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Abstract

In the stiff situation, we consider the long-time behavior of the relative error y,, in the
numerical integration of a linear ordinary differential equation y'(r) = Ay(¢r), >0,
where A is a normal matrix. The numerical solution is obtained by using at any step
an approximation of the matrix exponential, e.g. a polynomial or a rational approxi-

mation. We study the long-time behavior of y, by comparing it to the relative error
7" in the numerical integration of the long-time solution, i.e. the projection of the

solution on the eigenspace of the rightmost eigenvalues. The error y,l,ong grows line-

arly in time, it is small and it remains small in the long-time. We give a condition

under which y, ~ 71", i.e. 2= ~ 1, in the long-time. When this condition does not

Tong

Yn
hold, the ratio -2 is large for all time. These results describe the long-time behavior

long

Yn
of the relative error y, in the stiff situation.
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1 Introduction

Consider the ordinary differential equation (ODE)

{ Y () =A@, t >0,

(0) = yo. -

where A € R and y(f) € R, and consider, over the mesh
t,=nh,n=0,1,2,...,
of constant stepsize i > 0, a numerical solution of (1.1) given by
v, = R(hAY"y,, n=0,1,2,..., (1.2)

where R : 2 C C — C s a analytic approximant of the exponential %, z € C. When
the numerical solution is obtained by a Runge—Kutta (RK) method, the approxim-
ant R is the stability function of the RK method and it is a polynomial or a rational
function.

The paper [9] analyzed in the non-stiff situation the time behavior of the norm-
wise relative error

Yn _y(tn) P
" n=0,1,2,..., (1.3)

in case of a normal matrix A. It seems to be the first paper in literature dealing in
detail with the relative error time behavior of numerical solutions of ODEs. This is
quite surprising because relative errors are generally considered better than absolute
errors as quality measures of approximations. Indeed, componentwise relative errors
are involved in the stepsize control mechanism (see [12]).

The present paper continues to analyze, in case of A normal, the error y, by con-
sidering its long-time behavior in the stiff situation. Next subsection, with all its
subsubsections, contains the basic material for facing such an analysis. Part of this
material was introduced in [9].

1.1 Fundamental notations and notions
1.1.1 Small and large
We set that, for a > 0, “a is small” is the same as “a < 1” and “a is large” is the
same as “a > 1",
Forb>0andc >0, b < cmeans’f <1

1.1.2 The notation~

Fora,b € R, a ~ b means
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a=b(l+e)

with |e| <« 1. We say a ~ b with degree €, where € > 0, if|e|] < €.
Moreover, a S b means a < ¢ and ¢ = b for some ¢ € R.
Fora,b € R4, a ~ b means

lla=bll, _,
1511,
We say a ~ b with degree ¢, where € > 0, if% <e&.
2

1.1.3 The meaning of “it is expected”

In the paper, we often say “it is expected S”, where S is a statement, with the mean-
ing that the statement not S is “unlikely” or “unusual” or “extreme”.

Sentences of this form can seem vague, although they are able to convey signifi-
cant information. However, they are never used in definitions or theorems, which are
stated in a precise manner without any such type of vagueness. The sentences are
used for a better understanding of technical notions and results.

By introducing probability measures on data, we could made “it is expected S”
mathematically precise, but this is out of the scope of the present paper.

1.1.4 The spectrum of A

The spectrum

Ai={ApL Ay A}

>%p
of the normal matrix A, where 4, 4,, ..., 4, are the distinct eigenvalues of A, is par-
titioned by decreasing real part in the subsets A, A,, ..., A, (see Fig. 1): we have
Ay ={Ni s N, = ) Ay ={Nisrse o A} A=)

Re

Fig. 1 Spectrum of A partitioned by decreasing real parts
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1= 1’2,---,%
WlthO:iO <i1 < eee <iq=p’and

r >y > >,

Fori=1,...,p, let P; be the orthogonal projection on the eigenspace of 4;. For

j=1,...,q,let
Q=) P,

4EA;
For a nonempty subset I" of A, let
pri=max|4| and pp :=min |4 (1.4)

1.1.5 Theinitial value y,
We assume y, # 0. Thus y(¢) = ey, # 0, for any ¢, and the relative error y, is
defined for any n. Let

$, 1= Yo
O vl

be the normalized initial value.
Let

A* :={4 € A Py, #0}
A;k =ANAN =1,

The generic situation for the initial value y, is A* = A. In order to use simpler nota-
tions, we assume this generic situation.

If it does not hold, then below we have to see A, ..., Aq as AT, ey A; without the
sets A]* that are empty. In other words, we see A, as Aff where

Jji s=min{j € {1,...,q} : Aj* + @},
A, as Aj; where

Ji=min{j € {jy+1,....q} 1 A7 # 0},
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and so on. Of course, when we do this, the number g of sets in A,, ..., Aq is no
longer equal to the number of possible real parts in the spectrum A, but it is equal to
the number of possible real parts in A*.

1.1.6 Rightmost and non-rightmost eigenvalues

The set A, is the set of the rightmost eigenvalues. The set

is the set of the non-rightmost eigenvalues. We assume g > 1in order to have A~ # (.
By recalling the definitions (1.4), we set
pi=p, and p 1=y,
P i=py, and gy =y (1.5)

p i=py- and p =,

1.1.7 The numbers B;

For j=2,...,q, i.e. for any non-rightmost real part, let

iTh

ﬂ. =
! P1

Observe that

0>p,>->8,

It is expected |, | non-small.

1.1.8 Dimensionless quantities

We use the dimensionless stepsize hp;, or hp, and the dimensionless time p,, or ¢p,
rather than the stepsize 4 and the time ¢, respectively, because they are small or large
independently of the unit used for time.

In this paper, when we say that a certain quantity is small or large, this quantity is
always dimensionless.

The numbers ﬁj defined above are dimensionless, as well as the errors o; now
introduced.
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1.1.9 The errors o;

We assume that the approximant R has order /, where [ is a positive integer. This
means

R@z)— et =CZ" +0(d?), z >0, (1.6)

with C # 0. It is assumed that the domain & of R includes a neighborhood of zero.
Moreover, we assume hA, € Z,i=1,...,p.
We introduce the complex numbers

o; i=logS(h4;), i=1,....p, (1.7)
where
S(x) =e*R(2), z € 9, (1.8)

is the relative approximant. The numbers o; are logarithmic errors of R as an approx-
imant of the exponential, since

o; =logR(h4;) —loge™, i=1,...,p.
For a nonempty subset I" of A, we have

1+1
I}}QI’E|"5| =ICl(hpr) v (1+0(hor))

| (1.9)
min |o;| =|C|(hup) " (14 O(hpr)).
€l
as hpr — 0, where p- and u - are defined in (1.4).
1.1.10 Local relative errors and global relative errors
As particular cases of (1.9), we obtain
I+1
max |o;| = [Cl(hp)" (1+O(hpy)). oy — 0. (1.10)
i 1
and
_ 1+1
max [o;] = |CI(hp)'*' (1 + O(hp)). hp = 0. (1.11)

We introduce
max |o;|
MEA,

E :=-—
: hp,

and
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max |o;|
JEeA

hp
We can consider max, ¢4 |o;| and max; ¢, |o;| as local relative errors, and E, and

E as global relative errors, of the numerical integration. An explanation for this is
given below at points 2 of Remarks 1.1 and 1.2.

1.1.11 The ratios K;and K

When 0 € A, let
= el (o

I+1
M) (1+0(hp,)). hp, =0, (1.12)
1

min, 4 |oi] B

The right-hand side follows by (1.9). Observe that the generic situation for the
matrix A is to have A, constituted by a real eigenvalue or by a unique pair of com-
plex conjugate eigenvalues. In this generic situation, we have K| = 1.

When 0 € A, let

e max, ¢ 4 |o;] _ <p

I+1
;> (1 + O(hp)), hp = 0.

min, ¢4 |oi| B

1.1.12 The ratios M;and M

For A; € A7, i.e. A;is a non-rightmost eigenvalue, let

|O_i| |/11| I+1
M :=—————=|—) 1+ 0(p)), hp = 0. (1.13)
max;, e, [0y 1

Moreover, let
max - |0

NS
<p_> (14 O(hp)), hp = 0. (1.14)

= A €A™ max, c, |o‘k| - 141

1.1.13 The base situation

We call base situation the situation where max, ¢, |o;|is small.
Here are some observations about the base situation.

— In the base situation, it is expected E; small, i.e. max;, ¢4 |o;| < hpy, and hp,
non-large. Look at (1.10).
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— We do not say that in the base situation it is expected ip, small. In fact, we do not
see the case where max ¢, |o;| is small and /p, is not small as “unusual”, when
R is an high order approximant.

1.1.14 The non-stiff situation and the stiff situation

The base situation is partitioned in two disjoint sub-situations: the non-stiff situation
and the stiff situation.

We call non-stiff situation (stiff situation) the sub-situation of the base situation
where max; . 4 ;| is small ( max, ¢, |o;] is not small), equivalently max, ¢, |o;| is
small (max, ¢4 |o;|is not small).

The non-stiff situation and the stiff situation correspond to what is meant as non-
stiff and stiff in the traditional terminology of numerical ODEs. The explanation is
given below at point 3 of Remark 1.2.

Here are some observations about the non-stiff and stiff situations.

— In the non-stiff situation, it is expected E small, i.e. max, ., |o;| < hp, and hp
non-large. Look at (1.11).
— In the non-stiff situation, it is expected

max; ¢ 4- o]
—— = ME, (1.15)
hp,

small. In fact, it is expected E, small and then to have both max, .- |o;| and
max, ¢4 |o;| small with their ratio M not satisfying M < 7 appears to be an
! 1

“extreme” case.

— In the stiff situation, it is expected /1p non-small. In fact, to have max, ¢ 4 |;| non-
small with hp small appear to be “unlikely”.

— In the stiff situation, M is large since it the ratio between a non-small number and
a small number.

1.1.15 The functiong
Let
e“—1-c¢

glc) :i=—, c>0.
c

The function g is increasing with g(0) =0. We have g(c) ~ % for ¢ small,
g(1)=0.71828 and g(c) = 1for c = 1.2564.
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1.2 Analysis of the errory,,

After having introduced the basic material in the previous subsection, we can pro-
ceed with our analysis of the error y,,.

Next theorem (it is Theorem 4.1 in [9] stated with E instead of max, ¢, |o;))
describes how the error y, grows in time.

Theorem 1.1 Assume O & A. Fixc > 0. Fort,p < %, we have

t,pE
K

(1 -g() <y, <t,pE(1 +g(c)).

The theorem with ¢ = 1 reads

t,pE

0.28172 - <y, <1.7183 -1, pE (1.16)

forz,p < é

If E < 1, then (1.16) says that y, is small and grows linearly in time up to large
times ¢, p, precisely up to the large time é This result is useful in the non-stiff situa-
tion, where it is expected £ < 1.

