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Abstract
This study investigates the interplay between particle shape, grading and initial sample density, three of the most important 
factors influencing the mechanical behaviour of sheared granular assemblies. Using the discrete element method (DEM), 
two-dimensional assemblies of varying initial sample density, particle aspect ratio, AR , and coefficients of uniformity, C

u
 , 

were prepared and subjected to drained biaxial shearing until the critical state was reached. We assessed the interplay between 
each of these parameters by evaluating whether the effect of any given parameter on a mechanical quantity is influenced by 
any other parameter. Our analyses show that the effect of some of these key parameters on mechanical response, can indeed 
be influenced by other key parameters. The effect of the particle AR on the peak shear strength for the initially dense assem-
blies differs when compared with the medium-dense assemblies. The mechanical coordination number of the assemblies 
at the initial state correlates with the peak strength thereby explaining the interplay between particle AR and initial sample 
density on the peak shear strength. The linear relationship established between strength and dilatancy for a combination 
of all assemblies studied suggests that the strength-dilatancy relationship is a unique characteristic of granular assemblies. 
The dilatancy of the assemblies correlates strongly with the amount of contacts lost during shearing. The interplays found 
between particle shape, grading and initial sample density in this study show that to develop robust constitutive models for 
the prediction of granular material behaviour, the effects of multiple factors must be considered.

Keywords DEM · Particle shape · Coefficient of uniformity · Packing density · Biaxial drained shearing

1 Introduction

The mechanical behaviour of sands is governed by the inter-
play between the intrinsic properties such as particle shape, 
grain size and surface roughness; as well as the extrinsic 
properties including density, fabric, initial state parameter 
and stress path. A careful review of the data in the experi-
mental studies on sands supports this conclusion [1–6]. 
From these experimental studies, it is evident that in order 
to comprehensively understand the behaviour of sands, it is 
important to consider multiple determining factors as well 
as the interplay between them. This is the purpose of the 
study presented here.

In this study, we seek to understand the interplay 
between three of the most important factors governing 
the behaviour of granular assemblies (i.e. particle shape, 
particle size distribution, and relative density) as acknowl-
edged in the soil mechanics literature. The influence of 
other important factors (e.g., the initial state parameter 
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and initial fabric) are beyond the scope of this study. We 
employ the discrete element method (DEM), a numerical 
approach which was first proposed by Cundall and Strack 
[7], for our investigation. DEM allows for a systematic 
study of the effects of the intrinsic properties of sand, a 
task that is difficult to achieve in experiments owing to 
the complex and highly dimensional nature of sand par-
ticles. Our motivation for this study stems from the gap 
identified in the DEM literature where most studies on 
the mechanical behaviour of granular assemblies have 
focused on a single influencing factor. Most of the DEM 
studies that have focused on the effects of particle shape 
considered only dense assemblies and a single particle 
size distribution [8–13]. When the effects of particle size 
distributions were studied using DEM, dense assemblies 
of discs/spheres were mostly considered [14–17]. With 
the exception of a small number of DEM studies [18, 19], 
typically, the effects of initial sample density on the shear 
behaviour of granular assemblies is studied for a single 
particle shape [20, 21].

From the earlier experimental and numerical studies 
where the effect of a single factor is investigated, it is dif-
ficult to determine whether the conclusions made are con-
sistent when other factors are considered. Here, we seek to 
bridge this gap by assessing the interplay between three fac-
tors, i.e. particle shape, grading and initial sample density, 
on the mechanical characteristics of granular assemblies. 
We assessed whether the effect of a factor A on a mechani-
cal quantity, at a specific instance of a factor B varies when 
the instance changes. For example, we examined whether 
the effect of particle AR on the peak q∕p at a specific initial 
density (controlled by the initial friction coefficient, �prep ), 
is consistent when the initial density is varied. We also take 
advantage of the unique capability of DEM to explore the 
link between the macroscopic characteristics of the granular 
assemblies studied and their underlying micromechanical 
features. This is aimed at unravelling the insights that could 

help to better understand the interplay between the determin-
ing factors and to better interpret laboratory data.

Although three dimensional models allow for a more real-
istic representation of sands, we conducted our simulations 
in 2-D as this offers the opportunity to visualise deforma-
tion patterns more easily and requires a lower computa-
tional effort in comparison to 3-D simulations. While we 
acknowledge that quantities obtained from 2-D simulations 
may not directly match those from 3-D models owing to 
the out-of-plane system response ignored in 2-D, the trends 
observed in 2-D models agree very well with 3-D models. 
The data presented in the 2D-DEM study by Adesina et al. 
[22] supports this claim. In fact, several other experimental 
and numerical studies have demonstrated that 2-D models 
of granular materials can adequately capture the complex 
mechanical phenomena observed in 3-D models and in real 
granular materials [6, 8, 9, 21, 23–28].

2  Numerical simulation approach

The particle shape of focus in this study is the aspect ratio, 
AR . Focusing on this single particle shape descriptor 
allowed us to investigate the interplay between a primary 
measure of morphology, sample grading and initial pack-
ing density simultaneously. We limited consideration to AR 
so that the number of required simulations and data gener-
ated were manageable. To vary AR in this study, we adopted 
a simple approach involving clusters of 2-discs (Fig. 1a). 
Using this approach, it is not possible to avoid also chang-
ing other shape measures and a more detailed consideration 
of this was given in Adesina et al. [22]; for completeness 
here we give convexity and sphericity values in Table 1. 
We acknowledge that more sophisticated approaches such 
as the use of polygons [13], superquadrics [29, 30] and the 
level set methods [27], can provide a more realistic repre-
sentation of particle shape. However, in comparison to the 

Fig. 1  (a) Illustration of particle 
aspect ratio (b) Particle size 
distribution for the soil samples 
with linear grading

(a) (b)



Understanding the interplay between particle shape, grading and sample density on the behaviour… Page 3 of 20 14

complex particle modelling approaches, the simple particle 
shape model adopted here offers an easy contact detection 
and calculation of contact forces, thereby reducing computa-
tional effort [31]. Using clumps of 2-discs to model particle 
shape does not detract from the behaviour of realistic granu-
lar assemblies; indeed, several other researchers who used 
clumps of 2 or 3 discs/spheres to model non-spherical parti-
cles have shown that these simple models yield mechanical 
behaviour typical of realistic granular assemblies [8–10, 20, 
32–36].

