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Abstract. In this paper we consider the valuation of an option with time to
expirationT and pay-off functiory which is a convex function (as is a European
call option), and constant interest ratein the case where the underlying model
for stock prices &) is a purely discontinuous process (hence typically the model
is incomplete). The main result is that, for “most” such models, the range of
the values of the option, using all possible equivalent martingale measures for
the valuation, is the intervale('" g(e'™ ), S), this interval being the biggest
interval in which the values must lie, whatever model is used.
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1. Introduction

In a complete financial market any contingent claim is attainable and can be
valued on the basis of the unique equivalent martingale measure (see Harrison
and Pliska (1981) for terminology). The most prominent example of a complete
model is the Black-Scholes model, where stock prices evolve according to a
geometric Brownian motion. Despite of its popularity this model has serious
deficiencies: from the point of view of the distribution of returns as well as
from the point of view of its path properties. If a model is based on daily
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returns of a stock, statistical tests clearly reject the normality assumption made
in the Black-Scholes case. For a more recent empirical study of distributions
using German stock price data see Eberlein and Keller (1995). References to a
number of classical studies of the US-market are given there. Looking at paths
on an intraday time-scale, that is looking at the microstructure of stock price
movements, Fig. 3 of the same paper shows, that a more realistic model should
be a purely discontinuous process instead of a continuous one.

Since the returns are usually defined as increments of log stock prices, that
isas logs —logS_;, we choose as a model for stock prices

S = Sexpk) 1)

with X = (X;)r>0 as the corresponding return processXlis a semimartingale

- it is not easy to find a process which is not in this class; fractional Brownian
motions are an example - by Ito’s formul&) is the solution of the stochastic
differential equation

dS=S_ [dxt + ;d(XC)t + (e —1— AXt)} . @)

Here X¢ denotes the continuous martingale partXofind AX; = X; — X;_ the
jump at timet (see Jacod and Shiryaev (1987) for terminology). Note that the
simpler equation dS = S_dX would result in the Ddlans-Dade exponential

S =Sexp (Xt - ;<X°>t> [T @+Ax)e 2.

0<s<t

The returns of this process are not the statistically observable quantities.

In view of the empirical facts mentioned above we are looking for a model
with vanishing continuous martingale patf, which means that equation (2)
reduces to

dS =S [dX + (e — 1 - AX)]. ®)

In the following we assume thaX is a Lévy process under some probability
measureP, that is a process with stationary, independent increments starting
at 0. A typical example for such a process whose continuous martingale part
vanishes, is the hyperbolicévy motion defined in Eberlein and Keller (1995).
Coming back to the question of contingent claim valuation we have to find
an equivalent martingale measure. Unfortunately under the assumptions made
above, we entered the realm of incomplete models. Instead of a unique equiva-
lent martingale measure typically there is a large class of such measures. This
fact alone would not pose a problem as far as contingent claim valuation is
concerned. Real markets know at least two prices: the bid and the ask price.
It would be satisfactory if the values computed on the basis of the equivalent
martingale measures would span an interval corresponding to the bid-ask spread.
In the following we describe the relevant class of measures and show that the
corresponding values span a much wider interval. In the case of a European call
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option with strike I and time to expiratioil and with constant interest rate

r, the values span the whole interval fromS e " IN)*  to S, which is

an “absolute” interval in which all prices must lie, whatever model is used, for
arbitrage reasons. Similarly, if the pay-off function of an optiom,ig function
satisfying the set of assumptions (7) below, the values span the whole interval
from e Tg(e™S) to S.

2. Results

Let r denote the constant interest rate. We writ&, for the (possibly empty)
class of measures locally equivalentRo under whiche S is a martingale,
and.#, for the subclass of alp € .Z, under whichX is again a [évy process.

As a preliminary result we wish to examine under which conditior§ or
76 are not empty. This will be expressed in terms of the interestrathe
drift b and the levy measurd= of X underP.

By convention, the drift will be computed with the truncation functiefx) =
X1fx|<1}, SO that ify is the jump measure of,

ww, dt, dx) = Z 1{AXS(w)¢O}5(S,AXs(w))(dta dx),
s>0

and v(dt,dx) =dtF(dx), underP we may use the canonical representation

t t
x=bt+ [ [o0a-nEsa+ [ [ ptuesdo. @
0 0
Introduce also the clasgs of functions y: R — (0,00) such that

J (W) = ) F(dx) + [0y (& — DY(xF (@X) < o0 o
5
b—r+ [((e° - 1)y(x) — p(X))F (dx) = 0.

Proposition 1. 1f 44 = 0 then.Z4, = .72] = 0. If 94 # 0 then both_7, and
/¢ are non empty, and for each g %4 there is a measure & .2 under
which X is a levy process with drift band Levy measure Fgiven by

b"=b+ [ w(X)(y(x) — 1)F (dx), }
(6)
F/'(A) = [,y(X)F (dx).

