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Abstract

We present two theoretical results and two surprising conjectures concerning con-
vergence properties of Broyden’s method for smooth nonlinear systems of equa-
tions. First, we show that when Broyden’s method is applied to a nonlinear map-
ping F : R" —» R" with n — d affine component functions and the initial matrix B,
is chosen suitably, then the generated sequence Wk, F (u"),Bk)k21 can be identified
with a lower-dimensional sequence that is also generated by Broyden’s method. This
property enables us to prove, second, that for such mixed linear—nonlinear systems
of equations a proper choice of B, ensures 2d-step q-quadratic convergence, which
improves upon the previously known 2n steps. Numerical experiments of high preci-
sion confirm the faster convergence and show that it is not available if B, deviates
from the correct choice. In addition, the experiments suggest two surprising possi-
bilities: It seems that Broyden’s method is (2d — 1)-step q-quadratically convergent
for d > 1and that it admits a g-order of convergence of 2!/?%_ These conjectures are
new even for d = n.
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1 Introduction
Given a smooth nonlinear mapping F : R” — R”", Broyden’s method aims at finding
arootit of F,

F@@) = 0.

It is one of the most widely used quasi-Newton methods for systems of nonlinear
equations and converges locally g-superlinearly, as was shown by Broyden, Dennis
and Mor¢ in their seminal paper [7]. We state the method as Algorithm BROY.

Algorithm BROY: Broyden’s method
Input: (u®, By) € R® x R"X™ By invertible
1 for £k=0,1,2,... do
2 if F(u*) =0 then let u* := u*; STOP
3 Solve Bys® = —F(u”) for s*
4 Let ub*! :=u* 4+ sF and y* := F(uFtl) — F(uF)
ST
5 Let Byy1 := By + (y* — Bksk)ﬁ‘sﬁ
6 end
Output: u*

Before discussing the content of this paper in more detail, let us outline its main
contributions:

— A well-known result of Gay [11, Theorem 3.1] asserts local 2n-step q-quadratic
convergence of Broyden’s method under appropriate assumptions. We show
under the same assumptions that if n — d of the equations are affine and the cor-
responding n — d rows of B, agree with the corresponding n — d rows of F’, then
Broyden’s method is locally 2d-step q-quadratically convergent.

— We provide high-precision numerical experiments that confirm the improved
convergence speed and observe that it is lost if the relevant rows of B, are per-
turbed.

— The experiments suggest that Broyden’s method enjoys a g-order of convergence
no smaller than 2!/@®_ This is the first time that the g-order of Broyden’s method
is studied numerically, and even for d = n the conjecture that a q-order larger
than one may exist is novel.

The starting point of this work is the property of Algorithm BROY that if n —d
rows of F’ are constant and the initial guess B, matches these rows exactly, then
there exist d-dimensional subspaces S C R" and R, C R" such that (s")>1 € S and
(F(uh))»; € R%, where R? := {(y,...,y,) € R" : y; =0Vj > d} and where we
have assumed without loss of generality that the constant rows of F’ are the lastn — d
ones. This subspace property is well-known and appears, for instance, in the classical
book of Dennis and Schnabel [9]. To the best of the author’s knowledge, however,
it has not been noted before that in this situation the sequence (u*, F(u¥), By);> can
be identified with a sequence (W*, GW¥), C )19 C RY X R? x R% that is generated
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by applying Broyden’s method to a suitable mapping G : R? — R?. We stress that
many well-known quasi-Newton methods do not have this property, e.g., the BEGS
update, cf. Remark 1 in Sect. 2. We will use it to show that (u")kZ 1 18 2d-step g-quad-
ratically convergent under the assumptions of Gay’s theorem on 2n-step q-quadratic
convergence (which coincide with the classical assumptions for local g-superlinear
convergence of Broyden’s method). As a corollary we obltain that (1) exhibits an
r-order of convergence [30, Sect. 9.2] no smaller than 22i. We emphasize that no
modification of Algorithm BROY is necessary to enjoy the faster convergence; it
is only required to choose By, in such a way that it agrees with F’ on the rows that
correspond to affine components of F. On the other hand, it may be numerically
advantageous to carry out Algorithm BROY for G instead of F, for instance because
smaller linear systems have to be solved; cf. also Remark 2 (2).

It is clear that there is an abundance of practically relevant nonlinear systems
of equations that contain some linear equations; these systems are covered by the
result on 2d-step gq-quadratic convergence. In addition, this result supports two
standard suggestions for the choice of B, which are to use either B, = F'(u°) or
a componentwise finite difference approximation of F’(u°), cf. for instance [28,
comment after Theorem 11.5] and [25, Sect. 10], since both choices imply that B
and F’ agree on rows associated to affine component functions of F.

We confirm the 2d-step convergence in numerical experiments of high preci-
sion and observe that it is lost if the rows of B, that correspond to affine compo-
nents of F are perturbed, while perturbations in other rows have no such effect.
This shows that choosing B to match the constant rows of F’ (if possible) will
usually decrease both iteration count and runtime.

Besides confirming the 2d-step q-quadratic convergence of Broyden’s method
on mixed systems of equations, the numerical experiments lead us to three con-
jectures: The iterates (u*) of Broyden’s method

— may converge (2d — 1)-step g-quadratically for d € 1{2, ...,n} (which, if true,
implies an r-order of convergence no smaller than 22-1),

— may exhibit a g-order of convergence [30, Sect. 9.1] larger than one,

— may admit the lower bound 2!/?% for their g-order ford € {1, ...,n}.

Even for d = n (i.e., fully nonlinear systems) these conjectures are new and per-
haps somewhat surprising. We therefore stress that the conjectured lower bound
of 21/@" for the g-order of Broyden’s method is consistent with further numerical
experiments of the author, e.g. in [20-22]. Also, we are aware that the 2n-step
g-quadratic convergence is derived from the 2n-step convergence of Broyden’s
method on regular linear systems [11, 12, 29] and that it is more or less accepted
that fewer than 2n iterations rarely suffice in the case of linear systems. On the
other hand, since the present work is the first to numerically assess the 2n-step
g-quadratic convergence and the q-order of convergence of Broyden’s method, no
numerical evidence that contradicts the above conjectures is available.

