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Abstract The original version of the article was published in [1]. Unfortunately, the original version
of this article contains a mistake: in Theorem 6.2 appears that 5(n, A) = (n — A +5)/4 but the correct
statement is B(n,A) = (n — A + 4)/4. In this erratum we correct the theorem and give the correct

proof.
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6 Computation of 3(n,A)
Lemma 6.1 For all A > 6 and n > A+ 1, we have f(n,A) < (n— A +4)/4.

Proof Seeking for a contradiction assume that G(n,A) > (n — A +4)/4. Thus, there exists
G € J(n,A) such that §(G) > (n — A +4)/4. By Theorem 3.5, 6(G) > (n — A +5)/4. By
Theorem 3.6 there exist a geodesic triangle T = {x,y, 2z} with z,y,z € J(G) and p € [zy] such
that §(G) = d(p, [zz] U [yz]). Since L(T) > 46(G), we have L(T) = n — A+t with ¢t > 5, and
[V(G)\T|=A—1t.
Fix v € V(G) with deg(v) = A. We consider now several cases:

Case (A) Assume first that v ¢ T. Since |V(G)\T| = A —t and v € V(G) \ T, we have
|N(v)NT| > t+1. Define t; = |N(v)N[zy]| and t2 = |N(v)N(T\[zy])|. Thus, t1+t2 > t+1. Since
[zy] is a geodesic, we have 0 < t; < 3 and, therefore, t5 > ¢t —2 > 3 and N(v) N (T \ [zy]) # 0.
Case (A.1) Ift; > 2, then let us choose ag, oy € V(G)Nzy] and B, B8y € V(G)N(T'\ [zy]),
with

de(z, a) = min{dg(z,w) | w € N(v) N [zy]},
de(y, oy) = min{de(y,w) | w € N(v) N [zy]},
d[22)U2y) (T, Bz) = min{d[z2)u[zy) (2, w) | w € N(v) N (T'\ [zy])},
L2102 (Y5 By) = min{d )0z (v, w) | w € N(v) 0 (T [2y]) }-
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We have L([zy]) > da(x, o) +t1 — 1+ dg(ay, y) and L([z2]U[zy]) > djzz)ulzy) (2, Be) +1t2 —
1+ dzul2y] (By, y). We can assume that p € [ayy], since otherwise the argument is similar (if
p € [xay] the argument is symmetric, if p € [, ] the argument is similar and simpler). Since
there exists v € N(v)N(T'\ [zy]), we have L([ay,y] U [y, v]U[v,v']) > 26(G) and, consequently,
da(oy,y) > 26(G) — 2. Thus, L([zy]) > da(z, ap) +t1 — 14+ 26(G) — 2. We also have
20(G) < da(x,y) < da(z, Br) + da (B, v) + da (v, By) + da(By,y) = da(z, B) + da(By, y) + 2,
L([zz] U [zy]) > 20(G) — 2+ t2 — 1,
n—A+t=L(T)>dg(z,a;) +t; +ts — 6 +46(G) > dg(x,a,) +t —5+n—A+5,
which is a contradiction if dg(z, ;) > 0, i.e., x ¢ N(v).

If x € N(v), then L([zz] U [zy]) > t2 + d[z2)u[2y] (By, ¥), and the previous argument gives

n—A+t=L(T)>t;+t—5+40(G)>t—4+n—A+5,
which is a contradiction.
Case (A.2) If t; < 2, then to > ¢. The argument in (A.1) also gives L([zz] U [zy]) >
25(G) + t2 — 3 in this case. Since L([zy]) > 26(G), we have
n—A+t=L(T)>4(G)—3+t>n—A+5—-3+t,
a contradiction.
Case (B) Now, assume that v € T. Since |V(G)\ T| = A — ¢, we have |[N(v)NT| > t.
Case (B.1) Assume that v € [zy]. Since [xy] is a geodesic and v € [zy], we have |N(v) N
[zy]| < 2 and, therefore, |N(v) N (T \ [zy])] > ¢t —2 and N(v) N (T \ [zy]) # 0. Let us choose
Bz, By € V(G) N (T'\ [zy]) as in case (A.1).
We can assume that p € [vy], since otherwise the argument is similar. We have

20(G) < dg(x,y) < da(z,v) +da(v, By) +da(By,y) = da (2, v) + da(By, y) + 1,

L([zz] U [2y]) = da(, Ba) + da (B, By) + da(By,y) = 1/2+ da(By,y) +t — 3,

L([zy]) > da(z,v) + dg(v,y) > dg(z,v) + 26(G) — 1,

n—A+t=LT) >dg(z,v) +20(G) —1+1/2+da(By,y) +t —3

>45(G)+1/24t—-5>n—A+t+1/2,

which is a contradiction.
Case (B.2) Assume that v € T'\ [zy]. Define t; = |N(v) N [zy]| and t2 = |[N(v) N (T \ [zy])|.
Thus, t; + to > ¢. Since [zy] is a geodesic, we have 0 < ¢; < 3 and, therefore, to >t —3 > 2
and N(v) N (T'\ [zy]) # 0.
Case (B.2.1) Ift; > 2, then let us choose oy, oy € V(G)N[zy] and B, By € V(G)N(T'\ [zy])
as in case (A.1).