Remark 1.1
1. By taking a small ¢ in the previous theorem, we have

t pE
n? é "n é tan'

To be more precise, this holds for times #,p < x, where x > 0 is such that
xEx 1
2. After one step (n = 1), we have
max; ¢, |oi|
(-8 =n 55‘32}|6i|(1 + g(0)).
This explains because max |o;| can be considered as local relative error in the
i€

numerical integration of the solution. At ¢,p = 1, we have

E

f(l —8() <y, <E +g(c)).
This explains because E can be considered as global relative error in the numer-
ical integration of the solution.

3. The theorem assumes 0 & A. If A = {0}, we have y,, = 0 for any n. For the case
0 € Aand A # {0}, see point 5 of Remark 4.1 in [9].
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1.2.1 The long-time solution

Let y'°"¢ be the solution of (1.1) with initial value Q,y, instead of y.
The solution y'°"¢ is the long-time solution of (1.1), since we have y(f) = y'°"¢(z)
for tp, large. In particular, we have y(¢) & y'°"¢(¢) with degree €, where € > 0, if

¢ o5, ) o5, \
(’,f"l)f# = 1P .
Z| e 2 ”anyonz se 0

(see Theorem 5.1 in [9]). Observe that the left-hand side of (1.17) goes to zero as
tpy = +oo.

long

1.2.2 Theerrory,

Let 7™ be the error 7, of the long-time solution y°"¢. Next theorem (it is Theo—
rem 5.2 in [9] stated with E; instead of max, |o;]) describes how the error yn e
grows in time.

Theorem 1.2 Assume O & A,. Fixc > 0. Fort,p, < —, we have

nplEl

(8= v < 1,0, E (1 + g(0)).
1

The theorem with ¢ = 1reads

0.28172 -

t,p E
n/;’<1_1 < 7/,1,0“% <0.28172 - 1,p,E, (1.18)

1
fortp<—

If E, << 1, then (1.18) says that y,, "¢ is small and grows linearly in time up to
large times ¢, p,, precisely up to the large time EL This result is useful in the base sit-
1

uation, where it is expected E; < 1.
Remark 1.2

1. By taking a small ¢ in the previous theorem, we have

tnplEl

Kl éyn f/tnplEl

This holds for times ¢,p, < x, where x > 0 is such that xE, < 1. If A, is con-
stituted by a real eigenvalue or by a complex conjugate pair of eigenvalues (the
generic situation for the matrix A), we have K; = 1 and then
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"~ t,p E). (1.19)

2. Similarly to the point 1 of Remark 1.1, we can explain because max; ¢ 4, |o;| and
E, can be considered as local relative error and global relative error, respectively,
in the numerical integration of the long-time solution.

3. Since max, ¢, |0;| and max, ¢, |o;|can be considered as local relative errors in
the numerical integration of the solution and the long-time solution, respectively,
we can say that in the non-stiff situation the local relative error of the solution is
small, whereas in the stiff situation the local relative error of the solution is not
small, but the local relative error of the long-time solution is small. This agrees
with the traditional concepts of non-stift and stiff.

4. The theorem assumes 0 & A,. If A; = {0}, we have ylong 0 for any n. For the
case 0 € A;and A, # {0}, see point 5 of Remark 5.2 in [9].

1.2.3 Long-time behavior of y,,

We want to study the long-time behavior of the error y,. This is done by comparing
it to the error y,, long

Slnce in the long-time the solution y becomes the solution y'°"¢ whose error y,, is
just yn €, it is quite reasonable to have y, ~ y,, "¢ in the long-time.

Indeed, at point 4 of Remark 5.3 in [9], it is stated the following result.

Theorem 1.3 Assume g > 1and 0 & A,. Fix ¢ > 0 such that g(c) < 1,i.e.c < 1.2564.
For any € > 0, there exist Hy > 0 (independent of €) and s > 0 (dependent on €)
such that, for hp < Hyand s <t,p < %, we have y, = y,l,ong with degree €.

Remark 1.3 The theorem assumes g > 1. If g = 1, then y,, = 7/,, "¢ for any n. In addi-
tion, it assumes 0 & A,. If ¢ > 1 and A, = {0}, then 7" = 0 for any n and it does
not make sense look at y, = y,l, "¢, since this implies y, = 0. For the case ¢ > 1,

0 € A and A, # {0}, see point 6 of Remark 5.3 in [9].

The previous theorem is of interest in the non-stiff situation, where the condi-
tion hp < H, is not restrictive. In fact, in the non-stiff situation it is expected hp
non-large.

On the other hand, the result is not useful in the stiff situation, since the condi-
tion hp < H, is restrictive. In fact, in the stiff situation it is expected /p non-small.

1.3 The contents of this paper

The present paper wants to study the long-time behavior of the relative error y, in
the stiff situation. As above, this is done by comparlng ittoy, long,

In the stiff situation, 1t is important to have y, =~ y,, "€ in the long-time. In fact,
if this happens, since yn " is small up to large times t,p,, we have the very sur-
prising fact that the error y, is small in the long-time, although the stepsize % is

@ Springer



23 Page 12 0f 62 S. Maset

tuned only for having a small local relative error of the long-time solution and,
because of this, the local relative error of the solution is not small.

In other words, when we are interested in the numerical integration of the solu-
tion in the long-time, we can start from the beginning with a stepsize suitable for
integrating with a small local relative error the long-time solution, larger than the
stepsize suitable for integrating with a small local relative error the solution, and
in the long-time we will have a small error y,,

As in [9], we confine our attention to normal matrices. This should be not con-
sidered as a limitation, since the class of the normal matrices is sufficiently large
to include important types of matrices and, moreover, the test problem (1.1) with
A normal shows unexplored and interesting situations in numerical ODEs.

The plan of the paper is as follows.

— Section 2 shows two examples of stiff situation where we can fail to get
v, ~ v." in the long-time with y, non-small and growing unboundedly.

— Section 3 introduces the definition of “y, ~ y,"® in the long-time” of our inter-
est.

— Section 4 gives the condition for having, in the stiff situation, y, ~ y,"® in the
long-time.

— Section 5 show that when this condition does not hold, we have, in the stiff situa-
tion, -2 > 1for all time.

s long

_ Section 6 revises the examples of Sect. 2 in the light of the results of Sects. 4 and
5.

— Section 7 studies when the condition for having y, ~ 7.°"® holds independently of
the specific non-rightmost spectrum.

— Conclusions are draft in Sect. 8.

1.4 Replies to general questions or criticisms

This final subsection includes replies to general questions or criticisms which
could be issued about the contents of this paper.

— Question. What is the motivation of this paper?

Reply. This paper studies the relative error of numerical approximations of
ODEs, although confined to linear systems with normal matrix. Of course, the
absolute error and the relative error of the numerical approximations have the
same order of convergence with respect to the stepsize /4, but they have a dif-
ferent time behavior in the numerical integration of a solution spanning over
various orders of magnitude.

The motivation for studying the relative error time behavior in numerical
ODEs, as the present paper is doing, comes from the following two facts:

— as it is widely recognized, the relative error is an important measure for the
quality of an approximation, often better than the absolute error;
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— there has been no attention in the numerical ODEs community about the
relative error time behavior of numerical approximations.

Anyway, the fact that in the numerical ODE:s field the relative error is con-
sidered important is attested by the numerical solvers, which accept as an
input argument a tolerance on the componentwise relative error. Thus, this
paper (similarly to [9] and [10]) try to fill this gap between theory, where there
are not studies on the relative error, and practice, where the relative error is
used.

— Question. What is the relevance of the results achieved?

Reply. For the numerical ODEs community, it should be of interest to know
the relative error time behavior of numerical approximations of the ODE (1.1)
with A normal. The results achieved describes this time behavior and their rel-
evance is that they give a new prospective on the numerical integration errors.
We can summarize this new perspective in the following points.

— In the non-stiff situation, the relative error is small and it grows linearly in
time. Moreover, this linear growth is determined in the long-time only by
the rightmost eigenvalues.

— In the stiff situation, the relative error is not small at the beginning of
the numerical integration and it is not guaranteed that in the long-time it
will become small, with a linear growth determined only by the rightmost
eigenvalues. This happens if and only if a certain condition is satisfied and
this condition is a novelty in the numerical ODE theory.

— Gauss RK methods, despite they are considered stable in the classic numer-
ical linear stability theory (they are A-stable methods), are not suitable to
have the above condition satisfied. On the other hand, Radau and Lobatto
IIIC RK methods are suitable to have this condition satisfied.

— Criticism. Componentwise relative errors

|yn,i - yi(tn)l

,i=1,....d,
|yi(tn)|

where y, ; and y(t,), i =1, ...,d, are the components of y, and y(t,), should be
considered (as in the numerical ODE solvers), not the normwise relative error
(1.3).

Reply. In literature both normwise relative errors and componentwise rela-
tive errors are considered as quality measures of vector approximations (see
[2]). The componentwise approach has the advantage that it gives informa-
tion on the precision of the components, but it has the drawback that the com-
ponents must be nonzero (when some component becomes zero, we need to
switch to the absolute error). On the other hand, the normwise approach can
give anyway information about the componentwise relative errors (for exam-
ple, a large normwise relative error implies that some component has a large
relative error) and it works also when some component becomes zero.
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Criticism. Relative errors should be not considered in situations where the
exact solution approaches zero, as those studied in this paper. A rule of thumb
in numerical analysis says that one should switch to the absolute error in this
situation.

Reply. In mathematical modeling and numerical analysis there is a thresh-
old in the order of magnitude of quantities (scalars or vectors) under which
they are considered zero. Under the threshold, it is important to use the abso-
lute error for approximations, since they are considered approximations of
zero. But, in case of a solution of (1.1) which is going to zero, and so it is
spanning over several orders of magnitude, it could be of interest to compute
with a good precision this solution for the orders of magnitude larger than the
threshold. In this situation, the relative error is important.

Of course, the numerical analyst’s point of view is that the threshold is the
order of magnitude of the machine epsilon, but in applications this threshold
can be larger.

As an example, we can consider the radioactivity decay of radionuclides,
where the activity a(f) (measured in becquerel (Bq) by a Geiger counter)
of a given amount of radionuclide satisfies a’(r) = —Aa(¢) with A > 0. For a
decay chain, we have @' (r) = Aa(t), where A is a lower bi-diagonal matrix, the
so-called Bateman equation. The threshold could be the order of magnitude
10?°Bq/kg of the background radiation. Of course, this threshold becomes a
much smaller ten power by using an unit larger than the becquerel, e.g. the
curie. It could be interesting to numerically compute with a good precision
a solution a(f) whose initial value has order of magnitude 10°Bq/kg (like in
a nuclear plant accident). Since the solution becomes small compared to the
initial value, using the relative error for the approximations of the solution is
better than using the absolute error when the solution is not yet considered as
zZero.