Broyden’s method is one of the most prominent quasi-Newton methods for
solving nonlinear equations, and there is an ever-growing body of literature
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available. For the case of smooth systems of equations, the surveys [2, 8, 16, 25]
cover many aspects and provide further references, so we restrict ourselves to
mentioning [7, 15, 31] that develop the local convergence theory of Broyden’s
method. Works that are too recent to be included in the surveys are, for instance,
concerned with the extension of Broyden’s method to constrained nonlinear sys-
tems of equations [24], to set-valued mappings [3], and to single- and set-valued
nonsmooth problems in infinite-dimensional spaces [1, 23, 27]. Broyden’s method
is also used in implicit deep learning, cf. [5, 6], which further underlines that
it continues to play a role nowadays. Despite the vast amount of contributions,
we are not aware of works that contain the identification of (uf, F(u¥), B} )5, with
(WK, GW), Cp)is or that exploit the presence of affine equations to prove faster
convergence. We acknowledge that the use of exact initialization of constant rows
can be regarded as a special case of the least-change update theory [10], of struc-
tured Broyden methods [4, 18, 26, 32], and of reduced quasi-Newton methods
[13, 14], but in these and similar contributions it is not specified how the rate of
convergence depends on the dimension of the underlying spaces, so they yield no
improvement for the situation at hand.

There is also a considerable amount of numerical studies available for Broyden’s
method. Since many of the aforementioned works contain numerical experiments
and the surveys include references to a number of studies, we mention only [33] and
the monograph [19].

This paper is organized as follows. In Sect. 2 we present and prove the rela-
tionship between (uf, F (uk),Bk)k21 and its lower-dimensional counterpart
(WK, GW), Cp)is0- and in Sect. 3 we use it to establish the result on local 2d-step
g-quadratic convergence. Section 4 is devoted to numerical experiments, and Sect. 5
provides a summary.

Notation. We use N ={1,2,3,...} and N, :=NU {0}. By || - || we indicate
the Euclidean norm for vectors, respectively, the spectral norm for matrices. For
A € R™" Al indicates the jth row of A, regarded as a row vector, while A%V € R
is an entry of A and A, is a member of the matrix sequence (A;). The linear hull of
C C R"is denoted by (C) and its orthogonal complement is denoted by C*.

2 A subspace property of Broyden’s method
The following assumption presents the setting that we are interested in.
Assumption 1 Let neN, de€ {0,1,...,n} and J :={d+1,d+2,...,n}. Let
F o R" > R satisfy Fy(u) = ajTu +b;forall j € J, where a; € R" and b; € R for all
Jj€J. Letu’ € R" and B, € R™" invertible with B)) = aj forall j € J.

The first lemma describes the behavior of Algorithm BROY on affine compo-

nents of F provided that By, is initialized with the rows of F’ for these components. It
appears in [9, Sect. 8.5, Exercise 10], albeit without proof.
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Lemma 1 Let Assumption 1 hold and let (u*) and (B,) be generated by Algorithm
BROY with initial guess (u°, By). Then we have for all j € J and all k > 1 the identi-
ties B;c = a].T, F.uh =0, astk = 0 and Ba; = B,a;.

Proof Let j € J. From B{)s0 —F;(u°) and F’(uo) = a B’ we deduce
Fiu'y = Fi(u® + s°) = F,u®) + F;(uo)s = Fu’) + Bjoso =0.

Since Bys® = —F(u°) implies y° — Bos F(u"), the Broyden update formula yields
B, =B =al. From Bjs'=-F,u')=0 we infer that afs' =0. This implies
Fi(u?) = Fi(u' +s') = F;(u") +F’(u )s' = 0, hence B’ B’1 = aj . By induction we
confirm for all £ > 1 that B’ = a , F; (uk) =0, and a = 0. The update formula
entails (B, — By)a; = 0 for all k Z 1, whence Bya; = 1a for these k. O

Remark 1 Several other quasi-Newton methods do not have the property described

in Lemma 1. Let us consider the BFGS method as an example. We choose

F(u) := u (obtained as F = Vf for f(u) = —||u||2) uy = (1, )T and B, = d1ag(1 2),

so that By =(1,0)=F]. It is casy_ to confirm that u' = Fu') = (0, )T but
= —(17 —4) # B;, and Fiu?)=-= ;é 0.

To state the main result of this section we introduce the following notation.

Definition 1 Let Assumption 1 hold. For any matrix B € R™" we set

_ (B N Fy(u)
B:=|: |eR® andfor F wedefine Fu) :=| : |.
B¢ F (u)

We now establish the fundamental property of Broyden’s method that under
Assumption 1 the sequence (uk,F(uk),Bk)kZl can be identified with a sequence
Wk, G(wh), C)iso that is generated by applying Broyden’s method to a suitable
mapping G from R¢ into R?.

Theorem 1 Let Assumption 1 hold and let (u*) and (B,) be generated by Algorithm
BROY with initial guess (u°, B,). Suppose that each B, is invertible. Let S € R™ be
a matrix whose columns form an orthonormal basis of ({a;} ;¢ YL Define

G:R!SRY  Gw) :=Fu' +Sw)
as well as
Co:=B,SeR™ and w’:=0eR’

Then C, is invertible and the application of Algorithm BROY to G with initial guess
WP, C,) generates sequences (w*) and (C,) with the following properties:
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(1) Each Cy is invertible and for all k > 1there hold

W =u' + 5w, FWb)=GWw') and C,_, =B,S. (1)
(2) The iterates (u*) converge to it € R" if and only if there is w € R? such that (w*)

converges to w. If (u%) and (WX) converge to it and w, respectively, then we have
forallk > 1

a=u' +Sw and |u*-a| = w1 =W 2)

Proof Before we prove (1) and (2), let us point out that S is well-defined. This fol-
lows since the invertibility of B, implies that A := ({a;},c,) has dimension n —d,
hence S := A' has dimension d.

