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Abstract. We establish the equivalence of competitive industry equilibrium with

a central planner’s decision problem under uncertainty, when investment is irre-
versible. The existence of industry equilibrium is derived, and it is shown that
myopic behavior on the part of small agents is harmless, in the sense that it
leads to the same decisions as full rational expectations do. Our model is set in
continuous time and allows for very general forms of randomness. The methods
are based on the probabilistic approach to singular stochastic control theory and
its connections with optimal stopping problems.
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1. Introduction

The purpose of this paper is to extend, and to provide a solid theoretical founda-
tion for, an important part of the theory of irreversible investment. Our methods
are based on the probabilistic approach to singular stochastic control theory and
its connections with optimal stopping problems.
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The theory of irreversible investment under uncertainty has been developed
extensively in recent years. The approach has ranged from models of a single
investor who faces an exogenous price process, to models of partial equilibrium
where price is endogenous. Important contributions to the theory include Arrow
(1968) who studied the deterministic case (Dixit 1989a,b; Pindyck 1988, 1991;
Leahy 1993; Bertola 1989; Kobila 1991, 1993a, b; Bertola and Caballero 1994).
The various approaches and applications are excellently reviewed and extended
in a recent book by Dixit and Pindyck (1994).

In this paper we focus on a partial equilibrium model of a competitive in-
dustry. Such models have been studietr alia by Leahy (1993). In Leahy’s
model the industry is composed of a continuum of infinitesimally small firms
which incur irretrievable costs as they enter or exit. The market-clearing output
price is determined by an inverse demand curve which is driven by a diffusion
process. It is argued that each firm can be myopic as regards future investment
in the industry — i.e., can assume that there will be no such investment at all —
and yet its decisions will be optimal. A similar result was established by Arrow
(1968) in a deterministic setting. Leahy’s argument did not rely on an “invisible
hand” result — i.e. the equivalence of the optimal solution to a social planning
problem and the outcome of a decentralized competitive equilibrium — which has
been a standard device for characterizing competitive industry equilibria since
Lucas and Prescott (1971).

The myopic investor is a strange economic construct in that he models the
economy at large correctly, but entertains irrational beliefs about his own sector.
Yet, the myopia result is very important since it essentially exogenizes the price
process: The price triggers for investment, which are calculated by the myopic
investor who takes aggregate supply and demand as exogenous, are still valid
for fully rational investors who predict future evolution of supply correctly (see
Baldursson (1995) for examples of calculations of competitive and oligopolistic
equilibria which exploit this device).

From the viewpoint of applied probability, the investment problem of the
small investor is a typical optimal stopping problem. Such problems and their
connections to singular stochastic control problems have been studied by analytic
methods, at least since Bather and Chernoff (1966) and®Betred. (1980). More
recent contributions are Karatzas (1983) and Chow et al. (1985). In a series of
papers (Karatzas and Shreve 1984, 1985, 1986; Karatzas 1985; Baldursson 1987;
El Karoui and Karatzas 1988, 1991) various facets of these problems were studied
with probabilistic methods. Although the theory in these papers cannot be brought
to bear directly in the setting of models of irreversible investment, the methods
can be, and it is one of the main contributions of this paper to do so.

The basic structure of our argument is as follows: First, in Sect. 2, we intro-
duce the small investor’s problem and establish some basic identities. Then, in
Sect. 3, we use the theory of optimal stopping in continuous time to establish the
existence of a solution to the myopic investor’'s problem.

In Sect. 4 we show that there is a duality between a myopic investor’s problem
and an appropriate “social planner’'s” problem whose payoff/cost structure is
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obtained by integrating the payoff/cost functions of the small investor’s problem.
An explicit characterization of the socially optimal investment process is given
in terms of the optimal myopic investment strategy.

In Sect. 5 we show that when the small investor expects the socially optimal
investment process to prevail, the myopic investment strategy is also optimal
for him. The optimal time of entry happens to coincide with an increase in the
social optimum. Furthermore, there are no pure profits to be made under the
social optimum, so the small investor is indifferent between entering the industry
or staying out. Therefore, the social optimum is also a rational expectations
equilibrium.

An extension to the case where capital stock is subject to depreciation or
productivity shocks is provided in Sect. 6. Section 7 concludes.

The theory is developed with full mathematical rigor in continuous time under
minimal regularity conditions on the payoff/cost structure. There is no assumption
of a Markovian “demand shock”, which is the usual assumption in the literature
on irreversible investment. The “demand shock” may be infinite-dimensional and
depend in an arbitrary way on the past; it is not allowed to anticipate.

2. The small investor

Consider a small investor who has the option to invest in an industry. The industry
produces a perishable good under decreasing returns to scale with capital as the
only production factor. We assume that the investor takes prices as given and
maximizes expected profits, given a forecast for the future evolution of prices,
or equivalently given an inverse demand function and a forecast of aggregate
demand and industry supply.