Now let g be the pay-off function of our option. We assume the following
on this function:

g is convex lim 9() =1,

X—oo X

0<g(x) <x forallx>D0. @)
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These assumptions are quite natural. For a European call option with strike
I'>0,9(x)=Kx-ID)"
Under the measur® < .7, the value of the option is then

7(Q) =Eq [e" g(Sr)] - ®)

We consider the range séts= {v(Q)|Q € . } andl/ = {v(Q)|Q € .4 }.
We are naturally interested iR, but the smaller set/ also has some interest
and it will be the key technical ingredient to our proof.

There are obvious bounds aiQ): first by the convexity ofy and the bound
(7), the procesd/l; = g(e'T-9]) is a Q-submartingale for eac® € .7, so
Q) = e TEg[M1] > e " g(e™S). Second we have~ " ¢(Sr) < e~ St by
(7), sov(Q) < &. Thus

I/ Clr C [e7Mg(e" %) S) - )

Our main theorem is as follows:

Theorem 2. Assume that thedvy measure F of theélvy process X under P has
the following properties:

() F((—,a]) >0 foralla € R.
(i) F bhas no atom and satisfiesf[_l‘yo) IX|F (dx) = f(071] XF(dx) = oo.

Then. 7 is not empty, [ is the full interval (e~ g(e7 &), S) and |/ is
dense in this interval.

Remark 3. It can be shown that under the assumptions considered aijove
as well is the full interval. This will be proved in a forthcoming paper, where
various assumptions will be discussed.

Remark 4. The above assumptions dn imply that the procesX has both
positive and negative jumps, and indeed negative jumps of arbitrary large size;
it also implies that it has infinitely many jumps, and even infinite variation, over
every non void time interval. In fact we can replace (ii) by a weaker property,
more complicated to state, but which proves to be more natural in the proof. For
this, we need the following notation, far> 0:

6(z) = /(0072)(1 —e9F(dx), 6'(2)= /(Z}OO)(l —e ")F(dx). (10)

These are two non-increasing right-continuous functions with limit Ocat &nd
(i) above may be replaced by:

(i) For any A€ R there are two sequencés,), (c;,) decreasing td such that
8(en) — 8'(g)) — A.
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Remark 5. The assumptions of Theorem 2 are obviously satisfied by all nonnor-
mal stable processes. More interestingly for our concern, it is shown in Eberlein
and Keller (1995), that the centered symmetric hyperbolic distributions fit finan-
cial data quite well, and in order to get a good model for stock prices one can
chooseX as a hyperbolic vy motion plus a drift: that is to sa}( is given

by (4) with an arbitrary driftb and a levy measurd-; s depending on a shape
parameter > 0 and a scale parametér> 0. This Levy measure admits a
density w.r.t. Lebesgue measure given by

IXIC/8 ooeXp \XI\/2y+(C/6)2
9 = o] o

x| YQZ6V2Y) + Y2EV2y)

whereJ; andY; are the Bessel functions of the first and second kind. By formulae
9.1.7,9 and 9.2.1,2 in Abramowitz and Stegun (1968), the denominator of the
integrand above is asymptotically equivalent to a constany as 0 and to
y~Y/2 asy — oo, hencef, s(x) behaves like Ix? at the origin: therefore all
assumptions of Theorem 2 are satisfied.

The density of the infinitely divisible distribution on which the hyperbolieviy
motion is based, is in the centered symmetric case given by

W) = e (614 (2 ).

whereK; denotes the modified Bessel function of the third kind with index 1.
Eberlein and Keller (1995) contains more analytical details on this process as
well as an explicit option pricing formula.

3. Proof of Proposition 1

1)Set § =e S, sothat § =S¥ with X/ =X —rt. ThenX’is
again a levy process undeP, with the same Bvy measurd= and driftb —r.
Hence, up to replacing by b —r we can and will assume that= 0.

2) Suppose now that#, # 0 and letQ € .#%,. Girsanov's Theorem (Jacod and
Shiryaev (1987), 111.3.24) shows th&tis aQ-semimartingale with characteristics
(B, 0, v) given by