Proof of (1) We show first that the invertibility of B, implies the invertibility of
BkS Let k > 0 and let BkSv = 0 for some v € R?. For w := Sv we have Bkw 0.
Since w € S = A we obtain B’ w = 0 for all j € J, where we used that B’ = aj for
all k~2 0 by Lemma 1. We infer that B,w =0, hencew =0, thusv =0, Wthh shows
that B,S is invertible.

We now prove that Algorithm BROY generates sequences (w¥) and (C,), that each
C, is invertible, and that the first and last of the three asserted equalities in (1) hold.NTo
proceed by induction, we note that w® = 0, so u! + Sw® = u! holds. Also, C, = B;S
by definition, so C is invertible by the first part of the proof. For the induction step
let k € N and assume that w*~! and C_, satisfying u* = u! + Sw*~!and C,_, = B, S
have been generated and that C;_, is invertible. Since s* € S by Lemma 1 and since
the columns of S are a basis of S, there is a vector 4 € R? such that s* = SA. The
ith equation of B;s* = —F(u") thus reads BiSA = —F,(u' + Sw*") fori € {1,...,n},
where we used the induction assumption. By definition, the first d of these equa—
tions can be expressed as BkSzl = —G(w'1). Since C;_, = BkS by induction assump-
tion and C,_, is regular, it follows that the system Ck_lsw = —G(w*1) in line 3 of
Algorithm BROY has the unique solution s*~! = A, hence wk = wt™! + s5~1 exists,
and we obtain s* = SA = Ssk~1 = S(w* — w*1). Adding »* and using the induction
assumption uf = u! + Sw ! this yields uf*! = u' + Swk, which is the first equality in
(1). We observe that

s Il = ISAI = NISsi 1= Nsy s 3)

where the last equality follows since the columns of S are orthonormal. To conclude
the induction it is left to demonstrate the third equality in (1) and the invertibility of
Cy. Invoking S7S =1 € R™, C,_, = B;S, (3) and Ss*~! = s* we infer that

GW) = GW ) = Coysit
BRI 73S

~ FM"y — F(ub) — B s*
s T T
s

Ck = Ck—l +

4
M,
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where we used the first equality from (1) to rewrite the argument of F as uktl

respectively, u*. Since F(u*) # 0 implies s* # 0, we conclude from (3) that C; exists
and from (4) that it satisfies

C,=BS+ (EHI _Ek)S = ByyiS,

as desired. By the first part of the proof this representation of C;, also implies that C,
is invertible, which concludes the induction. The remaining second equality of (1)
follows from the first and the definition of G.

Proof of (2) All claims follow readily by use of % = u! + Swk=1,

Remark 2

(1) To illustrate Theorem 1, let us consider the special case that S is given by the
first d columns of the n X n identity matrix. In the notation of the previous proof
this corresponds to § = R”) := {(yy, ... ) ERM y; =0 Vj > d}. In this set-
ting we find that C;("_] = B;{*’ fori,j € {1,...,d},i.e., C,_,is the d X d submatrix
of B, that results from deleting the last n — d rows and columns of B,. Due to
(Sk)kzl C R’ and (F (u"))kZl C R’ the Broyden update affects only the entries of
this submatrix of B, for k > 1. Similarly, for k£ > 1 only the first d entries of uk,
respectively, of F(u*) change, and w™!, respectively, G(w ') contain exactly
these entries.

(2) Theorem 1 (1) shows that once u' is computed, all further iterates (u¥, B, F,),
k > 2, can be obtained by an application of Broyden’s method to G with initial
guess (W’, C,). Using G instead of F may reduce the numerical costs, for instance
because the linear systems that have to be solved involve the d X d matrix C,
rather than the n X n matrix B,. Moreover, if F is used it is possible that round-
ing errors destroy the properties (sk),ch C Sand (F (u"))kZl C R”, which cannot
happen if G is used instead. The properties (sk)kzl C Sand (F (uk))k21 C R are
crucial to obtain the improved convergence result of this work, both in theory
and practice; loosing them slows down the convergence.

3 Improved convergence for mixed linear-nonlinear systems

In this section we show that Gay’s result on local 2n-step q-quadratic convergence of
Broyden’s method can be improved if F has some affine component functions. This
requires the notion of multi-step q-quadratic converge.

Definition 2 Let (u*) Cc R" with lim,_ u* = & for some @&. Then (&) is called
m-step q-quadratically convergent, m € N, iff there is a constant C > 0 such that

lu**™ —a|| < Cllu* —all> Vk>0

is satisfied.
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Remark 3 For m = 1this is g-quadratic convergence in the usual sense.
Gay’s theorem is based on the following assumption.

Assumption 2 Let F : R" — R" be differentiable in a neighborhood of some i
with F(it) = 0. Let there be L > 0 such that |F'(u) — F'@)|| < L||lu — | is satisfied
for all u in that neighborhood. Let F' (i) be invertible.

Gay’s theorem on local 2n-step q-quadratic convergence, cf. [11, Theo-
rem 3.1], reads as follows.

Theorem 2 Let Assumption 2 hold. Then there exist 5, > 0 and C > 0 such that
for all (u®, By) with ||u® — @|| < & and ||B, — F'()|| < €, Algorithm BROY either ter-
minates with output uw* = @ or it generates a sequence (u) that converges to it and
satisfies

luf*? — @) < C|lu* —al|> Yk > 0.

Remark 4

(1) TItis well known that under the assumptions of Theorem 2, (X) is q-superlinearly
convergent and the sequences (||B,||) and (||B,:1 ||) are bounded.

(2) While it is not required by Definition 2, we note that the constant C in Theorem 2
is independent of (1, By)).

