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Abstract
The influence of the particle size on the vertical plate penetration into dense cohesionless granular materials was numerically 
investigated. Simulations were performed in quasi-two-dimensional conditions by changing the mean particle diameters d50 
but maintaining the plate thickness B from B/d50 = 63–2.6. The initial bulk packing fraction was kept high, irrespective of the 
particle size. In the smallest particle size case (B/d50 = 63), the size ratio reached almost the same level as that in the labora-
tory experiments using natural sand particles. The results demonstrated that the mean penetration resistance force acting on 
the plate tip surface increases with a decrease of B/d50, while the tangential force acting on the side surfaces does not change 
with B/d50. Tip resistances increase linearly with the penetration depth, while the tangential resistances increase with the 
square of the depth regardless of B/d50. The behavior of the resistance fluctuations changes qualitatively between B/d50 = 31 
and 21. For all cases, we confirmed the formation of a wedge-shaped flow with a high forward velocity in front of the plate 
tip. The wedge flow width was larger than the plate thickness by almost a mean particle diameter, and was responsible for the 
increase in the mean resistance depending on the particle size. For the large B/d50 cases only, the resistance exhibited quasi-
periodic fluctuations, which was attributable to the intermittent nucleation and disappearance of the shear bands. Moreover, 
we investigated the dependence of B/d50 on the band evolutions by analyzing the band thickness.
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1  Introduction

The resistance force acting on intruders during penetration 
into granular materials is of interest not only in granular 
physics [1–12], but also in engineering applications, such as 
cone penetration tests [13–21], pile installations [22–28], the 
digging of mining machineries [29], and the locomotion of 

legged robots over rough terrain [30]. Previous studies have 
demonstrated that the penetration resistance is affected by 
the particle size [12, 14, 16, 17, 20, 21, 31], bulk packing 
fraction [2, 9, 12, 17, 19, 21, 25], penetration depth [3, 4, 7, 
8, 12, 24, 25], intruder shape [3, 4, 20, 27, 29], and penetra-
tion velocity [9, 18]. Despite numerous efforts in these previ-
ous studies, the understanding of the underlying mechanisms 
of penetration resistance remains insufficient, owing to the 
inherent complexity of the particle–object interactions.

In this study, we focused on the influence of the particle 
size on the penetration resistance and behavior of granular 
materials. Bolton et al. [14] experimentally demonstrated 
that the penetration resistance acting on a cone penetrom-
eter is influenced by the particle size. These authors used 
sand particles with different median diameters (d50 = 0.225, 
0.40, and 0.90 mm). These sand particles had almost the 
same mechanical properties, with different particle size 
distributions and bulk packing fractions. By means of pen-
etration tests with varying cone diameters B from 6.35 to 
19.05 mm, they evaluated the relative particle size effect. 
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For cases of fine sand particles with B/d50 ranging from 28 to 
85, the resistances were not affected. However, for medium 
and coarse sand particle cases using the smallest cone 
(B/d50 = 16 and 7, respectively), the resistances increased. 
They suggested that cone penetration tests should be per-
formed using cones with diameters 20 times larger than the 
particle diameter to diminish the dependence on B/d50, but 
the detailed mechanism of this dependence was not clari-
fied in their study. Experiments by Peng et al. [3] and Kang 
et al. [7] also demonstrated that the influence of the particle 
size on the penetration resistance was negligibly small in 
the regime (B/d50 > 20). Cerato and Lutenegger [32] sug-
gested that the size effect was closely related to mesoscopic 
structure evolutions, such as the formation of shear bands. 
They speculated that shear bands induced by penetrations 
could not propagate fully with a decreasing B/d50. However, 
they did not observe shear band formations in their study, 
and their theories have not been confirmed. Hamm et al. 
[1] and Tapia et al. [2] observed plate penetrations using 
an image analysis technique under sufficiently larger B/d50 
conditions (B/d50 ≈ 60). They demonstrated that shear band 
formation could be observed at a dense initial bulk packing 
fraction (φ0 > 0.6). Moreover, they found that, for the dense 
case, the shear band evolutions were strongly related to the 
penetration resistance response. These results indicated that 
mesoscopic structural evolutions play an important role in 
object penetrations. However, the mechanism of the particle 
size effects on the penetration resistance and its influence on 
granular behaviors are still not effectively understood, as it 
is inherently difficult to change the particle size solely and 
observe the dynamics of mesoscopic structures and indi-
vidual particles in experiments.

In recent years, numerical simulations based on the 
discrete element method (DEM) have been extensively 
employed to investigate the micro–macro behaviors of gran-
ular materials. The DEM is capable of changing the parti-
cle-scale properties as intended. However, in general, there 
exists a limitation on the total number of particles for obtain-
ing DEM simulation results within a reasonable computation 
time. Numerous researchers have reduced the total number 
of particles by increasing the particle size. It is apparent that 

this approach is not adequate for investigating the particle 
size effect. As indicated in Table 1, DEM studies have been 
limited to small B/d50 conditions excepting our previous 
study [31], and the shear band formation in granular mate-
rials has not been clearly observed during object penetra-
tion. In our previous study [33], a DEM program code was 
parallelized based on the dynamic domain decomposition 
technique, and could handle tens of millions of particles. To 
investigate the particle size effect, we conducted large-scale 
DEM simulations of vertical plate penetration into dense 
cohesionless granular materials in quasi-two-dimensional 
conditions using 67.9 million particles for the maximum 
case (d50 = 0.233 mm) [31]. In the simulations, by vary-
ing the mean particle size but maintaining the plate width 
(B = 20 mm), we changed B/d50 from 1.3 to 86. The results 
demonstrated that the penetration resistance increases with 
a decreasing B/d50, and were consistent with the findings of 
Bolton’s cone penetration tests [14]. We demonstrated that 
for small particles only (B/d50 = 86), discontinuous shear 
band evolution could be clearly observed in the bed, and 
penetration resistance appeared with quasi-periodicity. The 
results exhibited qualitative agreements with the experimen-
tal studies by Hamm et al. [1] and Tapia et al. [2]. In con-
trast, for small B/d50 cases, discontinuous shear band forma-
tion could not be clearly confirmed. In the paper, however, 
a value of B/d50 where the change occurs was not clarified. 
Moreover, the mechanisms that B/d50 affects penetration 
resistance and shear band formation have not been revealed.

