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Abstract

Recently, semidefinite programming performance estimation has been employed as a
strong tool for the worst-case performance analysis of first order methods. In this paper,
we derive new non-ergodic convergence rates for the alternating direction method
of multipliers (ADMM) by using performance estimation. We give some examples
which show the exactness of the given bounds. We also study the linear and R-linear
convergence of ADMM in terms of dual objective. We establish that ADMM enjoys
a global linear convergence rate if and only if the dual objective satisfies the Polyak—
Lojasiewicz (PL) inequality in the presence of strong convexity. In addition, we give
an explicit formula for the linear convergence rate factor. Moreover, we study the
R-linear convergence of ADMM under two scenarios.
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1 Introduction

We consider the optimization problem

min X ,
O Sx)+8@)

s.t. Ax + Bz = b, (1)

where f : R"” — RU{oo}and g : R — RU{o0} are closed proper convex functions,
0#A R, 0% BeR>™ andb € R". Moreover, we assume that (x*, z*) is
an optimal solution of problem (1) and A* is its corresponding Lagrange multipliers.
Moreover, we denote the value of f and g at x* and z* with f* and g*, respectively.

Problem (1) appears naturally (or after variable splitting) in many applications in
statistics, machine learning and image processing to name but a few [9, 23, 29, 42].
The most common method for solving problem (1) is the alternating direction method
of multipliers (ADMM). ADMM is a dual based approach that exploits separable
structure and it may be described as follows.

Algorithm 1 ADMM

Set N and t > O (step length), pick 29,20,

Fork=1,2,..., N perform the following step:
1. x* € argmin £(x) + (A*=1, Ax) + 5| Ax + BZF~1 - p)?
2. ¥ € argmin g(2) + (A%~1, Bz) + Sl|AxK + Bz — b|?
300K =51 4 r(Axk + BZF —b).

ADMM was first proposed in [14, 16] for solving nonlinear variational problems.
We refer the interested reader to [17] for a historical review of ADMM. The popularity
of ADMM is due to its capability to be implemented parallelly and hence can handle
large-scale problems [9, 22, 34, 45]. For example, it is used for solving inverse prob-
lems governed by partial differential equation forward models [32], and distributed
energy resource coordinations [30], to mention but a few.

The convergence of ADMM has been investigated extensively in the literature and
there exist many convergence results. However, different performance measures have
been used for the computation of convergence rate; see [13, 18, 19, 24, 28, 29, 35,
44]. In this paper, we consider the dual objective value as a performance measure.

Throughout the paper, we assume that each subproblem in steps 1 and 2 of Algo-
rithm 1 attains its minimum. The Lagrangian function of problem (1) may be written
as

L(x,z,2) = f(x)+g)+ (A, Ax + Bz — b), 2)
and the dual objective of problem (1) is also defined as

D) = min  f(x) 4+ g(z) + (A, Ax + Bz — b).
(x,z)eR"xR™
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The exact worst-case convergence rate of ADMM

We assume throughout the paper that strong duality holds for problem (1), that is

max D(L) = m1n f(x) +2(2).
LeR”

Note that we have strong duality when both functions f and g are real-valued. For
extended convex functions, strong duality holds under some mild conditions; see e.g.
[4, Chapter 15].
Some common performance measures for the analysis of ADMM are as follows,

— Objective value: | f(xV) + g(zV) — f* ;

— Primal and dual feasibility: ||AxN + BN — b|| and HATB(ZN

— Dual objective value: D(A*) — DAY,

— Distance between (xV, zV, A") and a saddle points of problem (2).

Note that the mathematical expressions are written in a non-ergodic sense for conve-
nience. Each measure is useful in monitoring the progress and convergence of ADMM.
The objective value is the most commonly used performance measure for the anal-
ysis of algorithms in convex optimization [4, 5, 37]. As mentioned earlier, ADMM
is a dual based method and it may be interpreted as a proximal method applied to
the dual problem; see [5, 29] for further discussions and insights. Thus, a natural
performance measure for ADMM would be dual objective value. In this study, we
investigate the convergence rate of ADMM in terms of dual objective value and feasi-
bility. It worth noting that most performance measures may be analyzed through the
framework developed in Sect. 2.

Regarding dual objective value, the following convergence rate is known in the
literature. This theorem holds for strongly convex functions f and g; recall that f is
called strongly convex with modulus p > 0 if the function f — %H - |12 is convex.

Theorem 1 [19, Theorem 1] Let f and g be strongly convex with moduli ;11 > 0 and

2
. 3 M1y
w2 > 0, respectively. If t < \/Amax(ATA))»?nax(BTB)’ then

12" =2

N _ D N s~
PeH =D =5 N 1y

3)

In this study we establish that Algorithm 1 has the convergence rate of O(%) in
terms of dual objective value without assuming the strong convexity of g. Under this
setting, we also prove that Algorithm 1 has the convergence rate of O(%) in terms
of primal and dual residuals. Moreover, we show that the given bounds are exact.
Furthermore, we study the linear and R-linear convergence.

1.1 Outline of our paper

Our paper is structured as follows. We present the semidefinite programming (SDP)
performance estimation method in Sect. 2, and we develop the performance estimation
to handle dual based methods including ADMM. In Sect. 3, we derive some new non-
asymptotic convergence rates by using performance estimation for ADMM in terms of
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dual function, primal and dual residuals. Furthermore, we show that the given bounds
are tight by providing some examples. In Sect.4 we proceed with the study of the
linear convergence of ADMM. We establish that ADMM enjoys a linear convergence
if and only if the dual function satisfies the PL. inequality when the objective function
is strongly convex. Furthermore, we investigate the relation between the PL. inequality
and common conditions used by scholars to prove the linear convergence. Section5
is devoted to the R-linear convergence. We prove that ADMM is R-linear convergent
under two new scenarios which are weaker than the existing ones in the literature.

1.2 Terminology and notation

In this subsection we review some definitions and concepts from convex analysis.
The interested reader is referred to the classical text by Rockafellar [41] for more
information. The n-dimensional Euclidean space is denoted by R”. We use (-, -) and
|l - || to denote the Euclidean inner product and norm, respectively. The column vector
e; represents the i-th standard unit vector and / stands for the identity matrix. For
a matrix A, A; ; denotes its (i, j)-th entry, and AT represents the transpose of A.
The notation A > 0 means the matrix A is symmetric positive semidefinite. We use
Amax (A) and Amin(A) to denote the largest and the smallest eigenvalue of symmetric
matrix A, respectively. Moreover, the seminorm || - || 4 is defined as ||x||4 = ||Ax]|| for
any A € R™*"; see [26, Section 5.2] for more discussion.

Suppose that f : R” — (—o00, oo] is an extended convex function. The function f
is called closed if its epi-graph is closed, thatis {(x, r) : f(x) < r}is a closed subset
of R™*!. The function f is said to be proper if there exists x € R” with f(x) < oco.
We denote the set of proper and closed convex functions on R" by Fo(R"). The
subgradients of f at x is denoted and defined as

Af(x)={&:f(») = fx)+ (&, y—x),¥VyeR"}.
We call a differentiable function f L-smooth if for any x1, xo € R”,
[Vf(x1) = V@)l < Llixi — x2|l Vxi,x2 € R™.

Definition 1 Let f : R” — (—o00, oo] be a closed proper function and let A € R™*".
We say f is c-strongly convex relative to ||.|| 4 if the function f — %||.||%4 is convex.

In the rest of the section, we assume that A € R”*"_ It is seen that any p-strongly
convex function is m—strongly convex relative to ||.|| 4. However, its converse
does not necessarily hold unless A has full column rank. Hence, the assumption of
strong convexity relative to |.||4 for a given matrix A is weaker compared to the
assumption of strong convexity. For further details on the strong convexity in relation
to a given function, we refer the reader to [3, 33]. We denote the set of c-strongly
convex functions relative to ||.||4 on R” by ]—'CA (R™). We denote the distance function
to the set X by dx (x) :=infyex |y — x|

In the following sections we derive some new convergence rates for ADMM by
using performance estimation. The main idea of performance estimation is based on
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The exact worst-case convergence rate of ADMM

interpolablity. Let Z be an index set and let {(x'; g'; f*)}iez S R" x R" x R. A set
{(x'; €75 f1)}ie7 is called FA-interpolable if there exists f € FA(R") with

fah=f e eafix’y iel.