The following result improves Theorem 2 in the presence of linear equations.

Theorem 3 Let Assumption 2 hold. Letd € {0,1,...,n},J :={d+1,d+2,...,n}
and suppose that F satisfies F(u) = ajTu +b;forall j € J, wherea; € R"and b; € R
for all j€J. Then there exist 5, >0 and C > 0 such that for all u°, By) with
|u® —all <6, 1By — F'()|| < € and B) = a].T for all j € J, Algorithm BROY either
terminates with output u* = it or it generateS a sequence (uX) that converges to it and
satisfies

k2 — || < Cllu* —all* Yk > 1. ®)

Proof If Algorithm BROY terminates with u* = i, then there is nothing to show,
so we can assume that this termination does not occur. Since the assumptions of
Theorem 2 are satisfied, it follows that Algorithm BROY successfully generates
(u¥) and (B,) and that (u*) converges to ii. Since each B is invertible, we can apply
Theorem 1. In particular, this endows us with a matrix S, a mapping G, sequences
(wk) and (C}), and a point w, all satisfying the properties stated in that theorem. We
observe that G(w) = F(u' + Sw) = F(it) = 0 by the definition of G and (2). Using
again that u' + SW = i1, we infer that
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IG'w) — G @)l = IF' (' + Sw) — F'(u' + S|
= ||F'(u' + Sw) — F'(u' + Sw)|| < L||Sow —w)|| = L|lw — w||

for all w sufficiently close to w. Thus, Theorem 2 is applicable to G if G'(w) = F' (w)S
is invertible and if the norms [|[w® — w|| and ||C, — G’ (W)|| are sufficiently small. Once
these properties are established, Theorem 2 yields

W2 —w|l < Cllw* —wlI> Yk >0,

from which (5) follows by virtue of the second identity in (2). It remains to show the
aforementioned properties. By (3.5) in Gay’s proof of [11, Theorem 3.1] (or, alter-
natively, by the g-linear convergence of Broyden’s method) we can assume without
loss of generality that |lu'—i| < ||u®—i|. Therefore, it is evident that
Iw® — |l = [|lu' — il becomes sufficiently small if & is small enough. Using that

B = ajT = FJ’ () for all j € J by Lemma 1, we deduce

ICo = G'W)ll = IB,S — F'@S|| = |IB, — F'@)l| = |IB, = F'@|l.

Thus, it follows from (3.6) in the proof of [11, Theorem 3.1] (or, alternatively, from
the well-known bounded deterioration principle) that |Gy — G'(W)|| <2&. The
invertibility of F’(&) implies the invertibility of G’'(w) = F'(&)S verbatim as in the
first part of the proof of Theorem 1. O

Remark 5 If (%) satisfies (5) for some C > 0, then it also satisfies Definition 2 for
m =2d and the constant C := max{C, ||u* — a||/||u® — @||?}, so (u¥) is indeed
2d-step g-quadratically convergent. Note, however, that while the constant C in The-
orem 3 is independent of (u°, By), this may no longer be true for C.

Theorem 3 yields the following bound for the r-order of convergence [30,
Sect. 9.2] of Broyden’s method.

Corollary 1 Any sequence (u¥) that satisfies (5) and converges to i admits an
r-order of convergence of at least p, = V2ifd > 1.

Proof Without loss of generality we can assume that the constant C appearing in
(5) satisfies C > 1. Let D := 2d. Since (4¥) converges to i, there is T € N such that
|lu* — @] < 1for all k > T. By induction it follows from (5) that

P —al < €@V lu - a||®

forallz€ {T,T+1,....,T+D—1}and all j €N,. As pger = 25% and C > 1, this
readily yields

1 1

+D
=11 P,
—all

#+iD <|lu' —all2p =:a, <1

Il

for all  and j as before. Setting & := max;,.r,p_; @, it follows that

@ Springer



47 Page 10 of 21 F. Mannel

=

llu — @l

o

<a<l1

for all k > T, which proves the claim. O

Remark 6 Corollary 1 shows that in the setting of Theorem 3 the r-order of con-
vergence of Broyden’s method is bounded from below by 2'/C% for d > 1. In addi-
tion, the numerical experiments in Sect. 4 suggest that for d > 1, Broyden’s method
may be (2d — 1)-step g-quadratically convergent, which would imply that the r-order
is no smaller than 2!/4=1_While the exact r-order of Broyden’s method remains
unknown, cf. also [16, pp. 308-310], we mention that the exact r-order is known for
the adjoint Broyden method, cf. [17].

4 Numerical experiments

We provide numerical results to verify the 2d-step g-quadratic convergence
established in Theorem 3. We also assess the g-order of convergence of
Broyden’s method, which has not been done before. We will see that the numeri-
cal results are consistent with the following conjectures C1 and C2:

’ C1 : Broyden’s method has g-order at least 2/%? for d > 1. ‘

’ C2 : Broyden’s method is (2d — 1)-step q-quadratically convergent for d > 2. ‘

Here, as before, we have supposed that n — d of n equations are linear. Both con-
jectures are new even for d = n and, in fact, the existence of a nontrivial q-order for
Broyden’s method has not been proposed before.

In Sect. 4.1 we present the design of the experiments, Sect. 4.2 contains the
examples and results.