Another example could be a space discretization of the heat equation, with
homogeneous Dirichlet boundary condition, by the method of lines. In this
case, the space discrete temperature approaches zero (the border temperature)
and under a given threshold in the order of magnitude, say 1072 °C, it can be
considered zero. But, over this order of magnitude, the temperature is not zero
and it becomes important to use the relative error for time-space approxima-
tions, especially when the solution spans over several orders of magnitude due
to an initial value with order of magnitude larger than the threshold, for exam-
ple 10% °C.

We remark that the analysis in this paper also consider the situation where the
solution, instead of approaching to zero, grows up to large values with respect to
the initial value. Also in this situation the relative error is important.

Criticism. The paper considers ODEs (1.1) with matrix A normal. Such prob-
lems can be diagonalized with a unitary transformation and then one can assume
without loss of generality that A is diagonal.

Reply. In the paper, we do not assume from the beginning that A is diago-
nal because this does not simplify the exposition. In fact, the analysis presented
starts from the fundamental relation (4.6) given below for the relative error,
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which maintains the same form when A is diagonal. We have such a net expres-
sion for the relative error precisely for the possibility to reduce to the diagonal
case by a unitary transformation. Hence, the assumption that A is diagonal is
already implicitly done when one decides to deal with a normal matrix.

— Criticism. Since it is possible to reduce to the diagonal case, it would be suffi-
cient to study the behavior of the numerical scheme at a scalar problem, which is
really trivial.

Reply. Although we can reduce to a linear systems of uncoupled scalar differ-
ential equations, this does not mean that they are fully uncoupled in the numeri-
cal scheme, since we are using the same stepsize A in all scalar equations. This
reflects the fact that the numerical scheme is applied to an ODE (1.1) with a
matrix A in general non-diagonal, without thinking to diagonalize it in advance.
Moreover, the analysis of the present paper requires to have rightmost and non-
rightmost eigenvalues. In other words, we need eigenvalues with different real
parts, i.e. an ODE (1.1) with different time scales. The case of a sole scalar equa-
tion is not considered. Anyway, we can observe that in the base situation for a
scalar equation, the relative error y, = 7™ is expected to be small and linearly
growing in time up to large times.

2 Examples

In this section, we give two examples of stiff situations where the error y,, is not

small from the beginning of the numerical integration and it grows without to
approach in the long-time to the small error y.".

We remind that the stability region of the approximant R (see [5]) is the set
X :={z€ P :|R@| <1}
and the order star of R (see [5-7, 13]) is the set
S ={z€ 2 :|S@)| > 1},
where S is the relative approximant given in (1.8). The complementary set of .# is

S =NS={z€D: |8k <L1}.

2.1 Same approximant with different ODEs

As first example, we consider the ODE (1.1) with the symmetric matrix

A 1[a+ba—b]’

2la=ba+b
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whose eigenvalues are a and b with relevant eigenvectors (1, 1) and (1, —1), respec-

tively. We consider a = —1 and the following three possibilities for b:
(P1) b=-11

(P2) b=-135;

(P3) b=-16.

The initial value is y, = (2, —1), for which we have

1P oll, =

1 ~ 3
and [|Pyyll, = —=.
0 V10
The solution y quickly approaches to the long-time solution y'°'¢: we have
() ~ Y1) if

6
0.45 510
04l 45
4l
035
351
03
.
025
251
02 H
2
0.15 f
15
0.1
\ r
|
0.05 |~ 05
0 1 1 0 ’ 1 1 1 1 J
0 1 2 0 1 2 3 4 5 6
Whole picture Zoom on the y-axis

Fig.2 Possibility P1) with initial value y, = (2, —1). Errors y, (solid red line) and y,°"¢ (dash blue line).
The abscissas are the times 7, = nh,n =0,1,2,... ,N
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e(b_a)t ||P23)\0”2 — Se(b+1)r <1
17155l

(look at (1.17)).
For the numerical integration, we use the Taylor approximant of order five

2 3 4 5
Z Z Z Z
R =1 I T
@) +z+2+6+24+120,zea:,

with stepsize h = é over N = 25stepsup to ty = Nh = 5.

We have:
-6
14 5210
450
12
4l
1
35
sk
0.8
25
0.6
2k
15 e
0.4 .
.
1
02
05
-
0 il L 0 . 1 1 1 1 | ]
0 1 2 0 1 2 3 4 5 6
Whole picture Zoom on the y-axis

Fig.3 Possibility P2) with initial value y, = (2, —1). Errors y, (solid red line) and /"¢ (dash blue line).
The abscissas are the times t, = nh,n=0,1,2,... ,N
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200

140 —

120

100

20 —

0 " | il | | |
0 1 2 3 4 5 6

Fig.4 Possibility P3) with initial value y, = (2, —1). Errors y, (solid red line) and y,l,O"g (dash blue line).

The abscissas are the times 7, = nh,n =0,1,2,... ,N

h _ _ -7 _ |61| _ —7
p =02, o, =1.06-10"7 and E, = . =528-107".
1

We are in the stiff situation: in the three possibilities for b, we have
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-4 -3 2 -1 0 1 2 3 4

Fig.5 Order star (in blue) and complementary set (in white) of the five order Taylor approximant with
the stability region (in red) overlapped

lo, |
P1)|4.09
P2)[3.50
P3)|4.46

Since
typ Ep =2.64-107° <« 1,
by (1.19) we obtain
Yo 1,0, =1, -5.28 - 107
forz, <ty.

For the possibility P1), we see in Fig. 2, for n=0,1,2,...,N, the relative
errors 7, (solid red line) and y,°"¢ (dash blue line).
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Starting from a non-small y; (remind that y, = 0), the error y, goes down to the
small error y/°"¢. In the long-time, we have small errors 7, although the stepsize is
tuned only for having a small ¢, without any concern about o,.

For the possibility P2), we see in Fig. 3 the same as in Fig. 2. As in P1), start-
ing from a non-small y,, the error y, goes down to 7%, although y,"® is reached
at a larger time with respect to P1).

Finally, for the possibility P3), we see in Fig. 4 the same as in Figs. 2 and 3.
Unlike P1) and P2), the error y, does not go down to 7", but it continues to
grow.

2.1.1 Order star and stability region

Fixed a = —1, we are interested in understanding for which b, with b < a, we have
v, ~ " in the long-time. This happens in P1) and P2), but not in P3).

Order star and stability region for the Taylor approximant of order five are
depicted in Fig. 5.

The values of |S(hb)| and |R(hb)| are:

|S(hb)| | |R(hb)]
P1)[0.0728[0.00807
P2)[472 [0.317
P3)[23.8  [0.968

Observe that hb € Z for all three possibilities and b € % only in P1). In other
words, by looking at the negative real axis of Fig 5, hb lies in the red region for all
three possibilities and £b lies in the white finger only in P1).

In the next Sect. 4, we will see a condition on kb for having y, ~ 7,™"® in the
long-time. When it does not hold, we have s~ 1 for all time. The condition is

Tong

g

Yn
something between hb € . (i.e. to stay in the white finger) and hb € Z (i.e. to
stay in the red region). Indeed, to have hb € .7° is sufficient, but not necessary,
for this condition on &b and to have hb € Z is necessary, but not sufficient.

2.2 Same ODE with different approximants

As second example, we consider the ODE (1.1) with the normal matrix
A =0DQ"
with

D= diag(/ll,/l_l, ,13,/1_3) = diag(~1 +i,—1 — i, =3 + 1000i, =3 — 1000i)

and Q with orthonormal columns u,, u;, u5, 3, where
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ul =v1 + in, u3 = V3 + iV4,

Vl :L(l, 1, 1,1), V2: L(19 1’_19_1)’

2¢/2 242

1 1
V3 :_(13_13 13_1)9 V4: _(_1’ 1519_1)'
24/2 242

Consider the initial value y, = (3, 3, 3, =2) for which we have
1P %ll2 = 1P Yoll, = 0.5462 and ||P53,ll, = [1P4,ll, = 0.4490.

The solution y consists of two decaying oscillations: the fast oscillation y — y'°"e
decays faster than the slow oscillation y'°"¢ and, in the long-time, only the slow
oscillation is present. We have y(¢) ~ y'°"¢(¢) if

e(rz-’l)f—”sz("|2 =0.82199 ¢ « 1
1210l

(look at (1.17)).
Assume that the numerical integration of the ODE is accomplished by the fourth
order two-stage Gauss RK method, corresponding to the (2, 2)—Padé approximant

1+2+2
R =—22 z¢ C\{3ii\/§},
I-2+5

and by the third order two-stage Radau RK method, corresponding to the (1,2)—
Padé approximant

I+3
R@) = ——. zeC\{2ii\/§},
1-24+Z

3 6

Both methods are applied with stepsize h = % over N =100 steps up to
ty = Nh = 10. Observe that such a stepsize is not suitable for approximating the fast
oscillation.

We are in the stiff situation:

hp, |0'1| = |0'2| E, |63| = |0'4|
Gauss RK method [0.141]7.86 - 1073[5.56 - 10~70.51
Radau RK method|0.141[5.41 - 107°[3.82 - 107°[3.78

Since

c g {186 10=®  for the Gauss RK method <1
NPIE1=\ 541.10~*  for the Radau RK method ’
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%107

45 4 35 3 25 2 15 Kl
%104

Fig.6 Upper part: trajectory (y, (tn),yz(tn)), t, € [8,10], for the exact solution. Middle part: trajectory

(yn,l, yn,z), t, € [8,10], for the Gauss RK method solution. Lower part: trajectory (yn,l, ymz), t, €[8,10],
for the Radau RK method solution

by (1.19) we have

tong 5 g = J a7 786 10~7  for the Gauss RK method
To = R IWPEL= 4. 541.1075  for the Radau RK method
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18000 T T T T T T 06 T T T T T T T T

16000 [~

05 =

14000 |-

12000 |-

04 4

10000 |-

8000

02} -

01} -

Gauss RK method Radau RK method

Fig.7 Errors y, (solid red line) and y,lfng (dash blue line). The abscissas are the times#,,n =0, 1,... ,N

Fig. 8 Order star (in blue) and complementary set (in white) with the stability region (in red) overlapped
for the Gauss RK method (left) and the Radau RK method (right)

fort, < ty.

In the upper part of Fig. 6, we see the trajectory ,, = (¥, (%, ).y, (t,))in the plane R?
for the first two components of the exact solution y(z,), when ¢, € [8, 10]. In the middle
and lower parts, we see the trajectory ¢, — (yn’l, yn,z) for the first two components of
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the numerical solution y,, when ¢, € [8, 10]. Middle part for the Gauss RK method and
lower part for the Radau RK method.

For the long-time ¢, € [8, 10], where only the slow oscillation y'°"¢ is present, the
exact components y,(t,) and y,(t,) are equal and have order of magnitude 10~*. The
Gauss RK method exhibits numerical components y, ; and y, , of order of magnitude
10°. On the other hand, the Radau RK method exhibits accurate numerical components
Y1 and y, », although the stepsize is not suitable for approximating the fast oscillation.