To be more specific, let & T < oo be a fixed time horizon,(¢,J3,P) a
complete probability space, af@;;0 <t < T} a family of o-algebras which is
increasing int, J; C Js C J for t < s, right-continuous, and completed by the
null sets ofP. The o-algebrad; represents the information available to agents at
time t.

The industry faces an inverse demand curve which is given by the random
field, p(w,t,q) : £2 x[0,T] x [0, 00) — [0, 00), wheret is the time variable, and
the random element stands for the state of nature (for example, the path of
an aggregate “demand shock”), aqds the demand corresponding to pripe
Note that the Markovian “demand shock”, which is usually assumed to be the
source of randomness in models of irreversible investment, is here replaced by
the random element, which may be infinite-dimensional and may depend on
the entire history of events up to tinte

Assume that the installed capital stock must be fully utilized at each moment,
and select units in such a way that one unit of capital produces one unit of output.

1 Quantities pertaining to the economy at large are referred to as “aggregate”, as in “aggregate
demand shock”. Those pertaining to the industry are tagged as such, for example “industry
capital stock”.
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Thenp(w,t,y) is the market-clearing price whenunits of capital are installed.
We impose the following technical assumptions regarding the inverse demand
curve:

p(w,t,y) is continuous inf(y) a.s., progressively measurable .12
with respect to{J; }, and decreasing iy, vt € [0, T] a.s?

.
Furthermore {/ |p(t,y)|dt} <o, V 0<y< .
0

We shall assume there is a continuum of infinitesimally small investors. Each
has the option to invest in the industry at some monteaf0, T). The options

have identical terms: the variable production costs of investors are the same at
each instant. They may, however, depend on the installed capital stock and be
subject to random shocks. Denote the per unit variable costs, whenits of
capital have been installed, fw,t,y) : 2 x [0, T] x [0,00) — [0,00). We
impose the following technical assumption regarding the variable cost curve:

c(w,t,y) is continuous int( y) a.s., progressively measurable 2P
with respect to{J; }, and increasing ity,V t €[0,T] a.s.

.
Furthermore [/ |c(t,y)|dt] <o, V 0<y< .
0

Clearly, the flow ofoperating surplus;ré p — c is decreasing ity and inherits
the continuity, measurability and integrability propertiespodndc.

The cost of exercising the investment option at tiniey(w, t) : 2x[0,T] —
[0, ). We assume:

~(w,t) is non-negative, continuous in P-a.s. and adapted t0;} (2.3)
(i.e. y(t) is measurable w.r.{J;} for eacht € [0, T]).

Furthermore g l sup w(t)] < 00.
0<t<T

Finally, g(w,y) : £2 x [0, 0) — [0, c0) denotes the scrap value of the investment
at the time T; we assume that

g(w,y) is continuous and decreasingyra.s. and ()
J1 ® Forel ([0, 00))—measurableE[|g(y)|]] < co, V 0<y < 0.

The conditions (2.1)—(2.4) are assumed to hold throughout the paper.

2 Progressive measurability gf is here the property that the mapping, 6,y) — p(w,S,y) :

2 x [0,t] x [0,00) — [0,0) be measurable w.r.t. the produgtalgebraljt ® .2/ ([0,t]) ®
Seret ([0, 0)), for everyt € [0, o).

3 It is easy to modify the model to allow for different variable costs, but this involves some extra
notation which would obscure our basic argument.
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The small investor's problem is to choose an investment strategy, or entry
time, 7, to maximize his profits. Such a strategy is simply a mapping? —

[0, T] which is such that as time progresses the decision to go ahead with or
to delay investment, say at timec [0, T), may be made based on information
collected up to time, but foresight regarding future random shocks is ruled out:
{r >t} € J;. Such a mapping is called stopping timein the terminology of
stochastic processes. In our context: T means that investment has not been
made during [0T). Denote the collection of stopping times with values inTp

Let . 4 denote the class of al{J;}-adapted stochastic processgswith
nondecreasing, left-continuous sample paths and satisf§)g= 0 a.s.

Suppose that a small investor expects cumulative industry investment, beyond
the initial capital stockyy =y > 0, to follow the processg € . 4. Assume that
capital does not depreciate and that there are no productivity changes, so that
installed capital (=output) is simply given by =y + &. We shall indicate in
Sect. 6 below, how depreciation and productivity changes affect the basic results
derived for the present simpler case.