Br = bt + [5 ds [ o(X)(Y(s,x) — 1)F (dX)
(11)

v(dt, dx) = Y (t, x)dtF(dx)

whereY = Y(w,s,X) is a positive predictable function. The Hellinger process

h(P, Q) of order 1/2 betweenP andQ has a version given by (cf. Jacod and
Shiryaev (1987), 1V.3.28):

h(P.Q) = ;/Otds/<\/Y(s,x)—l)2F(dx)<oo P+Q)—as. (12)
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so the integral in the first formula (11) makes sense, becaﬁ@éAl)F (dx) <
oo and |(Y —1)¢| < 2l¢||vVY —1|+(vY —1)%. Observe also that (12) implies
that [g ds [(x2 A 1)Y (s, X)F(dx) < oo (P+Q) —a.s., as it should be, since
Y <4+3(/Y —1)?1{y~4. Further, if we write by Ito’s formula

t t
et =1 +/ e*s—dXs +/ /exsf (e — 1 — x)u(ds, dx)
0 0

and expresslX; in the first integral in terms of the canonical representation with
respect toQ

t t
X =B+ /0 / P01 — v)(ds, dx) + /0 / (x — p(x))u(ds, dx),

thene* is the sum of a local martingale und@, plus the following process of
locally bounded variation:

t t
Dy :/ e~ dBs +/ /exs- (€ — 1 — p(x))u(ds, dx).
0 0

ThenD; is also aQ-local martingale iff its Q-compensator is well-defined and
equal to 0 (see Jacod and Shiryaev (1987), Chapter Il, fore more details). Ob-
serving that theQ-compensator ob; is of the same form, with, replaced by

v, we see that €%, hence S = Se* as well, is a local martingale undé

iff we haveQ - a.s. for allt > 0O:

fot dsf{x>1} Y(S7 X)(ex - 1)F (dX) < o0
(13)
bt + f3 ds [ (Y (s, X)(€* — 1) — p(x))F (dx) = O.

Observe that (12) and the first property of (13) imply that the second integral in
(13) exists.

Now, putting together (12) and (13), there clearly existss] such that
y(x) =Y (w, s, x) satisfies (5): hences # 0.

3) Conversely assume thgte %4. Exactly as above, the measuré defined
by (6) integratesx? A 1 and ¢ — 1)y is F-integrable and the first formula (6)
makes sense. Thus there is a meagrender whichX is a Lévy process with
drift b’ and Levy measurd-’. FurtherQ is locally equivalent tdP in virtue of
Theorem 1V.4.39 of Jacod and Shiryaev (1987) (in which (ii) is in fact implied
by (v), by the argument above).

Further we have (13) witlY (w, s, x) = y(x), so S is a Q-local martingale.
If we prove thatS is in fact aQ-martingale, we will haveQ € .Z/, and the
theorem will be proved.

SinceS is a nonnegativ®-local martingale, by Fatou’s Lemma it is also a
Q-supermartingale and it remains to prove th&;[eX] =1 for all t. By (5)
and (6) we have f{x>1} e*F’(dx) < oo. Thus by classical results on infinitely

divisible distributions the variable* is integrable and
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Eole™] = exp|t (W0 + [ - 1 Apt)F (@ )

is well-defined for all\ €€ with 0 < Re(\) < 1. Taking (6) and the last property
in (5) (with r = 0) into account yields foi as above:

Eo[e™] = exp {t / yx)(eM™ —1— M — D)F (dx)] . (14)

Applying this with A = 1 gives the result.

4. Proof of Theorem 2

1) We will first prove that the sdt’ is dense in the interval defined in (9), under
the assumptions (i) and (ii’) (see Remark 4).
Introduce the functions

1 if x<0
f(x) = { _ k(x) =f(x)(€* — 1) — @(x).
e* if x>0,

k is bounded and behaves lik&/2 near 0, so that o = [k(X)F(dx) is
well-defined. Fix3 > 0. Set A=3—-b+r —«a and consider the double
sequencesg, ¢,) associated by (i) withA. Let v, denote a sequence of positive
numbers which will be fixed later, and seB, = [—n, —s,) U (g,,00) and

1
V() =1 (x) (vnl(oc,n)(x) + 15,00 + 1[En,g;]<x)) .
The first condition in (5) is obviously met by,, and the second will be iff

b— 1 —und(n) — 1 (6(en) — () — fi_ .., $OOF (cX)
e KOOF (@) + 28eh) — [, ) @(OF(@x) = O,

which amounts to saying that

wmbé(n) =b —r1r + o + ngl(é(gn)iél(sa)) + 6(nn).

(15)

The right-hand side of (15) converges tb —r +a+A=3>0, soitis
positive forn large enough. By (i) we also hawn) > 0, hence (15) defines
the numberny, > 0. Theny, belongs t0%4, so.# # (), and we denote b®,
the measure inZz] associated with it by Proposition 1.

Observing that(n)/F ((—oc, —n)) — 1, we deduce fromé(n) — 3 that
vnF ((—o0, —n)) — 3 as well.