In Fig. 7, we see the error y,, for n =0,1,..., N, for both approximants: for the
Gauss RK method the error continues to grow and for the Radau RK method it goes
down to 7",

2.2.1 Order star and stability region

Fixed A, = -1 +iand A; = —3 + 1000i, we are interested in understanding for which
approximants we have y, = y,, "€ in the long-time. In our situation, this happens for the
Radau RK method, but not for the Gauss RK method.

Order star and stability region for such approximants are shown in Fig. 8.

We have hA; € Z for both methods, since they are A-stable. On the other hand, we
have hA; € .#° only for the Radau RK method:

|S(h/1 )| _J 1.3494  for the Gauss RK method
3717 ) 0.0270  for the Radau RK method.

In Sect. 4, we will see a condition on the approximant for having y, = y,ll "¢ in the

long-time. When the condition does not hold, we have f;’;g > 1 for all time. To have

hiy € 7 (i.e., with reference Fig. 8, the white region of the approximant contains
hA) is sufficient, but not necessary, for this condition on the approximant and to
have hi; € Z (i.e. the red region of the approximant contains /45) is necessary, but
not sufficient.

3 The appropriate definition of y,, ~ "¢ in the long-time

In the following, we assume to be in the base situation. Then, it is expected E,
small and %p, non-large. To make easier the exposition, we assume E; small and hp,
non-large.

Since E, is small, the error yn € grows linearly in time and it is small up to large
times ,p;.

We also fix a number ¢ > 0 and let

=<
E,
(The number c plays a role similar the number ¢ appearing in Theorems 1.1, 1.2 and

1.3). As a reference value for ¢, one can take ¢ = 1. As a matter of generality, we do
not confine ¢ only to this value. In all theorems below, it is stated for which ¢ > 0
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they are valid. However, when the theorems are applied, c is considered non-small,
so we have

> 1,

and such that g(c) < 1, i.e. ¢ < 1.2564, with 1 — g(¢) non-small.

In order to describe the long-time behav1or of the error y,, we compare it to yn
and we are interested in whether or not y, = yn € in the long-time.

Here, “in the long-time” does not mean #,p; — +o0. In fact, it is not of great
interest to consider what happens for 7,p; — 400, since y,, " becomes non-small for
a sufﬁc1ently large #,p,. It is of interest to have y, = yn ¢ starting from times 7,p,
such that 7% is still small.

So, we introduce the following definition.

ng

Definition 3.1 We say that y, ~ 7"

in the long-time if, for some s € [0, 7),
v, ~ 7" for £,p, in the interval [s, 7] and y,™"¢ < 1 for 1, p, up to the beginning of

this interval, i.e. for ¢,p, € [0, ks]and k¥ > 1 non-large.

In the definition, we consider times #,p, up to 7. Observe that if K, is not large
(remind (1 12) and remind that K| = 11is the generic situation for the matrix A), then
the error yn " is not small for z,p, at the end of the interval [0, 7].

In fact, for ¢,p, € [x7, 7], where k € (0, 1]is not small, by Theorem 1.2 we have

kel — g(c)

E
long > 4 5 —L(1 = >
Yy &2 ,,lel( 8(0) = X,

and the right-hand side in this inequality is not small.

3.1 The definition of y,, ~ yi,"“g in the long-time with monitor function
We can make the previous definition more precise by a monitor function.

Definition 3.2 Let s : (0, 4+00) X (0, +00) — [0, +00) be a function such that

. s(e,x)
lim ——

x—+00 X

=0 forany e > 0. 3.1

ng

We say that y, = y,llo in the long-time with monitor function s if, for any € > 0, we

have

le,| < efort,p, € [s(e,7), 7], (3.2)
where ¢, is such thaty, = y,, "1 +e,).
Remark 3.1 In the previous definition, we also allow monitor functions

s 1 (0,a] X [b, +0) — [0, +0), where 0 < a,b < +o0. In this case, we have to spec-
ify that (3.1) holds for € € (0, a] and (3.2) holds for € € (0,a]and 7 > b.
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3.2 What does the definition with monitor function mean?

£ in the long-time with monitor function s.

Suppose y,, & yhon 1
Let € > 0. By (3.2), we see that y, ~ y, © with degree € for t,p, € [s(¢, 1), 7].
Moreover, by Theorem 1.2, we see that if @ < 1, then

s(e, T
Yo < 10 Ey(1 4 g(0) = k)

cl+gl)x 1 (3.3)

T

for 1,p, € [0, ks(e, 7)], where k > 1 is not large, i.e. 7" < 1 for 1,p, up to the
beginning of the interval [s(e, 7), 7].
In summary:

(e.7)

. . . . . s
Ify, ~ y}f“gm the long-time with monitor function s and <1
T

for some small € > 0,then y, ~ y,ll"“g in the long-time. In particular,

we have y,, ~ yrlf’“g with degree € for ¢, p, € [s(g, 1), 7].

Regarding the satisfiability of @ < 1, observe that s satisfies (3.1) and we have
7> 1L

4 Analysis of the long-time behavior of y,,
In the paper [9], it was presented an analysis of the long-time behavior of the error y,
important for the non-stiff situation. In the present paper, it is developed another type of

analysis important for the stiff situation. In this new analysis, the complex numbers w;
and «; introduced below are important.

4.1 The numbersw;

For any A; € A7, ie. for any non-rightmost eigenvalue, we introduce the complex
number

w; := e (hay),
where j =2, ...,gis such that 4; € Aj. We set

W= e il @1

i

4.2 The numbersq;

For any 4; € A~, we introduce the complex number
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logw;
@ 1= .
hp,
We set
log W
a := max Re(a;) = .
LEA- hp,
Since
o; = log S(h4,),
we have
B+
a: = p. -,
l 7 hp
where j =2, ...,gis such that 4, € Aj.
As a consequence we obtain
max |o;|
o= gl < 25
a—
? hp,

Here are some observations about «.

— Itis expected |a| non-small. In fact, let 4; € Aj, with j=2,...

most eigenvalue such that

Re(@) = f + Re(o;)
= (o] )= . .
a a ; o
The case where |a|is small, i.e.
Re(o;)
hp, = )
e+ |pl

4.2)

(4.3)

(4.4)

,q, be a non-right-

with e] < 1, is “unlikely”. Observe that it is expected | §;| non-small.

— In the non-stiff situation, it is expected @ negative non-small. In fact, it is
expected | f,| non-small and, in the non-stiff situation, it is expected that the right-
hand side of (4.4) is small and then it is expected |@ — f,| small.

4.3 The basic theorem

The next theorem is, in our new analysis, the analog of Theorem 5.3 in [9] (which
was suitable for studying the long-time behavior of y, in the non-stiff situation).

Theorem 4.1 Assume g > 1and 0 & A,. Fix ¢ > 0 such that g(c) < 1, i.e. ¢ < 1.2564.
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Fort,p, < 7, we have
Yo = yiong(l + en),

where
Lo 5l
= llesoll, |

~ 2
Z |eat P _eﬁ/tnﬂllf ) Kl . ||sz0||2
24 c(1=g@) |23,

4.5)
Proof Forn =0,1,2, ..., the error y, is given by
2
\/27:1 (e(rf_rl)t"en,i )
Yn = s 4.6)
q (r-—r )t S 2
L (7 o)
where
€y = D, (S(hA)" = 1)PF| .i=1.....q,
A€A; )

(see Theorem 2.1 in [9]). By (4.6), as applied with the initial value Q,y, instead of
Yo, We obtain

ylons = 4.7
" 25l @7

By (4.6) and (4.7), we can write
yn = }/rllong(l + en),

where
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€, 2

|en| = -1
1439 ( (=), |IQYO||2>
\/ Zjeo (&7 g, “5)

szmax Z € ||Q1y0||2 2 6 n’l .

J=2 J=2

By Theorem 1.2 and (4.7), we have

nP
€1 2 ! 1(1 —g(C))llQl)’O”z

t,py (1 —go)
Tl '—||Q1 0”2

(The assumption g(c) < 1implies that the right-hand side is positive). Moreover, for
j=2,...,q, we have

e(r/'_rl ) €pj =

> (s (h,)" - e e,

4€4; 2
= Z (W:l — el )t")Pi%
heh; 2 4.9)

n

2
1PSoll>

A€A;

Z |ea,-t,,p| - Cﬁj["p] |2||P13)\0”§’
iieA.i

where the third equality follows by A normal, which implies the orthogonality of the
eigenspaces. So, in (4.8) we have

~ 2
3 () < 3 3 (s kWil
€n.1 J=2 L€A; Py c(1=g(@) |03,

j=2

and (4.5) now follows. O

Remark 4.1 In the case 0 € A, and A, # {0}, the theorem still holds holds with (4.5)
replaced by
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o, losl, )
|e|< max Zeﬂtﬂl 0
= 250l |
2
e%ilaPy _eﬂfr’ph' . KT . ||P,-37\0||2

q
2 Z e
j=2 A€ 1P o( g(0)) ZAAEA,\(O) ”PkyO”;

s

where

max|a|
max o] < ,

41
K= > (14 O(hpy)), hp, = 0.
sl led - \#ano

In the following, we continue to assume O € A;, but all our conclusions are valid
(with easy adaptations) also for the case 0 € A;and A, # {0}.

4.4 Afirstresult

ng .

We give a first theorem about y,, =~ y,lzo in the long-time with a monitor function.

Theorem 4.2 Assume g > 1and 0 & A,. Fix ¢ > 0 such that g(c) < 1, i.e.c < 1.2564.

We have y, ~ y,llong in the long-time with monitor function
1
s(e, x) = s(e) = <max{010 Me—1) +logK, + 1o —}
17 B (e 1) +logky +loe =t
~ 112
+ log - ||Q1y0||2 + ! log 1_1 log2
1210l 2 e 2 ’
4.10)

defined for € > 0.

Proof Lets € [0, 7]. Forz,p, € [s, 7], in (4.5) of Theorem 4.1 we have
eﬁjtnpl S eﬂ/‘g

and
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|eitntr — efitnfi |7 e _ 1|7

lei=Filtupr _ 1

€ 7 T
—elitnp1 | < el —( )
tnpl tnpl tnpl
Seﬂjtnp] (e|ai—ﬂj|7 — 1)

=ePitnP1 (eMiC — 1) < eﬁ_i‘v(eMiC — ]),

where the last equality follows by (4.3) (remind (1.13)).
So, for t,p, € [s, 7], we obtain

jy()”

1 q
e | <= max efs il — 12
ol <23 2| oqlL |

q ~ 2
)y Z el (eMe — 1) K [Pl
c(1 =g |03,

Jj=2 A€

2

/ ~ 112
K 1 -11Q1y
51 e* max { 1M - 1) l } ”,\ I =f(s)
2 cl=g@)f [2ol,
By inverting the function f, we obtain the monitor function (4.10). O

Remark 4.2

1. For||Q,%,ll, sufficiently close to 1, we have s(¢) < 0. There are two ways for deal-
ing with this. One is to redefine s(g) as 0 when s(e) < 0. The other is to use (0, a]
as domain of s, where s(a) = 0. So, we have s(e) > 0 for € € (0, a].

