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Abstract

A degenerate Zakharov system arises as a model for the description of laser-plasma inter-
actions. It is a coupled system of a Schrodinger and a wave equation with a non-dispersive
direction. In this paper, a new local well-posedness result for rough initial data is established.
The proof is based on an efficient use of local smoothing and maximal function norms.
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1 Introduction

In view of numerous applications, there is strong interest in plasma dynamics and laser-
plasma interactions. Ideally, one wants to use numerical simulations to gain insight in these
processes. This requires reliable models and a thorough understanding thereof.
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In 1972, Zakharov introduced in [23] the system

i%E+ AE = En in(-=7,T) x RY,
3?n — An = A|E)? in(-7,T) x RY, (1.1)

to study Langmuir waves in a non- or weakly magnetized plasma, where the physical dimen-
sion is d = 3. Here, E denotes the complex envelope of the electric field and n the ion
density fluctuation.

A different situation arises when modelling the interaction of a plasma with a laser beam.
Using the paraxial approximation (see e.g. [19, Section 4]) to describe this interaction, one
obtains the system

i(4E+d,,E)+ANE = nE in(~7,T) x RY,
32n— A'n = N'|E* in(=T,T) x RY, (1.2)

where E now denotes the complex amplitude of the laser beam and n the real-valued elec-
tron density fluctuation. Both are functions of the variables (¢, x1, ..., xq) € (=T, T) X R4,
Since the last spatial variable x; plays a distinguished role (the direction of propagation of
the laser beam), we use the notation x = (xi, ..., x7—1) € RV and A’ = Z?;ll 831_. We
refer to [16] and [20] for a derivation in d = 3. In [16] a reduced version of (1.2) was used
to analyze self-focusing from local intensity peaks (hot spots) in laser plasmas, which is a
possible instability for inertial confinement fusion.

A more precise description of laser-plasma interaction takes into account that part of
the incident light field is backscattered by Raman- and Brillouin-type processes. The three
resulting light fields interact with the electric field of the plasma as well as with the density
fluctuation. The resulting system can be seen as a nonlinear coupling of equations of the
form (1.1) and (1.2). A reduced model system of this type was used in [17] for numerical
simulations, see also [7]. The first step in the analysis of these advanced models is the
understanding of systems (1.1) and (1.2). Finally, we note that the system (1.2) also arises
as WKB approximation for the Euler-Maxwell equations in the cold ion case for highly
oscillatory initial data, see [21].

In the present paper, we study the initial value problem associated with (1.2), i.e. we
prescribe

(E,n, 3n)|i=o = (Eo,no,n1) inRY. (1.3)

We prove the following local well-posedness result.

Theorem 1.1 Letd > 3, s > %, s’ > % Then, (1.2)—(1.3) is locally well-posed if the
initial data satisfies

/ 1 2
(Eo,no, |V 7n1) € H™ @) x (B3 @)

We define the non-isotropic Sobolev spaces H*>* ' (R?) as the collection of all fe8§ (R%)
satisfying

) 12
1F W gy’ ety = ( /R &) (8 |fx,xdf<s,sd)|2d5dsd) < 400,

where & = (&1,...,61-1) € R & € R, and |V/|7! = (V=A")"! is the Fourier
multiplier. We refer to Theorem 3.2 for a more precise version of our main result.
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LWP of a System Describing Laser-Plasma Intercations 761

Without going into detail, we remark that our proof in Section 4 also implies certain
refinements in Besov spaces at the threshold regularities if d > 4, and in addition, one could
avoid low frequency conditions (see Section 3).

Previous Results Coupling two of the fundamental dispersive equations, the Zakharov sys-
tem (1.1) and the corresponding initial value problem have attracted a lot of attention. We
refer to [10, 20] and the references therein for the history of the problem and to [4, 9, 14]
for a few milestones in the theory. The local well-posedness theory for the Zakharov system
is now comprehensively understood, see [5] for the state of the art in dimensions d > 4 and
[18] ford < 3.

