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                    Abstract
When a monochromatic electromagnetic plane-wave arrives at the flat interface between its transparent host (i.e., the incidence medium) and an amplifying (or gainy) second medium, the incident beam splits into a reflected wave and a transmitted wave. In general, there is a sign ambiguity in connection with the \(k\)-vector of the transmitted beam, which requires at the outset that one decide whether the transmitted beam should grow or decay as it recedes from the interface. The question has been posed and addressed most prominently in the context of incidence at large angles from a dielectric medium of high refractive index onto a gain medium of lower refractive index. Here, the relevant sign of the transmitted \(k\)-vector determines whether the evanescent-like waves within the gain medium exponentially grow or decay away from the interface. We examine this and related problems in a more general setting, where the incident beam is taken to be a finite-duration wavepacket whose footprint in the interfacial plane has a finite width. Cases of reflection from and transmission through a gainy slab of finite-thickness as well as those associated with a semi-infinite gain medium will be considered. The broadness of the spatiotemporal spectrum of our incident wavepacket demands that we develop a general strategy for deciding the signs of all the \(k\)-vectors that enter the gain medium. Such a strategy emerges from a consideration of the causality constraint that is naturally imposed on both the reflected and transmitted wavepackets.
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                    Notes
	For non-magnetic media, where the relative permeability \(\mu \left( \omega \right)\) is \(1\), the refractive index \(n\left( \omega \right)\), the dielectric susceptibility \(\chi \left( \omega \right)\), and the relative permittivity \(\varepsilon \left( \omega \right)\) are related via the standard identity \(n\left( \omega \right) = \sqrt {\mu \left( \omega \right)\varepsilon \left( \omega \right)} = \sqrt {1 + \chi \left( \omega \right)}\).


	The only exception to this rule is the sign of \(k_{2z}\) in the case of the finite-slab of Fig. 1b, where Eqs. (13)–(18) yield the same values for \(\rho \left( {k_{x} ,\omega } \right)\) and \(\tau \left( {k_{x} ,\omega } \right)\) irrespective of the chosen sign for \(k_{2z}\). Consequently, the choice of branch-cuts for \(k_{2z}\) in the finite-slab problem is of no significance. In all other cases, one must carefully choose the branch-cuts for \(k_{1z}\), \(k_{2z}\), and \(k_{3z}\), to ensure that each acquires its correct sign.
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Appendices
Appendix A
Constructing a realistic incident wavepacket at the front facet of the gain medium
In Sect. 8, we described a simple model for the compact wavepacket that arrives at the interface between media 1 and 2. A more realistic description of the incident packet requires that the incidence medium 1 be modeled as a prism whose slanted facet makes an angle \(\theta\) with the \(x\)-axis, as depicted in Fig. 
Fig. 18[image: figure 18]
A finite-width, finite-duration wavepacket arrives at normal incidence at the slanted facet of a prism whose dielectric function is specified as \(\varepsilon_{1} \left( \omega \right)\). The apex angle of the prism is \(\theta\), and the distance that the central incident ray must travel along the \(z^{\prime }\)-axis to reach the origin of the \(xyz\) coordinate system is \(\zeta_{0}\). The point \(\left( {x,z} \right) = \left( {x,0} \right)\) located at the interface between the incidence medium 1 and gain medium 2 coincides with \(\left( {x^{\prime } ,z^{\prime } } \right) = \left( {x\cos \theta ,\zeta_{0} + x\sin \theta } \right)\) in the \(x^{\prime } y^{\prime } z^{\prime }\) coordinate system


Full size image

18. The finite-width, finite-duration wavepacket now arrives at the slanted facet, which coincides with the \(x^{\prime } y^{\prime }\)-plane of the tilted \(x^{\prime } y^{\prime } z^{\prime }\) coordinate system. The incident \(E\)-field amplitude in the \(x^{\prime } y^{\prime }\)-plane at \(z^{\prime } = 0\) is given by
$$ E^{{\left( {{\text{inc}}} \right)}} \left( {x^{\prime } ,t} \right) = f\left( {x^{\prime } /W} \right) g\left( {t/T} \right)\cos \left( {\omega_{c} t} \right)\hat{y}. $$

                    (A1)
                

Assuming the Fourier transforms of the spatial and temporal profiles of the wavepacket are given by \(\tilde{f}\left( {k_{x}^{\prime } } \right) = W\, \text{sinc}^{n} \left( {Wk_{x}^{\prime } /2\pi } \right)\) and \(\tilde{g}\left( \omega \right) = T\, \text{sinc}^{m} \left( {T\omega /2\pi } \right)\), where \(m\) and \(n\) are small positive integers, the Fourier transform of the incident \(E\)-field is readily found to be
$$ \tilde{E}_{y}^{{\left( {{\text{inc}}} \right)}} \left( {k_{x}^{\prime } ,\omega } \right) = \frac{1}{2} \tilde{f}\left( {k_{x}^{\prime } } \right)\left[ {\tilde{g}\left( {\omega - \omega_{c} } \right) + \tilde{g}\left( {\omega + \omega_{c} } \right)} \right]. $$