In this study, we investigated the B/d50 dependence of 
the penetration resistance and shear band formation in a 
dense granular material by changing B/d50 extensively and 
maintaining the other conditions, such as the particle shape 
and initial bulk packing fraction. Firstly, we confirmed the 
validity of the DEM plate penetration model employed in 
this study by means of comparisons with the experimental 
results. Secondly, we performed numerical penetration tests 
by changing B/d50 from 63 to 2.6 in quasi-two-dimensional 
conditions. For B/d50 = 63, the ratio was equivalent to that 
in the experiments by Hamm et al. [1] and Tapia et al. [2], 
which was a considerably large-scale DEM simulation with 
a maximum of 35.5 million particles used. Thereafter, we 
illustrated the B/d50 dependence of the penetration resistance 

Table 1   Review of studies on B/d50 dependence of penetration resistance

References Method Intruder The number of particles B/d50

Bolton et al. [14] Experiment Cone penetrometer – 7–85
Previous study [31] DEM simulation (3D) Flat plate (Quasi-2D) 67,928,040 (B/d50 = 86) 1.3, 11, 86
Feng et al. [12] DEM simulation (3D) Cylinder 2,940,000 (B/d50 = 30) 15, 21, 30
Butlanska et al. [16] DEM simulation (3D) Cone penetrometer 65,000 2.7, 4, 5.4, 8
Liu and Wu [20] DEM simulation (3D) Cone penetrometer 422,191 3, 6, 12
Liu and Wang [21] DEM simulation (2D) Cone penetrometer 695,649 (B/d50 = 18) 9, 18
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and explored a value of B/d50 at which the tendencies of 
the resistance and granular behaviors changed. Finally, we 
analyzed the granular flow and shear band formation at the 
particle scale and discussed the mechanisms whereby B/d50 
affects the penetration resistance and shear band formation.

2 � Methodology

2.1 � DEM

In the DEM, the dynamics of granular materials were 
obtained by solving the equations of motion for individual 
particles. The contact forces were modeled by combina-
tions of a linear spring, dashpot, and frictional slider [34]. 
Although the use of commercially available glass beads with 
high sphericity was assumed in this study, real glass beads 
will always have a certain degree of non-sphericity. A roll-
ing resistance model that suppresses the excessive relative 
rotation of contacting particles owing to the non-sphericity 
was also introduced. Several rolling resistance models have 
been proposed [35–37], and the rolling spring-dashpot-slider 
model presented by Jiang et al. [38] was employed in this 
study. This model has two components in the rolling and 
twisting directions, respectively. As illustrated in Fig. 1, the 

rolling axis is defined on the contact plane, which is perpen-
dicular to the vector from the center of particle i to the center 
of particle j, while the twisting axis is defined in the direc-
tion perpendicular to the contact plane. The translational 
and rotational motion equations of particle i are respectively 
expressed by

where mi, Ii, vi, and ωi are the mass, moment of inertia, 
velocity, and angular velocity of particle i, respectively; Fj

N 
and Fj

S are the normal and tangential forces acting on par-
ticle i by contacting particle j, respectively; rj

i is the vector 
from the center of particle i to the contact point with particle 
j; Mj

R is the rolling moment; Mj
T is the twisting moment 

owing to the rolling resistance; and g is the gravity accel-
eration. Frictional sliders were provided in the tangential, 
rolling, and twisting directions, which limited the forces and 
moments to certain values, as illustrated in Fig. 2. The tan-
gential force, and the rolling and twisting resistive moments, 
respectively, are described as follows:

where k and c are the spring constant and viscous damp-
ing, respectively, while the suffixes N, S, R, and T repre-
sent the normal, tangential, rolling, and twisting directions, 
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Fig. 1   Rolling and twisting moments of contact between particles

Fig. 2   Tangential, rolling 
and twisting contact response 
system
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respectively. Moreover, δN and δS is the normal and tangen-
tial displacements, while θR and θT are the rolling and twist-
ing rotations; vN, vS, ωR, and ωT are the relative normal, 
tangential velocity, rolling angular velocity, and twisting 
angular velocity, respectively; ωR and ωT are calculated as 
ωR + ωT = ωi − ωj and ωT = [(ωi − ωj)·nij]nij, respectively, 
where nij is the unit vector from particle j to particle i; r 
is the common radius of the particles, defined as r = 2rirj/
(ri + rj); μ is the coefficient of sliding friction; and β and ζC 
are the rolling resistance model parameters. Jiang et al. [38] 
described the particle shape effect according to the dimen-
sionless shape parameter β. For a perfect spherical particle, 
β is set to 0. The local resistance owing to asperity crushing 
is described by the dimensionless local crushing parameter 
ζC. Furthermore, they proposed a simplified model in which 
ζC is equal to 2.1.

2.2 � Calculation conditions

2.2.1 � DEM parameter setup

The properties of the glass beads used in this study are 
shown in Table 2. Glass beads #1 and #2 had different 
median diameters, while the other properties such as the 
shape and density were similar. For all of the plate penetra-
tion tests discussed in the following section, the properties 
of glass beads #1 (d50 = 0.32 mm), such as the particle size 
distribution, particle density ρ, coefficient of sliding friction 
μ (the coefficients of the particle–particle, particle–acrylic 
wall, and particle–stainless plate frictions were 0.31, 0.20, 
and 0.27, respectively), and the coefficient of restitution e 
(0.9) were used. Glass beads #2 were used to obtain the 
shape parameter β and validate our DEM model. Figure 3 
illustrates the size distributions of the glass beads and DEM 
particles. In the DEM simulations, different particle diam-
eter sets of d = 0.31, 0.32, 0.33, and 0.34 mm and d = 1.8, 
1.9, and 2.0 mm were respectively used so as the median 
diameter d50 and uniformity coefficient d60/d10 are equiva-
lent to glass beads #1 and #2. In the linear spring model, the 
spring constant cannot be directly related to the material 
properties of the particles. The normal spring constant kN 
was determined such that the particle stress based on the 
amount of overlap in the normal direction becomes equiva-
lent regardless of d50 [39, 40]. When the spring constant 

becomes excessively small, the amount of particle overlaps 
becomes large, and the overall behaviors of the granular 
materials may be altered [41]. For glass beads #2, the nor-
mal spring constant kN was chosen as 8.3 × 104 N/m accord-
ing to preliminary computations in which kN was varied 
within the range from 6.0 × 103 to 1.6 × 106 N/m. This value 
was used because the values in the range from 8.3 × 104 
to 1.6 × 106 N/m did not substantially affect the penetra-
tion force working on the plate. Furthermore, in the case 
kN ≥ 8.3 × 104 N/m, particle overlaps in the normal direction 
were always less than 1% of the particle diameters. The nor-
mal viscous damping cN was determined from the coefficient 
of restitution of the particles [42]:

The tangential spring constant kS and viscous damping 
cS were calculated by ν = kS/kN and ν2 = cS/cN, respectively, 
where ν is the Poisson’s ratio of glass (0.25). The rolling 
spring constant kR, twisting spring constant kT, rolling vis-
cous damping cR, and twisting viscous damping cT were cal-
culated by kR = 0.25(βr)2 kN, kT = 0.5(βr)2 kS, cR = 0.25(βr)2 
cN, and cT = 0.5(βr)2 cS, respectively [38]. The shape 
parameter β was calibrated by the comparison between the 
experimental and numerical results of the cone penetra-
tion tests, because it is not trivial to measure the parameter. 

(7)cN = −
2 ln e

√
�2 + (ln e)2

√
mikN .

Table 2   Properties of glass beads #1 and #2

Glass beads Median diameter 
d50 (mm)

Uniformity coef-
ficient d60/d10

Particle 
density ρ 
(kg/m3)

#1 0.32 1.1 2610
#2 1.86 1.1 2490
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Fig. 3   Size distributions of glass beads #1 (red line) and #2 (blue 
line). Uniformity coefficients d60/d10 were 1.1 for both types of beads. 
In the calibration and validation tests, the distributions for the DEM 
model were given based on glass beads #2. After Sect. 2.2.3, the dis-
tributions for the DEM model were determined based on glass beads 
#1 (color figure online)
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The calibration study was conducted using glass beads #2 
(d50 = 1.86 mm). A stainless cone was penetrated vertically 
into the cohesionless granular materials with a constant 
speed of 10 mm/s in a rectangular container with a 218 mm 
width, 210 mm depth, and 150 mm height. As illustrated in 
Fig. 4, the cone was equipped with a tip of 30° and base of 
28.6 mm in diameter. The cone penetration calculations were 
performed by varying the shape parameter β. When β = 0.04, 
the cone penetration force exhibited good agreements with 
the experimental results, as indicated in Fig. 4.

2.2.2 � Validation testing of the DEM model

To validate the presented DEM model, we also performed 
plate penetration tests experimentally, and the results were 
compared. As illustrated in Fig. 5, glass beads #2 were ran-
domly packed in a rectangular container with a 1000 mm 
width (W), 100 mm depth (D), and 400 mm height. The ini-
tial bulk packing fraction φ0 was set to φ0 ≈ 0.63 by tapping 
the container. The initial bed height was set to 300 mm. The 
container side walls were made of acrylic to enable visual 
observations during penetration. A stainless flat plate with 
a 96 mm depth, 20 mm (B) thickness, and 250 mm height 
was used in the experiments. The plate had a similar surface 
roughness to the cone used in the parameter calibrations. 
The plate was penetrated vertically into the bed at a constant 
speed of VP = 100 mm/s until the front tip reached a depth of 
150 mm from the initial bed surface. We confirmed that the 
penetration resistance does not depend on the penetration 
speed in this regime. Further discussions will be developed 
in Sect. 3.1. During the penetrations, the penetration force 
Fz acting on the plate was measured by a load cell attached 
to the plate base. The container width was sufficiently large 
relative to the plate thickness, and the influence of the side-
walls at both ends was negligible. The parameters used in 
the DEM calculations are displayed in Table 3. The particles 
with d = 1.8, 1.9, and 2.0 mm were used such that the num-
ber ratio became 3:4:3. The initial random bed was obtained 
by falling particles with random initial velocities under grav-
ity. The initial bulk packing fraction φ0 was controlled by 
varying the coefficient of sliding friction and shape factor 
during the packing process; φ0 was set to 0.63, correspond-
ing to the experiments. Following packing, the coefficient 
of sliding friction and the shape factor were set to the pre-
determined values displayed in Table 3. After the change 
of coefficients, the beds were relaxed until they reached a 
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steady state. We confirmed that the packing fraction of the 
beds was the same before and after the relaxation.

Figure 6 illustrates the penetration resistance force, while 
Fig. 7 illustrates the particle bed deformation when the 
plate reached a depth of 150 mm. The particles are colored 
according to their initial vertical positions (10 mm intervals) 
to make the deformations visible. Good agreements were 
observed between the presented DEM and experiment for 
both the force and bed deformation.

2.2.3 � Plate penetration model setup

As illustrated in Fig. 8, all simulations were performed in 
quasi-two-dimensional computational domains, in which 
the periodic boundary condition was used in the depth (x) 

direction. A flat plate assuming periodicity in the x direc-
tion was pushed vertically into the cohesionless granular 
beds with a constant speed of VP = 100 mm/s. Cases A–F 
were compared, with different mean particle diameters, as 
listed in Table 4. For all cases, the plate thickness B was 
set to 20 mm. Hence, the ratio of the plate thickness to the 
median particle diameter B/d50 was changed from 2.6 to 63. 
The smallest particles were used in Case A (d50 = 0.32 mm), 
where the relative particle size (B/d50 = 63) reached almost 
the same level as that in previous laboratory experiments 
[1, 2]. This was a considerably large-scale DEM simulation, 
because the total number of particles in the bed was 35.5 
million (Case A: d50 = 0.32 mm).