4.1 Design of the experiments
4.1.1 Implementation and accuracy

The experiments are carried out in MatLAB 2017A using its variable precision
arithmetic (vpa) with a precision of 1000 digits. We replace the termination
criterion F(u*) = 0 in Algorithm BROY by ||F(u¥)|| < 107329, The rather small
residual tolerance of 107320 ensures that the number of iterations is large enough
to meaningfully assess asymptotic properties such as the q-order of conver-
gence. Of course, the small residual tolerance necessitates the usage of suffi-
ciently many digits. By k > 0 we denote the final value of k in Algorithm BROY.
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4.1.2 Known solution and random initialization

All examples have an explicitly available solution # and the initial guesses are such
that convergence to i takes place in all runs. In all examples F’(iz) is invertible. The
initial point u° is generated using MATLAB’s function rand, which produces uni-
formly distributed random numbers, and satisfies u® € it + [-1073, 1073]". For B,
we choose B, = F'(u°) + &||F'u®)||R, where & € {0,1073°,1071°, 1073} and where
R € R™" is a random matrix whose entries belong to [—1, 1], but that has a par-
ticular structure in which many entries are zero. Specifically, we use two schemes
for R: Either R affects only those rows of B, that correspond to nonlinear compo-
nents of F, in which case R/ = 0 for all j € J (cf. Assumption 1 for notation), or it
affects only those rows that correspond to affine components, in which case R = 0

for all j € {1,...,d}. In the first case we want to demonstrate that the perturbation
has essentially no effect, so we allow R to be nonzero in the entire rows, i.e., for
each j € {1,...,d} the row R is randomly drawn from [—1, 1]*. In the second case

the aim is to show that even minimal perturbations significantly decrease the order
of convergence, so we modify only one entry of B, per row, i.e., for each j € J all
entries of R/ except one are zero. The nonzero entry is taken to be a random number
in[—1, 1] and its position within the row is random, too. We denote & = &, (nonlin-
ear) in the first case and & = &, (linear) in the second.

4.1.3 Quantities of interest

Let (u*) be generated by Algorithm BROY. For k > 0 we define

log([|u* — all) [l = al
F,:=Fu"), pti=——————"— and ("= ———,
) T Tog(luk=m = all) G T TE
where m € {1,...,2n} will be specified for each example. Whenever any of these
quantities is undefined we set it to —1; e.g., pj{" :=—lforallke {0,...,m—1}.

4.1.4 Single runs and cumulative runs

We perform single runs and cumulative runs. For single runs we display the quanti-
ties of interest during the course of Algorithm BROY. For cumulative runs we per-
form 10,000 single runs with varying initial data as described in Sect. 4.1.2. For
each of the 10,000 single runs we compute

A;ﬂ ‘= min_ py' and C']m = max C7,
ko()<k<k() ko()<k<k()
where j € [ := {I1,...,10000} indicates the respective single run and we always use

the value k(j) := |0.75k(j)|. As outcome of a cumulative run we display

- e min A + . A
P i=MN, g i=max
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C~ :=min {7, Ct :=max (¥
m jer " m jer "
for several values of m. In case of m-step gq-quadratic convergence we expect ((Af%)j
to be bounded from above (due to the uniformity of C discussed in Remarks 4 and
5) and (ﬁfn)]. to be bounded from below by (approximately) 2, and this should be
reflected in ‘C:;L and p, , respectively. Correspondingly, C, . C; 1> Tespectively, C
C;_l should be indicative of null sequences, respectively, unbounded growth, while
J p:rn 4> tespectively, pi p;_l should be clearly above, respectively, below 2. If
liminf,_ pi > p, then the g-order of (¢*) is no smaller than p. The r-order is at least
as large as the g-order, cf. [30, 9.3.3.]. We view p| as lower bound for the g- and
r-order of Algorithm BROY and we expect the actual g-order to belong to the inter-
val [p], pl+], while the r-order may be larger.

4.2 Numerical examples
4.2.1 Example1a

The first example is [9, Example 8.2.6]. Let

24,2
. @2 2 _f utu; =2
F:R* - R4 F(u)_<e”1_1+ug—2 .

The mapping F has the root # = (1, 1)". Since F does not have affine component
functions, Theorem 3 and Corollary 1 assert 4-step q-quadratic convergence and an
r-order no smaller than 2!/# ~ 1.189. Table 1 displays the numerical outcome of a

Table 1 Example 1 a: Single run with @ = 0

ko IR ’i oy I Py G G G

0 4.4e-3 -1 -1 -1 -1 -1 -1 -1

1 2.4e—6 2.08 -1 -1 -1 -1 -1 -1

2 2.4e-9 1.44 -1 -1 3.01 -1 -1 1.1e-3
3 6.4e—13 1.38 -1 4.15 1.99 -1 4.6e—7 1.2

4 2.2e-16 1.28 532 2.55 1.77 1.6e—10 4.1e—4 111

5 2.2e-22 1.38 3.53 2.44 1.77 4.1e-10 l.le—4 600

6 3.4e-31 1.41 3.44 249 1.94 1.7e—13 9.2e-7 7.6

7 2.7e-41 1.33 3.32 2.59 1.87 7.2e—-17 6.0e—10 600

8 6.0e—52 1.26 3.27 2.36 1.68 1.3e-20 1.4e—-8 5.7¢9
9 2.7e-67 1.30 3.07 2.18 1.64 6.0e—24 2.5e—6 4.2el4
10 6.2e-91 1.35 2.96 222 1.76 5.9¢-30 9.8e—10 1.9e12
11 5.8e—120 1.32 2.94 2.33 1.79 9.1e-39 1.8e—17 9.2el3
12 2.3e—151 1.26 2.94 2.26 1.67 7.1e—49 3.6e—18 6.5¢29
13 1.0e—192 1.27 2.88 2.13 1.61 1.6e—59 2.9e—12 3.4e46
14 2.5e—-255 1.33 2.82 2.13 1.69 7.1e=75 8.2e—17 5.3e46
15 5.0e-337 1.32 2.82 2.23 1.75 1.7e-98 1.1e-35 5.5e47
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Table 2 Example 1 a: Cumulative runs with & = 0 (top) and &, = 1073 (bottom)

LI PR N N A S o o c o %

120 129 276 290 199 221 150 1.69 1e-=50 2e-36 3e—20 27.0 2e44 9el06
120 130 273 292 199 222 150 1.69 1le—53 4e-31 3e-20 71.8 9e43 3elll