Due to the lack of dispersion in the longitudinal direction in (1.2) the system (1.2) is
sometimes called the degenerate Zakharov system. This partial lack of dispersion adds sig-
nificant difficulties to the well-posedness theory, which therefore is still in its infancy. In
[7] the question of local well-posedness of (1.2) has been posed. The periodic problem
for (1.2) is ill-posed, see [8]. A positive answer in dimension three was glven in [13] for

initial values (Eq, ng, n1) in H>(R3) x H>(R?) x H*(R?) with ax, Eo, aszo e H(R?)
and 0y,n; € H 4(R3), using local smoothing and maximal function estimates. Improving
upon the maximal function estimate, local well-posedness for initial values (Ey, ng, n1) €

1 1 .
H?*(R3) x H*(R?) x H!(R?) with 3, Eo, 33, Eg € H*(R%) and 9., € H' (R?) was shown
in [1].

In view of these results, the assumptions on the initial data in Theorem 1.1 are lowered
significantly. Our approach is based on an efficient use of local smoothing and maxi-
mal function norms. More precisely, we adapt the approach devised in [3] (to solve the
Schrodinger maps problem) to the setting of the degenerate Zakharov system.

Organisation of the Paper In Section 2 we introduce notation and provide linear estimates.
In Section 3 we prove the main result under the hypothesis that two nonlinear estimates hold,
which we then prove in Section 4. In an appendix, we complement our results by showing
that it is impossible to prove the nonlinear estimates in Fourier restriction norms only.

2 Preliminaries

Notation Throughout the paper, we use the following notations. A < B means that there
exists C > 0 such that A < CB. Also, A ~ Bmeans A < Band B < A. Letu =
u(t, x, xq) and let Fyu, Fy, Fx x,u denote the Fourier transform of « in time, RY=! and RY,
respectively. By F; x y,u = & we denote the Fourier transform of « in time and space. Let
N, M be dyadic numbers, i.e. there exist ny, m; € Ng such that N = 2"t and M = 21, Let
n € C5°((=2,2)) be an even, non-negative function which satisfies n(t) = 1 for |¢| < 1.
Letting 7y (§) := n(§IN"Y) — n(E2N), m(©€) = n(§)), the equality Yy ny =1
holds. Here we used )y = "y, for simplicity. We also use the abbreviations ), =
D Meor 2N M = D_N.pmeaNos €tc. throughout the paper.

Lete € S~ 2 and Pe = {€ € R~ | £ . e = 0} with the induced Euclidean measure. For
P, q € [1, o], define

p/q 1/p
Ifllppa = (/ (/ |f(t,re+v)|thdv> dr) .
R RxPe
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762 S.Herretal.

We define I](\;i_l) ={t€ eRI¥1|& e suppny}. Let T > 0 and
L2(T) = {f € L2(=T, T] x R* ) |supp Fy f C [T, T] x Ili;’*”] .

Let ¢ € C;°(R) be non-negative and symmetric, such that ¢ (r) = 0if |r| < @d=1)7!
or|r| >4and ¢(r) = 1if 2v/d — 1)~ <r <2, and we set ¢y (r) = ¢(r/N). Then,
d-1
[T —onE)) =0foralle = @1, ....60-) e Iy P and N €2V, @21)
j=1

We define Py = .7-';1 nNFyand Py e = .7-";1¢N (& -e)F. Since both Py and Py Py e have
kernels in L' (R4~1), they are bounded operators on each of the spaces Lf,’q.

Letd >3, T >0,and pg = 2d +4)/d. For N > 1 and f € L?V(T), we define the
norms

d—1 d—1
_d=2 1
I vy = 1 lzgerz + 1Nl + N2 E IIfIILg}ooJrNZE ||PN,ejf||ngv2
j=1 j=1

if d > 4 and

2
S
gy = Iflzgor2 + 11 fllps + (QogN)~'N™2 > £l 200
: po y

2
1
+N2) [Py fll 2
j=1 !