The particle AR was varied systematically between 1 and 
2. A single disc was used to model AR=1.0 while the dis-
tance between the sub-discs in a clump was varied to achieve 
AR values from 1.1 to 2.0 where AR = A/B (Fig. 1a). To 
study the effect of sample grading, the assemblies at each 
particle AR were generated to have different linear grad-
ings, each with the same maximum particle diameter ( A 
dimension) dmax=0.25 mm and different minimum diameter 
dmin such that the size ratio, � = dmax∕dmin = 1.4–4.5 and 
Cu =d60∕d10 = 1.2–2.1 (Fig. 1b), where 60% of the d (i.e. A 
dimension) values were smaller than d60 while 10% of the d 
values were smaller than d10 . The dmin values are 0.173 mm, 
0.11 mm, 0.085 mm and 0.056 mm for Cu = 1.2, 1.5, 1.7 and 
2.1, respectively. Although a linear grading can be regarded 
as an ideal sample grading, using a linear grading and vary-
ing the coefficient of uniformity enabled a systematic explo-
ration of the effect of sample grading on the behaviour of 
granular assemblies.

As shown in Table 2, the number of particles per sample 
ranged from 5123 for Cu = 1.2 to 22,477 particles at Cu = 
2.1. We increased the sample size as the Cu increased in 
order to ensure the samples are statistically representative in 

line with [15, 37, 38]. Adesina et al. [39] in their 2-D DEM 
study on RVE for non-circular particles showed that the 
granular assemblies generated to have Cu = 1.2 were repre-
sentative when they contain particles ≥ 2500. The Cu values 
considered here were limited to the range Cu = 1.2 to Cu = 2.1 
(which indicates the samples are poorly graded) because the 
computational effort and computer memory required to sim-
ulate clusters exceeding 22,477 were prohibitive. The DEM 
studies that considered particle size distributions wider than 
those studied here either used a singular sample size (which 
in most cases is less than 10,000 particles) regardless of Cu 
[14, 16, 17, 36, 40] or considered assemblies of spherical 
particles which require less memory for their simulation in 
comparison to non-spherical particles [15, 37, 38].

The simulations in this study were conducted using a 
modified version of LAMMPS [41–43]. Using an in-house 
algorithm, a non-contacting cloud of particles were gener-
ated and enclosed within square periodic boundaries. Iso-
tropic compression of the samples was then performed to a 
stress state of 100 kPa. Before terminating the isotropic com-
pression, it was ensured that the target stress was achieved 
and any variation in the coordination number (i.e., the aver-
age number of contacts per particle) was less than 0.0001 
for at least 500,000 simulation timesteps. To confirm the 
samples were isotropic, the distribution of contact normal 
orientations was checked for each sample. The simplified 
Hertz-Mindlin contact model was used to describe particle 
interactions in the simulations. The shear modulus, G , the 
Poisson’s ratio, � , and the particle density, �p , used in the 
simulations were 27 ×  109 Pa, 0.3 and 2670 kg/m3, respec-
tively. During isotropic compression, the packing density of 
the samples were controlled using the inter-particle friction 
coefficient ( �prep ) such that dense, medium-dense, medium, 
medium-loose and loose samples used �prep = 0.01, 0.05, 
0.105, 0.2 and 0.3, respectively. The samples here were not 
generated to a target relative density as is often the practice 
in experimental soil mechanics studies. Instead, the sample 
preparation method adopted here follows the standard prac-
tice in DEM studies. While the void ratio, e , of the dense 
samples ( �prep = 0.01 ) here is denoted emin , the void ratio for 
the loose samples ( � = 0.3 ) is denoted emax ; these emin and 
emax values cannot be mapped directly to emin and emax values 
obtained using standard experimental procedures used in 

Table 1  Characteristics of the particles at the different aspect ratios

AR Sphericity Convexity Excluded area(m2)

1.0 1.0 1.0 0
1.1 0.9980 0.9994 9.9313e-6
1.2 0.9921 0.9982 2.8671e-5
1.5 0.9515 0.9827 2.3256e-4
1.75 0.8849 0.9488 6.0439e-4
2.0 0.7136 0.8793 1.2670e-3

Table 2  Summary of 
simulations completed

Cu=d60∕d10; size ratio, � = dmax∕dmin;size span, s = (dmax − dmin)∕(dmax + dmin)

Simulation
(Effect of sample density and AR)

Number of simulations
(Isotropic compression & Shearing)

Sample size
(per sample)

Cu=1.2 ( � = 1.4;s = 0.18) 60 (2 × 5 packing densities × 6 AR) 5123 particles
Cu=1.5 ( � = 2.3;s = 0.39) 36 (2 × 3 packing densities × 6 AR) 8795 particles
Cu=1.7 ( � = 2.9;s = 0.49) 36 (2 × 3 packing densities × 6 AR) 12,288 particles
Cu=2.1 ( � = 4.5;s = 0.63) 16 (2 × 2 packing densities × 4 AR) 22,477 particles
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soil mechanics. In 2-D, the void ratio is the ratio of the total 
area of the void space in the periodic cell to the total area of 
the solid particles. To calculate the area of the particles, the 
overlap area of the disc in a clump was subtracted from the 
total area of the discs in the clump.

After isotropic compression, the samples were subjected 
to strain controlled biaxial compression under a constant 
confining pressure of �x = 100 kPa in the x-direction and a 
deformation rate in the y-direction of 0.0005 m/s (Fig. 2). Fol-
lowing the inertial number limit for quasi-static simulations 
specified by Da Cruz et al. [44], the deformation rate applied 
here ensured that the simulations were quasi-static as the 
inertial number for the simulations was less than 1.02 ×  10–5. 
Although the packing density of the samples were varied 
using different �prep values, all samples were sheared at � = 
0.3. Prior to shearing, the samples generated with � < 0.3 
were equilibrated using � = 0.3 for 10,000,000 timesteps. A 
total of 148 simulations (74 isotropic compression and 74 
biaxial shear) were conducted in this study (Table 2).