The next theorem gives necessary and sufficient conditions for }'CA-interpolablity.

Theorem 2 Let ¢ € [0, 00) and let T be an index set. The set {(x*; Ei; fi)}iez -
R"* x R" x R is }'C‘L‘-interpolable if and only if for any i, j € I, we have

O]y @

g

Moreover, {(x'; €'; f))}ieT is Fo-interpolable and L-smooth if and only if for any
i,j €I, wehave

Proof The argumentis analogous to that of [46, Theorem 4]. The triple {(x'; £'; f')}iez
is F2-interpolable if and only if the triple {(x'; &' — cAT Ax'; f — §|x'[|3)}iez is
Fo-interpolable. By [46, Theorem 11, {(x'; &' — cAT Ax'; f7 — §lx'|3)}iez is Fo-
interpolable if and only if

=5

12 . T . .
x~’HA —<§/ —cA” Ax/ X! —xj>

2
> _ ¢
A_f 2

which implies inequality (4). The second part follows directly from [46, Theorem 4].
(]

Note that any convex function is O-strongly convex relative to A. Let f € Fp(R").
The conjugate function f* : R" — (—o0, co] is defined as f*(y) = sup,cpn (¥, X) —
f(x). We have the following identity

E€if(x) & xe€dfr@). (6)

Let f € Fo(R") be u-strongly convex. The function f is p-strongly convex if and
only if f*is ﬁ—smooth. Moreover, (f*)* = f.
By using conjugate functions, the dual of problem (1) may be written as

D) = ( )renlélr} o SO+ 8@ + (A, Ax + Bz = b)
= — (A, b) — f*(—=ATL) — g* (=BT ). (7)

By the optimality conditions for the dual problem, we get

b— Ax* — Bz =0, )
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for some x* € 3 f*(—ATA*) and z* € dg*(— BT A*). Equation (8) with (6) imply that
(x*, z*) is an optimal solution to problem (1).
The optimality conditions for the subproblems of Algorithm 1 may be written as

0€dfky+ATAT 4 paT (Axk + B - b) ,

0 € dg(z) + BTH*1 +¢BT <Axk + Bk — b) . )
As MK = AT 41 (Axk + BZF — b), we get
0edf(hy+ATAk 11T B (zk_l - zk) , 0edg) + BTk, (10)

So, (x¥, z&) is optimal for dual objective at A* if and only if AT B (z*=! — zK) = 0.
We call AT B (z5~! — z¥) dual residual.

2 Performance estimation

In this section, we develop the performance estimation for ADMM. The performance
estimation method introduced by Drori and Teboulle [12] is an SDP-based method for
the analysis of first order methods. Since then, many scholars employed this strong tool
to derive the worst case convergence rate of different iterative methods; see [2, 27, 43,
46] and the references therein. Moreover, Gu and Yang [20] employed performance
estimation to study the extension of the dual step length for ADMM. Note that while
there are some similarities between our work and [20] in using performance estimation,
the formulations and results are different.

The worst-case convergence rate of Algorithm 1 with respect to dual objective value
may be cast as the following abstract optimization problem,

max D(A*) — DY)
S. t.{xk, zk, Ak}ivis generated by Algorithm 1w.rt. f, g, A, B, D, AO, zo, t
(x*, z*)is an optimal solution with Lagrangian multipliers A*

2
||A.0—)\,*||2+t2 ”ZO_Z* BZA

feFAR"), g€ FER™)
WeR ,\VeR", AcR*", Be R beR, (11)

where f, g, A, B, b, 70,20, x*, z*, A* are decision variables and N, , c1,C2, A are

the given parameters. Note that problem (11) will be unbounded unless we impose
. ... 2

some initial condition. We regard boundedness of A0 — A*)% + 2 ”zo —z* || 5 asan

initial condition. The boundedness of r~'[|A0 — A*||2 + ¢ ||z0 —z* ||Z is commonly
used for the convergence analysis of ADMM; see e.g. [9, 29]. We opt to utilize the
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The exact worst-case convergence rate of ADMM

positive multiplication of this criterion for notational convenience as ¢ is a fixed pos-
itive constant in Algorithm 1. Moreover, we use this measure to establish R-linear
convergence in terms of dual objective; see Sect. 5 for more discussion.

Note that D(A*) = f*+g* and (%, Z) € argmin f(x) +g(z) + (AN, Ax + Bz — b)
if and only if

E+ATAN =0, 7+ B"AN =0, (12)

for some £ € 8 f (%) and 7 € dg(Z). It is worth noting that a point ¥ satisfying these
conditions exists, as function f is strongly convex relative to A. In addition, one may
considerz = zV by virtue of (10). For the sake of notational convenience, we introduce
xNV*+l = % and §V*! = £. The reader should bear in mind that x¥*! is not generated
by Algorithm 1. Therefore,

DON) = N + g(2Y) + (kN, AN+ 4 N b>

for some xVt! with —ATAN € 5 F(xN+1).

By using Theorem 2 to replace the conditions f € }'C/} (R™), and g € ]—'g (R™)
by finite interpolation conditions, and by using the optimality conditions (9), problem
(11) may be reformulated as a finite dimensional optimization problem, through the
performance estimation technique:

max f* + g* — (fzv+1 +gN+<)\N7AxN+1 + BN —b>)
s.t.{(xF; X, f")}jlVle U {(x*; &*; f*)} satisfy interpolation constraints (4)
(% ok, gk)}(];’ U {(z*; n*; g*)} satisfy interpolation constraints (4)

(x*, z¥) is an optimal solution with Lagrangian multipliers A*

2

10 — 2% )2 + 12 HZO ~z| =4

X =1ATh — tAT Ax* — 1t AT B — ATHFY ke {1,...,N)}

n*=tBTb — BT Ax* —tBTBz* — BTA¥"!, ke{l,...,N}

A= raxk + BZX —b), ke{l,..., N}

ENHL L ATHN — ¢

WeR,PeR", AcR*", BeR* beR. (13)

In problem (13), A, B, {x*; €5 31 {0 8% £ 590 125 0% €40

{(z*; n*; g*)}, A*, b are decision variables. To handle problem (13), without loss of
generality, we assume that the matrix (A B) has full row rank. Note this assumption
does not appear in our arguments in the following sections. In addition, we introduce

some new variables. As problem (1) is invariant under translation of (x, z), we may
assume without loss of generality that b = 0 and (x*, z*) = (0, 0). In addition, due

i
to the full row rank of the matrix (A B), we may assume that . = (A B) <§T> and
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A= (A B) (;) for some x, x", z, z". So,

g*=—ATAx — ATBz € 3f(0), n* =—BTAx — BT Bz € 9g(0),

and D(A*) = f* + g*.
By using equality constraints of problem (13) and the newly introduced variables,
we have fork € {1,..., N}

k
M= (Ax 4+ BN + ) 1(Ax' + BZ),
i=1
— (AT AxT + AT BZT)
k—1
— > t(AT Ax" + AT BZ) — tAT AxF — AT B € 9 f (),
i=1
k
— (B"Ax" + BTBz") = ) 1(BT Ax' + BT BZ) € dg(2"). (14)

i=1

Hence, problem (13) may be written as

N
max f* g% — NN — <AxT +Bz" + Zt(Axi + Bz, AxNtl 4 BzN>
i=1
12 . k-1 . . .
’xk —x HA < <AxT + BT+ Y 1(Ax! 4 B2 +1AxK 1B A —xk)>+

i=1

1L
S.t. 5

N
.12 . . .
cp || . N+1 _ _]H i i i i j_  N+1
x x A§<Ax + B+ 1(Ax +Bz),A(x x )>+

i=1

k

12 . . .

‘zk —z/ HB < <Ax4r + BZ' +ZI(AX’ +BZ'), B (z] zk>>+
i=1

g/ =gk jke(l.... N},

]

7‘kaZsfk—f*+<Ai+BZ,Axk>, kell,...,N+1),

k—1

. 2 . .