in the case d = 3. To estimate the nonlinear terms, we introduce

d—1
1
lgllgyy = inf |lgill » +N_7E llg2ll, 1.2
v it L4 = Lej

Here p/, | satisfies 1/pg_1 +1/p),_, = 1 and ey, ..., e;_| denote the standard basis of
R4~1. For N = 1 we modify the above definition as follows:
d—1
1FURr = 1 gz + 100+ 301z lgloyy = gl -
j:1 tx

For T > 0 and s, s’ > 0, we define the normed spaces F“/(T) and W“/(T) as

F(r) = [ f € LA(=T. T x RY)|

Nl—=

/ 2
ey = | D MzsNQSHnM(éd)IIPfodfllFN(T)||L§d <oot,
N,M

WS (T) = [f € LX(=T, T] x RY) |

Nl

1 sy = | 20 MP N> [ @I PN Fog fllerzl | < o0
N,M
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LWP of a System Describing Laser-Plasma Intercations 763

For g € L%,(T), we define the norms for the nonlinear terms as

1
2
’ ) 2
lgllgssrry = | D M* N* [ EolPx Fraglonen [z, | -
N,M

1
2

2
HM(Ed)llefxdgllL;Lg L§
d

Igllyss )y = Z M N2
N.M

Linear Estimates In this subsection we collect the estimates for the flow of the linear
Schrodinger equation which we employ in the following. Besides the classical Strichartz
estimates, we crucially rely on local smoothing and maximal function estimates. The local
smoothing estimates follow from (4.18) in [12]. The maximal function estimates for d > 4
are stated in (4.6) in [12]. We refer to [11] (see (3.28) in the proof of Lemma 3.3) for the
maximal function estimates for d = 3. See also Lemma 3.2 in [3].

Lemma 2.1 Forall f € L2 (R?1), N > 1 and e € S*~2, we have:

(a) (Local smoothing estimate).
IS Py efll 2 S NT2Ifll2 (N > D).
(b) (Maximal function estimate).
e Py fll aoe S N TN f N2 d >4,
and
In@e" Py fll 20 S (1 +log N2 fl 2, d =3,

(c) (Strichartz estimate).

»
e fll a1 S 1F1 2

Note that Lemma 2.1 implies

16" =P 0l po 7y S N0l g ey 22)
forall p € H>S (RY).

In order to prove the local well-posedness theory via a fixed point argument, we also
need estimates for the inhomogeneous terms in our function spaces. In the case d > 4,
these are provided by Proposition 3.8 in [3], as one sees by checking the definitions of the
involved norms. We provide a proof here to include the case d = 3.

Lemma 2.2 We have

S lullgy
Fn(T)

t
H/ el (u(s))ds
0

forall0 < T < 1.
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764 S.Herretal.

Proof Tt is straightforward to prove Lemma 2.2 in the case N = 1. Thus, we assume N > 1.
We need to show

t
H f IR (us))ds S lull s 23)
0 Fy(T) L%
- a1
H / e TIN (u(s))ds SNTTY | L2 (2.4)
0 Fy(T) =1 J

The former estimate (2.3) is a consequence of the Christ—Kiselev lemma. See [6]
and Lemma B.3 in [22]. Alternatively, U? and V' spaces were employed to show (2.3),
see the proof of Lemma 7.3 in [3]. For the latter estimate (2.4), we follow the proof of
Lemma 7.4 in [3], see also [15]. Because of (2.1), we have

d—1 j—1
Pyf=> Pye | [](1—Prve) | Pvf. 25)

j=1 I=1

Hence, without loss of generality, it suffices to show

t
PNPN,EI/ I (y(s))ds
0

SNZlull 1o
€]
Fn(T)

We define the fundamental solution of the Schrodinger equation in RY~! as

d—1 ijxf?
Ko, x) = (dmit)~ T e it

Then, the inhomogeneous term can be expressed as
t
/ 9N (u(s))ds
0
= / / Ko(t —s,x — y)u(s, y)dyds — / e"(t*‘y)A/(u(s))ds
s<t JRA-I 5<0
= / / / Ko(t — s, x1 — y1. x' — y)u(s, y1, y)dy'dsdy, — "> F(x)
R Js<t JRI-2

:f vy, (£, x)dyi — "N F(x),
R

where
vy, (1, ) = / / Ko(t — s, x1 — y1, X" = y)u(s, y1, y)dy'ds,
s<t JRA-2

Fx) = /Re_im/ (1(_oo,o)u(s)) ds.