3  Results

3.1  Initial Packing

At the macroscopic scale, the packing of granular assemblies 
can be characterised by their void ratio. Figure 3a shows 
the effect of particle AR on the initial void ratios,  emin and  
emax for the 2-D DEM samples studied here ( Cu = 1.2 ) in 
comparison with the 2-D DEM samples studied by Azéma 
and Radjaï [8], the 3-D DEM samples studied by Salot et al. 
[20] and the experimental samples studied by Altuhafi et al. 
[2]. For the 2-D DEM data studied here, the emin and  emax 
initially decreased with an increase in particle AR until the 
densest state was reached, and then increased with further 
increase in AR . This was the case for all Cu values studied. 
This trend agrees with existing data on the effect of AR on 

the packing of granular assemblies in the DEM literature [8, 
10, 20, 32, 45, 46]. Figure 3c, d qualitatively illustrate the 
gap filling efficiencies of the particles with AR=1.5 and AR
=2.0, respectively. The gap filling capability for AR = 1.0 
and AR=  2.0 are effectively similar since neither case 
involve overlapping discs. The initial decrease observed in 
the emin and  emax of the granular assemblies as the particle 
AR increased from AR=1.0 and AR=1.5 can be attributed 
to an increase in the gap filling efficiencies of the particles. 
However, further increase in the particle AR from AR = 1.5 
to AR = 2.0 resulted in a decrease in the gap filling efficiency 
due to an increase in the excluded particle area (Table 1), 
hence, the increase in the emin and emax.

The emin and  emax for the natural sand samples in the 
experimental data by Altuhafi et  al. [2] (particle AR = 
1.26–1.42) generally increased as AR increased (Fig. 3a). 
This increase in void ratio with AR only occurred when AR 
> 1.5 in the DEM data presented here and in the DEM lit-
erature. It is important to note that the trend observed in the 
DEM data emerges from a systematically controlled particle 
shape and covers a range of AR wider than the AR for natu-
ral sand particles. The particles in natural sand have more 
complex morphologies and their overall shape differs from 
the 2-disk clusters considered here. This could explain the 
variation in the packing of the DEM assemblies in compari-
son to the experimental samples. Particle shape is difficult 
to control in experiments.

The emin and emax for 2-D DEM samples studied here 
linearly decreased with an increase in the Cu , for all AR 
considered (Fig. 3b). As the grading of granular assem-
blies becomes wider, the smaller grains effectively fill the 
voids within the larger grains. Youd [47] also showed in 
their experimental study that the emin and emax for natural 
sand increased as the Cu increased. Similar trends have been 
reported in the DEM literature on the effect of Cu on both 
the initial and the critical state void ratios of granular assem-
blies [14, 16, 38, 40, 48]. In agreement with the 3-D data  

Fig. 2  Illustration of a sample 
under biaxial shear
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in Salot et al. [20], the range of attainable void ratios, Ie , 
increased from AR = 1.0 to AR =1.2, followed by a decrease 
and an eventual slight increase with further increase in AR 
(Fig. 4a).

Figure 4b shows the effect of particle AR on the initial 
mechanical coordination number, MZ , of selected granular 
assemblies studied here, including a comparison with the 
2-D DEM data presented by Azéma and Radjaï [8]. The 
MZ is the average number of contacts made by particles in 
a granular assembly when rattlers, i.e., particles with con-
tacts ≤ 1, are excluded. Rattlers do not contribute to stable 
stress state within granular assemblies [49]. For the initially 
dense samples ( �prep = 0.01 ), in agreement with the data 
presented in Azéma and Radjaï [8], an initial steep increase 
in the MZ was observed when particle AR increased from 
AR = 1.0 to AR = 1.2 while a further increase in AR only 
resulted in a general marginal decrease in the MZ . The initial 
MZ ≈ 4 found for the near frictionless sample of discs (AR = 
1.0; �prep = 0.01 ) indicates an isostatic state since MZ = 2 d , 
where d is the number of degree of freedom per particle [46, 
50, 51]. For assemblies of non-circular or non-spherical par-
ticles to achieve mechanical equilibrium, MZ ≤ d(d + 1) [8]. 
The initial MZ for the medium-dense and the loose samples 
( �prep = 0.05 to �prep = 0.3 ) increased with an increase in 
AR ; this increase tended to be more linear as �prep increased 
(Fig. 4b). The difference in the maximum (�prep = 0.01 ) 
and the minimum (�prep = 0.3 ) MZ values, ΔMZini , initially 

increased and then declined with further increase in the AR 
(Fig. 4c). The initial MZ increased with an increase in the 
Cu , for all sample density considered (Fig. 4d).

3.2  Strength and dilatancy

Figure 5 shows the effects of the initial sample densities 
on the evolution of the stress ratio, q∕p , with axial strain 
( �a ) and the volumetric strain response for Cu = 1.2 samples 
having particle AR=1.0, AR=1.2 and AR=1.5. To examine 
conditions at the critical state, the samples were sheared 
until �a ≈ 50%. The critical state marks the state at which 
there is no change in the volume or the void ratio of a sample 
during shearing. For all the AR values considered, the q∕p 
for the initially dense ( �prep = 0.01 ) and medium-dense sam-
ples ( �prep = 0.05 to �prep = 0.2 ) increased to a peak before 
declining to a plateau at the critical state, where q = �y − �x 
and p =

(
�y + �x

)
∕2 . As expected, the peak q∕p decreased 

as the initial density of the samples decreased (i.e. as �prep 
increased), for all AR and Cu values considered. However, 
the magnitude of the decrease in the peak q∕p as a result of 
the increase in �prep depends on the AR (Fig. 7b). This effect 
which was also reported in the experimental data in Holubec 
and D’Appolonia [3] and in the DEM data by Ng [18] was 
found here to correlate with the ∆ MZ values of the samples 
(∆MZ was defined in Sect. 3.1). Generally, the higher the 

Fig. 3  Effect of (a) AR on emin 
and emax  for 2D and 3D samples 
(b) Cu on emin (broken lines) and 
emax (solid lines). Illustration 
of gap-filling efficiencies for 
particle: (c) AR=1.5 (d) AR=2.0 
(“2D-DEM Cu=1.2” denotes 
the current study) 

(a) (b)

(c) (d)
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∆ MZ value, the greater the effect a change in the �prep had 
on the peak q∕p (Fig. 7b).