Table 3 Example 1 b: Single

run witha =0 K NIE] pi pz pllr C/? Cl% C/l
0 5.2e-3 -1 -1 -1 -1 -1 -1
1 3.0e-6 -1 -1 1.97 -1 -1 1.2
2 7.0e-9 -1 288 146 -1 29e-3 1.1e3
3 1.8e—14 481 245 1.67 7.6e-9 2.9e-3  533.0
4 1.de-22 39 266 159 1.7e-11 33e—6 4.7e5
5 1.8e-36 432 258 1.62 52e-20 7.5e-9 2.0e8
6 1.7e-58 4.17 2.62 1.61 7.4e-31 2.0e-14 7.7el3
7 27e-94 424 261 1.62 3.1e-50 1.2e-22 1.3e22
8 42e—152 422 262 162 1.8e—80 1.9e—36 7.9e35
9 99e-246 423 2.62 1.62 4.6e—130 19e—58 8.1e57
10 3.6e-397 423 262 162 6.9e-210 3.0e—94 5.2e¢93

single run with @ = 0, while Table 2 shows the data from the cumulative runs with
& =0 and &, = 1073, The data suggest that the iterates converge 3-step q-quadrati-
cally rather than 4-step, which fits with conjecture C2. The worst-case estimate for
the - and r-order is p| ~ 1.20, which confirms the proven lower bound 2174 for the
r-order and is in line with conjecture C1 that 2!/4 may also be a lower bound for the
g-order. Comparing the first and second row in Table 2 shows that perturbing the
rows of B that correspond to nonlinear components of F has essentially no effect
on the rate of convergence. In Example 1 b we will see that this is very different
if rows are perturbed that correspond to affine components. The iteration numbers
range from 14 to 16.

4.2.2 Example1b

We linearize the first component function of F from Example 1 a) and obtain

F-: IRZ—>[R2, F(u): <2M1+2u2—4>’

e 4 u; -2

with unchanged root it = (1, 1)7. From Theorem 3 we expect 2-step q-quadratic con-
vergence if B(l) = (2 2), resulting in a lower bound of 1.41 for the r-order. Table 3
shows a single run with @ = 0, while Table 4 provides the data from the cumulative
runs conducted with & = 0, &, = 1073 and &, € {107°,107'°,1073}. The results are
very clear: For @ = 0 and &, = 1073 the fact that only one component function of
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Table4 Example 1 b: Cumulative runs with @ = 0 (top), @, = 1073 (second to top), Q= 1073 (third to
top), & = 10710 (second to last), &, = 1073 (last)

- + - + - + - + - + - +
P3 3 Py Py Py Py G o G G o G

4.18 423 260 262 161 1.62 2e—65 4e—-40 1le—29 2e—18 4e75 2el22
411 423 259 262 161 162 2e-65 1e-39 1e-29 Se—18 4e75 2el22
199 221 151 1.69 120 130 5e-20 23.1 2e43 2e102 1e99  3e246
204 225 153 171 121 130 2e-25 4e-5 2e40 2e81 1e99  2e223
200 227 137 163 1.16 124 4e-29 3.05 le52 1e98 1e99  8e217

F is not affine induces a reduction of Algorithm BROY to one dimension, so its
convergence rate is the same as that of the one-dimensional secant method, i.e., con-

vergence with exact g- and r-order 1+\/_ ~ 1.618, cf. [20, 34]. This implies that the
error decays faster than 2-step q-quadratlcally, which can also be seen from C; and

C;. In contrast, even a deviation of & = 107 in only one entry of Bj = (2 2) slows

down the convergence to 3-step gq-quadratic, which is the same as in the fully nonlin-

ear Example 1 a, cf. Table 2. While this fits well with conjecture C2, we notice that

for @ = 107 the worst-case estimate p; = 1.16 of the g-order is somewhat smaller

than our conjecture C1 of 2!'/4 ~ 1.189; on the other hand, [p7.p7]=1[1.16,1.24]

comfortably includes 1.189. The iteration numbers vary between 9 and 10 if
= (2 2) and between 10 and 16 otherwise.

4.2.3 Example1c

We modify Example 1 a by inserting an additional equation. Let

u%+u§—2
F:RY >R Fu)=|ev" +u 2]
uy + uy — 2uy

The mapping F has the root i = (1, 1, 1)”. Theorem 3 implies 4-step q-quadratic
convergence for & = 0 and &, = 1073, yielding an r-order of at least 1.189, whereas
conjectures C1 and C2 predict that the latter is also the g-order and that 3 steps are
sufficient for q-quadratic convergence. Table 5 shows a single run with @ = 0, while
Tables 6 and 7 provide the data from the cumulative runs conducted with @ = 0 and
a, = 1073, respectively, &, € {10739,10719, 1073}. The results in Table 6 are similar
to those from Example 1 a in Table 2 and confirm the 3-step g-quadratic conver-
gence and the g-order of 1.19. Table 7 shows that perturbations in any entry of the
third row of B, have a strong detrimental effect as they induce a rate between 4-step
and 5-step q-quadratic convergence. This convergence is, however, consistent with
conjecture C2 for d = n, and so is the worst-case estimate p” = 1.13 with conjecture
Cl. The iteration numbers range from 13 to 16 for @ = 0 and &, = 1073, respec-
tively, from 15 to 20 otherwise.
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Table5 Example 1 c: Single run with @ = 0

k [1F ] " I I " c c c

0 5.1e-3 -1 -1 -1 -1 -1 -1 -1

1 2.4e—6 2.09 -1 -1 -1 -1 -1 -1

2 3.5¢-9 144 -1 -1 301 -1 -1 1.2e-3
3 9.2e-13 1.43 -1 4.31 2.06 -1 2.1e-7 0.41

4 4.4e—-16 1.27 5.45 2.61 1.81 1.0e-10 2.0e—4 45.0

5 2.6e-22 1.39 3.64 2.52 1.77 1.2e-10 2.7e=5 855.0
6 4.5e-31 1.40 3.53 247 1.95 4.5e—14 1.4e—-6 6.2