Since the latter term can be handled by Lemma 2.1 and the dual estimate of the local
smoothing estimate, it suffices to prove

1
| Pn Pr e vyl ryry S N2 lu(y)ll 2.

To see this, we invoke Lemma 7.5 in [3] which implies that there exist functions vy and w
such that

Py Py e vy, (t,x) = (P<2740N7311[X1>y1}) . PNPN,ele”A vy + w(t, x),

- _1
lvoll 2 + N~ A w2 + 10wl 2) S N2 uyo)ll 2,
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LWP of a System Describing Laser-Plasma Intercations 765

where P_,-40y ,, is defined in the obvious way. The Sobolev embeddings in time and
space yield the necessary bound for w(¢, x). To bound the first summand in the previous
decomposition, we write as in [3] forany 1 < j <d — 1

Py ;[ (Poa-soy e Lixi=my) - Pyv] = Z Py e;[ (Po-ton ¢, Lixi>y1)) - PN Pwye;v]-
Ni~N

Consequently, the desired bound for the first summand follows from the linear estimates in
Lemma 2.1. O

As above, we point out that Lemma 2.2 yields

t
/0 T T0) (u(s))ds S lull oo (2.6)

Fs.s (T)

forall0 <7 <landu € G“/(T).

3 Local Well-Posedness of the Degenerate Zakharov System

For the purpose of this paper it is more convenient to work with the first order reformulation
of the degenerate Zakharov system (1.2). Setting N = n — i|V’|’1 darn, system (1.2) is
equivalent to

i(0E+0d,E)+AE =RNE  in(—T,T) xR,
i,N +|V'IN = —|[V'||[E)* in(~T,T) x R% (3.1

The initial condition (1.3) transforms into
(E, N)|r=0 = (Eo, No), (3.2)

where No = no — i|V/|"'n;. Note that No belongs to H*~2*'(RY) if and only if
(no, |V'I"ny) € (Hs_%’s/ (]Rd))z. Moreover, the term N can be treated in the same way as
N in our analysis so that we drop the real part in (3.1) for simplicity. We remark that one can
use a modified transformation involving (1 — A’)™2 to avoid any low frequency conditions
by following the argument in [2], we omit the details.

Besides the estimates from Section 2, the crucial ingredients in the proof of the local

well-posedness theorem are the following estimates for the nonlinear terms appearing on
the right-hand side of (3.1).

Proposition 3.1 Letd > 3, s > % and s’ > % Then we have
1
/ < 2 /
”uU”Gs,s (T) ~ T2 ||14||Fs,s (1) ”v”W:_%"‘J(T)’ (3.3)
1
! < T2 / ,
VNG S T2l ot iy 2 sy (34)

forallT > 0.

We postpone the proof of Proposition 3.1 to Section 4 and first show how it implies the
local well-posedness of the degenerate Zakharov system.
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766 S.Herretal.

Theorem 3.2 Letd > 3, 5 > % and s’ > l Then, for every initial data (Eqy, Ng) €

HS (RY) x HS" 1S (Rd) thereisatime T > 0 and a unique solution
(E,N) € C(I=T, T1, H*' (R?) x H*" 35" ®D) 0 (F'(T) x W*~3'(T))
of the degenerate Zakharov system (3.1)—(3.2).