The initially dense and medium-dense samples exhib-
ited a dilative volumetric response (negative �vol ), after 
an initial slight contraction (positive �vol ). The dilative 
volumetric response gradually tended towards a contrac-
tive response as the initial sample density decreased (i.e. 
as �prep increased). The q∕p for the initially loose samples 
( �prep = 0.3 ) increased monotonically until a plateau was 
reached without a significant softening exhibited. These 
loose samples generally exhibited a contractive response 
(positive �vol ) during shearing. At the critical state, the q∕p 
for the samples reached a common value regardless of their 
initial state. This common q∕p is referred to as the critical 
state q∕p in classical soil mechanics. The trends observed 
here are consistent with typical shear strength characteristics 
of sand obtained from direct shear tests or drained triaxial 
tests [5, 52–55]. Similar trends were reported in DEM stud-
ies where the effect of initial sample density on the shear 
behaviour of granular assemblies have been studied [20, 21, 
26, 56–58].

The effect of particle AR on the evolution of the stress 
ratio, q∕p , and the volumetric strain for the initially dense 

( �prep = 0.01 ), medium-dense ( �prep = 0.105 ) and loose 
samples ( �prep = 0.3 ) having Cu = 1.7 are shown in Fig. 6. 
For the initially dense samples ( �prep = 0.01 ), the peak q∕p 
increased monotonically as AR increased from AR=1.0 to 
AR=1.5 and then decreased slightly with further increase 
in the AR (Figs. 6a and 7a). This decrease, which is not 
observed in physical tests on sand, is likely a consequence 
of the double-disk geometry which occurs when the aspect 
ratio is high (refer to Fig. 3d). As shown in Fig. 7a, similar 
trends were reported in the 2-D and the 3-D DEM stud-
ies where the effect of AR on the peak strength of initially 
dense assemblies ( �prep = 0.0 ) were studied [8, 18, 35, 45]. 
In contrast, the peak q∕p for the medium-dense samples 
( �prep = 0.05 to �prep = 0.2 ) increased continually as the 
particle AR increased from AR=1.0 to AR=2.0, although 
the increase became marginal at AR≥1.5 (Figs. 6b and 7a). 
Xiao et al. [59] reported similar finding in their experimental 
study on the effect of particle shape on the stress-dilatancy 
responses of medium-dense sands. The trend observed here 
for the peak q∕p is similar to that reported for the initial MZ 
of the samples described in Sect. 3.1 (Fig. 4b).

When the effect of the AR on the peak q∕p for the dense 
assemblies was considered, the AR at which the highest 

Fig. 4  Effect of (a) AR on the 
range of attainable void ratios, 
Ie , for 2-D and 3-D DEM 
samples (b) AR on the initial 
MZ for 2-D DEM samples (c) 
AR on the difference between 
the maximum (�prep = 0.01 ) 
and the minimum (�prep = 0.3 ) 
MZ values, ΔMZini , for Cu =1.2 
and Cu =2.1 samples (d) Cu on 
the initial MZ for 2-D DEM 
samples at AR=1.5
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peak q∕p was obtained varied with the Cu . While the high-
est peak q∕p values for Cu = 1.2 and Cu = 1.5 samples were 
found at AR =1.5, the highest peak q∕p values for Cu = 1.7 
and Cu = 2.1 samples were found at AR =1.2 (Fig. 7c). In 
agreement with the experimental and the DEM data on the 
effect of AR on the strength of granular assemblies [2, 33, 
35, 59], the critical state q∕p (i.e., the average q∕p over �a  
> 20%) increased with an increase in the AR , for all Cu val-
ues considered (Fig. 7d). We observed that the critical state 
q∕p increased as the Cu increased for AR ≤ 1.5, however, in 
agreement with the 2D-DEM data from [9], for AR > 1.5, 
the Cu did not significantly influence the critical state q∕p 
(Fig. 7e). Jiang et al. [60] in their 3-D DEM study suggested 
that Cu has a negligible effect on the critical state strength 
for the granular assemblies of spherical and non-spherical 
particles studied.

The volumetric strain for the initially dense ( �prep = 0.01 ) 
and the medium-dense samples ( �prep = 0.05 to �prep = 0.2 ) 
became more dilative as the particle AR increased, especially 
at large strains ( �a > 30%); although the volumetric strains 
for the samples having AR ≥ 1.5 were similar (Fig. 6d, e). 
This finding agrees with the experimental data presented by 

Xiao et al. [59] and the earlier DEM studies which reported 
the effect of AR on the volumetric response for dense and 
medium-dense granular assemblies [6, 10, 13, 33–35, 45]. At 
�a ≈ 8%, the initially loose samples ( �prep = 0.3 ) dilated after 
their initial contraction, before reaching a plateau. While 
the initial contraction tended to increase with an increase 
in the AR ; in the dilative phase (at �a ≥ 8%), the AR did not 
systematically influence the volumetric strain.

Following the strength and dilatancy relationship estab-
lished for the natural sand of varying particle shapes and Cu 
by Bolton [61], we sought to establish a similar relationship 
for the granular assemblies studied here. The evolution of 
the dilatancy rate, −d�v∕d�a , during shearing, for the dense 
samples ( �prep = 0.01 ) having Cu = 1.2 (Fig. 8a), is similar 
to the evolution of the q∕p shown in Fig. 6a; although the 
peak dilatancy rate, (−d�v∕d�a)max occurred after the peak 
q∕p , (q∕p)max (Fig. 8b). This is in agreement with the data 
presented by Rothenburg and Bathurst [62] for assemblies of 
elliptical particles with varying elongations. As the particle 
AR increased, the peak dilatancy rate initially increased to a 
maximum before decreasing with further increase in the AR 
(Fig. 8c). In agreement with the experimental data for sand 

Fig. 5  Effect of initial sample density ( �prep ) on the stress–strain and the volumetric strain responses for Cu=1.2 samples having: (a, d) AR=1.0 
(b, e) AR=1.2 (c, f) AR=1.5
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subjected to shearing in plane strain by Bolton [61], a linear 
relationship was established between the strength and the 
dilatancy of the granular assemblies of the varying particle  
AR and the Cu values studied here (Fig. 8d).

3.3  Critical state void ratio

In agreement with earlier experimental studies on sand, the 
void ratios for the samples of varying initial density studied 
here converged at large strains during shearing (Fig. 9a). 
This unique void ratio, e , is referred to as the critical state 
void ratio in classic soil mechanics. The effect of the particle 
AR on the critical state e (Fig. 9b) is similar to the observa-
tion made after isotropic compression as shown in Fig. 3a. 
We found for the samples studied here that an increase in 
the critical state q∕p was not always accompanied by a 
decrease in the critical state e . While the critical state q∕p 
for the samples studied here increased continuously with 
the AR , the critical state e decreased to a minimum and later 
increased as the AR increased (Fig. 9c). In agreement with 
earlier experimental studies, we found that the critical state 
e for the samples studied here decreased with an increase in 
the Cu values (Fig. 9d).