7 1.4e—-43 1.41 3.47 2.74 1.97 4.6e—19 2.0e-12 5.6

8 1.8e—-56 1.30 3.56 2.55 1.83 2.4e-25 6.9e—13 2.4e5
9 7.0e-72 1.27 3.25 2.33 1.65 2.7e-28 9.4e—11 9.3el4
10 1.2e-95 1.33 3.10 2.20 1.70 1.6e—34 1.6e-9 1.1e17
11 2.1e—129 1.35 2.98 2.30 1.80 2.8e—43 1.8e—17 1.2e14
12 1.0e—167 1.30 2.98 2.34 1.76 8.8e—56 5.6e—-25 1.9e23
13 1.9e-211 1.26 2.95 221 1.64 1.1e—68 3.6e-21 1.2e47
14 23e-274 130 287 212 164 4384 lde-16  6.2e60
15 1.2e-365 1.33 2.83 2.18 1.73 7.4e—108 3.2e-31 8.5e56

Table 6 Example 1 ¢: Cumulative runs with & = 0 (top) and &, = 10~ (bottom)

R R e T s s

120 129 270 296 199 221 151 1.68 2e—-51 2e-34 6e-21 24.1
120 130 276 293 199 223 150 1.69 1le-51 5e-31 7e-20 20.5

Ted4 4el04
4e41  9ell0

Table 7 Example 1 c: Cumulative runs with & = 1073 /10719 /1073 (top/middle/bottom)

- + - + - — + - + - +
Py Py Ps Ps Py P P o o o o

.13 1.20 225 257 184 210 154 174 8e—43 5Se—17 3e—12 4e24
1.14 120 229 266 187 217 156 176 9e—50 2e—24 le—16 le24
1.13 1.20 243 284 193 220 157 1.82 2e-82 4e-54 2e-31 2ell

8e39 3el03
3e37 2e97
2e31  4e79

4.2.4 Example 2

Let F : R* — R*be given by

2

sin(u,;) cos(u,) + ug —u,

et — (uy + 1)
10u; +uy — us +0.1uy
2uy —uy + Su; — 3uy

F(u) =
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The mapping F has the root # = 0. The developed theory guarantees 4-step q-quad-
ratic convergence and an r-order no smaller than 1.189 provided B, is chosen appro-
priately. Table 8 shows a single run with & = 0, while Tables 9 and 10 provide the
data from the cumulative runs conducted with & = 0 and &, = 1073, respectively,
with & € {1073°,1071°,1073}. Table 9 displays 3-step q-quadratic convergence and
Py = 1.19, both of which are in line with conjectures C1 and C2. Table 10 indi-
cates that if By, is perturbed in the third and fourth row, then the convergence lies
somewhere between 5- and 6-step g-quadratic. The values p; = 1.08/1.09/1.1 in
Table 10 fit with the prediction 2!/® ~ 1.091 obtained from conjecture C1 for d = n.

Table 8 Example 2: Single run with @ = 0

k [1Fl n A n n c c c

0 0.01 -1 -1 -1 -1 -1 -1 -1

1 9.3e7 161 -1 -1 -1 -1 -1 -1

2 3.0e-8 133 -1 -1 213 -1 -1 043

3 14e—11 157 -1 335 208 -1 1.6e—4 0.42

4 1.6e—14 131 437 272 205  2le-7 5.5e—4 0.49

5 2.2¢—17 123 335 253 161 787 6.9c—4 5.1e3
6 2.8e-22 132 334 212 163 9.0e-9 0.066 3.8¢4
7 1.1e-30 142 301 231 188 2.7e-10 1.5¢—4 77

8 4.1e-39 130 300 243 184  55e-13 2.8¢e—7 1.6¢3
9 1.2¢-47 123 299 227 160  82e-16 4.8¢—6 3.0¢el1
10 5.2¢-6l 129 293 207 159  2le-19 0.013 9.9¢14
11 1.1e-82 137 283 218 177 27e-24 2.1e-7 2.4e10
12 22e-108 132 283 234 181  42¢-33 48e-16  2.6ell
13 69e—134 124 290 224 164  15e41 82e—15  1.9¢29
14 97e-169 126 283 207 157  lle-49 2.6e—6 6.3¢45
15 1.8e-225 134 277 210 170 49e-63 1.2¢11 1.2¢40
16 1.6e-298 133 279 225 178  1.0e—84 10e-33  5.4e36
17 32e-375 126 283 224 167  2le-110  lLle—40  3.0¢73

Table 9 Example 2: Cumulative runs with & = 0 (top) and &, = 1073 (bottom)

R R R R T T T T

120 129 266 288 197 219 150 1.68 3e—48 6e—24 3e—18 314.0 3e44 9ell0
1.19 129 2.64 290 194 219 147 1.68 3e-38 7e-24 le—14 4e4 2e45 8elll

Table 10 Example 2: Cumulative runs with & = 1072 /107'° /10~ (top/middle/bottom)

L S O S A o o o8 G G og

1.08 1.19 2.07 3.02 178 249 155 2.07 3e—49 3e-7 7e-33 8ed42 5e-9 6el00
1.09 1.19 219 315 183 260 155 211 7e—68 3e—15 2e—46 3e31 le—11 5e98
1.10 1.18 234 359 193 286 161 221 4.e—-1014e-54 8e-75 5el3 le—32 4e8l
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The iteration numbers range from 14 to 19 for @ = 0 and &, = 107, respectively,
from 17 to 26 otherwise.