Proof We define a mapping ® by the right-hand side of the integral equation corresponding
to (3.1) (after dropping the real part), i.e.

itA —10y t (t—s)(iA =3y ,)
®(E,N) = (e 4« Eo —ifoe ‘ WE)‘”‘”).

e"V'INg + i [ OV || Es)|Pds

The estimates (2.2) and (2.6), the energy estimate for the half-wave equation, and the nonlin-
ear estimates from Proposition 3.1 now allow us to perform a standard fixed point argument
in the Banach space

CU-T, T1, B> RY) x H ™25 ®RY) 0 (F'(T) x W25(T)),

which yields the assertion of the theorem. O

4 Nonlinear Estimates
We now provide the proof of the nonlinear estimates in Proposition 3.1.

Proof of Proposition 3.1 Here we only consider d > 4. The case d = 3 can be handled in a
similar way. We consider (3.3) first. By Minkowski’s inequality, we get that

luvll oy S 1Y M> N | np )| Py (Fryu %6y Fuegv) ) Hi;d
N,M

2
S| Y MPN s / 1PN (Fegt) Ea — 1a) (Frgv)(02) Gy (rydna

N,M Sd

where ¢, denotes the convolution in the variable £;. Hence, it suffices to show the estimate

-2

I Pn(fiflloym S TZN Nmfn I fill ey, oy f2ll oo 2 4.1

forall f1 € Fn,(T) and f> € L%\,z (T)yn L?OLX, where Npin = min(Ny, N3).
We consider the three cases N <« Nj ~ N2, Ny < N ~ Nj,and Ny < N ~ N,. In the
first case, using Bernstein’s and Holder’s inequality, we find that

PN (i) lleya) = 1PN (f1/2) L7 STING ||PN(flf2)||LaLB 4.2)

d 1

Lyi
< TING I|f1||LaLg||f2||LooLz STING I fillEy, oy f2ll o2

where

(45 D)~ v -
'’ B y) \d+1" @d-DHd+1)'2 @-D@+D)’
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LWP of a System Describing Laser-Plasma Intercations 767

In the last estimate we also used that || f1 || 7724 < Ifill Fy, (T) which follows by interpolat-

ing between L® L2 and Lp =1 The second case No << N ~ N can be treated in a similar
way, employing Holder’s 1nequality first and then Bernstein’s inequality on f>.
It remains the case Ny < N ~ Np. If N = 1, we again argue as in (4.2). f N > 1,

~

Holder’s inequality yields

1PN (fi )Gy < N2 Z”PN(fle)”LlZ SN Z”fl IILZocIIlele
j=1 j=1
1 d=2
S T7N—7N12 I fillF, ) 120l oo g2

which completes the proof of (4.1).
Next we prove (3.4). We compute that

!
IV Gu2)l oy

D=

2

S| 30 MW e [ 1P (Frgin) s = 000 Fryun)(00) 13
N.M fd

Therefore, it is enough to show
d—Z
1P (g182)ll12 S Nmax min 18111 Ey, (D) 18211 Py (1) 4.3)
for all g1 € Fy,(T) and g» € Fpn,(T), where Npax = max(Ni, N2) and Npin =
min(Np, N»). Without loss of generality, we may assume Ny < Nj. In the case N| = 1, we
easily obtain (4.3) from Holder’s inequality, Bernstein’s inequality and interpolation.
We can thus assume N1 > 1 in the following. Recall from (2.5) that we have

d—1 j—1
g1=ZPN1,e,- l_[(l_PNl,E/) 81-
j=1 I=1

Since (Py,/2 + Py, + Pan;)Pnye is bounded on Ls,o’z for all e, e e S92, Holder’s
inequality allows us to estimate

d—1 j—1

1Pv(eigllz, < Do || Pries | [T = Pyie) 81| &2
j=1 =1 LrZ,x
d—1

d—2
S D PNy e lz2l2ll 2 S Ny TN, g Iy, ) 21l gy 7).
j=1
which completes the proof of (4.3). O
The above proof shows that, if d > 4, in the case s = % and s’ = % one obtains similar
estimates in the £!-based Besov norms.

Appendix A: Examples Involving Fourier Restriction Norms

In this section, we prove that it is impossible to solve the problem by using Fourier restric-
tion norms only. To that end, we define the additional frequency and modulation projections
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768 S.Herretal.