2. By (4.10), (1.14) and (1.12), one can easily prove Theorem 1.3.

The previous theorem with ¢ = 1 gives the following results.

Theorem 4.3 Lett = Ei, let k > 0 and let
1

~ 112
Vi-loSl, &
Y

= +0.9203|. (4.11)

M+1log K, +1
T BRI ToSL 2

Iﬂzl

Ife=e* < land

s
-1,
T

theny, = yn "8 for t,p, in the interval [s, 7] and yloné’ < 1 fort,p, up to the beginning
of this interval. In particular, we have y, = yn " with degree ¢ for t,p, € [s, 7] and
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e < 1.71831(% <1 (4.12)
fort,p, € [0, ks], where k > 1is not large.

Proof By putting ¢ = 1in (4.10) and by observing that log(e” — 1) < M, we obtain

1 1
s(e)ﬁs:—(max{O,M+lo K, +1o }
A B TR T

2
/ ~ 112
1_”Q1)’0“2 1 1 1
_+

—log - — - log2|,

+log —
1013l 2 e 2

1
=—| M+1logK, +log
|ﬂ2|< ! 1-g(1)

t-lodl: 1 1
+log ——— + —log— — ~log2
12150l 2 e 2

since K; > land1 — g(1) < 1. Now, (4.11) follows since

1 1
1 — =log?2 = 0.9203.
BT o) 2%
About (4.12), take ¢ = 1in (3.3). O
Theorem 4.4 [f
max |o;]|
L . & < 1
|5, hp,
1
logK, - E; < 1
[
— (4.13)
1 1=l
— log+—— " E <1
1621 1215l
L <1 10g—+09203> B <1,
12

ng

theny, = y,llo in the long-time.

Proof Use the previous theorem with € = % = E, < land observe that

max - ;
M _ mE, = —er 71 o
T hp,
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O

It is expected that the last three conditions in (4.13) are satisfied. In fact, since
E, < 1, they are not satisfied only in “extreme” cases. Moreover, in the non-stiff sit-
uation, it is expected that the first condition is satisfied. In fact, since in the non-stiff

max; ea- |‘7i|

situation it is expected < 1, the first condition is not satisfied only in

P1
“extreme” cases.

So, we can state the following important conclusion.

Conclusion 4.5 Suppose to be in the non-stiff situation. It is expected y, ~ 7\ in

the long-time.

4.5 The condition A

We introduce the condition
A: W <1, equivalently a <0,

where W and a are defined in (4.1) and (4.2), respectively.
Next theorem shows that, under the condition A, we have y, & 7"
time with a new monitor function different from (4.10).

€ in the long-

Theorem 4.6 Assume g > 1and 0 & A,. Fix ¢ > 0 such that g(c) < 1,i.e.c < 1.2564.

If A holds, then y, = y,llong in the long-time with monitor function

A~ 112
s(e x)—; logx +1logK; + 1o M
P minglal 181 S E T T T 050,
1 1 1 1
—log—+log—— + = log?2
+2 0g6+ Ogc(l—g(c))+2 og )

(4.14)

defined for x > 1 and for € > 0 such that the right-hand side of (4.14) with x = 1 is
greater than or equal to 1, so we have s(e,x) > 1for x > 1 and such €.

Proof Let A holds. Let 7 > 1 and let s € [1, z]. For t,p, € [s, 7], in (4.5) of Theo-
rem 4.1 we have

eﬂjtnpl S eﬂjs

and

eilp1 — ePitaP1 Re(a,)t,p, Bitupy Re(a;)s Bis
| | < € +e < [§ + ¢ < eRe(ai)s + eﬂ.fs,

1P h A S
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where the last equality follows by s > 1. So, for¢,p € [s, 7], we obtain

< (-, lesl,
le, <1max 2 s I 1 °
2 12:50ll, |

i 2 Re(a)s eﬂjs)T K, . ||Pi3)\0||2
= c1-g@) ||0%ll,

2 hhed,
2
Sl emaxta)s max § 127 K, ||A ol
> c(1 - g(c) 12130]l,
2
oo 2
1 PR ”AQI.yO“Z 50
) c(1 —g(o) 1213l

where the last equality follows by
K
T ! > 1 > 1
c(1—g@e) — c(l —g(c))

By inverting the function f with respect to s, we obtain the monitor function (4.14).
O

Remark 4.3

1. The monitor function (4.14) is defined for € € (0, a], where

2
1 ~ 12
. 1 o minllal A1) K; ' 121l
> cl=g@) 2%l

2. By looking at the proof of the previous theorem, we see that there is also a moni-
tor function s(e, x) defined for all € > 0 and x > 0. It is obtained by inverting with
respect to s the upper bound

2
1| e-mintlali:ls K, i ) f(s,7)
1 r . = S, T).
3 s =g [0,

C lu Jhli ‘where e, is given in Theorem 4.1. Observe that the inverse exists since
—2 is a strlctly decreasing function of s. This new monitor function has
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the advantage that it is no longer necessary to suppose € < a (where is a given
at point 1) above) and = > 1. However, we prefer to use the old monitor function
(4.14) because it has an explicit expression.

The previous theorem with ¢ = 1 gives the next important results.

Theorem 4.7 Suppose A holds. Let t = EL, let k > 0 and let

| ~ 12
s = N S log 7 + log K| + log vy ok ||Q1y0”2 + K +1.6134
minJal, 17,1} ‘ losl. 27
4.15)
Ife=e* < land
1
max{1,s} <1
T

then y, = y:,(mg for t,p, in the interval [max{l,s},z] and y,l,ong < 1 for t,p, up to

the beginning of this interval. In particular, we have y, =~ y,llong with degree € for
t,p; € [max{l1,s},r]and

17
max{1,s} <

v < 1.7183k <1

T

fort,p, € [0,k max{1,s}], where k > 1is not large.

Proof We use Theorem 4.6 with ¢ = 1. If s > 1, then s(¢,7) = 5. Observe that in
(4.14) with ¢ = 1 we have

1 i
+ ~log2 = 1.6134.
T—g) 2%

g

log

Theorem 4.6 says that y, ~ 7" with degree ¢ for t,p, € [s,7]. If s < 1, consider k,

with k > k, such that

~ 112 _
1 vi-lodl: x

—— | logr + logK; +log —— + - + 1.6134| = 1.
min{|al, |f,]} ! 1215l 2

We have s(g,7) = 1, where £ = e %, with € < €. Theorem 4.6 says that y, ~ y,llong

with degree €, and then with degree ¢, forz,p, € [1, 7]. O

Theorem 4.8 Suppose A holds. If
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1
——— logk,-E, <1
min{|al, |5} b

I Vi-lesl: @6

. log = <
min([al. |5} lesoll,
1 3 1
— | Zlog— + 1.6134) B,
min{|al, |4,|} (2 E, :
theny, =~ y,',ong in the long-time.
Proof Use the previous theorem with € = % =F <1 O

It is expected that if A holds, then the three conditions in (4.16) are satisfied. In
fact, since E; < 1, they are not satisfied only in “extreme” cases. So, it is expected
that if A holds then y, = y,llong in the long-time. Of course, we already know that
in the non-stiff situation it is expected y, = y,llong in the long-time, independently of
the condition A, as well as we know that it expected that A holds in the non-stiff
situation.

So, what is really important is the following conclusion.

Conclusion 4.9 Suppose to be in the stiff situation. It is expected that if A holds,
theny, =~ y,lqong in the long-time.

4.5.1 Order star and stability region

The condition A can be related to the order star and the stability region of the
approximant (recall the beginning of Sect. 2).

Theorem 4.10 Let . be the complementary set of the order star of the approxim-
ant. The condition

hi; € & forany 4; € A~
implies A.
Proof Let A; € A~. If hA, € ¥, then |w;| < 1. In fact, if h4, € .7, then

i =

S(ha;)| < [s(na)| <1,
where j =2, ...,gis such that 4; € A, O
Theorem 4.11 Let

o

ZA={z7€P:|RR)| <1}
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be the interior of the stability region Z of the approximant. If r; < 0, then A implies
the condition

hi; € Zforany A, € A™. 4.17)

Ifr, > 0, then the condition (4.17) implies A.

Proof Let 4; € A= If r; < 0and|w;| < 1, then
IR(hA)| = "1 |wi| < |w;] < 1.
Ifr, >0and h4; € L%’, then
w,l = e R < IRGA)| < L.

O

These theorems agree with what has been observed in the examples of Sect. 2
about order stars and stability regions.

4.5.2 Theregion %,

For any x € R, let

Z,:={z€ P : |R)| <e'}. (4.18)

We have Z, = %.
For 4, € A~, we have

lw;| = e™"1|R(hA;)|.
Thus, the condition A can be restated as

hi; € %), forany A; € A”.
In the case r; = 0, it becomes

hi; € Z for any A; € A~

according to Theorem 4.11 about the cases r; <0 and r; > 0.

4.5.3 The conditions B and C

When A does not hold, we have B or C, where

B: W>1, equivalently a > 0,

and
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C: W=1, equivalently a =0.

In the next section we study, what happens when A does not holds. Of course, when
A does not hold, it is expected that B holds.

5 When the condition A does not hold

Yn
long

Next theorem helps to say when > 1. We exclude the time f,p; =0, i.e. the

index n = 0, since the ratio 42- for n = 0 is indeterminate g.
Yn
Theorem 5.1 Assume g > 1. Fixc > 0.

Fort,p, € (0, 7], we have

|e"itnﬂl — elitam |z 1

o 2T gl oD

where j=12,...,qis such that A; € A;.

Proof Recall (4.6) and (4.7). For any j=2,...,q and A, EAj we have, for

n=0,1,2,...,
0 (rern G\
Y b+ 2 <e " _1>
long =

~ 2
Vn q — ”me()”
1+ (e(rm i)t Wmdolly
\/ L=z ol
N 2
q |e“k'n/'1 —ebminp1 | ”Pk)’()”
\/1 + 2m=2 ZikeAm ( ¢ -

n,1

14 30, (crmn Sl )
m=2 ll2:%ll,

|ea;fnl’1 — eﬂjtnp] |
>

12512112130l

n,1

where the second equality follows by (4.9).
By Theorem 1.2, we have

€1 S0 E (1 + 8|13,

and then
al,py ﬂjlnp
b I sl
yhone 1P c(1+g(0)
The inequality (5.1) now follows. O
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5.1 Definition of Yﬁg > 1for all time

Here, “for all time” we do not mean for all times ¢,p,, since in our analysis we con-
sider ¢,p, up to 7. So, we introduce the following definition

> 1 for all time if 22 > 1fort,p, € (0, 7].

lnnu

Definition 5.1 We say that —=

lnnu

This definition is made more precise by using a monitor function.