The computational domain size in the periodic direction 
was at least 20 times larger than the maximum particle 
diameter in each case. The computational domain width 

Table 3   DEM parameters for glass beads #2 for validation test

Parameter Unit Value

Particle diameter d (mm) 1.8, 1.9, 2.0
Normal spring constant kN (N/m) 8.3 × 104

Coefficient of restitution e (–) 0.9
Poisson’s ratio ν (–) 0.25
Particle density ρ (kg/m3) 2490
Coefficient of sliding friction μ
 Particle–particle (–) 0.31
 Particle–wall (–) 0.20
 Particle–plate (–) 0.27

Shape parameter β (–) 0.04
Local crushing parameter ζC (–) 2.1
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W in the y direction was set to be large as the domain size 
effect became negligible. To examine the influence of the 
domain size effect and boundary conditions on the pen-
etration force, we performed simulations using different 
conditions, and the results are presented in Fig. 9. With 
the exception of the domain width W in the y direction and 
boundary conditions in the x direction, the other calcula-
tion parameters were the same as in the validation simu-
lation in the former section. We found that in the case of 
W = 500 mm, the penetration force was almost the same 
as in the case of W = 1000 mm, until the penetration depth 
reached 150 mm. This result indicates that the value was 
sufficient to prevent the domain size effect if W ≥ 500 mm. 
Thus, for the cases from d50 = 0.32–3.84 mm (Case A–E), 
W was set to 500 mm, while for d50 = 7.68 mm (Case F), W 
was set to 1000 mm. In terms of the boundary conditions, 
the penetration forces in the frictional and frictionless 

fixed-wall boundary condition were larger than that in the 
periodic boundary condition because the fixed-walls pre-
vent particle motion in the x direction.

The particle size distribution and particle density in DEM 
calculations were determined according to the glass beads 
#1 in Fig. 3 and Table 2. For Case A, particles with d = 0.31, 
0.32, 0.33 and 0.34 mm were randomly packed such that the 
number ratio became 1:2:2:1. For Cases B–F, the relative 
particle size relation was kept but it was adjusted to real-
ize the targeted median diameter d50. For example, d = 0.62, 
0.64, 0.66, and 0.68 mm were adopted for Case B. The par-
ticle density ρ was set to 2610 kg/m3. For all particle size 
cases, the initial packing fraction φ0 of the beds was set to 
0.63. Simulations were performed until the penetration depth 
zp, which is the distance from the plate front tip to the initial 
bed free surface, reached 150 mm. All calculations were 
performed in three dimensions.

3 � Results

3.1 � Penetration resistance

The penetration resistance force Fz can be decomposed 
into the normal force working on the front surface FTip, 
and the tangential forces on the left surface FLeft and right 
surface FRight. Figure 10 illustrates the penetration depth 
dependence of FTip and the sum of FLeft and FRight. The 
vertical axis represents the penetration resistance, while 
the horizontal axis represents the penetration depth zP. 
To enable comparisons, the penetration resistances were 
normalized by SP (depth of periodic domain D × plate 
thickness B). In Fig. 10a, the results of penetration speed 
Vp = 50 mm/s are also shown for Case A (B/d50 = 63). It 
was confirmed that the resistances including fluctuations 
are not sensitive to the penetration speed in this regime. 
For all cases, both FTip and the sum of FLeft and FRight 
increased with the penetration depth and FTip is the major 
contribution to the penetration resistance. Figure 11 shows 
the transitions of FTip with respect to penetration depth 
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Fig. 8   Plate penetration DEM simulation in quasi-two-dimensional 
computational domain. Periodic boundary conditions are used in the 
depth (x) direction

Table 4   Summary of quasi-two-dimensional penetration tests using DEM

Case Particle size d (mm) Median diam-
eter d50 (mm)

B/d50 (–) Dimensions of granular bed 
D (x) × W (y) × H (z) (mm)

Initial packing fraction φ0 (–) Normal spring 
constant kN 
(N/m)

A 0.31–0.34 0.32 63 6.8 × 500 × 300 0.63 1.6 × 104

B 0.62–0.68 0.64 31 13.6 × 500 × 300 0.63 3.2 × 104

C 0.93–1.02 0.96 21 20.4 × 500 × 300 0.63 4.8 × 104

D 1.86–2.04 1.92 10 40.8 × 500 × 300 0.63 9.6 × 104

E 3.72–4.08 3.84 5.2 81.6 × 500 × 300 0.63 1.92 × 105

F 7.44–8.16 7.68 2.6 163.2 × 1000 × 300 0.63 3.84 × 105
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using FTip/(SP × zP). FTip increased immediately after the 
penetration started and increased almost linearly with the 
penetration depth after zP ≈ 20 mm. Hereafter, we refer to 
the depth with zP ≥ 20 mm as the linear regime. In Fig. 10, 
linear fitting lines p(zP) for FTip/SP of zP ≥ 20 mm are also 
plotted. FTip is a hydrostatic-like force that depends on the 
penetration depth. Figure 12 shows the depth dependence 
of FLeft and FRight of all the cases. The sum of FLeft and 
FRight increased super-linearly with the penetration depth 
irrespective of B/d50. It is expected that friction between 
particles and plates is the major contribution to the tan-
gential forces working on the side surfaces and can be 
given by

where Py (z) is the earth pressure working normal to the 
side surfaces of the plate, μparticle–plate is the coefficient of 
friction between particles and the plate, and zB is the depth 
from the free surface of the bed to the plate tip. Assuming 
that the earth pressure increases linearly with depth Py (z) ~ z 
and zB is equal to zP, FLeft and FRight are proportional to the 
square of zP; FLeft and FRight ~ zP

2. A fitting curve q(zP) as a 
function of the square of penetration depth follows the data 
quite closely, as shown in Fig. 12. Superposing the linear-
ity of the normal force working on the front surface and 
the non-linearity of tangential forces on the side surfaces, a 
total force Fz shows a slight non-linearity as demonstrated 
in Fig. 10d.

(8)FLeft,FRight = �particle−plateD∫
zB

0

Py(z)dz,

To investigate the influence of the particle size, FTip/SP 
and the linear fitting lines p(zP) for all the cases are plot-
ted in Fig. 13. Clearly, as B/d50 decreased, the mean tip 
penetration resistance increased, which is consistent with 
the experiments by Bolton et al. [14]. In Fig. 14, fluctua-
tions in FTip can be observed for all the cases. Figure 14 
illustrates the resistance fluctuations ΔP = FTip/SP − p(zP) 
for Case A (B/d50 = 63), Case B (B/d50 = 31), Case C 
(B/d50 = 21), and Case D (B/d50 = 10). The fluctuations 
became quasi-periodic when B/d50 ≥ 31. For B/d50 = 63, 
ΔP exhibited a quasi-periodic cycle at almost 20 mm inter-
vals along with the plate advancement. For B/d50 = 31, ΔP 
exhibited a quasi-periodic cycle at almost 25 mm, until 
zP reached almost 100 mm. The quasi-periodic fluctua-
tions in the resistance were similar to the results reported 
by Hamm et al. [1] and Tapia et al. [2]. Meanwhile, for 
B/d50 = 21 and 10, ΔP did not exhibit a clear trend. We 
found that the tendency of the resistance fluctuations 
changed between B/d50 = 31 and 21.