% ‘xk HA < — <AxT +B: + Z t(Ax! + B7') + tAx* + 1B Axk>+
i=1

r—rk keq, ..., N},

‘1
2

N
2 . . .
’xNHHA Sf*_fNJrl —<Ax' +BzT+ZZ(Ax’+le),AxN+1>,
i=1
2

Q Bsgkfg*+<Ai+BZ,sz>, ke{l,...,N},

2

||
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The exact worst-case convergence rate of ADMM

k
2 . .
. 5g*—gk—<Ax*+Bz*+Zz(Ax’+le),Bz">, kefl,..., N},

i=1

@
2

g
. 12 o ol?
a4 52~ car sof 2 0, =

T eR, 0 ;T eR" AR B e RV, (15)

In problem (15), A, B, {x*; fk}ll\”“l, {55 MW, xT, 27 %, f*, 2, g*, 2% are decision
variables. By using the Gram matrix method, problem (15) may be relaxed as a
semidefinite program as follows. Let

U:(xTxl...xNHi), V=(ZTZO...ZNZ).
By introducing matrix variable
Y = (AU BV)' (AU BV),
problem (15) may be relaxed as the following SDP,

max f*+g* — N — gV —w(L,Y)

st (LLY) < fi— f7 i j el N +1.%)
w(Lf;Y) g’ —g/. i jefl... N4
tr(LoY) = A
Y >0, (16)

where the constant matrices Lif . Lf ., L,, Lo are determined according to the con-
straints of problem (15). In the following sections, we present some new convergence
results that are derived by solving this kind of formulation.

3 Worst-case convergence rate

In this section, we provide new convergence rates for ADMM with respect to some
performance measures. Before we get to the theorems we need to present some lemmas.

Lemma 1 Let N > 4andt,c € R. Let E(t, ¢) be (N 4+ 1) x (N + 1) symmetric matrix
given by
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2¢ 0 0 0 ... 0 0 0 r—c
0 a B 0 ... 0 0 0 —t
0 B a3z B3 .0 0 0 t
ECo=1"9 0 00 . axp .. 0 ¢ |
0 0 0 0 ... 0 0 ... an PBwn
t—c —t t t t ot . BN ay+i
where
6¢ — 5t, k=2
v — 2(2k* =3k+1)c— @4k —1t, 3<k<N-1
T 12NV = e — @N + D, k=N
2Ne¢ — (N + D, k=N+1,
B — 2kt — k2 —k—1)e, 2<k<N -1
“T 3 -2V = e, k=N,

and k denotes row number. If ¢ > 0 is given, then
[0,c] S {r: E(t,c) = 0}.

Proof As {t : E(t,c) = 0} is a convex set, it suffices to prove the positive semidef-

initeness of E (0, ¢) and E(c, ¢). Since E(0, c) is diagonally dominant, it is positive

semidefinite. Now, we establish that the matrix K = E(1, 1) is positive definite. To

this end, we show that all leading principal minors of K are positive. To compute the

leading principal minors, we perform the following elementary row operations on K :
(i) Add the second row to the third row;

(ii) Add the second row to the last row;

(ii1) Add the third row to the forth row;

@iv) Fori =4: N —1

— Addi —rhrowto (i + 1) — th row;
— Add 2121% times of i — th row to the last row;

(v) Add 31}/\,__15 times of N — th row to (N + 1) — th row.

It is seen that Ky x + Kxx = —Ki+1,k for2 <k < N — 1. Hence, by performing
these operations, we get an upper triangular matrix J with diagonal

2, k=1
; 2k% — 3k — 1, 2<k<N-1
kE=13N — 5, k=N
(N—1)2 N—1 _(i—3)2 _
N_Z_W_Zi=4 2,'21_3,‘_1’ k=N+1.
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It is seen all first N diagonal elements of J are positive. We show that Jy1 ny41 1S
also positive. For i > 4 we have

(i=3)? (—1)*+4 _ 1 2
2i2-3i—1 = 2(i—12 — 2 + (i—-Di-2)" a7
So,
2N2 9N+9 (i-3)2  (N=2)(N’-5N+10)
Z 2i2-3i—1 = IN(N-=3) >0,

which implies Jy1, n+1 > 0. Since we add a factor of i — th row to j — th row with
i < j, all leading principal minors of matrices K and J are the same. Hence K is
positive definite. As E(c, ¢) = c¢K, one can infer the positive definiteness of E(c, ¢)
and the proof is complete. O

In the upcoming lemma, we establish a valid inequality for ADMM that will be
utilized in all the subsequent results presented in this section.

Lemma2 Let f € .7-";} ®R"), g € Fo(R™) and x* = 0, z* = 0. Suppose that ADMM
with the starting points 20 and 70 generates {(xk; z*; kk)}. If N >4andv € R’, then

NN AxN 4+ B2Yy — 0V 1 AxN 1BV AxN o)+ 00 4 rAx! 41820, Ax! — 0)
2

2 t
+5]
2% \lg

N N
2
k t(N—1) 2 c] 1 ag
7tkE%<AX ,v)+Tllvll -7 ‘X HA+k227

12 _
+N(BZN Y AxN — ) 4 1(AxN, BNy - (ND HzN N IH

2
1 0

1 N
ZHA —a

OH —z(Ax‘ — A+ (N + DAxN +BZN,v>

> N—-1
‘xk HA + ]; ﬁk(Axk, Axk'H)

2

2 2
— 2 HAxN + BN H
B

—o] 2 reh e v (M) - e ) 20 (18)
where

) @k=1)1—2(2k* =3k+1)c;, 2<k<N-1,
@GN+ 1Dt — (2N?=5N +3)c1, k=N
ﬁk=<2k2—k—l)c1—2kt.

Proof To establish the desired inequality, we demonstrate its validity by summing a

series of valid inequalities. To simplify the notation let f k= f(x*) and g* = g(z5)
fork € {1,..., N}. Note that b = 0 because x* = O = 0 By (4) and (9), we get
the following inequality

. 2

g ‘xm _ ik ”A>

‘k—l—l ll )
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N o\ N-l

=S <fk ” +<A* Ax > g kaHA) L2 (gk _ gkl +<Ak+1’ B(K _Zk+l)>)
k=1 =1

+1\72—:1(](2 +h) (gk—H _ gk +<)Lk’ B(ft! 7Zk))> + ﬁ: (gk g +<A*, BZk))
k=1

2
+ % HA)C1 + B0 - UH > 0.
As A% = AF=1 4 1 Axk 4 1 BZF, the inequality can be expressed as

S (et a b))
k=1

n Z(kz 1 <Ak Axk+1) <Ak*‘,Ax">—<tAx"+sz",Ax’<+1>)

2
+ Z(k2 0 ({rad ! epk, Ak kD) - G ket = ik )
k=1

(
NX_: )((;\" L Ax > <Ak,Axk+1>+<tAxk+thk,Axk>)
(

N_
Z 2 +h) <Ak sz“) (Ak_l,sz>—(tAxk+thk,sz>)

N—1

+3 k2(<kk’1, sz) - <x’<, sz+1> + <tAxk 1Bk £ rAxkt Bkt sz)
k=1

N
2 2
—(raxk*t 4B, sz+l>> +y ((A*, Axk 4 BF) - G |5* HA> +4 |82
k=1

2
+ 4 faxt = o] e {axl 0 BL)+ 1= fV NG - g - g 20
After performing some algebraic manipulations, we obtain

N—1
NONTE AN + BNy — N7 ANy + 00, Axt) = Y0k —ar axk 4 BR
k=0

2 2
+1 HAxl - vH +4 HBZOH +t<Ax1 —, Bzo>—t(N2 3N + D(AxN, BN

N-—1
-ty ((k — D2 AXK )2 = k% = k) (AxF, AxFTYY — (k2 — DAt Bz’H))
k=1
N—1
1 ((k2 —k+ D|BZX|? + (=k% + k + 1)(AxK, BZ%) — k2 (BZF, Bz"“))
k=1
N—1
- ((2k2 — 3k)(AxK, BZK~ 1)) —1(N = DBV |2 = 1(N? = 3N +2)[| AN |2
k=2
N-l 2 2
—t(N — 1)2(AxN, BzN) - Z <(2k2 —k— 1)%l ka+1 — xk”A + % ka+I HA)
k=1

