) is Markovian on E. The corresponding
semigroup is a generalized Feller semigroup on B° (£), where @ satisfies (5.14). More-
over, for y € Y (R"*4),

s [exp (—(y®y. A))] = exp(—¢r — (Y1, ha)), (5.15)

where  and ¢ satisfy the following Riccati dljj\erentiﬁl equations, namely Yy = yQy
and 3;Y; = R(Yy) in the mild sense with R : £, — &, given by

R(yY®y)(x1, x2) = Ay(x)®y(x2) + y(x1)®Ay(x2)

_2/0 /0 y(dx1)®y(dx)v®u(dx,dy)y(dy)®y(dx2)

and ¢o = 0 and d,¢; = F (Y,) with F : & — R given by
F(y®y) = n(y®y, v®v).
Proof We apply Theorem 2.8 and Corollary 2.11 with
q: VR > E vy y®y =70 0.
Observe that this is a continuous map, since we use the dual topology a(é'\, Y®Y)

on € and the respective polar &, defined by (5.4). Consider now the following set of
Fourier basis elements

D={(fy:&~[0.11: A > exp(~(y®y. M) | y € YR )
which is dense in 5’5(6"\) by the very definition of the dual topology. We check now that

the generalized Feller semigroup P OU) corresponding to (5.1) satisfies Assumption
(2.8) for f € D, i.e., for every f € D, there exists some g such that

PO foq)=g0q. (5.16)
Hence, we need to compute E,, [exp (— Ry, y,@y,))] . By Lemma 5.7, this expres-
sion is given by (5.17). Therefore, (5.16) is clearly satisfied. This proves the first
assertion. Concerning the affine property, we can deduce from Lemma 5.7 that ¥ and

¢ are given by

U = Qg (y®y) +1dg) 1 (Siy®S,y),
n -~
¢ = 5 logdet(2¢; (y®y) + 1dy),

with g; given in Lemma 5.7. Taking derivatives then leads to the form of the Riccati
differential equations. O
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The following lemma provides an explicit expression for the Laplace transform of
¥:®y;. This resembles not surprisingly the Laplace transform of a non-central Wishart
distribution with n degrees of freedom.

Lemma 5.7 Let y be an Ornstein—Uhlenbeck process as defined in (5.1). Then for
y € Y(R"*9), the Laplace transform of y;Qy; is given by

E,, [exp(—(y®y, »®yi))] = det2q, (y®Y) + 1dy) "2

x exp(—((2q; (Y®y) + 1da) " (S, y®S:y), @),
(5.17)

where g (Y®Y) = [o Jo© Jo° Siv(dx1)y T (x)y(x2)S;v(dx2)ds.
Proof Assume for simplicity first that .A* is equal to 0. Then, (5.1) becomes

yi(dx) = yo(dx) + Wyv(dx).
Fixy e Y (R"*4) such that fooo y(x)v(dx) is well defined. We then have

Y®y, v:®y) = (y®y, (Yo + Wm0 + Wyv))
= (y®Y, Y®0) + (Y®y, ®W,v) + (y&y, W,v®y0)
+ (y®y, Wv@W,v).

Note now that
(Y®y, o®Wv) = Tr ((Wr /Ooo /OOO V(dxz)yT(X1)y(X2)VoT(dX1)))
=: Tr(W;a),
4By, W) = Tr (( / N / N Vo(dX2)yT(x1)y(X2)v(dX1)) W,T>
= Tr(aW,") = Tr(Wya| ) = Tr(W;a),
(Y®y, Wv@W,v) = Tr ((/OOO /OOO v(dxz)yT(xl)y(xz)v(dx1)> WfW,)

L Tr(bW," W),

where a € R ) e R b e R anda =a .

For the following calculation, let » = 1. Then, using these expressions, we find

E [exp(—(y®y, 1 ®¥:))]
= exp(—(y®Y, &) E [eXp(—2 Tr(Wia) — Tr(bW," Wf)]

1

~ ~ _ _ Tyl .,.T
— exp(_<y®y’ VO@VO))W/‘ e 2Tr(xa)—Tr(bx ' x) 27 XX dx
212 RIxd

= exp(— (y®y, o®w))
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x L / e 2xa—beCr DT gerop 1 L1g gy Fax
det(2b + 11dy)2t2 (27)2 JRIX !

I
det(2b + L 1dg) b

~ ~ 1
7 SXP(—(y®Y, 0@y exp(2a’ 2b + ~1da)~'a),
2

where in the last line we used the formula for the moment generating function of a
Gaussian random variable with covariance (2b + % Id,)~". Simplifying further yields

E [exp(—(y®y, v ®7:))]

1 1 _ ~ ~
= 7 exp((2b(20 + ~1dg) ™! ~1da) (¥&Y). @)
det(2b + 7 Idg)212 !

= exp((—(Idg +2b61) "' (Y®Y), Yo®0))- (5.18)
det(2bt +1dy)?