Definition 5.2 Let F : (0, +c0) — (0, +00) such that

lim F(x) = 4oo0. (5.2)

X—>+00

We say that lyo’;g >> 1 for all time with monitor function F if

"n

long
Vn

> F(r) for t,p, € (0, 7].

Remark 5.1 In the previous definition, we also allow monitor functions
F . [b,+00) = [0,4+0c0), where 0 < b < +o00.

Thus:
if TTI;g > 1 for all time with monitor function F and F(z) > 1,
Yn
1
Yn 7n

fort,p, € (0, 7].

Regarding the satisfiability of F(z) > 1, observe that F satisfies (5.2) and we have
> 1

5.2 The condition B

The next theorem explains what happens under the condition B.
Theorem 5.2 Assume g > 1. Fixc > 0.

If B holds, then -2 oz > 1 for all time with monitor function
Tn
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1 ) R
B C(1+—g(c))a Airglr;r ||Pi)’0||2 "X

Re(a;) > 0

F(x)
5.3)

defined for x > 0.

Proof Let B holds. Forz,p, € (0, 7], in (5.1) we have

|ecitnpr — ehitnr | , eRe@na — |

tnpl a tnpl

If Re(a;) < 0, we have
eRe@),pr _

tnpl

<0.

If Re(e;) > 0, we have
eRe(@)i,o _ |

> Re(a)).
tnp]

So, by (5.1), we obtain

Yn

e T W PPk

> max  Re(q;)7 B
A €A™ c(l +g(c))

Re(a,) > 0

|1PFoll, = F(z)

fort,p, € (0, 7], where F is the function in (5.3). O

Remark 5.2 We can have another monitor function by substituting in (5.3) the term
amin b€ A |23, by min A e A Re(a;) - max e A 1250l
Re(e;) > 0 Re(e;) > 0 Re(e;) > 0
The previous theorem with ¢ = 1 gives the following important results.

Theorem 5.3 Suppose B holds. Let T = EL If

F(r)=05820-a min [P35,z > 1,
A € AT (5.4)
Re(a,) > 0

Tong

then + > 1fort,p, € (0,7]. In particular, we have In > F(z)fort,p, € (0, 7]
Ta T

Theorem 5.4 Suppose B holds. If
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. ~ 1
a  min Pyoll, - =—>1,
1e A || i 0“2 El

l

Re(a;) > 0

(5.5)

Yn
long
n

then

> 1 for all time.

In the stiff situation, it is expected that if B holds, then (5.5) holds. In fact, E; <1
and it is expected || non-small. So, we can state the following important conclusion.

Conclusion 5.5 Suppose to be in the stiff situation. It is expected that if B holds,
then -2 >> 1 for all time.
v

long
n

The all time lower bound (5.4) of the ratio is proportional to az. At the end of

long
the interval [0, 7] this ratio has a lower bound exponentlal inar.

In fact, by Theorem 5.1, we see that for ¢,p, € [x7, 7], where x € (0, 1] is not
small,

Y 1 . ~q €% —1
> min Py .
yyllong c(1 + g(c)) Ai c A- ” 0”2
Re(a;) > 0
Moreover, by Theorem 1.2 we obtain
1-g() 1 . ANl ocar
> c— min  ||PJl,(e*" = D).
1+g() K, A €A™
Re(a;) > 0

5.3 The condition C

Although it is expected that C does not hold, we study anyway the condition C since

it characterizes the transition between y, ~ y.°"% in the long-time and Iyo';g > 1 for all

Yn

time.
For the condition C, we need a weak form of ,yo’;g

> 1 for all time.

Definition 5.3 Let S : (0,4+00) = (0, +o0) be a function such that

S(x) <xfor x>0 and lim S(x)=

X—+00

We say that S-weakly ffj’“g > 1for all time if ly > 1fort,p, € (0,S(7)]

Here is the definition with a monitor function.

Definition 5.4 Let S, F : (0,+00) = (0, +00) such that
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S(x) < xfor x>0, li1+n S(x) = +o00 and 1ir+n F(x) =40

We say that S-weakly {%‘ng > 1 for all time with monitor function F if
T

Iy—g > F(7) for 1,0, € (0,5(z)].
allow functions

Remark 5.3 In the two previous definitions, we also
S,F : [b,+) — [0,+00), where 0 < b < +oc0.

Thus:
> 1 for all time with monitor function F' and F(7) > 1,

Yn

long

then S-weakly i; ':lg > 1 for all time. In particular, we have lo’;g
I Yn

n

if S-weakly
> F(7)

n

for ¢,p, € (0,S(7)].
The next theorem explains what happens under the condition C.

Theorem 5.6 Assume g > 1. Fixc > 0. Let v € (0, 1) and let
Skx)=x", x> 1.

1 ~ _
F(x)= ————(1 =€) max ||P5|, - x'™

c(1+8(0) A E A 7Sl (5.6)
a: =0

1

If C holds, then S-weakly lyTng > 1 for all time with monitor function
In

defined for x > 1.

Proof Let C holds. Let S € (0, z]. For ¢,p, € (0,5], in (5.1) we have
eRel@)t,p1 _ ofitapy

|eai’nﬂ1 — ePfiturr |
>
P P
If Re(a;) < 0, we have
eRe(ai)tnpl — eﬂjlnpl < 1-— eﬂjtnpl
1P Y
If Re(a;) = 0, we have
eRe(ai)tnpl — eﬂjlnﬂl _ 1 - eﬂjtnpl
tnpl )

tnpl

Thus, by (5.1), we obtain
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Re(@)1,0, _ oBitud
},n (e i) Py e’ )7; l R
long 2 }1:%2}&)5 t ’ 1 : ”PIyOHZ
Yn i nP1 c(1+g(c)
(1- b )z | R
= e L I
A € A” 1P c(1+g(0) 5.7)
Re(e;) =0 '
(1-¢M)r 1 125l
>  max : NPy
A €A™ N (1 +g(c) ol
Re(e;)) =0
for t,p; € (0,S]. In particular, for S = 7V, in (5.7) we have
1—e%5)z )

% — (1 _eﬂjr )Tl—v > (l _eﬁi)Tl—v

whenever 7 > 1. Then
Y _ 1 ~
>  max 1—ef)e! ™ ————||Pl, = F(z)
J/’llong /1,' cA- ( ) c(1 + g(c)) ” 0”2
Re(a;) =0

fort,p, < (0,7"], where F is the functions in (5.6). O

The previous theorem with ¢ = 1 gives the following results.

Theorem 5.7 Suppose C holds. Let T = El Letv e (0,1). If
1

F(r)=05820-(1—¢”) max |PJl,z' "> 1
Re(a) =0

then <% > 1fort,p, € (0,7"]. In particular, we have <% > F(z) fort,p, € (0,7"].
Tn T

Theorem 5.8 Suppose C holds. Let v € (0, 1). If

1
1-eh max Py, =—>1,
(=) mox 1Rl g .
Re(a;) = 0

yo’;g > 1for all time, where S(x) = x", x > L.

1
n

then S-weakly

Suppose to be in the stiff situation and suppose that C holds and E]I_V < 1.
Then it is expected that (5.8) holds. So, we can state the following conclusion.
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Conclusion 5.9 Let S(x) = x", x > 1, with v € (0, 1) such that E}‘V < 1. Suppose to

be in the stiff situation and suppose that C holds. It is expected S-weakly -2 > 1 for
Y,

long
n

all time.

6 Examples revisited

Now, we look at the two examples of Sect. 2 in the light of the results of Sects. 4
and 5.

6.1 Same approximant with different ODEs

The conditions A, B and C, are W < 1, W > 1and W = 1, respectively, where

-3

4 ;
-4 -3 2 -1 0 1 2 3 4

Fig.9 Order star (in blue) and complementary set (in white) of the five order Taylor approximant with

the region %_ , (in red) overlapped: the horizontal black half-line is (—o0, ha) = (—o0, —0.2) and the ver-
tical black line is the line Re(z) = ha = —0.2
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W = |w,| = e™™|R(hb)|

with ha = —0.2. We have

_ _ Togw,| _ b—a
W Ja=Re@)=" " ="
(P1)|0.00986| — 23.1 - 10
(P2)[0387 | =475 ~125
(P3)|1.183 |1.19 —15

in the three possibilities for b. With ¢ = 1, we have
1 6
T=—=1.89-10°.
E,
In (P1) and (P2), the condition A holds. The values of s in in (4.15) relevant to
k=3,ie e =4.98-1072, are:

_ [ 1.87in (P1)
=\ 3.93 in (P2).

g

We have y, = y,l,on with degree € fort,p, = ¢, € [s, 7] and

ylone < 17183k 2 < ks 1070 < 1
T

for t,p, € [0,ks], where k¥ > 1 is not large. We have y, = yiongin the long-time.
Observe that the values s agree with Figs. 2 and 3.
In (P3), the condition B holds. The value of the monitor function (5.4) is

F(r) = 8.79 - 10°. We have 4= > F(z) for t,p, = t, € (0, 7] and so -2 > 1 for all

long long
. 7
time.

n n

6.1.1 The region %,

Recall Sect. 4.5.2. The condition A can be stated as
hbe R, =%_,
or, since hb < ha,
hb € %), N (-0, ha) = Z_y, N (=0, —0.2).

The region Z_,, is shown in Fig. 9 (compare with Fig. 5 showing %, = #). The
part of %Z_,, N (—c0,—0.2) in the white finger corresponds to the sufficient condi-
tion hb € .. Out of the white finger, we have an additional range of values for
hb guaranteeing the condition A. The border value for b between the conditions A
and B, where the condition C holds, is b = —15.565. Observe that we are out of the
white finger for b < —11.887 and out of the stability region for b < —16.085.
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15

15

10

-15
-5 0 5

-15
-5 0
Fig. 10 Region %_,, (in red) for the Gauss RK method (left) and the Radau RK method (right). The two
=-0.3

= —0.1and Re(z) = hr, = —

5

vertical black lines are the lines Re(z) = hr,

6.2 Same ODE with different approximants

The conditions A, B and C, are W < 1, W > 1 and W = 1, respectively, where
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W= |w;| =e™

R(has)| <1

with Ar; = —0.1. We have

Tog Tw ry—T

W = |ws||a = Re(as) = S|, = 20
Guass RK method [1.105  {2.12 -2
Radau RK method|0.0221 -27.0 - \/5

and, withc = 1,

_ 1 _ [ 180-10° forthe Gauss RK method

T E, T\ 261-10* for the Radau RK method.

For the Gauss RK method, the condition B holds. The value of the monitor function

(5.4) is F(r) =3.31-10°. We have -2 > F(z) for t,p, = \/Etn € (0,7] and so
Ve

long
Yn

n
long

> 1 for all time.