                    (A2)
                

At the entrance facet of the prism, where \(z^{\prime } = 0\), we have \(k_{0z}^{\prime } = \left( {\omega /c} \right)\sqrt {1 - \left( {ck_{x}^{\prime } /\omega } \right)^{2} }\) in free space and \(k_{1z}^{\prime } = \left( {\omega /c} \right)\sqrt {\varepsilon_{1} \left( \omega \right) - \left( {ck_{x}^{^{\prime}} /\omega } \right)^{2} }\) in medium 1. In the case of \(y\)-polarized incident light, the Fresnel transmission coefficient at the prism’s slanted facet is given by
$$ \tau^{\prime } \left( {k_{x}^{\prime } ,\omega } \right) = 2k_{0z}^{\prime } /\left( {k_{0z}^{\prime} + k_{1z}^{\prime } } \right). $$

                    (A3)
                

Given that \(k_{x}^{\prime }\) is real and that \(\omega\) is real and positive, one may simplify the computation by choosing the sign of the square roots so that \(k_{0z}^{\prime }\) and \(k_{1z}^{\prime }\) are in \(Q_{1}\) of the complex plane; in other words, there is no need to resort to properly constructed branch-cuts (i.e., straight vertical lines in \(Q_{1}\) and \(Q_{3}\) of the \(k_{x}\)-plane). With reference to Fig. 18 and noting that, at the interface between media 1 and 2, \(x^{\prime } = x\cos \theta\) and \(z^{\prime } = \zeta_{0} + x\sin \theta\), we now invoke Eqs. (A2) and (A3) to express the incident \(E\)-field arriving at the interfacial \(xy\)-plane located at \(z = 0\) as the following inverse Fourier transform integral:
$$ \begin{aligned} \tilde{E}_{y}^{{\left( {{\text{inc}}} \right)}} \left( {x,t} \right) & = \left( {2\pi^{2} } \right)^{ - 1} {\text{Re}} \int_{\omega = 0}^{\infty } {d\omega e^{ - i\omega t} } \\ & \times \int_{{k_{x}^{\prime } = - \infty }}^{\infty } {\tau^{\prime } \left( {k_{x}^{\prime } ,\omega } \right)\tilde{E}_{y}^{{\left( {{\text{inc}}} \right)}} \left( {k_{x}^{\prime } ,\omega } \right)e^{{ik_{x}^{\prime } x\cos \theta + ik_{1z}^{\prime } \left( {\zeta_{0} + x\sin \theta } \right)}} dk_{x}^{\prime } } . \\ \end{aligned} $$

                    (A4)
                

In this equation, the inner integral over \(k_{x}^{\prime }\) must be evaluated as a function of \(x\) for each real and positive value of \(\omega\). In what follows, this function will be referred to as \(E_{y}^{{\left( {{\text{inc}}} \right)}} \left( {x,\omega } \right)\), that is,
$$ E_{y}^{{\left( {{\text{inc}}} \right)}} \left( {x,\omega } \right) = \left( {2\pi } \right)^{ - 1} \int_{{k_{x}^{\prime } = - \infty }}^{\infty } {\tau^{\prime } \left( {k_{x}^{\prime } ,\omega } \right)\tilde{E}_{y}^{{\left( {\text{inc}} \right)}} \left( {k_{x}^{\prime } ,\omega } \right)e^{{ik_{x}^{\prime } x\cos \theta + ik_{1z}^{\prime } \left( {\zeta_{0} + x\sin \theta } \right)}} dk_{x}^{\prime } } . $$

                    (A5)
                

Note that \(\zeta_{0}\), the distance between the origins of the \(xyz\) and \(x^{\prime } y^{\prime } z^{\prime }\) coordinates must be chosen such that \(\zeta_{0} + x\sin \theta\) is non-negative for all values of \(x\) in the interval \(\left[ {x_{{{\text{min}}}} , x_{{{\text{max}}}} } \right]\); that is, \(\zeta_{0} \ge \left| {x_{{{\text{min}}}} } \right|\sin \theta\). Also, the integral in Eq. (A5) is evaluated over the real \(k_{x}^{\prime }\) axis. Having computed \(E_{y}^{{\left( {{\text{inc}}} \right)}} \left( {x,\omega } \right)\) for all real and positive frequencies \(\omega\), we proceed to find its Fourier transform over \(x\), namely,
$$ \tilde{E}_{y}^{{\left( {{\text{inc}}} \right)}} \left( {k_{x} ,\omega } \right) = \int_{ - \infty }^{\infty } {E_{y}^{{\left( {{\text{inc}}} \right)}} \left( {x,\omega } \right)e^{{ - ik_{x} x}} dx} . $$