3.4  Contact evolution during shearing

Figure 10a shows the effect of the initial sample density on 
the evolution of the mechanical coordination number,MZ , 
for Cu=1.2 samples having AR=1.5. In agreement with ear-
lier experimental and DEM studies on granular assemblies 
[33, 51, 54, 63], the MZ for the dense ( �prep = 0.01 ) and the 
medium-dense samples ( �prep = 0.05 to�prep = 0.2 ) dras-
tically declined until a plateau was reached. An ultimate 
increase in the MZ was observed for the initially loose sam-
ples ( �prep = 0.3 ). At the critical state (i.e., at �a >20%), a 
unique MZ was attained by the samples irrespective of their 
initial densities. The percentage of contact loss by the dense 
samples (measured here as:[(MZini −MZcrit)∕MZini] × 100% , 
where MZini and MZcrit are the initial MZ and the critical 
stateMZ , respectively), initially increased to a maximum 
with an increase in the particle AR before declining with 
further increase in the AR (Fig. 10b). A similar trend was 
observed for the degree of strain softening exhibited by 
the granular assemblies during shearing, such that a lin-
ear relationship was established between the contact loss 
and the degree of strain softening exhibited by the assem-
blies (Fig.  10c). The strain softening is measured here 

Fig. 6  Effect of aspect ratio, AR on the stress–strain responses and the volumetric strain responses for: (a, d) dense ( �prep=0.01); (b, e) medium 
( �prep=0.105) (c, f) loose ( �prep=0.3) samples having Cu=1.7
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as:[(q∕p)max − (q∕p)crit]∕(q∕p)max × 100% , where (q∕p)max 
and (q∕p)crit are the peak q∕p and the critical state q∕p , 
respectively. The percentage of contact loss during shear-
ing by the dense granular assemblies also correlates strongly 
( R2=0.94) with their dilatancy (Fig. 10d). It has been earlier 
suggested in experimental studies on sand and in DEM stud-
ies that dense granular assemblies respond to shearing by 
losing contacts in addition to a simultaneous breaking of 
the interlock between particles [4, 13, 33, 51, 52, 64]. The 
correlation established here between the contact loss and 
the dilatancy provides a quantitative evidence for this claim.

Again in agreement with earlier experimental and DEM 
data [8, 13, 45, 54, 62], the critical state MZ increased with an 
increase in the particle AR (Fig. 11a), for all sample densities 

and Cu values considered. The higher the particle AR , the 
higher the proportion of the contacts ≥5 and the lower the 
proportion of contacts ≤ 4 within the granular assemblies 
(Fig. 11b). This explains the increase in the critical state MZ 
as the particle AR increased. The critical state MZ increased 
linearly with an increase in the Cu , for all AR considered, 
although the increase tended to be marginal for AR = 1.75 
and AR=2.0 (Fig. 11c). The average contacts (i.e. the MZ ) 
made by the particles within granular assemblies is impor-
tant since it determines the strength mobilised by the granular 
assemblies [11, 18, 20, 33]. This is evident in the strong cor-
relation ( R2 = 0.96) established between the initial MZ and the 
peak strength for the samples of varying particle AR and Cu 
studied here (Fig. 12a). A similar correlation ( R2=0.97) was 

Fig. 7  Effect of aspect ratio, 
AR on the: (a) peak q∕p for 2D 
and 3D samples at different 
initial sample density ( �prep ) (b) 
∆Peak q∕p (left-side of plot) 
and ΔMZ (right-side of plot), 
i.e. the difference between the 
maximum (�prep = 0.01 ) and 
the minimum (�prep = 0.2 ) peak 
q∕p and MZ values (c) peak 
q∕p for 2D dense samples ( �prep

=0.01) at different Cu values (Cu

=2.1 samples which contained 
22,477 clump particles were 
not sheared for AR>1.5) due 
to the computational effort and 
computer memory required (d) 
critical state q∕p for 2D and 
3D samples (e) Effect of Cu on 
critical state q∕p for samples at 
different particle AR . (“2D-
DEM Cu=1.2–1.7” denotes the 
current study) 
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established between the critical state MZ and the critical state 
q∕p of the assemblies (Fig. 12b).

3.5  Fabric anisotropy

The effects of initial sample density, particle AR , and Cu on the 
fabric of the granular assemblies studied here were evaluated 
by determining the particle orientation anisotropy, ap and the 
contact normal orientation anisotropy, acn of the assemblies. 
A second order particle orientation fabric tensor ( Φpij) defined 
by Satake [65] was calculated as:

where Np is the total number of particles in the system and 
the vector np gives the particle orientation.

Similarly, the second order contact normal orientation ten-
sor was calculated as:

where Nc is the total number of contacts in the system and 
the vector nc gives the contact normal orientation. The 

(1)Φpij =
1

Np

Np∑

p=1

n
p

pi
n
p

pj

(2)Φcij =
1

Nc

Nc∑

c=1

n
c
ci
n
c
cj

fabric anisotropy is quantified as the difference between 
the major and minor eigenvalues, i.e., acn = Φc1 − Φc2 or 
ap = Φp1 − Φp2 . A fabric anisotropy value of 0 indicates 
a perfect isotropic packing. Figure 13a shows the evolu-
tion of the ap for the initially dense samples having Cu = 
1.2. The ap increased continuously and non-linearly as the 
shearing of the granular assemblies progressed, for all par-
ticle AR and sample density considered. While the particle 
AR did not systematically influence the ap after isotropic 
compression (i.e. at �a = 0), during shearing, particle AR 
significantly influenced the ap (Fig. 13b). For �a ≤20%, the 
ap initially increased to a maximum as the AR increased 
and then declined with further increase in the AR ; while for 
�a ≥30%, a monotonic increase in the ap was observed as 
the particle AR increased. This trend was consistent for all 
sample densities and the Cu values studied here. Figure 14 
illustrates the effect of the particle AR on the critical state 
ap by comparing the orientations of the particles within the 
dense granular assemblies having AR = 1.1 and AR= 1.5. 
A more pronounced variations in the particle orientations 
(i.e. lower anisotropy) were observed for AR=1.1 (Fig. 14a) 
in comparison to AR=1.5 (Fig. 14b) in which the particles 
were preferentially oriented towards the horizontal as most 
of the particles had orientations within −20° and + 20° to 
the horizontal.