3.2 � Deformation in granular materials

Figure 15 illustrates the deformation responses of the granu-
lar beds when zP reached 150 mm. Focusing on the deforma-
tion patterns of the layer, for B/d50 ≥ 31, we observed that 
large deformation was localized as indicated by the arrow in 
the enlarged views of Fig. 15a, b. For B/d50 < 31, although 
bed deformation occurred, localized deformation could 
not be clearly observed (see online resource 1). The results 
demonstrated that changes in the granular behaviors as well 
as penetration resistance occurred between B/d50 = 31 and 
21. According to the above results, we develop discussions 
mainly based on the comparisons between the large B/d50 
case (Case A: B/d50 = 63) and small B/d50 case (Case C: 
B/d50 = 21) hereafter.

To observe the deformation in more detail, we inves-
tigated the bed dilatancy characteristics. Tapia et  al. 
[2] experimentally demonstrated that the bulk volume 
increased with the penetration depth in densely packed 
beds. Using DEM simulation, the local compaction and 
dilation in beds could easily be evaluated. The local pack-
ing fraction φlocal distributions were obtained by calculat-
ing the total particle volume inside a spherical sampling 
volume with a radius of Rc = 4d50 located at the center of 
each particle. Figure 16a, b illustrate the results of Case 
A (B/d50 = 63) and Case C (B/d50 = 21) corresponding to 
Fig. 15a, c, respectively. For B/d50 = 63, narrow dilated 
regions with a low φlocal (≈ 0.57–0.60) emerged diago-
nally from the plate tip to the free surface. It is clearly 
confirmable that the narrow dilated regions correspond 
to the large deformation regions indicated in Fig. 16a. 
Moreover, φlocal remained unchanged and a dense packing 
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state was maintained in the other regions. From the results 
of the numerical simulations of plate drag in dense dry 
glass beads, Kobayakawa et al. [43] demonstrated that the 
low φlocal was localized near the shear bands, and the val-
ues were approximately 0.580–0.590. For B/d50 = 21, the 
dilated regions with a low φlocal (≈ 0.57–0.60) could be 

observed only in front of the plate tip. It appears that the 
slightly dilated regions were widely distributed from the 
plate tip to the free surface (see online resource 2).

Fig. 10   Penetration resistance 
acting on the plate as function 
of penetration depth zP. Front 
surface FTip (black solid lines), 
and the sum of tangential forces 
on the left surface FLeft and 
right surface FRight (red solid 
lines). Linear fitting lines p(zP) 
for FTip/SP (dashed lines) in 
the depth zP ≥ 20 mm. In a, the 
green dotted lines show the 
resistances for the slow penetra-
tion case VP = 50 mm/s, the 
yellow dashed line in d shows 
the total resistance Fz/SP (color 
figure online)
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3.3 � Granular flows

The contours in Fig. 17 indicate the magnitudes of the indi-
vidual particle velocity |vi| normalized by the plate pen-
etration speed VP in the vertical cross-section for Case A 
(B/d50 = 63) and Case C (B/d50 = 21) when the tip resistance 
FTip was in the linear regime in zP = 47–67 mm. Moreover, 
the directions of the mean velocity fields u at zP = 57 are 
plotted in Fig. 17c, h, where the vectors have the same length 
regardless of their magnitude. For all cases, the granular 
flows were confined to a region formed from below the 
plate tip up to the free surface. The materials outside this 
region were undisturbed and almost at rest. The boundaries 
between the disturbed flow region and undisturbed region 
(dashed lines in Fig. 17c, h) resemble the outlines (arcs a–d 
and a–e) of the failure surfaces introduced in the theory 
of Meyerhof [24], as indicated in Fig. 18. Focusing on the 
flow region, for all cases, we observed a wedge-shaped flow 
formed in front of the plate tip, moving with approximately 
plate speed (|vi|/VP ≈ 1). It is observable that the size of the 
wedge-shaped flow region varies in the z direction as the 
plate penetration proceeds for the B/d50 = 63 case, while it 
remains approximately constant for B/d50 = 21 (see online 
resource 3). This characteristic flow below the plate tip was 
called the dead zone or stagnant zone in Murthy et al. [5], 
Viswanathan et al. [6], Kang et al. [7], Feng et al. [12], and 
Aguilar et al. [30]. In plastic failure theories [22–25], it is 
assumed that an elastic wedge zone in front of the plate 
behaves as part of the plate. As illustrated in Fig. 18, in the 
case of cohesionless granular materials, the resistance force 
working on the plate tip is balanced with the sum of the ver-
tical component of the plunging force working on the wedge 
and the wedge weight. Hence, the wedge size is an important 
factor to consider for the resistance. In these theories, it is 
assumed that the wedge width in the y direction is the same 
as the plate thickness, and the wedge height in the z direction 
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is determined from the internal frictional angle of the granu-
lar material and plate roughness, regardless of the particle 
size. Moreover, because the theories were constructed under 
static equilibrium conditions, the wedge zone dynamics dur-
ing the penetration process have not been considered at all. 
Kang et al. [7] and Feng et al. [12] have proposed a model 
considering the dynamics of the wedge zone. Feng et al. 
explained that the initial rapid increase of resistance was 
caused by an initial compression of the material immediately 
ahead of the intruder. The transition from the nonlinear to 
the linear regime was due to the growth of a wedge zone in 
the penetration direction, and the resistance increased lin-
early after the wedge zone reached a steady size. As shown 
in Fig. 17, on the contrary, our results showed that for the 
B/d50 = 63 case, the wedge shape did not keep a steady-state 
even after the tip resistance had already reached the lin-
ear regime (zP ≥ 20 mm). Feng et al. conducted their pen-
etrations in loose materials (φ0 = 0.575), while we focused 
on dense materials (φ0 = 0.63). In our previous study, we 
investigated the influence of the initial packing fraction on 
the plate drag [43], and found that a stable granular flow 
could be observed in front of the plate for a loose mate-
rial (φ0 = 0.586), whereas an unsteady granular flow was 
observed for the dense material (φ0 = 0.638). It is expected 
that this qualitative difference in behavior can be attributed 
to the difference in the initial packing fraction.