                    (A6)
                

This is the function that now substitutes for \(\tilde{E}_{y}^{{\left( {{\text{inc}}} \right)}} \left( {k_{x} ,\omega^{\prime } } \right)\) in Eqs. (7) and (8).
Appendix B
Deforming the integration path in the complex \(\omega \)-plane
A glance at Figs. 8 and 9 reveals that the \(k_{x}\)-plane trajectories of poles and branch-points of a given system generally move upward when the temporal frequency \(\omega\), starting at a positive real value \(\omega^{\prime }\), acquires a positive imaginary part \(\omega^{\prime \prime }\) by moving up, parallel to the imaginary axis of the \(\omega\)-plane. Not shown in Figs. 8 and 9 are the simultaneous happenings on the left half of the \(k_{x}\)-plane, where, due to the inherent odd symmetry, all the pole and branch-point trajectories move downward. It is thus seen that the real \(k_{x}^{\prime }\)-axis can be cleared of all the singularities of the inverse Fourier integrands of Eqs. (7) and (8) if the \(\omega\)-plane integration contour is sufficiently moved away from the real \(\omega^{\prime}\)-axis and into the upper-half of the \(\omega\)-plane.
As a simple example, note that the Fourier transformation of the incident packet at \(z = 0\) can be done on any straight-line \(\omega = \omega^{\prime } + i\Omega_{0}\) that is parallel to the \(\omega^{\prime }\)-axis, provided that \(\Omega_{0} \ge 0\) (the vanishing of the incident packet for \(t < 0\) guarantees the existence of its Fourier transform for any value of \(\omega^{\prime \prime } \ge 0\)). In this way, one can proceed to solve Maxwell’s equations for individual plane-waves in media 1, 2, and 3, match the boundary conditions at \(z = 0\) and \(z = d\), and obtain the usual Fresnel reflection and transmission coefficients, \(\rho \left( {k_{x}^{\prime },\omega } \right)\) and \(\tau \left( {k_{x}^{\prime }, \omega} \right)\), with the tacit assumption that \(\omega\) is an arbitrary point on the straight line parallel to and above the \(\omega^{\prime }\)-axis [12].
At this point in the analysis, the existence of branch-points for \(k_{2z}\) (i.e., \(k_{z}\) in medium 2) and/or poles associated with \(\rho\) and \(\tau\) in the upper-half \(\omega\)-plane imposes a lower bound on \(\Omega_{0}\) that ensures the satisfaction of the all-important causality requirement [13,14,15] (causality decrees that the reflected and transmitted waves cannot reach the point \(\left( {x,y,z} \right)\) prior to \(t = \left| z \right|/c\)). Causality also fixes the signs of \(k_{1z}\), \(k_{2z}\), and \(k_{3z}\) so that, referring to Eq. (6), there will be no ambiguity as to which one of the \(\pm\) signs should be picked at any given point \(\left( {k_{x}^{\prime },\omega^{\prime } + i\Omega_{0} } \right)\) in the Fourier domain. In this way, the reflected and transmitted EM fields at the observation point \(\left( {x_{0} ,z_{0} ,t} \right)\) can be computed via a 2D inverse Fourier transformation, first over the \(k_{x}^{\prime }\)-axis, and then along the straight-line \(\omega = \omega^{\prime } + i\Omega_{0}\) in the \(\omega\)-plane.
As we have argued in this paper, under certain circumstances, the Fourier transforms can be rearranged in such a way that the transform in the \(\omega\)-plane returns to the real \(\omega^{\prime }\)-axis at the expense of carrying out the Fourier integral in the \(k_{x}\)-plane over a properly deformed contour—as opposed to over the real \(k_{x}^{\prime }\)-axis. In accordance with the arguments advanced in Sect. 2, the deformed integration contour in the \(k_{x}\)-plane is chosen such that the associated singularities will disappear from the upper-half \(\omega\)-plane, thereby clearing the way for the integration path \(\omega = \omega^{\prime } + i\Omega_{0}\) to return to the \(\omega^{\prime }\)-axis. The mathematical basis for these assertions, of course, continues to be the Cauchy–Goursat theorem of complex analysis [9,10,11]. It is worth emphasizing once again that the choice of the integration path, be it the straight-line \(\omega = \omega^{\prime } + i\Omega_{0}\) in the \(\omega\)-plane or a properly deformed contour in the \(k_{x}\)-plane, is dictated by the analyticity of the functions involved and by the requirement of causality. These constraints also automatically fix the signs of \(k_{1z}\), \(k_{2z}\), and \(k_{3z}\) without resort to any kind of “commonsense” physical argument.
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