G NG e g 20
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The exact worst-case convergence rate of ADMM

By using AN 7! = AN — rAxN — BV and

2()\4’6 _ )\’*’ A.Xk+1 + sz+1> — %”)\’k—kl —)\,*”2

—%”)\,k _ )\’*”2 _ t||Axk+1 + sz+1”2’
we get

NON, AxY +Bz2Yy — 0N +1AxN 4BV AxN — vy + (A0 4 rAx! + 1B, Ax! —v)

2 2 2
1 0 * 1 N * t .0
R e I e R 1

—t <A)cl — Ax? + (N + l)AxN + BZN, v>

N N—-1 5
— 3 (Axk o) = 5 37 o= 0BT = = DB 4+ kAxk — (k4 DA 40
k=3 k=2

N—1
((N=D 2 €L 1]? 212 1 2 sz
+ 1Dy —?Hx ”A—zsz ”A+§Z((4k—l)z—2(2k —3k+1>c1) [

+ 20 (22 =k = 1) e = 2kr) (axk, At o (28 4+ §) = (N2 = 3N + 3) ) HxNHj
k=2

2 2
+tN <BZN7] s AxN — v> + t<AxN, BZN> - % HZN - ZN71 H

B

2 2
_% HAXN"'BZNH +f1_fN+N(fN_fw+gN_g*> > 0.
which implies the desired inequality. O

We may now prove the main result of this section.

Theorem3 Let f € f:}(R”) and g € Fo(R™) withcy > 0. If t < ¢y and N > 4,
then

”)\’0 _)\*”2 +[2 ”ZO _Z*”é

*\ N
D@A™) = D7) = AN

19)

Proof Asdiscussedin Sect.2, we may assume thatx* = Oand z* = 0. By (12), we have
DNy = f@EN)+g@™)+ (AN, ARY + Bz")for some 2V with —ATAN € 9 f(xV).
By employing (4) and (9), we obtain
2
T,
A

2
N —x1H
A

+ N —2)<f()2N) — My +<AN — (BN 41BN, ARN — AxN>

N(g(xN) — g+ (%, BzN)) +(N—1) <f(xN) — O AN -4

+ <f()?N) —Fech +<,\° +tAx! 4+ 1B, ARN — Ax1> —g

[a)

&y —xNHi> + (f(a?N) S AR - g

XNHi) >0.  (20)
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By substituting v with A" in inequality (18) and summing it with (20), we get the
following inequality after performing some algebraic manipulations

IN <f(£N)+g(xN)+<AN’A£N+BZN>_f*_g*) —i—% 50 _ g 2"‘%HZ0H23
— 2 AN =+ (N = DAY 4 ARN +tNBzN”2
— 5V = DB = BNy +1AxY - tA)ENHZ
—du(E@en (axt .. a2M)" (Ax! . ARY)) 2 0, @1

where the positive semidefinite matrix E(Z, c1) is given in Lemma 1. As the inner
product of positive semidefinite matrices is non-negative, inequality (21) implies that

2

2
2N (D()\*) — D(,\N)) <1 HAO v

|

3

B

and the proof is complete. O

In comparison with Theorem 1, we could get a new convergence rate when only
f is strongly convex, i.e. g does not need to be strongly convex. Also, the constant
does not depend on A'. One important question concerning bound (19) is its tightness,
that is, if there is an optimization problem which attains the given convergence rate. It
turns out that the bound (19) is exact. The following example demonstrates this point.

Example 1 Suppose that c; > 0, N > 4andt € (0, c1]. Let f, g : R — R be given
as follows,

2 N—-1

FO0) =3l + 9%, g@) = gmax {8 (2 - 537) — 23 —2} -

Consider the optimization problem

min ,
(X’Z)EIRMR fx) +g@)

s.t.x +z=0,

Itis seenthat A = B = [ in this problem. Note that (x*, z*) = (0, 0) with Lagrangian
multiplier A* = % is an optimal solution and the optimal value is zero. One can check

that Algorithm 1 with initial point A0 = _Tl and 70 = 0 generates the following points,
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The exact worst-case convergence rate of ADMM

20 ax 124220 — o+ 2 ) )
At AV, we have D(AN) = 4_—1\,1t =_1 I :}CIHZ < ”B, which shows the tightness

of bound (19).

One important factor concerning dual-based methods that determines the efficiency
of an algorithm is primal and dual feasibility (residual) convergence rates. In what
follows, we study this subject under the setting of Theorem 3. The next theorem gives
a convergence rate in terms of primal residual under the setting of Theorem 3.

Theorem4 Let f € ,7-':} R") and g € Fo(R™) withc; > 0. Ift < cy and N > 4,
then

\/”)LO _ )\*||2 4 £2 ”ZO _ Zi”é
tN '

HAXN + BN — b” < (22)

Proof The argument is similar to that used in the proof of Theorem 3. By setting
v = Ax" in (18), one can infer the following inequality

2

2
NV Ax 4 B2V )+ (10 4 raxt 41820, Axt - axN)+ F 00—+ £

N
2 2 2
7t<Axl 7Ax2,AxN>+w HAXNH —t E <Axk,AxN>7C—l HXIH 7tHx2H
— 2 A A

(e om0 )

2

N-1
2SS s PRSI
k=2

— HAxN+BZN”2+f(x1)_f-(xN)+N(f»(xN)_f-*+g(xN)_g*> 0. 23)

By employing (4) and (9), we have

* N N N—1 N N
N(f — f(xY)— (" + Bz — Bz ,Ax)—%1

2
|
A

2
+ (f(xN) — fl +<k0 +1Ax" +1BZ°, AxN — Ax1> — %‘ ‘xN —x! HA>
+ N (g* - g(XN) - ()»N, BZN)> > 0. (24)
By summing (23) and (24), we obtain
2 2 2 2
1|40 * 0 t((N=D” | _N—1 N N N
> |A =2+ 5 ZHB——z A A HB
2
— % HAxN + BZNH — %tr (D(t, c1) (Ax1 AxN)T (Ax1 AxN)> >0,
(25)
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where the matrix D(z, cy) is as follows,

2¢c 0 0 0 0 0 0 t—c
0 o B O 0 0 0 —t
0 B a3 B 0 0 0 t
Deco=1{ "6 0 0 0 ... a4 B ... 0 N
0 0 0 0 0 0 an—1 Bn-1
t—cy —t t t t t BNn-1 oN
and
6c1 — 5t, k=2
ar = 12 (2k* =3k + 1) c; — 4k — Dt 3<k<N-1,
2 N2 _
(2N? = 4N +4)er = (3N =5+ 25 ) 1, k=N,

ﬂk:Zkt—(2k2—k—l>c1, 2<k<N-—1

Asthe matrix D(z, c1) is positive semidefinite, see Appendix A, inequality (25) implies
that

2
Z

3

B

) 2 2
2 o[ 2o

and the proof is complete.

The following example shows the exactness of bound (22).

Example2 letc; > 0, N > 4 and r € (0, c1]. Consider functions f,g : R - R
given by the formulae follows,

f@) = glx] + 9%,
1 1 1 1 (.1
8@ =max{(3 - 5) (e — 7). 3 (77 — 9}
We formulate the following optimization problem,

min R
(x,z)eRfo(x) +8(2)

s.t. Ax + Bz =0,
where A = B = I. One can verify that (x*, z*) = (0, 0) with Lagrangian multiplier
A= % is an optimal solution. Algorithm 1 with initial point A’ = _71 and ¥ = 0

generates the following points,

FK=0 kefl,...,N}
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F=3 kefl,...,N)

=N fel,... N}

. . (120 =A% || 241220 —2* .
Atiteration N, we have ||AxN + BzV | = L= \/ I I , which shows

IN — IN
the tightness of bound (22).

In what follows, we study the convergence rate of ADMM in terms of resid-
ual dual. To this end, we investigate the convergence rate of {B (zk_l - zk)} as

||ATB (zk_l — zk) || < ||A|l sz_l —zZF HB. The next theorem provides a convergence
rate for the aforementioned sequence.