Fig. 8  (a) Effect of AR on the 
evolution of the dilatancy rate, 
−d�v∕d�a , during shearing for 
Cu=1.2 dense samples ( �prep

=0.01) (b) Location of maxima 
for the mobilised q∕p and the 
−d�v∕d�a for dense samples 
( �prep=0.01) having Cu=1.2 and 
AR=1.2 (c) Effect of AR and 
initial sample density, �prep , on 
the (−d�v∕d�a)max for 2D and 
3D-DEM samples (d) Excess 
friction angle versus peak dila-
tancy angle, �max for 2D-DEM 
and 3D-Experiment samples 
in plane-strain. (“2D-DEM Cu

=1.2–2.1” denotes the current 
study) 
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The effect of the particle AR on the evolution of the acn 
for the initially dense ( �prep = 0.01 ) and the initially loose 
( �prep = 0.3 ) samples having Cu = 1.2 are shown in Fig. 13c, 
d, respectively. In agreement with earlier DEM studies that 
evaluated the contact normal fabric anisotropy of granular 
assemblies [34, 51, 57, 63], the evolution of the acn echoes 
a similar trend to that observed for the q∕p (Fig. 6a, c). For 
the samples having particle AR≥1.5, the acn continued to 
increase until �a ≈ 40% indicating their contact fabric con-
tinued to evolve until very large strains (Fig. 13c, d).

While the critical state q∕p increased as the particle AR 
increased from AR = 1.0 to 2.0 (Fig. 7d), the critical state 
acn increased to a maximum at AR = 1.75 and then decreased 
with further increase in the AR , for all Cu values consid-
ered (Fig. 15a). We found that an increase in the critical 
state q∕p was not always accompanied by an increase in 
the critical state acn (Fig. 15b), especially for AR ≥ 1.75. 
Similarly, the critical state acn does not always increase with 
the critical state MZ (Fig. 15c). A similar conclusion could 
be made from the data in the 2D-DEM study by Azéma and 
Radjaï [8] where the critical state branch vector anisotropy, 
increased to a maximum and then decreased as particle elon-
gation increased, despite a continuous increase in the critical 

state MZ . In contrast, Azéma and Radjaï [8] and Yang et al. 
[35] reported a continuous increase in the critical state acn 
even for AR≥2.0. As a consequence of the particles taking a 
preferential orientation towards the horizontal during shear-
ing, the contact normals were preferentially oriented towards 
the vertical (i.e., parallel to the direction of the major prin-
cipal stress). This is in agreement with earlier DEM studies 
on particle shape effect [57, 63].

3.6  Particle rotation

The rotation of particles within a granular assembly during 
shearing could reveal the microscopic mechanisms ensu-
ing within the assembly. In fact, the mobilisation of shear 
strength by granular assemblies has been associated with 
their resistance to particle rotation or the lack thereof [4, 
6, 20, 27, 66]. Here, we computed particle rotation as the 
change in particle orientation from the start of shearing 
(i.e., at �a = 0%) to the �a of concern. The mean particle 
rotation decreased with an increase in the particle AR , 
for all sample densities considered. This indicates that 
particle interlock increased with particle AR . This trend 
is consistent whether near the start of shearing (i.e., at 

Fig. 9  (a) Determination of the 
�a for the critical state e for Cu

=1.2 samples having AR=1.2 
(b) Effect of AR on the critical 
state e at different Cu values (c) 
Critical state q∕p plotted against 
critical state e at different Cu 
values (d) Effect of Cu on the 
critical state e for samples at 
different particle AR
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�a = 1%; Fig. 16a) or at the critical state (i.e., at �a = 40%; 
Fig. 16b). The looser the initial state of the samples, the 
higher the mean particle rotation. Looser packings gen-
erally have more room for particle rotation while parti-
cle rotation is frustrated in dense packings [4, 54]. The 

decrease in particle rotation associated with increasing AR 
could explain the increase observed in the critical state 
q∕p when particle AR was increased as shown in Fig. 7d. 
In the literature, the shear strength mobilised by granular 
assemblies of non-spherical particles has been attributed 

Fig. 10  (a) Effect of the initial 
density on the evolution of the 
mechanical coordination num-
ber, MZ , for Cu =1.2 samples 
having AR=1.5 (b) Effect of 
density and AR on the percent-
age of contact loss by Cu=1.2 
samples. Relationship between 
(c) the degree of strain soften-
ing and the contact loss (d) the 
peak dilatancy angle, �max , and 
contact loss during shearing by 
2D-DEM samples. (“2D-DEM 
Cu=1.2–2.1” denotes the cur-
rent study) 

Fig. 11  (a) Effect of AR on the evolution of the MZ for dense 
( �prep = 0.01 ) samples having Cu =1.2 (b) Connectivity distribu-
tion showing the fraction P(c) of particles with certain connectivity 

values at the critical state for the dense ( �prep = 0.01 ) samples hav-
ing Cu =1.2 and AR=1.2 (d) Effect of Cu on the critical state MZ for 
2D-DEM samples
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to an increase in the rotation limiting interlock within their 
particles [10, 13, 20, 21, 26, 33, 54, 66].

By analysing the rate of particle rotation, |d(meanrotation)|
d�a

 , 
exhibited by the granular assemblies during shearing, we 
found that |d(meanrotation)|

d�a
 for the initially dense samples 

( �prep = 0.01 ) was characterised by a peak which decreased as 
the particle AR increased (Fig. 16c). The |d(meanrotation)|

d�a
 for the 

initially loose samples declined until a pleateau was reached 

at large strains, without any noticeable peak (Fig. 16d). At �a 
> 20%, the |d(meanrotation)|

d�a
 became independent of particle AR . 

The peak in the rate of particle rotation obtained for the dense 
assemblies decreased as the particle AR increased. The data 
presented here indicates that the dilatancy and loss of contacts 
associated with dense assemblies under drained shearing is 
accompanied by a significant increase in the rate of particle 
rotation while the strain softening exhibited by the assemblies 
is accompanied by a relaxation in the rate of particle rotation. 