For general n, note that we can write
n
T T
W= "wlw;,
j=1

where the W; are the rows of W and thus take values in R'*¢. Similarly,

tewo =T [ YW ([ [ v wosend @) |= 3w,
j=1

j=1

where g, ; are the rows of yg. Using the independence of all W; and applying (5.18)
then lead to

~ ~ 1 1, = ~
E [exp(—(y®y, »:®y:)] = W exp(—((Idg +2b0) "' (Y®Y), 10®0))-
d

The general case for A* # 0 can now be traced back to this situation. Indeed, by the
variation of constants formula, y; is given by

t
v =Sy +/ dWS’ v(dx).
0

Therefore, we need to replace bt by

t o0 o0
g = /0 /0 /0 St w(de)y T )y (e)ST v(dx)ds

and yp by Sfyp. This then yields (5.17). Note that this now holds for general y €
Y (R"*4y even if fooo y(x)v(dx) is not necessarily well defined. O
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6 (Rough) Volterra-type affine covariance models

The goal of this section is to apply the above constructed affine covariance models
for multivariate stochastic volatility models with d assets. We exemplify this with the
Volterra Wishart process of Sect. 5 and define a (rough) multivariate Volterra Heston-
type model with possible jumps in the price process. Roughness can be achieved by
specifying v and in turn the kernel of the Volterra Wishart process as in Remark 4.5.
The log-price process denoted by P and taking values in R? evolves according to

dP, = —% diag(V;)dr — /d(eS —1— &) Tr(V,m(d§)) 4+ X, dB;
R
+/Rd€(uP(dé) — Tr(V;m(d§)), (6.1)

where X; denotes the Volterra OU process defined in Remark 5.4, 1 the vector in R4
with all entries being 1 and ¢ has to be understood componentwise. Moreover, B, is
an R”"-valued Brownian motion, which can be correlated with the matrix Brownian
motion W appearing in (5.1) as follows

B =W, 0+ vV (- QTQ)Et,

where B, is an R”-valued Brownian motion independent of W and o € R¢. Moreover,
u? denotes the random measure of the jumps with compensator Tr(Vm (d&)), where
V is the Volterra Wishart process of (5.10) and m a positive semidefinite measure
supported on R¥.

As acorollary of Section 5 and Cuchiero (2011, Section 5), we obtain the following
result, namely that the log-price process together with the infinite dimensional Wishart
process A given in (5.5) is an affine Markov process.

Before formulating the precise statement, note that the continuous covariation
(P, M (dxy, dx2)); is given by

2

(P;, A (dxy, dx2))

T L= (BT (v v (dxn)i (v(dx2) o)

+ (BT )y (dx1) ik (v(dx2)o)s,

where y is the infinite dimensional OU process of (5.1). Note that 8 T()/,))/, (dxy) can
also be written as linear map from £ Y*(S%) which we denote by ,3 ie.,

BOu)(dx1) = BT () yi(dxr). (6.2)

In the standard example of 4.4, we have E A)(dxp) = fxz A(dx1, dxz). The adjoint
operator of E from Y (S) to ¥ (R"*)QY (R"*?) is denoted by E* and given by

(BOY, y) = (1, B()), y e Y(SY),

2 Here, the brackets stand for the covariation and not for the pairing.
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where the brackets are the pairings in the respective spaces. With this notation, we are
now ready to state the result. Its proof is a combination of the results of Section 5 and
Cuchiero (2011, Section 5).

Corollary 6.1 The joint process (A, P) with A defined in (5.5) and P defined in (6.1)
is Markovian with state space (5 Rd) It is affine in the sense that for (y,v) €
Y (R4 x R4, we have

Ero.z0 [exp (— 08y, 1) +107 P) | = exp(—1 — (i 20) + 0T Po). (63)

The function s satisfies the following Riccati differential equatlons namely Yo = y®y
and 0y = R(Y, 1v), in the mild sense with R : 5* x iRY — 8* given by

R(OY®y, iv)(x1, x2) = Ay(xN®y(x2) + y(x1)®Ay(x2)

—2]0 /o Y(dx)®y () v®v(dx, dy)y(dy)®y(dx)

d
1 N
+3 Y " iviBa(eie] ) (x1, x2)

i=1

+ Bu /R (e — 1= )m(de)(x1. x)
L~ T

+ Eﬂ*(vv )(x1, x2)

T B /0 YOBYV(AD) (x1, x2)oiv T

+ive B /0 V() y(IBy () (r1., x2)

— Bl /R ) (exp(iv &) — 1 —iv &)m(de))(x1, x2),

where E* and E* are the adjoint operators of Egiven in (5.9) and E given in (6.2),
respectively. The function ¢ satisfies ¢y = 0 and d;,¢; = F(Yy) with F : &, — R
given by

F(y®y) = n{y®y, v®v).
Remark 6.2 In a similar spirit, one can define multivariate affine covariance models

with the affine Volterra jump process V given in (4.23). The log-price process (under
some risk neutral measure) evolves then according to

dP, = —% diag(V;)dr — / (€f —1— &) Tr(Vim(d€)) + VV,dB,
le

+ fR E(u" () = Tr(Vim(dé)),
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where B is a d-dimensional Brownian motion and the jump measure m of P and p of
the Markovian lift A as given in (4.17) can be the marginals of some common measure
supported on % x R?.
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