Under the above asumptions, the small investor's expected payoff by using
the entry ruler € . %1 is

T
uy;7l6) SE [/t m(t, Yodt + (9(Y1) = v()lir<ry| » ¥ >0, (2.5)

where we omit the argument corresponding to the random elemenualbe of
the option to enteis

* A .
VYl = sup v(y;7[E). (2.6)
TERT
We callmyopican investor who assumes that there will be no further investment
in the industry, i.e. tha = 0 (and thusy =y). The corresponding payoff

T

m(y: ) £ v(y; 7/0) =E [/ m(t, y)dt+ (g(y) — v () 1r<13 27)

is well-defined and finite for every € .%6 1, and we denote the (apparent) option
value of the investment opportunity under myopia by

m*(y)2 sup m(y;7) = v*(y|0). .7y
TEL,T

Note that the correct probability measure is used — the myopia is limited to future
investment in the industry the investor may want to invest in.

It is convenient to define thexpected opportunity cosff using a particular
investment strategy:

p(y;T§)=E[/O m(t, Yo)dt + (7)1 <1y +9(Y1) 1=ty |, ¥ <0. (28)

Let
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pOIO= it plyiTle), (28

and also denote the corresponding entities associated witmylogic investor
by

r(y; ™) = ply; 710) =E {/o m(t, y)dt + (7)1 <1y + 9(Y)1(r=my

A (2.9)
rry)=_inf rly;m)=p"(y[0).

TEA,T
Note the identities

p(Y; T1E) = v(y; 0[§) + E[v(0)] = ply; 7€) + v(y; 716), 2.10)

r(y; T) = m(y; T) + E[(0)] = r(y; 7) + m(y; 7), '
which are valid for anyr € .67, and hence also

P TIO = 1y 09 +ELOL = 5" 0: 9 + v 01105,

r(y; T) = m(y; T) +E[y(0)] = r(y; 7) + m*(y).
Clearly, maximization ofv and m is equivalent to minimization op andr,
respectively. Note that, since for anyec .6t and¢ € .4 we have
v(y; 71€) < m(y; 7) < oo
ply;Tl€) <1 (y;7) < o0,

the investment payoff and risk(y; 7|£) and p(v; 7|£), respectively, are always
well-defined, for an arbitrary € . -4, but their value may be minus infinity.

(2.12)

3. The myopic solution

In this section we shall show that there exists a solution to the myopic investor’'s
problem, and we shall characterize this solution, under minimal regularity con-
ditions. We rely on the theory of optimal stopping in continuous time (Shiryayev
1978; El Karoui 1981; Karatzas 1993).

For each fixedy > 0O let

t
Ry(t)%/0 (s, y)ds+ (1) 1it<ry + 9(Y) =1y, t€[0,T] (3.1)

and note that(y; 7) = E[RY(7)], 7 € .%.7. Recall thatr(w, t,y) is a.s. continuous
in (t,y), so that the random field,_(y) éogigT w(t,y) is well-defined. We shall
make the regularity assumption o

E[m (y)] > —©, y>0. (3.2)

We also assume
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(T) > 9(0), as (3.3)

While (3.2) is a genuine regularity condition which can probably be relaxed
with further effort, a violation of (3.3) would imply that no optimal investment
time for the myopic investor need exist. This possibility arises whds de-
creasing andr is non-negative or small in absolute value, so at each time strictly
beforeT profits can be further increased by waiting a little longer (consider the
caser =0,vt) =T/t +T), g =1).

Recall from (2.4) thag(w, y) is decreasing ity, so (3.3) impliesy(T) > g(y)

a.s. for eacty > 0.
Further, note thaRY(w, t) is continuous irt on [0, T), while by (3.3):

RY(T) - [iTrp RI(t)=g(y) —«(T) <0 as. (34)
For eachy > 0, let

AIOE essinf E[R(n3], 0<t<T, (3.5)
TE.S T

where. At %{T € %7, 7 >t as}. Given that entry has not taken place prior
to time t, and conditioning on information collected up to that instaif(t) is
the lowest (conditional) expected cost one can incur in the future.

As shown in El Karoui (1981) and Karatzas (1993) (Theorems 2.7 and 3.3
in Chapter 3), the conditions (3.2)—(3.4) and the continuity e RY(y,t) on
[0, T) are sufficient to establish the following proposition, phrased in the context
of our particular problem.

Proposition 1: Assume that (2.1)—(2.4) and (3.2)—(3.3) hold. Then for any given
y > 0, there exists a submartingale)#), with sample paths which are almost
surely right-continuous of0, T) and admit left-hand limits everywhere (h T],
and is such that

Zy(t)=2ZY(t), as.forallte[0,T]. (3.6)

Furthermore, Z(t) < RV(t) a.s. for all t € [0, T], and the stopping time
oy) Sinf{t € [0, T, ZY() =R/(t)} AT (3.7)
is an optimal investment strategy for the myopic investor:

m(y; o(y)) = m*(y). (38)

The supermartingale-Z3 is usually referred to as th&nell-envelopef —RY,
after Snell (1952).

It is intuitively clear that the higher the initial capital stock — and, therefore,
the lower the initial operating surplus — the longer one should wait to enter. This
turns out to be a useful property, so we state and prove it formally.
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Lemma 1: Assume that (2.1)—(2.4) and (3.2)—(3.3) hold. Then the mapping y
o(y) is increasing a.s.