To investigate the dynamics of the wedge-shaped flow 
in the height (z) direction, we plotted the temporal change 
in the normalized vertical particle velocity uz/VP distribu-
tions along the vertical centerline of the plate for B/d50 = 63 
and 21 in Fig. 19, where uz is the vertical component of 
the mean velocity field u. In both cases, firstly, at the ini-
tial moment the plate penetrates the material, a flow region 
with the middle velocity (uz/VP ≈ 0.5) propagates deeply 
into the material, which induces the initial rapid increase of 
the tip resistance; secondly, the growth of the flow region 
corresponding to the wedge zone was observed by the early 
stage (zp < 20–30 mm). In the linear regime, for B/d50 = 63, 
a quasi-periodic change occurred in the flow region and the 
onset of rapid forward expansions of the flow region could 
be observed at certain points, such as point a (zP = 47 mm) 
and point e (zP = 67 mm). In contrast, for B/d50 = 21, a quasi-
periodic change in the flow region was not clearly observed. 
To examine the flow region in more detail, Fig. 20 presents 
the uz/VP distributions for B/d50 = 63 and 21 at five differ-
ent penetration depths corresponding to points a–e and f–j 
in Fig. 19, respectively. The figure indicates that uz/VP was 
almost in unity with the plate tip, and decreased with an 
increasing distance from the plate tip. To investigate the 
expansion processes of B/d50 = 63 (Fig. 20a), the uz/VP dis-
tributions at point a (zP = 47 mm) and point b (zP = 52 mm) 
are compared. Particles existing at a 70 mm distance from 

Fig. 14   Fluctuations of tip 
resistance ΔP = FTip/SP − p(zP). 
a B/d50 = 63, b B/d50 = 31, c 
B/d50 = 21, and d B/d50 = 10
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the free surface exhibited forward velocity when the plate 
tip reached point a, while they were almost at rest at point 
b. At the onset of the flow expansions (point a), the flow 
region was instantaneously propagated far forward from the 
plate tip. Focusing on the length of the flow region with 
a high velocity (uz/VP > 0.95), it increased to 9 mm from 
the plate tip at point b, compared to 3 mm at point a. This 

indicates that a finite time scale exists for the development 
of a high-velocity flow region in front of the plate tip. At 
point e (zP = 67 mm), similarly to point a, instantaneous 
propagation of the low-velocity flow region occurred again, 
while expansion of the high-velocity flow region still did not 
occur. These results reveal that the flow regions were not in 
a steady state at all; moreover, deeper rapid expansions of 

B/d50 = 63) B/d50 = 31)

B/d50 = 21) B/d50 = 10)

B/d50 = 5.2)

(a) Case A ( Case B (

Case C ( Case D (
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Fig. 15   Deformation of beds at penetration depth zP = 150 mm. The animation of these figures is shown in online resource 1. Insets in a and b 
display magnified views of localized large deformations
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Fig. 16   Distributions of local 
packing fraction φlocal in beds at 
zP = 150 mm. The animation of 
these figures is shown in online 
resource 2

ϕlocal
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ϕlocal

0.62 0.57

Dilated region

B/d50 = 63)(a) Case A ( Case C (B/d50 = 21)(b)

Fig. 17   Distributions of 
individual particle velocities 
|vi|/VP from zP = 47–67 mm 
for a–e B/d50 = 63 and f–j 
B/d50 = 21. The animation of 
these figures is shown in online 
resource 3. In c and h, the direc-
tion of the mean velocity vector 
u is illustrated when |u| ≥ 0.9
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the flow region occurred first, with the high-velocity flow 
region subsequently formed near the plate tip, and these pro-
cesses were repeated (see online resource 3). In contrast, 
for B/d50 = 21 (Fig. 20b), the uz/VP distributions in the flow 
region remained almost unchanged along with the plate 
movement. A jump in the height of the high-velocity flow 
region could not be confirmed.

Figure 21 illustrates the temporal changes in the nor-
malized velocity uz/VP distributions in the width (y) direc-
tion at the position of one mean particle radius ahead of 
the plate tip for B/d50 = 63 (Case A), 5.2 (Case E), and 2.6 
(Case F). The horizontal axis represents the distance from 
the plate center. It can be observed that the fast down-
ward flow regions were confined beneath the plate. For 
each B/d50 case, the width of the flow region remained 
approximately constant and independent of the penetration 
depth. Meanwhile, it is clearly observable that the width 
of the flow region changed corresponding to the particle 
size d50. This result indicates that the wedge width has a 
dependence on the particle size as well as plate width. We 
assumed that the wedge width was related to the size of 
the region in which particles can make direct contact with 
the plate tip. As illustrated in Fig. 22, this direct contact 
region is wider, by one particle diameter, than the path of 
the plate. Here, we introduced an effective plate thickness 
of BEff = B + d50. The concept is similar to the effective 
penetration depth and effective vane diameter proposed by 
Soller and Koehler [44]. They performed experiments with 
rotating vanes in glass beads and investigated the influ-
ence of the vane and bead diameters. They demonstrated 
that the measured rotational drag and lift forces working 
on the vane increased with the bead size, and followed a 
scaling behavior that depended on the effective penetration 

depth and effective vane diameter, expressed as a func-
tion including particle size. Figure 23 illustrates the tip 
penetration resistance FTip/SEff, where SEff is defined by 
SEff = (B + d50) × D. It was found that the mean tip penetra-
tion resistances using the effective plate thickness almost 
agreed with one another. This result indicates that, as the 
particle size became larger, the effective plate thickness 
increased and, as a result, the mean tip penetration resist-
ance increased with the particle size.