Theorem5 Let f € FC‘?(R") and g € Fo(R™) withcy > 0. Ift < ¢y and N > 4,
then

R IR0 — a2 42|20 2 ||
HZ ¢ HB (N — 1)t (26)

Proof Similar to the proof of Theorem 3, by setting v = Ax" in (18) for N — 1
iterations, one can infer the following inequality

DN axN-1 4 g N 1)+ ”)p P s

N—1 2
E N A

2
+1 Hz HB — VAN N2 AN qN) LD N2

+ 00 4 rAx! 4B, Ax! — axM) —z<Ax1 — Ax2 4+ NAXN=1 4 N1, AxN>

— 2

I N, 2 k N—1 p N—I
22((41( Dt 2(2k 3k+l>cl)”x HA+Z(Ax , BN

N-2
+ ((2k2 k- 1)c1 - 2kz) (Axk, ATy 41V — 1)(BzN 2, axV =1 — axV)
k=2

1 2 N-1 2% 1

43 (68 =30 (282 =N+ 10)er) [V —’Hx - \ I,

(N=22 | N-1 _ N=2|% _ tN=1? , N 14 g N-1)2 Axk A
= AP N N - HER A I th3<x )
+rah) — eV = DeNTh - eV — gt > 0. (7)

By using (4) and (9), we have
(N2—3N + 2)<f(xN*1) — FEN) 4 (AN x4 gV A (kN - V)
o Y () g (9t o )
- G - ! ni) + NV =1 (8GY) = gV + (AN B (N - N)))

+ (N2 3N+ 1)<f(xN) — fxNh +<AN*1 — BN 41BN 2 A (xN —xN*1)>

@ Springer



M. Zamani et al.

-GN —x”*lni) + V=1 (g = g™ = (W1 14N 82N, B2N))
+(N - 1)(f* — N - <AN_1 — BNl 4 1B N2, AxN_l> — N1 ||§>

+ (V= D2 (¥ = gy + (AN rax 4 N B (N - 2V))) =0, (28)

By summing (27) and (28), we obtain

2 2 2 2
L0 =]+ 8 ZOHB——(N;W NLHAanLBZNH
t(N —1)? 2
RS
2 B
) 2
— —(N_Zz) 1BV =2 — BN 4 %AJCN_1 — (l — —(N_12)2> AxN
— %tr (F(t,cl)(Ax1 AxN)T (Ax1 AxN)) >0,
where the matrix F (¢, c) is as follows,
2¢q 0O 0 O .0 O 0 t—oc
0 a B 0 ... 0 0 0 —t
0 B a3 B3 0 0 0 t
Feo=1"969""0 0 0 ... o B ... 0 "
0 0 0 O 0 0 an—1 Bn-1
t—c1 —t t t t t BNn-1 aN
and
6c) — 5t, k=2
ar = {2 (2k* =3k +1)c; — (4k — D1, 3<k<N-1,

2 1 2 —
(2N? = 6N +4)e1 =2 (N + iy — 7 —3) 1 k=N,

B — 2kt — (2k* —k —1)c;, 2<k=<N -2,
“TAN+ Ay - Dt — QN2 —6N +3)e1, k=N -1,

The rest of the proof proceeds analogously to the proof of Theorem 4.

The following example shows the tightness of this bound.

Example 3 Assume thatc; > 0, N > 4 andt € (0, c;] are given,and f,g: R — R
are defined by,
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=1 _N+1 a2
fx) = 2max{ X, x} 7 X7,

(= )}

+
N-3
N—1

»—aUJ

g(2) = %max {ﬁ Z,
Consider the optimization problem

min ,
(X,Z)GIRX]R fx) +g@)

s.t. Ax + Bz =0.

where A = B = I. The point (x*, z*) = (0, 0) with Lagrangian multiplier A* = %
is an optimal solution. After performing N iterations of Algorithm 1 with setting
20 = %1 and zV = 0, we have

=0, kell,...,N},
e | ,keu N -1},
o, =N,

2k+1—N

{2(1\/ D ke{l _1}7
5 = N.
10— A 12442 20—2* 2 )
It can be seen that ||ATB (ZN —zN_l)” = (Nil)t = \/ (N7])|Z|Z : ”B, which

shows that the bound is tight.

Theorems 3 and 4 address the case that f is strongly convex relative to ||.|| 4 and
g is convex. Based on numerical results by solving performance estimation problems
including (15) we conjecture, under the assumptions of Theorem 3, if g is c¢;-strongly
convex relative to ||.|| g, Algorithm 1 enjoys the following convergence rates

A‘O_)L*Z 21,0 _ xp2
pey — Doy < ) 12+ 2120 — 2*113

2cic ’
4Nt + Z52
U
] P
Nt + 55 c1t+e2

We have verified these conjectures numerically for many specific values of the param-
eters. Nevertheless, we could not manage to guess a closed-form formula for the
residual dual in this case.

4 Linear convergence of ADMM
In this section we study the linear convergence of ADMM. The linear convergence

of ADMM has been addressed by some authors and some conditions for linear con-
vergence have been proposed, see [11, 21, 22, 25, 31, 38, 47]. Two common types
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of assumptions employed for proving the linear convergence of ADMM are error
bound property and L-smoothness. To the best knowledge of authors, most scholars
investigated the linear convergence of the sequence {(x*, z%, 1%)} to a saddle point
and there is no result in terms of dual objective value for ADMM. In line with the
previous section, we study the linear convergence in terms of dual objective value and
we derive some formulas for linear convergence rate by using performance estimation.
It is noteworthy to mention that the term "Q-linear convergence" is also employed to
describe the linear convergence in the literature.

As mentioned earlier, error bound property is used by scholars for establishing the
linear convergence; see e.g. [21, 25, 31, 40, 47]. Let

D(%) := min f(x) + g(z) + (A, Ax + Bz — b) + 4| Ax + Bz — b||>,  (29)

stands for augmented dual objective for the given a > 0 and A* denotes the optimal
solution set of the dual problem. Note that the function D¢ is an %—smooth function
on its domain without assuming strong convexity; see [25, Lemma 2.2].

Definition 2 The function D? is said to satisfy the error bound property if we have
da(M) = T|IVDUWIl, 2 eR, (30)

for some 7 > 0.

Hong et al. [25] established the linear convergence by employing the error bound
property (30).

Recently, some scholars established the linear convergence of gradient methods for
L-smooth convex functions by replacing strong convexity with some mild conditions,
see [1, 7, 36] and references therein. Inspired by these results, we prove the linear
convergence of ADMM by using the so-called PL inequality. It is worth noting that
we employ the nonsmooth version of the PL inequality introduced in [6]. Concerning
differentiability of dual objective, by (7), we have

b—Adf*(—ATA) — Bag*(—BTx) Ca(—D)). (31)

Note that inclusion (31) holds as an equality under some mild conditions, see e.g. [4,
Chapter 3].

Definition 3 The function D is said to satisfy the PL inequality if there exists an
L, > 0 such that for any A € R" we have

DG*) = DG = 5-[EI°. & €8 (=D(4). (32)

Note that if f and g are strongly convex, then — D is an L-smooth convex function
T T T T
with L < k"‘“‘(? A) + ’\"““(f B TInthis setting, we have L, < ’\"“”“x A 4 ’\'"“Xl(g B)
This follows from the duality between smoothness and strong convexity and
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IVDG) = VDI < [V (=A%) =V (=aTv)|

+ |Ver (=BT - Ver=BTw)|

1 Ty _ 4T 1 | pTy _ pT
= L[aTa—aTy] + LB - BTy
Amax(ATA) | Amax(BTB) _
e S I LS

In the next proposition, we show that definitions (30) and (32) are equivalent.

Proposition 1 Ler L, = L denote the Lipschitz constant of V. D®, where D% is given

—a

in (29). Suppose that (31) holds as equality.

(1) If D* satisfies the error bound (30), then D satisfies the PL inequality (32) with
L,=—

Lat2°

(ii) If D satisfies the PL inequality (32), then D satisfies the error bound (30) with
L

— P
U= T+aL,-

Proof Firstwe provei). Suppose A € R" and& € b— Ad f*(—ATA)— Bdg*(—BTA).