Proof. Define, for eacht € [0, T] andy > 0, by analogy with (2.8), (2.8)
utt ) essine | [ r(s s +101pcry + 1| - @9
so thatu(0,y) = r*(y). Note that fort € [0, T] andy > 0 we have
ZJ(@t) — RU(t) = u(t,y) — v(O)1lg<ty — 9()1g=r}, as. (3.9
Therefore,u(t,y) < ~(t) a.s., fort € [0, T), and
oly) =inf{t € [0, T);u(t,y) =~vt)} AT, as. (3.10)

Also note thatu(t,y) is decreasing iry a.s., sincer(t,y) and g(y) are. The
conclusion of the lemma follows.

4. The social planning problem

Let us recall the definition of4, the class of cumulative investment processes
the small investors expect to encounter. We take now the point of view that these
processes correspond to admissible “industry investment policies” available to a
fictitious “social planner”. The expected social surplus corresponding to such an
industry investment policy is given by

i
J(y;s)%E[/o mewe- [ amdsetm| . @

)

whereY; =y +¢; is the corresponding industry capital stock at timand where
we have set

y
U(w,Ly)%/ p(w,t,x)dx (flow of consumers’ surplus)
1
y
C(w,t,y) %/ c(w, t,x)dx (flow of total variable production costs) .@
1

Hé U — C (flow of social “operating surplus”)

y
G(w,y) & / g(w,x)dx (scrap value of industry capital stock).
1

Note the concavity of the random fields, I7 and G in the spatial variabley.
Clearly, the expected benefit of not investing at all is given by

)
1) 23(y;0)=E [ /0 11t y)dt +G(y)| - @.3)



Irreversible investment and industry equilibrium 77

The purpose of this fictitious “social planner” is to choose the (irreversible indus-
try investment) policy, in such a way as to maximize expected social surplus.
Thus, he faces a stochastic control problem of the monotone follower type, with
value function given by

V(y) 2 supd(y;€). 4.3y
te

In order to ensure the validity of the definition (4,3)e shall assume:

suplI(t,y)" and sugs(y)" are integrable o2 x [0, T]
y>0 y=0 (4.4)
and (2, respectively

In this section we shall study the relation of this “social planner’s” optimization

problem (4.3) with the small investor’s optimal stopping problem of Sect. 2. The

approach will be based on the methodology of El Karoui and Karatzas (1991).
For any givens € .4, we consider its right-continuous inverse

) Sinf{t €[0,T); & > X} AT, x>0. (4.5)
Note thatr(x) € .% 1 for everyx > 0, and that
X)) <te &g >x, for0<t<T. (4.6)

In particular, (4.6) leads, via a monotone class argument, to the change-of-
variable formula

/0 ()L, ¢ gty X = /[0 h(t)d¢ as. 4.7)

)

for any Borel-measurable functidm: [0, T] — [0, cc). Observe also from (4.6)
that we can reproducg as the left-continuous inverse of (-):

& =supix €[0,00);75(X) <t} 0<t<T. (4.6)

Lemma 2: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold. For any given
y > 0and¢ € .4, we have

Jma—uw=/ mx; 740 — y))dx, (4.8)

y

VM—HWé/vamx 4.9)
y

Proof. We write 7 for 7¢ in this proof. From (4.7) we get

| Aot ieeyentx= [ owds as @10
y [0,T)

Similarly, from (4.6) and the Fubini theorem we obtain:



78 F.M. Baldursson, |. Karatzas

[e%) T %) T
/ / w(t,x)dt dx = / / (1, X)L r(x—y)<tydt dX
y T(X=y) y 0
T oo
= / 7T(t, x)l{&>x_y}dx dt
0 Jy
]
= /0 UI(ty +&) — TI(t,y)) dt
]
= / (I, Yo) — I, y)) . (.11)
0
In the same way we obtain,
/ G001 yyeryOX = G +E7) — G) =G(Y) - G(y).  (4.12)
y

Therefore, by (4.10)—(4.12),

/yoo E UTT w(t, x)dt + (g(x) — y(7(x — y)))1{7(x_y)<T}} dx

(x=y)
.
=E [/0 II(t, Yy)dt — /{Om ~(t)d&; +G(YT)} (4.13)
T
E U It y)dt + G(y)]
0
=J(y;8) - 1(y).

Equation (4.8) now follows from (2.5) and the definition wiy; 7). The in-
equality (4.9) is easily obtained, by first observing thal; 7) < m*(y), and
then taking the supremum oveérec . 4.

Now, for any giveny > 0, consider the family of stopping times

) Eox+y), xe[0,00), (4.14)

where{o(z);z > 0} is the family of stopping times defined by (3.7) (see also
(3.10)). Letéy(-) € .2 be the left-continuous inverse of(-), defined by analogy
with (4.6) as

g;(t)gsup{x € [0, 00); Ty (x+) < t}
=supz €[y,);0(z+) <t}, 0<t<T.