3.4 � Shear band

Localizations of large deformations, known as shear bands, 
are induced by intruders in granular beds. Vesic [25] experi-
mentally demonstrated that for a densely packed bed, shear 
band formation emerges from the edges of an intruder tip 

Fig. 18   For cohesionless granular materials, resistance force working 
on the plate tip predicted by Meyerhof’s theory [24]
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and extends downwards and laterally outwards in the shal-
low penetration regime. The propagation of shear bands 
has been observed by the particle-tracking technique [5] 
and numerical particle simulation [6]. To identify the shear 
bands in the granular materials, the shear strain rate in the 
beds was computed. It was demonstrated that each shear 
band firstly started from the edges of an intruder tip, and 
the bands propagated downwards and intersected below the 
plate tip. It could be observed that two shear bands formed a 
wedge zone below the plate tip. These authors only focused 
on very shallow penetration depths (zP < B) and did not dis-
cuss the behaviors of shear bands after they were formed in 

detail. Hamm et al. [1] and Tapia et al. [2] experimentally 
demonstrated that shear bands are nucleated and disappear 
repeatedly as the penetration depth increases further. Moreo-
ver, they reported that the evolution of shear bands is largely 
dependent on the initial bulk packing fraction. Because they 
were not using plates with a flat-tip, they did not report on 
the existence of a wedge zone.

To identify the shear band in the materials, we computed 
the maximal shear strain rate 𝛾̇ from the DEM results by

where ėyy and ėzz are the normal strain rates, and ėyz is the 
shear strain rate, given by

Figure 24 illustrates the maximal shear strain rate fields for 
Case A (B/d50 = 63) and Case C (B/d50 = 21). These snap-
shots correspond to the distributions of particle velocities in 
Fig. 17. In both cases, it can be observed that the shear bands 
in front of the tip bordered a wedge-shaped region (ΔABC 
in Fig. 24c, h), corresponding to the flow region with a high 
velocity. For large B/d50 cases, it can clearly be observed that 
the shear bands were developed from the plate edges to the 
free surface; in contrast, this is not as clear for small B/d50 
cases (see online resource 4). These results are consistent 
with those of our previous study [31]. In the present study, 
we investigated the B/d50 dependence on the dynamics of the 
shear band formation in further detail. To develop further 
discussions, the shear bands are distinguished as (I) and (II), 
as indicated in Fig. 24c, h. Shear bands (I) are indicated by 
solid lines, and these were developed respectively from the 
plate edges B and C to intersection point A, and were bor-
dering a wedge zone (ΔABC). Shear bands (II) are indicated 
by dashed lines, and developed from near intersection point 
A to the free surface (points D and E).

Shear bands (I) In the theories based on static equilib-
rium, the wedge zone is assumed to be a triangle with angles 
π/2 + ϕ/2, and it does not change according to time. In con-
trast, for B/d50 = 63, the simulation results demonstrate that 
the wedge angles changed during the penetration. Figure 25a 
illustrates the temporal change in the angles of shear bands 
(I) ψR and ψL, and the resistance fluctuation ΔP for Case A 
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(10)ėyy =
𝜕uy

𝜕y
,

(11)ėzz =
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(12)ėyz =
1

2

(
𝜕uy

𝜕z
+

𝜕uz

𝜕y

)

.

0

1

− 0.2

0.2

0.4

0.6

0.8

1.2

u z
/V

P
a b c d e

47 57 67 77 87
Distance from initial free surface [mm]

Plate tip position

B/d50 = 63)

47 57 67 77 87
Distance from initial free surface [mm]

Plate tip position

0

1

− 0.2

0.2

0.4

0.6

0.8

1.2

u z
/V

P

f g h i j

(a) Case A (

Case C (B/d50 = 21)

9 mm

3 mm

6 mm

70

0.09

4 mm

(b)

Fig. 20   uz/VP at the five different penetration depth which correspond 
to points a–j in Fig. 19



	 S. Miyai et al.

1 3

105  Page 16 of 21

(B/d50 = 63), where ψR and ψL indicate the angles ∠ABC 
and ∠BCA in Fig. 24c, respectively. From the figure, we 
found that for B/d50 = 63, ψR and ψL exhibited quasi-periodic 
fluctuations, and sudden jumps from between 51° and 71° to 
between 19° to 41° occurred on both sides. At the timing of 
the jump events, new shear bands were formed (solid lines 
in inset of Fig. 24e), while the former shear bands (dotted 
lines in inset of Fig. 24e) could still be observed. It is noted 
that the angle of the new shear bands is plotted in Fig. 25 
for the case where former and new bands could be observed 
simultaneously. Figure 25 illustrates that the onset of new 
band formation sometimes occurred synchronously on both 
sides. A short while after the new band was formed, the 
former bands disappeared. The resistance force reached the 
local maximum when the former bands disappeared. How-
ever, for B/d50 = 21, the magnitude of the fluctuations in ψR 
and ψL was smaller (34°–67°), and no clear periodicity was 
exhibited (Fig. 25b). According to Figs. 24f–j and 25b, it 
appears that the bands continued to form in front of the tip 
without disappearance, and there was no clear correlation 
between the angles and resistance. For both cases, the mean 
values of the angles gradually increased with the penetration 
depth. The mean angles between zP = 110 and 150 mm were 
55° for both cases. Shear bands (II) Shear bands (II) could 
be observed clearly for B/d50 = 63, but not for B/d50 = 21. 
For B/d50 = 63, the evolution of bands (II) was related to 
the evolution of bands (I). At the timing of the inception of 
bands (I), several new bands (II) emerged from near intersec-
tion point A (dashed-dotted lines in Fig. 24e). Thereafter, it 
appears that these newly formed bands (II) could not sus-
tain themselves, and only one band with large shear strain 
remained on each side as a result (Fig. 24b–d). In contrast, 
for B/d50 = 21, it appears that the inception and disappear-
ance of new shear bands (II) were repeated frequently during 
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the penetration, and clear local concentration of shear strains 
was not observed.

To investigate the mechanism of the B/d50 dependence 
on the shear band formation, we focused on the relationship 
between the shear band formation and microscopic particle 
motion. It has been reported that the rotations of individual 
particles become significant inside shear bands [45–47]. Fig-
ure 26 illustrates the magnitude of the normalized angular 
velocity of the individual particle 𝜔̄i for Case A (B/d50 = 63) 
and Case C (B/d50 = 21), where 𝜔̄i is defined by

(13)𝜔̄i =
dp
||�i

||
2VP

.