By identity (6), we have £ = b — Ax — Bz for some (X, 7) € argmin f(x) + g(z) +
(A, Ax + Bz — b). Due to the smoothness of D% and (30), we get

D () — D () < L VD)2, v e R, (33)

where A* € A* with ds» = ||v — A*||. Suppose that vV = L — a(Ax + Bz — b). As we
assume strong duality, we have D%(1*) = D()\*). By the definitions of X, y, we get

(¥, ) € argmin f(x) + g(z) + (v, Ax + Bz — b) + 4| Ax + Bz — b|*.
By [25, Lemma 2.1], we have VD% (V) = Ax 4 Bz — b. This equality with (33) imply

D" — D) < D) — DU(v) < L"{z IA% + Bz — b||*,

and the proof of i) is complete.

Now we establish ii). Let A be in the domain of V. D“. By [25, Lemma 2.1], we have
VD) = Ax + Bz — b for some (X, z) € argmin f(x) + g(z) + (A, Ax + Bz —
b) + $l|Ax + Bz — b||*, which implies that

0edf(x)+ AT A+ a(Ax 4+ Bz —b)),0 € dg() + BT (A + a(AX + Bz — b)).
(34)

Supposing v = A+a(Ax + Bz —b). By (34), one can infer that D(v) = f(X)+g(2)+
(v, AX + BZ — b). In addition, (6) implies that b — AX — Bz € b — Ad f*(—ATv) —
Bdg*(—BTv). By the PL. inequality, we have

o1 A% + BZ = b|”> = D(*) = D(v) = D(\*) = D() = § | A% + BZ = b]*,
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where the equality follows from D(v) = D*(%) + 5 ||AX + BZ — b||? and D4 (\*) =
D()*). Hence,

DG = DG = (5 + §) IVD* G

This inequality says that D satisfies the PL inequality. On the other hand, the PL
inequality implies the error bound with the same constant, see [7], and the proof is
complete. O

In what follows, we employ performance estimation to derive a linear convergence

rate for ADMM in terms of dual objective when the PL. inequality holds. To this end, we
* 2
compare the value of dual problem in two consecutive iterations, that is, %.

The following optimization problem gives the worst-case convergence rate,

D(GH-D(2)

D(OX)—D(WT)

S. t. {xz, z2, Az} is generated by Algorithm 1 w.r.t. f, g, A, B, b, Al, 7!
(x*, z*) is an optimal solution and its Lagrangian multipliers is 1*

max

D satisfies the PL inequality
feFARY, g € FE®R"
MeR,Z'eR" AR, BeR™™ belR. (35)

Analogous to our discussion in Sect.2, we may assume without loss of generality
¥ _
b=0,1"=(AB) <)ZCT> and .* = (A B) <)ZC> for some X, x7, Z, z. In addition, we

assume that £ € argmin f(x) + (!, Ax) and £2 € argmin f(x) + (A%, Ax). Hence,

DOY = FGEY + g + 1, AR' + BZY,
DY) = F(RY) + g(2) + (A2, A%? + BZ2),

and

—ATAvear@h, —BTA' € dg(zh,
—AT)2eaf(x?, —-BTA%eag(dd. (36)

Moreover, by (36) and (31), we get
—AR' =Bl ed (—D()\l)) . —AR2-BZeo (—D(kz)) .

On the other hand, A2 = A! +rAx? + ¢ Bz2. Therefore, by using Theorem 2, problem
(35) may be relaxed as follows,
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AR 2 — g% — (Axt 4+ BzT +1Ax% +1BZ2, A%2 + BZ?)
fr+gr— f'l _gl _ (Ax? +Bz+,A)?1 +le)
St { (21, —AT axt — AT BT, f”) , (xz, AT Axt — AT BT —1aT Ax? — 1AT BZ!, f2) ,

ma:

()22, AT Axt — ATz — AT Ax2 — 1AT B2, fz) . (0, AT A5 — AT Bz, f*) }
satisfy interpolation constraints (4)

{ (zl, —BT Ax" — BT B, gl) . (zz, —BT Ax" — BT B — BT Ax® — tBT B2, g2>,
(0, -BT Az — BT Bz, g*) } satisfy interpolation constraints (4)

gt = =gt —(axf B AR + B < o |4z + B! H2

Fragt— 2o g = (AT 4+ B 4 rax? £ 1822 AR + B2 < o+ |az2+ Bz2H2

AR B eR¥M, (37)

By deriving an upper bound for the optimal value of problem (37) in the next theorem,
we establish the linear convergence of ADMM in the presence of the PL inequality.

Theorem 6 Let f € .7-1{? R") and g € fg (R™) with ¢y, ca > 0, and let D satisfies
the PL inequality with L . Suppose thatt < \/cica.

(i) If c1 = ¢, then

D(O*) — D\ 2c1¢p — 12
< , (33)
D(*) — D(AL) 2cicy —t2 + Lyt (4C1€2 — ot — 2t2)

in particular, ift = \/cica,

D(\*) — D(A?) - 1
DGX) —DMY) T 1+ L, (2cie2—c2)’

@ii) If c1 < ¢y, then

D(*) — D(?)
D(*) — DAY
- 4c% —2¢yJcica — 12
B 4c§ —2¢p./cica — 12 + Lyt (8c§ + S5crt — 2. /ci1cr (1 + Z—1> (2cy + t))
(39

Proof The argument is based on weak duality. Indeed, by introducing suitable
Lagrangian multipliers, we establish that the given convergence rates are upper bounds
for problem (37). First, we prove (i). Assume that « denotes the right hand side of
inequality (38). As 2cjcy — 1> > 0 and 4cicr — cat — 21> > 0, we have 0 < @ < 1.
With some algebra, one can show that

@ Springer



M. Zamani et al.

g — f2—g? —(AxT + Bz +1Ax? + 1B, AR% + BZY)

2
A
22

. 2
o f2 f + Ax + Bz 4+ tAx? +1BZ2, sz—A)Acz)—('—' X2 -3
2 A

2
#2 7x2H
A

—a(f*+g*—f‘ — ¢l —(AxT 4 BT, ARl +Bz]))

23!

+al - v axt 4B As2 —azhy - 4

+

+of f2- (AxT + Bz +1Ax? +1BZ', A% — Ax?) - &

+a(g2—gl+(AxT+BzT,Bz2—Bz1) 22”z2—z ” >

T- a)( gt (A;cT + BzT +1Ax% +1B22, AR + Bzz> + 2482

2 2
1 22 2 _ —Cla f[al A2 _ o 1 _ 2 0t A2t opR2
+ ot a2+ B2 ) = =g ¢ - 22| - B B! - B2+ LA - Lak
—Ol(C ) Ax + tcp BZZ _ 162720102~H2 A)Ez 2
= 2‘2 2cicp—12 2-2c1cn

Hence, we get
+g — f2—g? —(Ax" + Bzt +1Ax? +1BZ2, AR2 + B
<a (f*+g ~ gt —(Axt 1 BZ, AR +le>)
for any feasible point of problem (35) and the proof of the first part is complete. For (ii),

we proceed analogously to the proof of (i), but with different Lagrange multipliers.
Let B denote the right hand side of inequality (39), i.e.