(4.15)

It may aid in the intuitive understanding of this last definition to think of the
continuum of small investors “lined up” to the right gfindexed by the cor-
responding initial capital stocky = z > y. At time t, the aggregate industrial
investment; (t) is given by the location of the “marginal”, myopic investor who
is “last” to enter by timet, i.e., who is located furthest to the right of those who
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Time

oDt —— = e = = = =

0 y z £y
Initial capital stock

Fig. 1. With initial capital stockYy = z the corresponding myopic investor would have entered by
time t. Thereforez < £ (t), sincegy (t) is the largest such number

would have entered by time according to their myopic strategies (see Fig.1).
We owe this interpretation to Professor Roy Radner.
We have from (4.3) (4.8), (3.8) and (4.9):

V) 1) 2 I0iE) — 1) = / m(x; 7y (x — y))dx
y

= /OO m(x; o(x))dx
y

= /Oo m*(x)dx
y
> V() - 1(y).

(4.16)

We are led to the following result:

Theorem 1: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold. Then, for any
given y > 0, there exists an optimal investment proc€sé) for the “social
planner’s” problem of (4.3) and it is given by (4.15). Furthermore, for ally 0,

V) =1 (y) + /  mxdx (4.17)
y
V/(y) = r*(y) (4.18)
o(y+) =inf{t € [0,T);{5(t) >0} AT. (4.19)

Proof. Equation (4.17), and the optimality df(-) for the problem of (4.3)
follow directly from (4.16). The relation (4.18) comes readily from (4.17), (2.11)
and
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i
I'y) = E { /0 (. y)et +g(y)} ey (4.20)

which is easily verified by considerindy +¢) — I (y) for smalle > 0. Equation
(4.19) follows from the definition of;(-) and (4.6).

5. Equilibrium

In the preceding section we established and exploited the duality between the
myopic investor’s problem and the social planning problem, to prove the exis-
tence of a socially optimal investment proc&$¢). We showed that the social
value of a marginal unit of capital equals the optimal expected opportunity cost
of a myopic investor (cf. relation (4.18)). We characterized the optimal cumula-
tive investment;(t) for the “social planner” at tim¢, as the largest value of
initial investmentYy = z > y that would make a “myopic” small investor decide
to enter by time (cf. (4.15)). We also came very close to showing that a myopic
investor atYp =y should act exactly at the same time as the social planner does
(cf. relation (4.19)).

In this section we take a different approach, similar to that of Karatzas and
Shreve (1984), to establish that, when a small investofyat y > 0 forecasts
the socially optimal investment proce§q-) to prevail, the optimal time of entry
for him is the first timegj(t) > 0; and that this is, in fact, an optimal entry time
for a myopic investor as well. Furthermore, the value of the option to invest
in the industry is zero with this forecast (i.e. expectgjg-) as the investment
process), and hence the investor will be indifferent between entering and hold-
ing his capital in bonds. Thereforé;(-) is arational expectations equilibrium
investment process. We summarize these findings in the following theorem.

Theorem 2: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold. Then for any
giveny> 0O

(i) We have
Viy) =r () = p"(vl§))- (5.1)

(ii) The entry time

4

7 Sinf{t € [0,T); &) > 0} AT (5.2)

is optimal both for a “myopic investor” (who forecasts that= 0 will prevail)
and for a “small investor” who forecasts that the “socially optimal” strategy
¢ = &(-) will prevail. In other words,p*(y|£) = p(y, 7y [§) for both{ = 0 and
£=g0).

(iii) If, in addition, there exists amo > 0 such thatv(y +eo; T|;) > —oo, then

v (ylgy) = 0. (5.3)
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In other words, for a small investor who forecasts that the “socially optimal”
strategy§ = &;(-) will prevail, the value of the option to enter the industry is
zero.

Note thato(y+) of Sect. 4 equals; (recall (4.19) of Theorem 1). We prove
Theorem 2 in a series of Lemmata.

Lemma 3: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold. Then for any
giveny> Oandr € .%/1, we have

VI(y) < ply;71€y) < ry;T). (54)

Proof. Take arbitraryy > ¢ > 0 and7 € Sfr. Let{ = £, Y =y +¢,
Y ¢ =y —¢e+¢ and define

() 5 0<t<
"t"{g(t)u— ; T<t§-7|:}' (55)

Itis easily seen thaj € . 2, and that the corresponding state procéssy —e+n
follows the path ofY —¢ up to timer and then switches to the path of the process
Y. The performance associated with- ,7) may be written as

Iy ) =E { / "zt - [ 0dn s G(zT)]

Jo,
T T
=g | [Cme v [Cravod- [ @de -0 69)
0 T [o,7)
+G(Y1)lrery + G(YT_E)l{T:T}} .
Comparing the expressions (4.1) and (5.6) we obtain