4.2.5 Example 3

Let F : R'” — R!%be given by

u — ug + usugt; — (ug + (g — 1) — 1
u; +0.5 ln(l + ué) —2exp(uyg) +2
uy, +0.5 ln(l + ué) —exp(ug) + 1
uy + uy + 2uy + uy + us + g — 3uy — 2ug + uy
_ uy — 4uy + 3us — u; — Uy,
Fuy = —2uy + 0.1u7 + 0.3u,
uy +uz — 10uy — Suy — ug — ug
2u; + 2uz + 2us + 2ug + uy
Ug — 7 + 2ug
2us + 2ug + 2ug + Uy,

The mapping F has the root it = 0. We expect no more than 6 steps for q-quadratic
convergence if @ =0 and &, = 107> as well as an r-order no smaller than 1.122.
Table 11 displays a single run with @ = 0 and Table 12 provides the data from the
cumulative runs conducted with @ = 0 and &, = 107>, Five steps are sufficient for
quadratic convergence and p = 1.13 is compatible with the conjectured lower
bound 1.122 for the q-order. Table 13 provides the data for &, € {10730, 10710, 1073},
but in contrast to previous experiments we have only perturbed three of the seven
rows of B, that correspond to affine components of F, so Theorem 3 and Corollary 1
ensure 12-step g-quadratic convergence and an r-order of at least 1.06, while Cl
and C2 predict 11 steps and a g-order of 1.06. Table 13 confirms the g-order and
indicates that 6 to 8 steps are enough for quadratic convergence depending on the
magnitude of the perturbation. The iteration numbers range from 17 to 23 for @ =0
and &, = 1073, respectively, from 19 to 33 otherwise.

4.2.6 Example 4

As final example we consider F : R® — R given by

sty + (s — D(ug + 1)+ 1
F(u) = Tl :
Au

where A € R**® is a random matrix with entries in [—1, 1] that is changed after each
of the 10,000 runs of the cumulative run. The root of F is it = 0 and A is chosen such
that F’(&) is invertible. Theorem 3 ensures 4-step q-quadratic convergence for @ = 0
and this is clearly confirmed in Table 14, that actually suggests 3-step q-quadratic
convergence. In accordance with conjecture C1 the worst-case estimate p7 = 1.20 of
the g-order is slightly larger than 2!/4. The iteration numbers lie between 14 and 16.
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Table 11 Example 3: Single run with @ = 0
k 1Fl P n I n c cl c

0 4.6e—-3 -1 -1 -1 -1 -1 -1 -1

1 6.0e—7 2.28 -1 -1 -1 -1 -1 -1

2 2.5e—11 1.75 -1 -1 -1 -1 -1 -1

3 7.7e—15 1.34 -1 -1 5.36 -1 -1 1.1e-9
4 3.5e—18 1.21 -1 6.48 2.85 -1 1.1e-12 7.1e—6
5 9.1e-22 1.20 7.75 341 1.94 4.5e—16 2.9e—-9 4.2

6 5.3e—-26 1.20 4.10 2.34 1.74 1.7e—13 2.4e—4 4.9¢3
7 7.6e—36 1.39 3.26 243 2.01 3.5e—14 7.1e=7 0.67

8 1.3e—46 1.31 3.18 2.63 2.20 1.3e—-17 1.2e—11 7.2e-5
9 2.6e—56 1.21 3.19 2.67 2.22 2.3e-21 1.4e—14 4.1e—6
10 4.0e—66 1.18 3.14 2.61 1.87 2.2e—-24 6.4e—16 3.1e4
11 6.4e—77 1.17 3.04 2.18 1.67 1.0e—26 4.9e-7 1.6e15
12 5.9e-91 1.19 2.59 1.97 1.63 4.5e-21 14.0 3.9¢20
13 7.1e—115 1.27 2.50 2.06 1.75 1.7e-23 4.7e—4 1.9¢el16
14 4.9e—145 1.26 2.61 221 1.90 3.3e—-34 1.3e—14 5.3e7
15 4.5e—175 1.21 2.68 2.29 1.94 1.2e—44 4.9e-23 5.8e5
16 1.3e—-205 1.18 2.70 2.28 1.80 1.4e-53 1.7e-25 1.2e23
17 3.7e—-237 1.15 2.63 2.07 1.64 4.8e—-57 3.3e—-9 6.7e51
18 5.1e-276 1.16 242 1.91 1.58 4.5e—-48 9.3el2 1.1e73
19 6.8e—338 1.23 2.34 1.94 1.65 1.2e—49 1.5el1 1.7e72
Table 12 Example 3: Cumulative runs with & = 0 (top) and &, = 1073 (bottom)
R O R R T s
.13 1.20 229 260 185 2.12 1.56 1.74 3e—45 2e-21 3e—12 3e29 6e32 6el00
1.13 1.19 224 251 183 208 153 173 9e-37 5e—18 7e—8 7el8 3e37 294
Table 13 Example 3: Cumulative runs with & = 1073 /107'°/10*° (top/middle/bottom)
L G G G 6 G
1.06 1.14 196 3.15 1.76 2.77 1.60 236 1e—63 1100 4e—48 2e2l 7e—=30 3e54
1.06 1.15 224 330 196 291 1.74 249 1le-75 2e—16 2e-57 1644 6e-36 1e25
1.08 1.14 3.01 3.84 249 329 2.04 272 8e—119 6e-77 2e-94 3e—65 1le—63 2e-7
Table 14 Example 4: Cumulative run with & = 0
R R R e T T s
1.20 130 277 293 198 223 150 1.71 3e-51 2e-34 3e-21 463 2e44 3el04
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In passing, let us point out that the values depicted in Table 14 are quite similar to
those in Table 2, which illustrates the key point of Theorem 3 that d determines the
behavior of Broyden’s method rather than 7.

5 Summary

We have demonstrated that the local convergence of Broyden’s method improves
from 2n-step g-quadratic to 2d-step q-quadratic if F : R” — R”" has n —d affine
component functions and the corresponding n — d rows of B match those of the
Jacobian of F. We have confirmed the faster convergence in numerical experiments
and observed that it is stable under perturbations of the d rows of B associated to
nonlinear component functions of F, but not under perturbations of the remaining
n —d rows. Based on the numerical results we have proposed the conjectures that
Broyden’s method enjoys (2d — 1)-step g-quadratic convergence for d € {2, ...,n}
and admits a g-order of convergence that is bounded from below by 2!/C%,
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