Fig. 12  (a) Relationship 
between peak q∕p and MZ 
after isotropic compression (b) 
Relationship between critical 
state q∕p and critical state MZ 
for 2D-DEM samples

Fig. 13  Effect of AR on (a) the 
evolution of particle orientation 
anisotropy, ap , during shearing 
(b) particle orientation anisot-
ropy at different shearing stages 
for dense ( �prep = 0.01 ) samples 
having Cu=1.2. Effect of AR on 
the evolution of contact normal 
anisotropy, acn , during shearing 
for (c) dense ( �prep = 0.01 ) (d) 
loose ( �prep = 0.3 ) samples hav-
ing Cu =1.2
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The rate of particle rotation offers a new micro-mechanical 
data which could be linked to the macroscale characteristics 
(strength and dilatancy) of granular assemblies.

3.7  Particle moment, friction mobilization 
and the percentage of sliding contacts

Referring to Fig. 17, the particle moment acting on a speci-
fied particle is calculated here as:

(3)��⃗Mcl,k =
∑Nd

j=1

∑Nc

i=1
( �⃗Lci,j,k × �⃗Tci,j,k +

�⃗Lci,j,k × ��⃗Nci,j,k)

Fig. 14  Colour map of particle orientations for dense samples having Cu=1.2 after 40% of shearing: (a) AR=1.1 (b) AR=1.5

Fig. 15  (a) Effect of AR on 
critical state contact normal 
anisotropy,  acn  (b) Effect of 
critical state MZ on critical state 
acn (c) Relationship between 
critical state q∕p and critical 
state acn for 2D-DEM samples. 
Cu=2.1 samples which con-
tained 22,477 clump particles 
were not sheared for AR>1.5
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where Nd is the number of discs in a clump, Nc is the number 
of contacts for a disc belonging to the k clump, �⃗Lci,j,k is the 
contact-centroid branch vector, �⃗Tci,j,k is the contact tangen-
tial force vector and ��⃗Nci,j,k is the contact normal force vec-
tor. As detailed in Adesina et al. [22], since the simulations 

are quasi-static, the particles attained moment equilibrium, 
therefore, the net moment acting on every particle, ��⃗Mcl,k ≈ 0 . 
To quantify the mobilised moment resistance across an 
assembly, the contribution from the contact shear (normal) 
force induced moments is isolated, which is indicated by 
the mean value of the contact shear (normal) force induced 
moment magnitude:

where < |||
��⃗MT

||| > and < |||
��⃗MN

||| > are the isolated mean values 
of the magnitude of the contact shear and normal force 
induced moment, respectively. Np is the total number of par-
ticles in the assembly and |||

��⃗MT ,k
||| and |||

��⃗MN,k
||| are, respectively, 

(4)

<
���
��⃗MT

��� >=
∑Np

k=1

���
��⃗MT ,k

���
Np

=

∑Np

k=1

���
∑Nd

j=1

∑Nc

i=1
( �⃗Lci,j,k × �⃗Tci,j,k)

���
Np

(5)

<
���
��⃗MN

��� >=
∑Np

k=1

���
��⃗MN,k

���
Np

=

∑Np

k=1

���
∑Nd

j=1

∑Nc

i=1
( �⃗Lci,j,k × ��⃗Nci,j,k)

���
Np

Fig. 16  Effect of AR and sample 
density on the mean particle 
rotation for Cu =1.2 samples 
during shearing at: (a) �a = 1% 
(b) �a = 40%. Evolution of par-
ticle rotation rate during shear-
ing for: (c) dense ( �prep = 0.01 ) 
(c) loose ( �prep = 0.3 ) samples 
having Cu =1.2 and varying AR

Fig. 17  Illustration of moments at contacts for the calculation of 
�∑ ��⃗MT � and �∑ ��⃗MN �
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the magnitude of the contact shear and normal force induced 
moment computed on k clump.

Figure 18a, b show the evolution of the < |||
��⃗MN

||| > , for the 
initially dense ( �prep = 0.01 ) and the initially loose 
( �prep = 0.3 ) samples having Cu =1.2, respectively (Data 
for < |||

��⃗MT
||| > are equivalent and so not presented). In a man-

ner similar to the evolution of the q∕p (Fig. 6a, c), the 
<
|||
��⃗MN

||| > for the initially dense samples increased to a peak 
and then declined before reaching a plateau at large strains, 
while the < |||

��⃗MN
||| > for the initially loose samples increased 

monotonically to a plateau without a noticeable peak. The 
same trend was observed in the evolution of the friction 
mobilisation index, Imf  (Fig. 18c, d), calculated here as 
⟨��Ft

��∕�Fn⟩ , following [23, 67]; and in the evolution of the 
percentage of sliding contacts (Fig. 18e, f), calculated here 
as the percentage of contacts for which ||Ft

|| >0.9999�Fn , 

following [45, 68]. The evolution of the proportion of slid-
ing contacts in the granular assemblies of spherical particles 
with different initial density studied by Guo and Zhao [57] 
and Gu et al. [68] agrees with the trend reported here. Simi-
lar trends were also reported by Ng [18] for assemblies of 
ellipsoids with varying elongations. The critical state 
<
|||
��⃗MN

||| > increased as the particle AR increased from AR = 
1.0 to AR = 1.5 and then remained fairly constant with fur-
ther increase in the AR . Also, the critical state < |||

��⃗MN
||| > 

decreased with an increase in the Cu values (Fig. 19a). Both 
the critical state Imf  (Fig. 19b) and the critical state percent-
age of sliding contacts (Fig. 19c) increased with an increase 
in the particle AR , for all Cu values considered, such that a 
linear relationship was found between the critical state q∕p 
and the critical state Imf  for the group of samples at each Cu 
value (Fig. 19d).