VI)-Vy —¢)=3(:8 —V(y—¢) <I(y:& — Iy —&n)
-E { /O (Tt Y5) — IT(t, Y, *Y)dt + ex(P) Ly oy

+(G(Vr) — GO ) (rery] (5.7)
< E [ [ wtty - e+ @t s st cry +oty - e a)l{f:n}
=ep(y — & 7(¢)
<e | [ atty - e s +aty - 1o
=e-r(ly—¢g;7)

where we have used the concavity G{t, ) and G(-) (or equivalently the de-
crease ofr(t,-) and g(-)). Now divide through bye, let ¢ | 0, and use the
monotone convergence theorem to get the inequalities of (5.4). The second in-
equality follows easily from the monotonicity af(t, -) and g(-).



82 F.M. Baldursson, |. Karatzas

Lemma 4: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold. Then, for any
given y> 0, we have

Vly) > r(y;7y) = ply; 7y 1€)- (5.8)

Proof: Let { = £;. In addition to the stopping time; of (5.2) we introduce the
family of stopping times, defined for afl > 0,

it e [0,T); Yy >y +e} AT

=inf{t €[0,T); Et) > e} AT.

Observe that® | 7* almost surely, as | 0. For every fixede > 0 we create
the capital stock process =y +¢ + 1, wheren € . 4 is the investment process

A 0 0 <t< e
”(t)‘{g(t)_g ; Ts<th}' (5.10)

The reader will observe that starts aty + ¢, stays there until time., and then
switches to the process, which by then has exceedgdr ¢:

_fy+te ; 0<t<7"
Zt—{ Y, Lo t<T [ (5.12)

(5.9)

The performance (expected surplus) corresponding to this policy is given by

A
Iy +ein)=E { | ez [ oo+ G(ZT)} (5.12)
0 [0,T)
T€ T
-E [ /O Ity +&)dt + / Y — A e <ty

- [ 08+ G+ e SEEE

Sinced(y; £) = Y (y)we have also
7€ T

V(y) = E l / I, Yy)dt + / (. Yy)dt (5.13)
0 7€

- / Y(OAER) — y(T)EEH) — E(7°) ey — /
[0,79) (¢,
+G(Y1)1gre=ty + G(Y1)1{recty]
and comparing (5.12) with (5.13) we obtain
V(y+e) = V() > Iy +en) - V()

€

=E [/T (H(t,y+5)—H(t7y+§(t)))dt+/ ~(t)d&(t) (5.14)
0 [0,7¢)

Y(1)dE(t)
m

+Y(1)e = €@} L recmy + (G +€) — Gy +E(T))L(re=my ] -



Irreversible investment and industry equilibrium 83

Now the concavity of/I(t, -) yields
Ity +e) — H(t,y +£(1)) = (e — &) - w(t,y +¢) (5.15)

almost surely, and a similar expression obtains @rlIn light of (5.15), the
inequality (5.14) becomes

V(y+e) = V() >y +emn) — V()

-E l || e myrans [ weo (516)

() e — €T Nrecry + (e —&(T)) - gy + 6)1{T5=T}}
Interchanging a few terms, we write (5.16) as

V(y+e)—V(y)
13

6
>r(yim)+ ) 1) (5.17)
j=1

where

li(e) =E AT{MLy+d—waJHm1,

12() = E [ /. w(t,y+s){1<§(t)/e>}dt] ,

l3(e) = E [{g(y + &) — g()}1re=13]
la(e) = E [g(y + {1 — (€(T) /) procre=ry]
Is(e) = E [(7%)1{recty — YT ) ety

6= 1B [ 20860 -5 <)

It is not hard to verify that Pgnj () = 0 for eachj = 1,...,6; one uses the
€

continuity properties of the functions(t,y), g(y) and~(t), the regularity condi-
tions (2.1)—(2.4), the fact thdtr* < 7 =T} | () ase | 0, the definition ofr¢
which entails 0< £(t) < ¢ a.s. on{t < 7¢}, and the dominated and monotone
convergence theorems. Now we tet O in (5.17), to obtain the inequality of
(5.8); the equality in (5.8) is a consequence of the definition (5.2 of

Lemma 5: Assume that (2.1)—(2.4), (3.2)—(3.3) and (4.4) hold, and that for every
y > 0, there existgg = eo(y) > 0 such that

vy +e0; TIE)) > —o0. (5.18)

Then
V(y) > p(y; TI¢y), forally >0. (5.19)
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Proof. Lety > 0, pick eg = go(y) > 0 such that (5.18) holds and lete (0, o).
By (4.3), the optimality of§ = & for the “social planner’s” problem, and the
concavity of I1(t,-) andG(:), we have:

(Vy+e) =V (y)/e = (Qy +e:8) —I(y:8)/e

T (5.20)
E| [ ayrere@)dtrgly+erem)]
0
Observe that by the continuity and monotonicityrdf, -) andg(-) we have that,
ase | 0,

m(t,yteo +E() < 7wty +e+£(1) T w(t,y +£(t) asV te][0,T]
gly +eo+&(T)) < gy +e+&(T) T gy +&(T)) as. (5:21)

Now we lete | 0in (5.20) and use (5.21) and the monotone convergence theorem
to obtain the inequality (5.19).