4c% —2¢y Jc1ca — 12
4c% —2ca./cica — 2 + Lyt (86‘% + S5ct — 2. /c1cn (1 + Ct—l) 2cy + t))

Itis seen that 0 < 8 < 1. By doing some calculus, we have

gt — 2 — gt —(Axt + BT+ rax? +1BZ2, AR + BZY)
*5(f*+g — gt —axt + BT, A% + B2 ))

y

+ %ﬁ(f — 2+ (Ax" 4+ BzT +1Ax? +1B%, Ax? —A;22>—f‘

+/3(f2—f'1 +(AxT 4 BT, AR? — A - &

=
|
=

ap <f2 — a4 B A iBe! AR - ad) - G
2
%ﬂ <g2 —g' +ax" + BT, B2 — B!y — % sz —2! HB)

+ ( /2 - 1) ,3<g1 — &2+ (Ax" + BZ" +14x% + 1B, B! — BZ?)
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2

2 )
’zl —z2”3> +A=p(—f* —g*+<AxT + B +rAx2+th2,A£2+Bz2>
2, 2,1 2 2|2
+f +g +mHAx + Bz H )
2
cp
2

;32

2 1
W (a/clczﬂ) Bz

2 ! 22 !
Ax®—(1— AXT +
2./c1ea 2./cica

1
p-1 ‘ , B (avaarad-2) T

_< +ﬁt<1— ))‘A)E _ Bz
2Lp 4/e1e —BLy2 +2JeieaBLyt + B — 1)

1
N 2(2BcaLp (t + ¢2) + /e1c2 (B — BLpcr — 1)) 23z2
—BLpt> +2,/c1c2(2BLpt + B — 1)

2

The rest of the proof is similar to that of the former case. O

We computed the bounds in Theorem 6 by selecting suitable Lagrangian multipliers
and solving the semidefinite formulation of problem (37) by hand. The semidefinite
formulation is formed analogous to problem (16). Note that the optimal value of
problem (37) may be smaller than the bounds introduced in Theorem 6. Indeed, our
aim was to provide a concrete mathematical proof for the linear convergence rate.
However, the linear convergence rate factor is not necessarily tight. Needless to say that
the optimal value of problem (37) also does not necessarily give the tight convergence
factor as it is just a relaxation of problem (35).

Recently the authors showed that the PL inequality is necessary and sufficient
conditions for the linear convergence of the gradient method with constant step lengths
for L-smooth function; see[1, Theorem 5]. In what follows, we establish that the PL.
inequality is a necessary condition for the linear convergence of ADMM. Firstly, we
present a lemma that is very useful for our proof.

Lemma3 Let f € FA(R") and g € FSR™). Consider Algorithm 1. If (}',z") €
argmin f(x) + g(z) + (A', Ax + Bz — b), then

2
(AR' + BZ' — b, Ax®> + B2 —b) < HA)E1+BZI —b” . (40)

Proof Without loss of generality we assume that ¢; = ¢, = 0. By optimality condi-
tions, we have

FG@EH = At — AR < f(D), g@H — (', B2 - BZ') < g(2h),
Fx2) — W+ 1(Ax2 + Bz — b), AR — Ax?) < F(&D),
g — W +1(Ax?* + Bz — b), BZ' — BZ?) < g(zh).

By using these inequities, we get
1 2 A1 1 2 Al
OST(f(x ) — FGR )+<x A% — AR ))
+ % (g(zz) —g(zhH) + <A1, B> — le>)

@ Springer



M. Zamani et al.

+1 (f()%l) — o))+ <,\1 +1(Ax? + B! — b), AR — Ax2>)

+1 (g(zl) — @D+ (Al 4 r(Ax2 + B2 — by, BZ) — Bz2>>
2

- ”A)%l + Bl - bH — <A)€1 + Bz — b, A2 4+ B2 — b>

2

S LIGEES]

1 2 1 1 2 2
—HA<£ —x )+§B(z —z )H .
Hence, we have

(A%' + Bz! — b, Ax? + BZ2 — b)

<1,
[ast+ B2 —pF T

which completes the proof. O

The next theorem establishes that the PL inequality is a necessary condition for the
linear convergence of ADMM.

Theorem7 Let f € ]—'CAI ®R"), g € Fg (R™) and let (31) hold as equality. If Algo-
rithm 1 is linearly convergent with respect to the dual objective value, then D satisfies
the PL inequality.

Proof Consider A! € R” and & € b — Ad f*(—ATAY) — Bag*(—BTA"). Hence,
&£ =b— Ax! — Bz! for some (%', z!) € argmin f(x) + g(z) + (A, Ax + Bz — b).
If one sets z¥ = z! and A = A! — r(Ax! + Bz! — b) in Algorithm 1, the algorithm
may generate A'. As Algorithm 1 is linearly convergent, there exist y € [0, 1) with

D(*) = DG =y (DGH = DGD)).
So, we have
(1—y) (D(k*) — D(Al)) < DY) - DO < <A£1 + Bz — b A2 - /\1>,

where the last inequality follows from the concavity of the function D. Since A>— 1! =
t(Ax*> + Bz*> — b), Lemma 3 implies that

DO — DO = L1812,
so D satisfies the PL inequality. O

Another assumption used in the literature for establishing linear convergence is L-
smoothness; see for example [10, 11, 15, 38]. Deng et al. [11] show that the sequence
{(x*, %, A¥)} is convergent linearly to a saddle point under Scenario 1 and 2 given in
Table 1.
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Table 1 Scenarios leading to linear convergence rates

Scenario Strong convexity Lipschitz continuity Full row rank
1 f.8 7 A

2 /.8 Vf. Vg -

3 f V/.Vg BT

It is worth mentioning that Scenario 1 or Scenario 2 implies strong convexity of
the dual objective function and therefore the PL. inequality is implied, see [1]. Hence,
Theorem 6 implies the linear convergence in terms of dual value under Scenario 1
or Scenario 2. Deng et al. [11] studied the linear convergence under Scenario 3, but
they just proved the linear convergence of the sequence {(xX, Bz, 1%)}. In the next
section, we investigate the R-linear convergence without assuming L-smoothness of
f. Indeed, we establish the R-linear convergence when f is strongly convex, g is
L-smooth and B has full row rank.

Note that the PL inequality does not imply necessarily Scenario 1 or Scenario 2.
Indeed, consider the following optimization problem,

min f(x) + g(2),
s.t. x+z=0,
x,z € R,

where f(x) = %||)c||2 + |lx|l1 and g(2) = %||z||2 + |Iz]l1- With some algebra, one may
show that D(A) = Y7, h(X;) with

—(s — 1)2, s> 1
h(s) = {0, Is| <1
—(s+ D% s <—1.

Hence, the PL inequality holds for L, = % while neither f nor g is L-smooth.

As mentioned earlier the performance estimation problem including the PL. inequal-
ity at finite set of points is a relaxation for computing the worst-case convergence rate.
Contrary to Theorem 6, we could not manage to prove the linear convergence of primal
and dual residuals under the assumptions of Theorem 6 by employing performance
estimation.

5 R-linear convergence of ADMM
This section focuses on examining the linear convergence rate for ADMM from a

weaker convergence rate perspective than Q-linear which is already studied in Sect. 4.
This concept is known as R-linear convergence where R stands for root [39]. Recall
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that ADMM enjoys R-linear convergence in terms of dual objective value if there
exists sequence {six} € R such that

D) — DON) < sy,

and s tends Q-linearly to zero. It is easily seen that the linear convergence implies R-
linear convergence. For an extensive discussion of convergence rates see [39, Section
A.2] or [8, Section 1.5].

We investigate the R-linear convergence under the following scenarios:

- (Sl): f e .7-"0“} (R™) is L-smooth with ¢; > 0 and A has full row rank;
— (S2): f € FA®R") with ¢; > 0, g is L-smooth and B has full row rank.

Under these scenarios, we could not manage to find a value of g within the range
[0, 1) that satisfies the inequality:

DG = DONTY < (DG = DGM))

As aresult, we turn our attention towards studying the R-linear convergence.
Our technique for proving the R-linear convergence is based on establishing the
linear convergence of the sequence {V*} given by

2

vk = 2k = 2t 2 4 12 sz _ 41

B

Note that V¥ is called Lyapunov function for ADMM and it decreases in each iteration;
see [9]. It is worth noting Q-linear and R-linear convergence of ADMM have been
studied under similar scenarios for some performance measures, see e.g. [10, 15, 38].
However, to the best of knowledge, no existing results in the literature address the dual
objective and V¥ under Scenario (S1) and (S2).

First we consider the case that f is L-smooth and c;-strongly convex relative to A.
The following proposition establishes the linear convergence of {V*}.