For the Radau RK method, the condition A holds. The value of s in (4.15)
relevant to k =3 is s = 9.25. We have y, = y,llong with degree € = 4.98 - 1072 for

t,p1 = \/Etn € [s, 7] and

107 for the Gauss RK method

long < f < .
vy < 17183k — < ks { 10~ for the Radau RK method.

ng

for t,p, € [0,ks], where k¥ > 1 is not large. We have y, = y,llo in the long-time.
long

With reference to Fig. 6, we have y, = y, - with degree ¢ for ¢, € [8,10], i.e. for
t.p =21, € [1131,14.14]

6.2.1 Theregion %},

The condition A can be written as
hﬁ:)) (S ‘%hrl = '@—0.1 .

The region %_ , for the two methods is shown in Fig. 10. In the left part of the fig-
ure, we see that the region for the Gauss RK method does not cover points with large
imaginary part on the line

Re(z) = hr, = Re(hA;) = —0.3.

On the other hand, in the right part, we see that the region for the Radau RK method
completely includes this line.
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7 Independence of the non-rightmost spectrum

In this section, we study when the condition A holds independently of the par-
ticular non-rightmost spectrum A~

Here, we consider an analytic approximant R with domain & such that
{z € C : Re(z) < fr} C Z for some f € (0, +0], i.e. Z includes a left half-plane.

7.1 The property A(x)
We introduce the property A(x) of the approximant R.
Definition 7.1 Let x < f. Let

def
A(x) < e|R(z)| < 1 forall z € C such that Re(z) < x,

where g has the meaning of “if and only if”” by definition.

The property A(x) can be also written as
{ze C : Re(r) <x} CZ,

where &, is the region defined in (4.18). Observe that A(0) is the A-stability
property.

The property A(x) is important because A(hr,) implies the condition A for all non-
rightmost spectra A™.

It is of interest to consider the property A(x) for |x| non-large. In fact, |r,| < hp, and
we are assuming /p, non-large.

We have the following negative result.

Theorem 7.1 There exists x, > 0 such that, for x < pg with |x| < x, and x # 0, A(x)
is not true.

Proof Remind that [ is the order of the approximant R. In the complex plane, there
exists a small disk centered at the origin which consists of / + 1 sectors of width ﬁ

included in the order star ., intercalated with [ + 1 sectors of width HLI included in

7. Thus, there exists x, > 0 such that, for x < f with |x| < x, and x # 0, the line
Re(z) = x has a non-empty intersection with the order star .. Let w be a point in
this intersection. We have Re(w) = x and

e |RW)| > 1.

Then, due to the continuity of R, there exists € > 0 such that, for any z € C with
x — e <Re(z) < xand Im(z) = Im(w) , we have

e *|R(2)| > 1.
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7.2 Non-significant eigenvalues |

The previous Theorem 7.1 says that, for any x < f with |x| < x, and x # 0, there
exists z € C with Re(z) < x such that e™|R(z)| > 1. So, we can have, for some nor-
mal matrix A, a situation where the rightmost real part is r; = ;f and 4; = ; is a non-
rightmost eigenvalue. For this eigenvalue we have

[w,| = e |R(hA;)| > 1,

and then the condition A does not hold.

Definition 7.2 We say that a non-rightmost eigenvalue 4; with [w;| > 1 is non-signif-
icant (significant) if

|0'i| |O'i| .
— <« 1 — isnotsmall ).
hp, hp,

It is expected that any non-rightmost eigenvalue A; with [w;| > 11is significant. In
fact, by (4.3) we have

gl < 190
= hp,”
and it is expected | #, | non-small.

So, the negative result of Theorem 7.1 is not disastrous. The theorem says that,
for any rightmost real part r; # 0 with |hr|| < x,, there is a situation where we have
a non-rightmost eigenvalue 4; such that |w;| > 1. But, such eigenvalue could be
non-significant and, if this is true, then it is expected that such a situation does not
happen.

In Sect. 7.10 below, we will introduce a condition on the approximant under
which any non-rightmost eigenvalue A; with |w;| > 11is non-significant.

7.3 The properties A(x, a)and B(x, a)

It is expected that any non-rightmost eigenvalue A; with |wi| > 1 has |h4;| non-small.
In fact, it is expected that 4, is significant, i.e. it is expected that
loil _ |4

= =22 \C|lhA) (1 + O(|hA
o, p1| Al (1h4))

is not small, and then it is “unlikely” to have |2 4;| small.

Thus, we look at condition A for a non-rightmost spectrum A~ with all the eigen-
values A, such that |h4,| is not small. In this context, the following two properties of
the approximant R are important.

Definition 7.3 Let x < fzand leta > 0. Let
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def

Ax, a) 4;) e |R(z)| < 1 for all z € C such that Re(z) < xand |z| > a
def

B(x,a) < e |R(z)| > 1 for all z € C such that Re(z) < x and |z| > a.

The properties A(x, @) and B(x, a) can be also written as

{zeC :Re(z) <xand |z] >a} C Z,and {z € C : Re(z) < x and |z] 2a}§%’§,

respectively, where % is the interior of the complementary set % of Z,.
Observe that A(x) is A(x, 0) and

A(x,a;) = A(x,a,) and B(x,a,) = B(x,a,) if a; <a,.

The properties A(x, a) and B(x, a) are important because A(hr,,a) implies the condi-
tion A for all non-rightmost spectra A~ such that -y~ > a and B(hr,, a) implies the
condition B for all non-rightmost spectra A~ such that 4p~ > a. Remind that y~ and
p~ are defined in (1.5).

7.4 ThelimitlL
Now, we assume that
L := lim |R(2)|
7— 00
exists. In addition, we also assume the following.

— When L < +00:

1
|z]*

[ IR -L|= 0< ) |z| = +o0,
where k > 0, and, for any x < frand D > 0,

| |IRz)| - L|< % for Re(z) < xand |z| > D, (7.1)

where C = C(x, D) > 0.
— When L = +c0:

1 1
—— =0 — |, |z| » +oo,
| R(2)| (IZI">

where k > 0, and, for any x < frand D > 0,
|R(z)| > C|z|* for Re(z) < x and |z] > D, (7.2)
where C = C(x,D) > 0.

The next two subsections consider, for x < fi, the cases L > e*and L < e*.
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7.5 Thecasel > e

Theorem 7.2 Let x < fi. Suppose L > e*. For any 0 € (1,e™*L) there exists a >0
such that

e *|R(z)| > 0 for all z € C such that Re(z) < x and |z| > a. (7.3)

(Compare with the definition of B(x, a) given above). We have (7.3) for

1

inf max { (LY,D} if L < 400
D>0 L—0e*
a= (7.4)

inf max { (@);,D} ifL = +oo.
D>0 c
Proof Let@ € (1,e™*L). Since

lim e™|R(z)| = e™L > 6,
=00

we have
e '|R(2)| > 6

for |z| sufficiently large.
About (7.4), fix D > 0. Under the assumptions (7.1) or (7.2), we have, for
Re(z) < xand|z| > D,

e |R()| =6
whenever
e_X<L— i) >0 or e*C|z|f >0,
|z|*
ie.
C X 0e* \«
> > | — .
1> (=) or b= ( C )
Now (7.4) immediately follows. O

Remark 7.1 Consider L < +o0. If C = C(x, D) is a decreasing function of D, and this
is obtained for example by considering the “optimal”

C= sup |[R@I-L]-I|z"
Re(z) < x
|z| > D

thena = D in (7.4), where D > 0is such that
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ceD)\ _5
L—6er |

A similar observation applies to the case L = +c0.

Theorem 7.2 has two important consequences given in Theorems 7.3 and 7.4.

Theorem 7.3 Let x < f. If L > &*, then B(x, a) for

1

ggmax{Q_Lex)k,D} ifL < +o0
!

Li)r;%max{(%)k,D} if L = 4+00.

Proof For any 6 € (1,e™*L), Theorem 7.2 says that we have B(x, a) for
1
inf max {( ¢ ,)k,D} if L < +00
D>0 L—0¢*

1
ggmax{(%)k,D} if L = +o00.

a>

So, we have B(x, a) for

nf max | (
a> inf

0e(l.e~L)
ing max {

O
Theorem 7.4 If L > ¢, then for any 0 € (l,e"”lL) and for any non-rightmost

spectrum A~ satisfying hp~ > a, where a is given in (7.4) with x = hr,, the condition
B holds with
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log 6
aZ
hp,
Moreover,
@< _ﬁ IOg Lsup
P hp,

where Ly, = sup |R(2)|.
Re(z)<hr,

Proof Suppose hp~ > a. For a non-rightmost eigenvalue A; of maximum modulus
we have |h4;| > a and then

lw;| = e |R(h)| > 6

by Theorem 7.2. Thus

a > Re(a;) = ——— > =7,

_ log|w;| _ logo
- hp, — hp,

Moreover, for any non-rightmost eigenvalue 4;, we have
_ —hr —hr
|wl-| =e"|R(hA)| < e Ly,
Thus,

log [w| < log(e™" Lyyy) oy LOgLSUP.

@ = max Re(a;) = max
AEA-

4€A~ hpy T hp, P hp,
O
Observe that, by varying 6 in (1, e~ L), the lower bound % of & can be arbitrar-
1

ily close from below to the positive number

r + logL

P hpy

If, in addition, L = Lsup,
arbitrarily close to it.

then « is not larger than this positive number and a can be

7.6 Thecasel < ef

Theorem 7.5 Let x < fp. Suppose L < &*. For any 0 € (e™*L, 1) there exists a >0
such that

e "|R(z)| £ 0 for all z € C such that Re(z) < x and |z|] > a. (7.5)
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(Compare with the definition of A(x, a) given above). We have (7.5) for

1
. C i
a_ll)ggmax{<eex_L) ,D}. (7.6)

Proof Let 6 € (e™*L, 1). Since

lim e™|R(z)| = e *L <0,
700
we have
e 'R < 6.

for |z| sufficiently large.
About (7.6), observe that, under the assumption (7.1), we have, for Re(z) < x and
|z| > D,

e R <0
whenever
e <L + L) <0,
|z|*
i.e.
C 1
p
> .
2l 2 <Hex - L)
Now (7.6) immediately follows. O

Remark 7.2 An observation about a in (7.6), similar to the observation of
Remark 7.1 can be done.

Theorem 7.5 has two important consequences given in and Theorems 7.6 and 7.7.

Theorem 7.6 Let x < fig. If L < &%, then A(x, a) for

1
a> infmax{(Ly,D}.
D>0 et —L

Proof For any 0 in (e™*L, 1), Theorem 7.5 says that we have A(x, a) for

1
aZinfmax{( ¢ )k,D}.
D>0 e — L

So, we have A(x, a) for
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1
a> inf infmax{( ¢ )k,D} 1nfmax{( ¢ )k,
0e(e=*L,1) D>0 e — L D>0 e*—L

D}.