Proof of Theorem 2By Lemmata 3 and 4, we have

Fy;my) = p(yi7yl€y) SVIY) < plyi7lég) <r(yi7); vV y >0, 7€ %r.
(5.22)
Read (5.22) withr = ¥, and recall (4.18), to obtain (5.1) and part (ii) of
Theorem 2.
Under the added assumption (5.18), Lemma 3 (with T) and Lemma 5
yield

VI(y) = p(y; TIE)) - (5.23)
Hence, by (5.23), (5.1) and (2.11),
vi(YIEy) = pyi TIEy) — p*(YI&y) = 0. (5.24)

This proves part (iii) of Theorem 2.

6. Capital stock dynamics

Suppose that instead of the simple capital stock equatica y + £ we have,
corresponding to any given cumulative investment progess-# and any initial
capital stocky € [0, co), the productive capital stock procef% }o<i<t defined

as the unigue solution of the stochastic differential equation
dY; = -6(t)idt +a(t)YedW +d&; 0<t<T, 61)
Yo=VY. .

Here, W = {W}o<i<7 is a standard Brownian motion process a@, [, P;
{3:}) and §(-) and a(-) are bounded by finite constants, uniformly in ),
and progressively measurable with respecfIp}. The process(-) in the drift
coefficient may be interpreted as the rate of depreciation, and the proportional
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diffusion coefficienta(-), as the “standard deviation” per unit time of an exoge-
nous “productivity shock”. Extending the results of the previous sections to this
more general case is straightforward, but for completeness we provide the details
below.

An explicit formula forY; is given by

Y, = e POMm, {y+ / eDSMS‘ldfs} , (6.2)
[0,t)
where we have used the notation

t
D £ / §(s)ds L o0<t<T (6.3)
0

Mt%exp(/ta(s)dws—;/taz(s)ds> . 0<t<T. (6.4)

0 0
The “myopic investor’'s” solution of (6.1) is given by takigg= 0 in (6.2), i.e.

X ZyePiM, . (6.5)

Consider the following extension of the definition of the small investor’'s expected
payoff (2.5), where depreciation and productivity changes have been accounted
for:

T

A
valy; 71€) 2 [ /
y>0 7€ %y, Ec. b, ? (6.6)

e PtMmr(t, Yo)dt + (e °TMrg(Yr) — eDTMTV(T))l{KT}] ;

and the corresponding expected opportunity cost:

N T _ _
pa(y; TI€) = E {/e PtMerr(t, Yo)dt + € P Moy (7)1 o1y + €707 MTQ(YT)l{T:T}:| ;
0
y>0, 7€ %, €. 2. (6.7)

Of course (6.6) and (6.7) agree with (2.5) and (2.8), respectively, Whem =
0, or equivalentlye=Pt = M; = 1. Note that

paly; 7|€) =E Uo %(t,y+5t)dt+i(T)1{T<T}+§(y+5T)1{T:T}} ,
y>0,7€.%1,{c.?; (6.8)

where, fory > 0,t > 0,
4 Strictly speaking, the “right” form of the payoff is
N T
ﬁd (y1 T‘g) =E |:/ e_DT‘t MT,t T‘-(t} Yt)dt + (e_Dr,T MTTg(YT) - PY(T))l{T<T}] )

whereDst = ft 6(u)du andMs t = Mt /Ms, but the two formulations are seen to be equivalent by
considering the associated dynamic programming equations.
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#(t,y) 2 e PMin(t, e M - y) |
~ VAN _
gly) = e PtMig(e PtM, - y),

5(t) 2 e P M) (69)
& é/ ePsMtdgs .
[0,T)
Define, fory > 0,7 € 61, { € .4,
A T
Py 7o) 2 E { [y e300+ + &)1{7@}] ,
v (6.10)

A T
Ayirle) 2E [ /0 #(Ly + E)dt+ ()L ory + 5 + €)1 pmy |
It is then obvious that
va(y; 7l6) = (i 7lé).
pa(y; 71€) = ply; T[€) (6.11)

and since, fog = 0, we haves = ¢, we have

mu(y; 7) 2 valy; 710) = o(y; T\O)é m(y; 1),
ray; 7) £ paly; 710) = Aly; 7|0) 2 F(y; ),

where the second definition in each line goes from right to left. Therefore, in the
myopic investor’s case the problem of selecting an investment strategys