Proposition2 Ler f € ]-'C“} (R™) be L-smooth with c1 > 0, g € Fo(R™) and let A has
c1L
full row rank. If t < /m, then

k+1 2cyt k
14 = (1 - L‘]d+2C|I+l‘2) 14 ’ (42)

_ L
where d = ATy
Proof We may assume without loss of generality that x*, z* and b are zero; see our
discussion in Sect. 2. By optimality conditions, we have
Vf(xk—i-l) — AT (Ak Tt Axkt! +thk) , nk — _BT)k+1,
Vf(x*)Z_AT)\.*, n*:_BT)\-*,
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k k+1 * * _ 2t _
for some n* € dg(z""") and n* € dg(z*). Leta = TP dr Al By Theo
)

rem 2, we get

« (z2 +c1d)2 (f(xk'H) — +<x*, Axk'H) _ HAT (Ak T+ AR 4Bk A*)

2
+2at2<c1d+t2) (f*_f(karl)_ q ’karl ”A _<kk+tAxk+l +tBZk’Axk+l>>

+2t (g(zk+1) — g+ ()\*’ sz+1>) np (g* P <)Lk+l’ sz+l>>

+a(c%d27t4)<f*7f(xk+l)7<)hk+tAxk+l +tBZk’Axk+l>

2
)=o

As [ATA)? = Z)a? and 25+ = 2K 4t AxKH 4 1 BZ%+1 we obtain the following
inequality after performing some algebraic manipulations

2 2 2 2
(- aasgi) (= 2 ) = (o = [ )

2 2 2
_ Zac%t H)‘k ot +2c1z1+c1dAxk+1 Ty ;CclldBZk H > 0.

— o [AT (kAT gk - )

*

2¢

The above inequality implies that

k+1 _ (1 _ 2t k
4 - (1 crd+2cit+t? Ve,

and the proof is complete. O

Note that one can improve bound (42) under the assumptions of Proposition 2 and
the w-strong convexity of f by employing the following known inequality

) (L1950 = VIO + v = ¥IE = 2 (9£() = V£ (3)x = )
L
S —fx)—(Vf),y—x).

Indeed, we employed the given inequality but we could not manage to obtain a closed
form formula for the convergence rate. The next theorem establishes the R-linear
convergence of ADMM in terms of dual objective value under the assumptions of
Proposition 2.

Theorem 8 Let N > 4 and let A has full row rank. Suppose that f € -7::} R™) is
L-smooth with c; > 0 and g € Fo(R™). Ift < min{c, /#ffﬂ)}, then

DX — DONy < p(1— —2ar "

=P crd+2c 1412 ’
hered — — L and o = Y (1 — 2ct —4

v = Tamaany 4P =g \1 = qaemz) -
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Proof By Theorem 3 and Proposition 2, one can infer the following inequalities,

DY) — DO

IA

V_O ] _ 2cqt N-4
16t crd+2cit+12 ’

which shows the desired inequality. O

IA

In the sequel, we investigate the R-linear convergence under the hypotheses of
scenario (S2). The next proposition shows the linear convergence of (VK.

Proposition3 Ler f € .7—'2 R™y with ¢y > 0 and let g € Fo(R™) be L-smooth.

Suppose that B has full row rank and k > 1. Ift < min{%‘, m}, then

2
k+1 L k
v = (L+l)»min(BBT)) Ve 43)

Proof Analogous to the proof of Proposition 2, we assume that x* = 0, z* = 0 and
b = 0. Due to the optimality conditions, we have

ghHl — T (x" +rAXH 4 thk) e = AT
Ve(ZX) = —BTAk, Vg(*t) = —BTA*!, Ve(z*) = -BT,

for some £t e 9 f(x**1) and £* € 3 f(x*). Suppose that d = and

L
)Lmin(BBT)

o= %. By Theorem 2, we obtain
a(d>+12 )
B e R L
o (d® +17) k+1 . 1\ ey || k1]
22 (f(x )—f(x)+</\*,Ax >_% x HA>

(s s o7 )

+ o <g* _ g(zk-H) _ </\k+17 sz+1> _ ﬁ HBT (A* _ )Lk+1)H2>
(s 10 o (o))
R N S R IRy )

By employing || BT A% > %”)\.”2 and AKtT = 0% 4 s AxkH! 4 ¢ BZFF1 | the aforemen-
tioned inequality can be expressed as follows after some algebraic manipulation,

2 (d2 + z2) <cd2 —dt(c+1) — t3)
) (@2 - 2)’

_o?

4

21 k1 k £ g+l
(dz_dt>Ax + Bz — (14 %) Bz
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2
2 2

k-HH o«
X HAX a2

2
d k
# () (b

Hence, we have

d—t

2 2
_Hwbﬁu>_<wm4_r

2d% — (d —1)?
L, (H) Ax* N 4 (d + 1) B!

2 2
+12 Hsz“ H ) > 0.

2
k+1 d k
v <G$>V,

and the proof is complete. O

As the sequence {Vk } is not increasing [9, Convergence Proof], we have vl <yo
Thus, by using Theorem 3 and Proposition 3, one can infer the following theorem.

Theorem9 Let f € ]—'Cf? (R™) with c; > 0 and let g € Fo(R™) be L-smooth. Assume

that N > 5 and B has full row rank. Ift < min{%‘, m}, then

* N L N
D6 = PON) < o () (44)

-10
v L
where p = 16 (L+zxmm(BBT)) .

In the same line, one can infer the R-linear convergence in terms of primal and dual
residuals under the assumptions of Theorems 8 and 9. In this section, we proved the
linear convergence of {V*} under two scenarios (S1) and (S2). By (7), it is readily
seen that function — D is strongly convex under the hypotheses of both scenarios (S1)
and (S2). Therefore, both scenarios imply the PL inequality. One may wonder that if
the PL inequality and the strong convexity of f imply the linear of {V*}. By using
performance estimation, we could not establish such an implication.

As mentioned above, function —D under both scenarios are p-strongly convex.
Hence, the optimal solution set of the dual problem is unique and one can infer the R-
linear convergence of AV by using Theorem 8 (Theorem 9) and the known inequality,

2
%WN—H < DOY) — DON).

6 Concluding remarks

In this paper we developed performance estimation framework to handle dual-based
methods. Thanks to this framework, we could obtain some tight convergence rates
for ADMM. This framework may be exploited for the analysis of other variants of
ADMM in the ergodic and non-ergodic sense. Moreover, similarly to [27], one can
apply this framework for introducing and analyzing new accelerated ADMM variants.
Moreover, most results hold for any arbitrary positive step length, ¢, but we managed
to get closed form formulas for some interval of positive numbers.
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A Appendix

Lemma4 Let N > 4 andt,c1 € R. Let D(t, c1) be N X N symmetric matrix given
in Theorem 4. If c; > 0 is given, then

[0,c1] € {t: D(t,c1) = O}

Proof The argument proceeds in the same manner as in Lemma 1. Due to the convexity
of {t : D(¢, c1) > 0}, is sufficient to establish the positive semidefiniteness of D (0, c1)
and D(c1, c1). As D(0, c1) is diagonally dominant, it is positive semidefinite. Next,
we proceed to demonstrate the positive definiteness of the matrix K = D(1, 1) by
computing its leading principal minors. One can show that the claim holds for N = 4.
So we investigate N > 5. To accomplish this, we perform the following elementary
row operations on matrix D:

(1) Add the second row to the third row;
(ii) Add the second row to the last row;
(iii) Add the third row to the forth rows;
(iv) Fori =4: N -2
— Addi —throwto (i + 1) — th row;

— Add % times of i — th row to the last row;

(v) Add 228829 fimes of (N — 1) — th row to N — th row.

By executing these operations, we transform K into an upper triangular matirx J with
diagonal

2, k=1
Jor = {26% =3k — 1, 2<k<N-1

2 N2 (2N2—8N+9)2 N—2 (i—=3)2 _
2N _7N+8_(N71)2_ 2N2—TN+4 —2iz4 zraioy k=N
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It is seen all first (N — 1) diagonal elements of J are positive. We show that Jy y is
also positive. By using inequality (17), we get

N2 QN2 —8N +9)2 = (-3
2N?2—7N +8— - -
+ (N —1)2 2N%2 —7N +4 ;2:‘2—31'—1

>2N?—~IN+8—-E —QN*-8N+9 -2 1+ 24 >5 1150,

for N > 5, which implies Jy y > 0. Hence, D(cy, c1) > 0 and the proof is complete.

m}
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