O

Theorem 7.7 If L < &', then for any 6 € (e‘hrlL, 1) and for any non-rightmost
spectrum A~ satisfying hu~ > a, where a is given in (7.6) with x = hry, the condition

A holds with
I
< log6
hp,
Moreover,
a>— n log Liy¢
P hp,

where Li; = infp. (), [R(2)]

Proof Suppose hu~ > a. For a non-rightmost eigenvalues A; such that @ = Re(q;) we

have |h4;| > a and then
|w;| = e |R(hi)| < 6
by Theorem 7.5. Thus,

log |w;]|

a =Re(q;) = Iy
1

< hi
Moreover, for any non-rightmost eigenvalue 4; we have

|w;| = e [R(hA)| > € L.
Thus,

log |w;| > log(e™"1 L) T

a = max Re(e;) = max =—— 4=

LEA- LEA~  hp, hp, P1

log L,
hp,

mf

Observe that, by varying 6 in (e 1L, 1), the upper bound ~= 1°g0 - of & can be arbi-

trarily close from above to the negative number
r logL
_nh ek
P hp,

If, in addition, L = L,
arbitrarily close to it.

then & is not smaller than this negative number and @ can be
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7.7 Approximants withL = +o

Consider approximants with L = 4+oc0. Examples of such approximants are Taylor
approximants and superdiagonal Padé approximants.

The results in Sect. 7.5 say that the condition B holds for /p~ sufficiently away from
zero, as confirmed in the first example of Sect. 2. In particular, B holds for

ehrl %
hp~ > inf max ( > ,D ».
D>0 C

As hp~™ — 400, B holds with @ — +oco0.

7.8 Approximants withL =0

Consider approximants with L = 0. Examples of such approximants are subdiagonal
Padé approximants. Radau e Lobatto IIIC RK methods correspond to the first and sec-
ond subdiagonal Padé approximants, respectively.

The results in Sect. 7.6 say that the condition A holds for ~u~ sufficiently away from
zero. In particular, A holds for

1
- 1 —hry *
hu >g§)max{(e C) ,D}.

As hy~™ — +o0, A holds with « - —oco0. Moreover, Theorem 7.1 says that, for any
rightmost real part r; # 0 with |Ar;| < x,, we cannot have that A holds for all ~u~.

A-stable approximants with L = 0 are called L-stable (see [5]) and they are consid-
ered particularly suitable for integrating very stiff ODEs (see [1, 3, 8, 11]). Observe that
here we are also considering approximants with L = O which are not A-stable. Indeed,
the A-stability property does not play a crucial role in this context. Among subdiagonal
Padé approximants, only the first and second subdiagonal Padé approximants (Radau
and Lobatto ITIIC methods) are A-stable.

7.9 Approximants withL =1

Consider approximants with L = 1. Examples of approximants with L = 1 are diagonal
Pad é approximants, which are also A-stable. Gauss methods correspond to the diago-
nal Padé approximants.

Suppose r; < 0. The results in Sect. 7.5 say that the condition B holds for /p~ suf-
ficiently away from zero, as confirmed in the second example of Sect. 2. In particular,

B holds for
C 1
hp_>infmax{< )k,D}.
D>0 1-— ehrl

For an A-stable approximant, B holds with a < —;—‘ and, as hp~ — +o0, & — —;—‘.
1 1

@ Springer



Relative error long-time behavior in matrix exponential... Page570f62 23

Suppose r; > 0. The results in Sect. 7.6 say that the condition A holds for Au~
sufficiently away from zero. In particular, A holds for

1
_ . C k
hu >11)r§)max{<ehrl_l> ,D}.
I

For an A-stable approximant, A holds with a > —;—‘ and, as hyu~ — +oo, a — o
1 1

7.10 Non-significant eigenvalues I

In this subsection we study when any non-rightmost eigenvalue A; with [w;| > 11is
non-significant (see Sect. 7.2).

7.10.1 Theregion &,

For x < f, let

P ={z€C :Re(r) <x}NZ,

where % is the complementary set of Z,.

We have A(x) if and only if &2, = @. Moreover, for a > 0, we have A(x, a) if and
only if the open disk of radius a centered at the origin includes Z,.

The importance of the region &, is due to the fact that, for a non-rightmost eigen-
value 4;, we have |w;| > 1if and only if h4; € &,

7.10.2 The number a(x)
For x < f, let
alx) :=inf{a >0 : A(x,a)}.
In other words, a(x) is the infimimum of the radii of open disks centered at the ori-

gin and including 27,.
The importance of the number a(x) is given by the following theorem.

Theorem 7.8 For a non-rightmost eigenvalue A; such that |w;| > 1, we have
|hA;| < a(hrl )

Proof The closed disk of radius a(x) centered at the origin includes the region &..
The theorem follows by reminding that &7, contains the non-rightmost eigenvalues

A;such that|w;| > 1. O

7.10.3 The theorem on the non-significant eigenvalues

Next theorem says when any non-rightmost eigenvalue 4; with |w;| > 1is non-signif-
icant. It involves the behavior of a(x) as x — 0.
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Theorem 7.9 Consider an approximant such that
ax) < nlx|(1 + Ox)), x = 0, (7.7)
wheren > 0. If

n'E (1+0(hpy)) < 1, (7.8)

where 1 is the order of the approximant, then any non-rightmost eigenvalue A; with
|w;| = 1is non-significant.

Proof Consider a non-rightmost eigenvalue A; with |w;| > 1. By Theorem 7.8, we
have

|ha;)| < a(hry) < nlhr| (14 O(hry)) < nhp,(1+O(hp,)).
Recall (1.6) and (1.7). Since
llog S@@)| = [ClZ*'(1 + O(z)),

we obtain

Rez==x

Fig. 11 Regions Z, and &, for the implicit Euler method. %, is the exterior of the red circle of center 1
and radius e™. 2, is the part of the closed disk at the left of the line Re(z) = x
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|6, = 1Tog S(ha)| = [CI(1h41)*' (1+ O(Ih4]))
< |C|(’7h/’1(1 + O(hpl)))l+1(1 + O(hpl))
= 0*11Cl(hpy)™ (14 0(hp)))

and then

? <t ICI(hpl)l(l +0(hp,))
P1

E
ol "1
=1 1+ O(hp,) (1 + O(hl)l)) recall (1.9)
=n"E (14 0(hp,)).

The theorem now follows by reminding the definition of non-significant eigenvalue.
O

Remark 7.3 The term O(hp,) in (7.8) is not larger than Chp, for hp, < D, where
C > 0and D > 0 depend only on the approximant.

By the previous theorem we obtain the following important conclusion.

Conclusion 7.10 Suppose that the approximant satisfies (7.7). It is expected that A
holds.

In fact, suppose A does not hold, i.e. there is a non-rightmost eigenvalue 4; with
|w;| > 1. It is expected that this eigenvalue is significant. On the other hand, if it is
significant, then, by the previous theorem, we obtain that (7.8) does not hold and
this is “unlikely”.

In the next subsection, we show that the implicit Euler method satisfies (7.7).

7.11 The implicit Euler method

We examine the property A(x) and determine the number a(x) for the the implicit
Euler method, corresponding to the (0, 1)-Padé approximant

1
R(z) = —, z€ C\{1}.
-z
This approximant has f = 1.
The region Z,, x < 1, for this approximant is the exterior of the disk of center 1

and radius e™ and the region 2, is the part of the closed disk at the left of the line
Re(z) = x (see Fig. 11).

Theorem 7.11 Let x < 1. For the implicit Euler method, we have A(x) if and only
x = 0. Moreover, we have
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a(x) = Ve — 1+ 2x. (7.9)

Proof When x = 0, A(x) is the A-stability. When x # 0, we have 1 —e™ < x and
then

P, ={z€C :Re() <x}NH #,

since the complementary set %, of %, is the closed disk of center 1 and radius e™
(see Fig. 10). Thus A(x) is not true.

For the second part, let » > 0. An easy computation shows that, for z € C such
that |z| = b, we have

(EX S z-1|<e" & Re(z)zé(b2+1—e_").

Hence
f§#{zeC:z€ P and|z|=b} ={z€C : Re(r) <xand |z] =bandz € Z}
={zEC : |z|=band%(b2+l—e‘x) 5Re(z)<x}
if and only if

1

2(b2+1—e_") <x and x> —b and %(b2+ 1—¢™) <b. (7.10)

For x > 0, (7.10) is equivalent to

l—e*<b<Ve2x—1+2.

For x < 0, (7.10) is equivalent to

—x<b< Ve —1+2x

Now, equation (7.9) follows. O
By (7.9), we obtain

a(x) = V2[x|(1 + 0(x)), x — 0.

We can conclude that it is expected that A holds for the implicit Euler method.

8 Conclusions

In the stiff situation, we have studied the long-time behavior of the relative error in
the numerical integration of the ODE (1.1) with A normal. The numerical integra-
tion is accomplished over a mesh of constant stepsize &, by using at any step of
an analytic approximant R of the exponential: see (1.2). The relative error y, of the
numerical integration is given in (1.3).
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We have defined the long-time solution y'°"¢ as the solution of (1.1) projected
on the e1 genspace of the rightmost eigenvalues and we have considered the relative
error y,, ¢ of the numerical integration of y'°"¢. The error yn ¢ grows linearly in time,
it is small and it remains small in the long-time.

We have introduced the condition

A: |R(hA)| < e for any non-rightmost eigenvalue A of A,

where I is the real part of the rightmost eigenvalues of A. When A holds, we have

Vo R yn "€ in the long-time. When A does not hold, we have -2 >> 1 for all time.

oné

Let L =1lim,_,  |R(z)|. In order to have the condition A satlsﬁed, it is better to use
approximant with L = 0 (for example Radau and Lobatto IIIC methods). Approxim-
ants with L = 1 (for example Gauss methods) does not work well when r; < 0.

The paper [10] analyzes the numerical integration in the stiff situation by looking
to a different question. In [10], the interest is about numerical approximations (1.2)
of the long-time solution starting with a perturbed initial value. The approximants
are analyzed by means of their error growth function gy (see [4, 5]) in order to study
how they propagate the initial perturbation from the relative error point of view. In
this other context, we have a non-large propagation of the initial perturbation if and
only if

Pr) =1+x+o0(), x = 0.

We have considered the case of A normal. Some numerical experiments, not
included here, suggest that also for non-normal matrices we have y, ~ 7, in the

long-time when the condition A holds and K,’;g > 1 for all time when A does not

hold. In light of this, the results of Sect. 7 becomes more important, since they are
about the condition A.

We conclude by remarking that the findings of this paper are interesting in
applications involving differential models described by linear ODEs with r; # 0.
In particular, they are interesting when we are integrating an ODE whose solution
decreases to small orders of magnitude (case r; < 0), but it is not yet considered as
zero, or grows up to a large orders of magnitude (case r; > 0), but it is not yet con-
sidered as infinite.
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