Fig. 18  Evolution of <
|||
��⃗MN

||| > during shearing for: (a) dense 
( �prep = 0.01 ) (b) loose ( �prep = 0.3 ) samples having Cu =1.2 and var-
ying AR . Evolution of mean mobilised friction during shearing for: 
(c) dense ( �prep = 0.01 ) (d) loose ( �prep = 0.3 ) samples having Cu 

=1.2 and varying AR . Evolution of percentage of sliding contacts (%) 
during shearing for: (e) dense ( �prep = 0.01 ) (f) loose ( �prep = 0.3 ) 
samples having Cu =1.2 and varying AR
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4  Concluding remarks

The overall aim of this study was to understand the interplay 
between three of the most important factors influencing the 
mechanical behaviour of sand, i.e., the particle shape, parti-
cle size distribution and initial sample density. We assessed 
whether the effect of a factor A on a mechanical quantity, 
at a specific instance of a factor B varies when the instance 
changes. For example, whether the effect of particle AR on 
the peak q∕p at a specific initial density, �prep , is consist-
ent when the initial density is varied. Table 3 sumarises 
this assessment. In addition, we explored the link between 
the macroscopic characteristics of the assemblies studied 
and their underlying micromechanical features in order to 
unravel insights that could help to better understand labora-
tory data. The following are the conclusions derived from 
this study:

As shown in Table 3, the effect each of the factors con-
sidered in this study has on both the macroscopic and 
the microscopic characteristics of the granular assem-
blies studied was not always consistent when other fac-
tors were considered. For example, although the peak 

q∕p decreased as the initial sample density (controlled 
by the �prep ) decreased for all AR values considered, the 
magnitude of the decrease is influenced by the particle 
AR (Fig. 7b); similarly, the effect of the AR on the peak 
q∕p varied with the �prep value considered (Fig. 7a). This 
finding establishes the fact that the interplay between 
the determining factors is important to comprehensively 
model the behaviour of granular assemblies. Making a 
generalisation after considering a single factor will only 
result in a deficient and misleading prediction of the 
behaviour of granular materials.
An analysis of the micromechanical features could help to 
shed light on the interdependencies established between 
the factors studied here. For example, the effect of the 
particle AR on the ΔMZini provides an explanation for 
why the effect a change in packing density has on the 
peak strength varies with the AR.
Our DEM data suggest that the strength-dilatancy rela-
tionship is a unique characteristic of granular assem-
blies. A remarkable linear relationship between strength 
and dilatancy, similar to that reported in the experimen-
tal study on sands by Bolton [61] was established for 

Fig. 19  Effect of AR on (a) 
critical state < |||

��⃗McN
||| > (b) criti-

cal state mean mobilised 
friction (c) critical state 
percentage of sliding contacts 
(%) (d) Relationship between 
critical state q∕p critical state 
mean mobilised friction, Imf  for 
2D-DEM samples
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the assemblies of varying particle shapes and gradings 
in this DEM study.
Our DEM data show that the percentage of contact loss 
during shearing correlates strongly with the degree of 
strain softening exhibited by the granular assemblies. 
In contrast to the finding in the experimental study by 
Amirrahmat et al. [54] which suggested that particle 
AR did not seem to influence the percentage of contact 
loss during shearing, we establish here that the per-

centage of contact loss indeed depends on AR and cor-
relates strongly with the dilatancy of the samples. By 
establishing a relationship between the peak dilatancy 
and the contact loss during shearing by the assemblies 
studied here, we provide an evidence for the claim that 
dilatancy in dense sands is accompanied by the loss of 
contacts.
In agreement with earlier studies on the behaviour of 
granular materials, we confirmed that particle shape influ-
ences the fabric anisotropy of granular assemblies and 
this ultimately determines the strength mobilised by the 
assemblies. Also, the strength mobilised by assemblies 
of non-spherical particles could be linked with the rate 
of particle rotation within the assemblies. We found that 
prior to the critical state, the rate of rotation decreased 
with an increase in the particle AR during shearing. The 
rate of particle rotation determined in this study provides 
a micromechanical data that is not common in previous 
DEM studies where only the magnitude of particle rota-
tion has been linked with shear strength.
We acknowledge that the out-of-plane system response 
ignored in our 2-D simulations may not accurately repre-
sent the contact interactions and volumetric response of 
3-D granular samples. Nevertheless, by comparing our 
2-D DEM data with the data from experimental and 3-D 
DEM studies including data from similar studies in 2-D 
(as shown in Figs. 4a, b, 7a, d, 8d and 19b), we dem-
onstrate the trends found in our study agrees well with 
the observations in 3-D studies of granular assemblies 
subjected to drained shearing. In order to further sub-
stantiate the relevance of the observations made here to 
the behaviour of sand, we recommend that a similar study 
involving three-dimensional representation of real sand 
particles should be conducted in the future.
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Table 3  Assessment of the interplay between factors

Note: ✓ means the effect of a factor (e.g. �prep ) on a quantity (e.g. 
initial e ) at a specific instance of another factor (e.g. Cu ) is consistent 
when the instance changes. In other words, the effect of �prep on the 
initial e is consistent for all Cu considered. ✗ means the effect of a 
factor (e.g. AR ) on a quantity (e.g. peak q∕p ) is not consistent when 
another factor (e.g. �prep ) is varied. ─ means a factor (e.g. �prep ) has 
NO effect on a quantity (e.g. critical state q∕p ) either when the same 
factor ( �prep ) is considered or when another factor (e.g. Cu ) is varied

�
prep

AR C
u

Initial e �prep ─ ✓ ✓
AR ✗ ─ ✓
Cu ✓ ✓ ─

Initial MZ �prep ─ ✗ ✓
AR ✗ ─ ✓
Cu ✓ ✓ ─

Peak q∕p �prep ─ ✗ ✗
AR ✗ ─ ✓
Cu ✓ ✗ ─

Critical state q∕p �prep ─ ✓ ✓
AR ─ ─ ✗
Cu ─ ✓ ─

(−d�v∕d�a)max �prep ─ ✗ ✗
AR ✓ ─ ✗
Cu ✓ ✓ ─

Critical state e & Critical state MZ �prep ─ ✓ ✓
AR ─ ─ ✓
Cu ─ ✓ ─

Critical state acn �prep ─ ✓ ✗
AR ─ ─ ✗
Cu ─ ✓ ─

Critical state Mean particle rotation �prep ─ ✓ ✓
AR ✓ ─ ✓
Cu ✓ ✓ ─

Critical state < |||
��⃗MN

||| >
�prep ─ ✓ ✓

AR ─ ─ ✓
Cu ─ ✓ ─

Critical state Imf �prep ─ ✓ ✓
AR ─ ─ ✗
Cu ─ ✓ ─
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otherwise in a credit line to the material. If material is not included in 
the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
need to obtain permission directly from the copyright holder. To view a 
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.
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