Py.u, Er, and VVLi as
(Frxg PN ) E, Ea) i= v (E) i (Ea) (Frxg [)E, Ea),
ELu(t, £,&4) = nr(t + 17 + Eu(t, &, £a),
Wi(t, &, £2) = nr(t £ [EDV(z, &, &).

For the parameters s,s’,b € Rand 1 < p < oo we define the Fourier restriction spaces

’ ’
xg' b-P(RA+1y and Xf,‘\fi’b’p (R4*1) as the collection of tempered distributions such that
the following norms are finite:

’ (Ns Ms’

The precise statement we prove in this section is the following:

(Lo 1PvwErulyy )

ull ssrpp :
X;‘S P Le2N

P
ZL)N,MezN

p
@L)N,MszN

2
[N,M

b +
(P ipv Wiz, ),

Null s p -
x;@i"

2
ZN.M

Proposition A.1

(1)  Suppose that there exists C > 0 such that

sfé.s/.bz,pz

0l o1y < Clltll ot 01
£ & Wi

holds for all square-integrable u, v with compact Fourier support. Then, either by <
1/2 or (b1, p1) = (1/2, 00) holds.
(2) Suppose that there exists C > 0 such that

||~/—A’(|w|2>||x

2
Ayt = ClWI

2
Wi

.s',.s'/,[7|,p]

£

holds for all square-integrable w with compact Fourier support. Then, either by > 1/2
or (b1, p1) = (1/2, 1) holds.

Proof Forr > 0 and a € R?*!, we define the ball B, (a) = {x € R ||x —a| < r}. Let
N> 1,L>1,a5 =(FN,N,0,...,0,—N>+N). Weuse S; = {(t, &, &) e R\ | L <
T+ 161> + &| <2L).

Firstly, we show (1). We define the functions u, vy + € L2(RAt1) as
L= N2,

U= XB(0), UN Bl(a;\t/)’

where x4 denotes the characteristic function of the set A. It is easily seen that for all by,
by € R, p1, p2 € [1, 00], it holds that

”u”XS‘S/‘b]’pl ~1, ”vN,:I:”X.\v_%“\-/,hz_p2 ~ 1.
£ Wi
Thus, it suffices to show that if p; < 0o, we have
ngnoo llu vzv,ﬂtllxs,s/,_%,,,l = 00. (A.1)

£
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LWP of a System Describing Laser-Plasma Intercations 769

We observe that if (7, &, &) € Bl/z(ai) then (xp, (o) * XBl(a,t))(fv &,&47) ~ 1. Therefore,
for p1 < oo, we get

Pl

’ Pl
> s+2s Z — ST Pl
ol = N e
£ 1<L<272N
€
71
=Nl Y L o a7 "
- ! Bi(ay) L%_g_gd(Buz(aN)ﬂSL)
1<L<272N
€
PL\ P
1 _rn (L\2 ! €
~ N2 P A ~ (log N)71,
N
1<L<272N

which implies (A.1). Here, the third estimate holds because the measure of the set
Bi2(a3) N Sy, is comparable to L/N if 1 < L <272N.
Secondly, we prove (2). Let 1 < p; < 0o. We define the functions wy + € L>(R4*!) as

_ L 11
-~ 2541 _1
Dyt = xmo +QogN) INTT2E N L g
1<L<272N

e 1. Our goal is to show that for all by, p; it

It is straightforward to check [|wy +|| . 1y
RS

£
holds that

lim |[vV=A(lwy £l = 0. (A.2)
N—oo X

s=%.5"by=1.py
W4

To see this, we note that if (1, £, &4) € B2 (alt), then

(X810 * Xpyains, ) (7660 ~ LIN
holds. We compute that

||~/—A/(|wN,i|2>||X

sf%<x/<b271,p2
Wi

_L _
> (logN) N Z L™! (XBI(O) *XBl(af,)mSL>

1SL=272N L2, . (Bip(ad)
_ L L 1—L
~ (logN) "IN L= ~ (logN) 1.
¢ 1 L22sz N + ¢
L= L}, (Bip(ay)
This completes the proof of (A.2). O
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