(6.12)

to attain the optimum payofin; (y) E SUP.c., M(y; 7), reduces to the myopic
investor's problem we have treated in Sects. 2 and 3, whgyeand a(-) were
identically zero, but withr, g, and~ replaced byr, § and~, repectively. Let
RY(t) be defined as in (3.1), with, g, and~ replaced byr; j and~, repectively.
Then we immediately obtain the extension of Proposition 1 to the present, more
general, case:

Proposition 2: Assume that (2.1)—(2.4) and (3.2)—(3.3) hold withg, and ~
replaced by, g and~, repectively. Then there exists a submartingaé), with
sample paths which are almost surely right-continous and admit left-hand limits,
and is such that

Z() = essinfE [RV(7)3] , as.forallte[0,T]. (6.13)
TEAT
Furthermore,ZJ(t) < RY(t) a.s. for all t € [0, T], and the stopping time

5(y) inf {tel0,TLZYM) =R'®)} (6.14)

is an optimal investment strategy for the myopic investor:
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my(y; 5 (y)) = mg(y). (6.15)

Now consider the social planning problem of Sect. 4 with the capital stock
dynamics given by (6.1). The expected social surplus is defined as in (4.1):

T
w0 2e | [ mewa- [ smasreem| . @19
0 [0,T)
whereY (1), 0 <t < T is now given by (6.2). Define
- A y
ey & mte ™M y) = [ A dx,
1

~ y
6()26(e OrMc-y) = [ 60ax. (6.17)
1
and assume (4.4) holds. Then we have,

;&) =39, (6.18)

where, fory > 0 andn € . #:
T
~ A ~ N ~
Iy 2 { /0 ity +n)dt - /[0 i +Syem| . (619

Observe that the mapping — & .4 — .4 is one-to-one and onto with the
inverse given byy — f[o,t) e PsMgdrs. Hence, it is clear that given an optimal
process, sayy; € ., for the social planner’s problem associated witly; ),

an application of the inverse &f — fto ny will produce an optimal process,
say i, € -, to the social planner’s problem associated wigffy;-). From
Proposition 2 and the discussion preceding it it is clear that an optimal process
for the former problem is given by

) Ssup(z € [y, );5(z+) <t}, 0<t<T (6.20)

(cf. (4.15)). Denote the value function of the latter problem by
A
Va(y) = supJa(y;€) . (6.21)
fe. 4t
Let I4(y) £ Ja(y; 0) =E [ Jo T, Xt + G(Xt)} (cf. (6.5)) and

§,02 [ e oMy, 0<t<T. (6.22)
' [o,1)

The following extensions of Theorems 1 and 2 follow easily, now that this
notation is in place:
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Theorem 3: Assume that (4.4) holds and that (2.1)—(2.4), (3.2)—(3.3) holdwith
g, and~ replaced by, g and7, respectively. Then, for all ¢ 0, there exists an

optimal investment procegg ,(-) for the “social planner's” problem of (6.21),

and it is given by (6.22). Furthermore, for all:y 0,

Va(y) = lay) + / s (<)dx (6.23)

y
Vi) =rim) = inf raty;m) (6.24)
a(y+) =inf{t € [0,T);&5,(t) >0} AT (6.25)

Theorem 4: Assume that (4.4) holds and that (2.1)— (2.4), (3.2)—(3.3) hold with
m, g, and~y replaced by, g and4, repectively. Then for any giveny O:
(i) We have

* * * VAN . *
Vay) =rd(y) = ralyléa,y) = TEIQ%T pa(Y;TI€d ) - (6.26)
(i) The entry time

iy 2inf{t € [0, T);€5,(1) > 0} AT (6.27)

is optimal both for a “myopic investor” (who forecasts that= 0 will prevail)
and for a “small investor” who forecasts that the “socially optimal” strategy
§ =&;.y() will prevail.

(iii) If, in addition, there exists amo > 0 such thatvg(y +eo; T|¢3 ;) > —oc, then

* * A . * —_
v(yléay) = sup valy;7légy) = 0. (6.28)
TEA,T

7. Concluding remarks

The results above can be extended to the case of finite resources, i.e. the case
where there is an upper bound on the amount of cumulative invesgndainis
extension is straightforward when there is no depreciation of capital stock and its
productivity does not change, i.e. in the setting of Sects. 2-5 above. The interested
reader is referred to Karatzas (1985) and El Karoui and Karatzas (1988) for the
analogous treatment of a related finite-fuel stochastic control problem.

In the setting of Sect. 6 and with finite resources, when capital stock depreci-
ates or is subject to productivity changes, an externality seems to arise unless the
resource bound is subject to the same dynamics as the capital stock. The small
investor's problem and the social planner's problem are then no longer equiv-
alent, unless the small investor’'s problem is modified to take this into account.
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Furthermore, myopia is no longer optimal. Rigorous treatment of this problem
must await further study.
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