In the case where there is no slip between a particle and a 
plate moving toward the direction parallel to the plate sur-
face, the particle rotation induced by the contact is given by 
𝜔̄i = 1. These snapshots represent the results at zP = 57 mm 
and corresponding to Fig. 24c, h. A clear correlation is con-
firmed between the high shear region (Fig. 24c, h) and high 
angular velocity region (Fig. 26), as expected. Figure 27 
illustrates the 𝜔̄i distributions along the dashed lines pass-
ing through plate edge C in Fig. 26. The solid lines represent 
the values averaged over each maximum particle diameter 
interval. For B/d50 = 63, 𝜔̄i near the plate tip and at a dis-
tance of approximately 17 mm from the tip were clearly 
higher, corresponding to shear bands (I) and (II), respec-
tively. Following Bardet and Proubet [46], we estimated the 

Fig. 24   Shear strain rate 
fields from zP = 47–67 mm 
for a–e B/d50 = 63 and f–j 
B/d50 = 21. The animation of 
these figures is shown in online 
resource 4. As shown in c 
B/d50 = 63 and h B/d50 = 21 
at zP = 57 mm, shear band (I) 
formed from plate edges B and 
C to intersection point A (indi-
cated by solid lines), and shear 
band (II) formed from near 
intersection point A to the free 
surface (points D and E). In the 
inset of c, ψR and ψL indicate the 
angles of shear bands (I) ∠ABC 
and ∠BCA
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shear band thickness by measuring the distance between two 
points on the line crossing band (II), at which the magni-
tude of the particle rotation became sufficiently small. At 

zP = 57 mm, the distance along the dashed line was 21d50 
(6.8 mm). Because the angle between the dashed line and 
band was approximated as 64°, the shear band thickness 
was estimated as 19d50. For B/d50 = 21, 𝜔̄i near the plate tip 
was large, and decreased as the distance from the plate tip 
increased. We could not confirm a local peak correspond-
ing to shear band (II). Various researchers [32, 48–52] have 
reported that the shear band thickness is strongly affected by 
the absolute size of the particles. Nemat-Nasser and Okada 
[50] reported that when the mean particle diameters d50 were 
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0.22 and 0.48 mm, the band thicknesses were 11d50 and 
15d50, respectively. Viggiani et al. [51] also reported that, for 
d50 = 0.34 and 0.90 mm, the band thicknesses were between 
10d50 and 15d50 and 8d50, respectively. These results indi-
cate that the ratio of the band thickness to the mean particle 
diameter was almost constant, even though the particle size 
changed. In contrast, Vangla and Latha [52] observed that 
the band thickness decreased from between 21d50 and 24d50 
to between 10d50 and 12d50 when the mean particle size 
increased from 0.22 to 0.87 mm. Owing to the particle size 
dependence of the shear band thickness, with a decreasing 
B/d50, the thickness became relatively larger with respect 
to the plate thickness. When B/d50 became approximately 
20 or less, the band thickness became almost the same or 
larger than the plate width. For all cases, shear bands (I) 
interfered with shear bands (II), and evolutions of the wedge 
zone formed by bands (I) and the strain concentration in 
bands (II) did not occur in any cases.

4 � Conclusions

We investigated the influence of particle size on vertical 
plate penetration into granular materials by large-scale 
DEM simulations. Particle size d50 was varied from 0.32 to 
7.68 mm while keeping the plate thickness B to 20 mm for 
all the cases. Hence, B/d50 was varied from 2.6 to 63. For 
B/d50 = 63, the size ratio reaches almost the same level with 
laboratory experiments in the literatures [1, 2]. As param-
eters that give major effects on the penetration resistance, 
initial packing fraction of the beds was kept high and pen-
etration depth was kept in a shallow regime.

We confirmed that the mean penetration resistance act-
ing on the plate tip surface increases with a decrease of 
B/d50, which is consistent with the experiments by Bol-
ton et al. [14]. From the observations of granular flow 
and shear band formation, a wedge-shaped granular flow 
with high forward velocity was observed in front of the 
plate tip for all the cases and it was similar to the wedge 
zone assumed in classical plastic failure theories. Only for 
the large B/d50 cases (B/d50 = 63 and 31), quasi-periodic 
fluctuations of the resistance similar to those reported by 
Hamm et al. [1] and Tapia et al. [2] could be observed. We 
have investigated the influence of particle size effect on the 
processes of granular flow and shear band propagation at 
the particle-scale and the following findings were revealed:

1.	 The width of wedged-flow formed in front of the plate 
tip was larger than the plate thickness almost by a mean 
particle diameter. The effective plate thickness increased 
as the particle size became larger and the mean tip resist-
ance increased with particle size as a result. Moreover, 

the tangential force acting on the side surfaces does not 
change with B/d50.

2.	 Tip resistance increases linearly with penetration depth, 
while the tangential resistances increase with the depth 
squared, regardless of B/d50.

3.	 The behavior of tip resistance fluctuations changes 
depending on B/d50. In particular, the behavior changed 
qualitatively between B/d50 = 31 and 21. For the large 
B/d50 cases, tip resistance fluctuations became quasi-
periodic; conversely, for the small B/d50 cases, the fluc-
tuations did not show a clear periodicity.

4.	 For the large B/d50 case, the shear bands nucleated and 
disappeared quasi-periodically during penetrations. 
The tip resistance fluctuations were attributed to the 
band evolutions. Due to particle size dependence of 
shear band thickness, as decreasing B/d50, the thickness 
is relatively larger with respect to the plate thickness. 
When B/d50 becomes about 20 or less, the band thick-
ness is almost same or larger than the plate thickness. 
As a result, for the small B/d50 case, the evolutions of 
the bands formed the wedge zone could not be observed. 
The periodic resistance fluctuations did not occur.

5.	 The behavior of wedged-flow in the vertical direction 
changes depending on B/d50. For the large B/d50 case, the 
height of the wedged-flow oscillated quasi-periodically. 
The evolutions of the wedged-flow in the vertical direc-
tion were corresponded to the evolutions of shear bands. 
For the small B/d50 case, neither the wedged-flow evolu-
tions nor evolutions of shear bands occur.

This study shows that for plate penetration into dense 
cohesionless granular materials in a shallow penetration 
regime, the value of B/d50 affects not only the penetration 
resistance but also granular flow and shear band formation 
in the beds. We recommend that B/d50 should be more than 
30 to neglect particle size effect.
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