Now we set X" =3 AXsliax,<—ny and X" =X-—-X", which are
two independent &vy processes und€l,. Set U/ =e*" and U/ =eX", so
that Sr = U UY. On the one hand, undé€}, the procesX™ is a compound
Poisson process withévy measure F/(dx) = vqF (dX)1(_oc,—n)(X). Therefore



138 E. Eberlein, J. Jacod

we have either X" < —n and U, <exp(-n), or X{"=0 and U,=1.
Further Qn[U/=1] = exp(TunF((—oc,—n))). Summarizing these results,
we get:

0<U/ <1 QuU/=1)—e ", QuU)<e " —1-eFT. (16)

On the other hand, for any €€ with 0 < Re()\) < 1, we have by (14) (where
X has to be replaced b¥ — rt again) and with gy(x) =e™ —1— \(e* — 1):

EQn[e/\(errT)] =
exp[T [gx()f (X) (vnL—oo,—m)(X) + 2L—n —enyuer,00)X) + L—c, e1(X)) F(dX)] -

Since Eq[eM'] = exp[T [(e™ — 1)nl(—oo,—ny(X)F (dx)] the independence
betweenX’™ and X" yields

EQ [e)\X-lf/"] — eT()\vn5(n)+an()\)+l‘)\)7 (17)

where a,(X) = [ gx(X)¥n(X)1{—n,o0) (X)F (AX).

The functiong,, is continuous, equivalent tax?(\2—\)/2 near 0, bounded
near—oo, and smaller thanCe* near +o. On the other handy,(x) — 0 for all
X #0and Yn(X)1[—n,o0)(X) < L(—0,0(X)+€ *10,00)(X). Therefore a,(A) — 0
asn — oco. Thus (17) and v,6(n) — 5 imply that Eq [eM7"] — eXT(@+n),
This with A =1 +iu whereu € R yields

EQ [Ur:/eiuXT”"] N eT(ﬁ+r)(1+iu)'
Note that the left side is fe‘“xdun(x) where, withu, denoting the law of
XM underQn, duvn(x) =e€*dun(x) and supw(R) < co by (17) and the
arguments following it. Therefore we get

Eq, [U/E (X{M)] — eT®*IF(T (5 +1))

for every bounded continuous functidnand even uniformly inf within the
class of functions satisfying & f < Cy and |f(x) —f(X)] < C|x —X/|.
In particular the family of function§,(x) = e *g(zS€*) for z € [0, 1] is in this
class withCy = § andC =1+ by (7), and we deduce that

Ea, [9(SULUNIU, =2] = Eq, [U/R,(M)] — g(z%e™)

uniformly in z € (0, 1]. Now we have ~(Qn) =e " Eq, [¢(SU;U.)], so the
above fact and (16) show that

V(Qn) - G(B) = eiT(B-H)g(S)eT(ﬁ‘H')).

In other words, the closure ¢f containsG(5) for everys > 0. ButG is a
continuous function omR., with limit e " g(e™S) at0 and limit § atoo
by (7): thusl/ is dense in the interval e[ g(e" &), Sl.

2) Next we observe that the map ~~ v(Q) is linear, while the set#, is a
convex set of probability measures, so the Igseis necessarily an interval. In
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view of (9) and of the previous step, it remains to show that the left endpoint
e "Tg(e™S) does not belong té.

Suppose thae~ T g(e™S) = v(Q) for someQ € .#;. This means that
if g'(x) = g(€Tx) andU = e S, thenEg[g'(U)] = ¢/(Eg[U]). Hence the
convex functiong’ should be linear on the intervah(a’), wherea anda’ are
the left and right endpoints of the support of the random variabléNow, the
Lévy measurg= charges bottR, and R_, hence the support ofr underP
extends from—oo to +0o, and the support df) = S e~ extends from 0 to
+oo underP. SinceQ is equivalent toP, the same holds foB, i.e.a = 0 and
a’ = co. That is,¢’ andg must be linear ofR., which contradicts (7).

5. Conclusions

The purely discontinuous processes studied in this paper include processes which
on the level of the microstructure allow more realistic modeling of stock prices
than the usual diffusions. Our result shows that for these incomplete models the
no arbitrage approach alone does not suffice to value contingent claims. The
class of equivalent martingale measures, which provides the candidates for risk
neutral valuation, is by far too large. Additional optimality criteria or preference
assumptions have to be imposed.

Various attempts have been made to choose a particular probabiltsnef
and Sondermann (1986) emphasize the hedging aspect and look for strategies
which minimize the remaining risk in a sequential sense. Given the initial (his-
torical) probability measure it is natural to look for “closest” elements in the set
of martingale measuresdfmer and Schweizer (1990) study a minimal martin-
gale measure in the sense that it minimizes relative entropy. From this an optimal
hedging strategy is derived. Variance-optimality is another approach. This means
to choose the martingale measure whose density is minimized ir“theense.
We refer to Schweizer (1996). Also the Esscher transform used by Eberlein and
Keller (1995) to derive explicit option values seems to be a natural choice. Our
main result underlines the importance of research in this direction.

AcknowledgementsWe thank an anonymous referee for pointing out the convexity argument in Step
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