We have L([zy]) > dg(z,a,) +t1 — 1+ da(ay,y) and L([zz] U [2y]) > dizzupzy (2, Be) +
to — 1+ dizzufzy) (By,¥). We can assume that p € [ayy], since otherwise the argument is
similar. Since L([ayy] U [y, v]) > 20(G), we have dg(ay,y) > 26(G) — 1. Thus, L([zy]) >
do(z,0) +t1 — 1+ 25(G) — 1. We also have

25(G) < dG(l’,y) < dG(xvﬂz) + dG(ﬂz,U) + dG(Uvﬂy) + dG(ﬂy,y) = dG(xvﬂz) + dG(ﬂy,y) + 2a
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L([zz] U [zy]) > 20(G) — 2 + t2 — 1,
n—A+t=L(T)>dg(z,a;) +t1 +t2 =5+ 46(G) > dg(x,a,) +t —5+n— A +5,

which is a contradiction if dg(z, ay) > 0, i.e., x ¢ N(v).
If x € N(v), then L([xz] U [2y]) > t2 + dz2]ulzy] (By, ¥), and the previous argument gives

n—A+t=L(T)>t1+t2—44+40(G)>t—4+n—A+5,

a contradiction.

Case (B.2.2) Ift; < 2, then t; > ¢t — 1. The argument in (B.2.1) also gives L([zz] U [zy])
> 20(G) + t2 — 3 in this case. Since L([zy]) > 2§(G), we have

n—A+t=L(T)>4(G)+t—4>n—A+5+1t—4,

which is a contradiction.
Hence, B(n,A) < (n— A +4)/4. O

Theorem 6.2 Consider any 1 <A <n—1.

o IfA=1, thenn=2 and 3(2,1) = 0.

o I[f2 <A <4, then B(n,A) =n/4.

o If A>5, then B(n,A) = (n—A+4)/4.

Proof For every n and A, Theorem 4.7 gives B(n, A) < n/4.

If A=1and G € J(n,1), then G is isomorphic to the path graph P5. Thus, n = 2 and
3(2,1) = 0.

If A =2, then every graph G € J(n,2) is isomorphic to either the path graph P, (if § = 1)
or the cycle graph C,, (if 6 = 2). Since 6(C),) = n/4, we conclude f(n,A) =n/4.

If A = 3or A =4, then [43, Proposition 29 and Theorem 30] provide graphs G, A € J(n,A)
with §(Gp,a) = n/4, which implies f(n, A) = n/4.

Assume A =5 (thus n > 6). Note that [43, Proposition 29 and Theorem 30] give 3(n,5) <
n/4, and Theorem 3.5 gives 3(n,5) < (n — 1)/4. Since B(n,4) = n/4 for every n > 5, there
exists a graph F,, € J(n —1,4) with §(F,) = (n — 1)/4 and w € V(F,) such that degw = 4
for each n > 6. Consider a graph I' isomorphic to P and fix a vertex v € V(T'). Identify
v and w in a single vertex v*. We obtain in this way a graph G, € J(n,5) from F, and T,
since A = degv* = 4+ 1. Furthermore, {F,,,T'} is the biconnected decomposition of G,, and
Theorem 3.1 gives §(G,,) = §(Fy,) = (n—1)/4. Therefore, 3(n,5) > §(G,) = (n—1)/4, and we
conclude B(n,5) = (n —1)/4.

Assume now A > 6. Since n — A > 1 we can consider a graph G isomorphic to the cycle
graph C,,_a45. Consider two points z,y € Gy, with z € V(G1) and dg, (z,y) = (n— A +4)/2.
Denote by I'1, I's the geodesics in G joining x and y with G; = I'y UT's. Denote by vf the vertex
in T; with de, (v],2) = 7, fori = 1,2 and 1 < j < (n — A +5)/2. Note that (n — A+5)/2 > 3.

Consider a graph G5 isomorphic to the star graph with A + 1 vertices Sa € J(A + 1, A).
Denote by v* € V(G2) the vertex of maximum degree in Gs, that is, degv* = A. Since A > 6,
we can choose vertices w; € V(G2) ~ {v*} (j =1,...,6).

Identify = and wg in a single vertex w*. For each 1 < j < 2, identify v{ e V(I'1) and
wj € V(G?2) in a single vertex v}, and for each 1 < j < 3, identify v} € V([g) and w0 € V(Ga)
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in a single vertex vy, ,. We obtain in this way a graph G € J(n,A) from G and Ga, since
V(G| =n—A4+5+A+1—-6=nand A = degv*.
Consider the geodesic triangle T' = {z,y, 2z} in G with z = v}, 'y = [zy] and Ty = [zz]U[zy].
If we consider the midpoint p of I'y, then
n—A+4

5n,A) 2 8(G) > da(p,T2) = da(p, {a,}) = L) =" ]
Since Lemma 6.1 implies S(n, A) < (n— A+44)/4, we conclude f(n,A) = (n—A+4)/4. O
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