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Abstract

-Yuuki Maruyama' - Yaliu Liu? - Leo Dostal?

Numerous accidents caused by parametric rolling have been reported on container ships and pure car carriers (PCCs). Consid-
ering this dangerous phenomenon, the parametric rolling in irregular seas is examined in this paper based on the stability of
the systems origin, which corresponds to the upright condition of the vessel. It provides a novel theoretical explanation of the
instability mechanism for two cases: white-noise parametric excitation and colored-noise parametric excitation. Moreover, the
authors confirm the usefulness of the previously provided formulae by Roberts and Dostal by means of numerical examples.
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1 Introduction

Parametric rolling, one of the threats to oceangoing vessels,
is triggered by the change in the restoring moment caused by
waves and from the viewpoint of dynamical system theory,
corresponds to parametric resonance. In the late 1990s, sev-
eral accidents were reported on container vessels because of
parametric rolling [1], and since the 2000s, there have been
also reports of it occurring at PCTCs [2].

There is a long research history on parametric rolling and
theoretical studies have often been aimed at estimating the
conditions of occurrence and motion amplitude of paramet-
ric rolling in regular waves. One of the first works on this
topic was conducted by Watanabe in the 1930s [3]

A short review of representative studies for the determi-
nation of conditions and amplitudes of parametric rolling in
regular waves is presented below.

Kerwin [4] theoretically analyzed parametric rolling
using the harmonic balance method with success. After the
1980s, a considerable number of researches on predicting
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parametric rolling in regular seas have been presented such
as Zavodney et al. [5], Francescutto [6], Bulian [7], Spyrou
[8], Umeda et al. [9], Maki et al. [10], and Sakai et al. [11].
A number of theoretical studies have been performed
to estimate the occurrence condition of parametric rolling
in both regular and irregular seas. Some studies in random
wave conditions have been the approximate extension of the
occurrence conditions for regular waves (e.g., [10]). Fur-
thermore, several researches utilized stochastic processes
in ocean engineering (Roberts [12], Spyrou [8], and Dostal
[13]). In these studies, the parametric rolling in irregular
seas are examined based on the stability of the system’s ori-
gin which corresponds to the upright condition of the vessel.
Further research on parametric rolling in irregular waves has
been proposed very actively in recent years, with a history
that can be traced back to the 1980s [14, 15]. Many stud-
ies have been conducted on this more generalized problem,
taking a stochastic process approach in the fields of con-
trol engineering and mechanical engineering. For example,
Samuels performed numerical experiments in which the
damping term of the second-order differential equation was
parametrically oscillated by white noise [16]. Caughey dis-
cussed this topic [17, 18]. Khasminskii [19] discussed the
stability of systems with parametric excitation terms, and
Kozin [20] further developed Khasminskii’s ideas, deriv-
ing stability conditions and comparing them with numerical
calculations. For an overview of the progress made in these
studies over time, Refs. [21] and [22] can be consulted.
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However, the system addressed here is not a system
with a white noise parametric excitation term but one
with a colored-noise parametric excitation. For colored
noise, obtaining results on the stability of the system’s
origin which means the upright condition of the vessel.
becomes difficult, as the solution method used in the
white-noise case cannot be directly applied. To address
this, Infante [23] obtained the condition of stability using
the Lyapunov stability theory, while Arnold [24] used
perturbation expansions and calculated Lyapunov expo-
nents to obtain analytical relations for stability.

For systems with parametric excitation terms of the
colored-noise type, the problem can sometimes be solved
using stochastic averaging methods. Stratonovich [25] and
Khasminskii [26] developed the Stratonovich—Khasmin-
skii limit theorem, which Roberts applied to ship prob-
lems [12]. More recently, Dostal proposed an energy-
based stochastic averaging method [13], and Maruyama
developed enhancements to this approach [27]. Liu
provides an extensive survey of the applicability of this
method [28]. Maruyama [29] also established an estima-
tion method using the higher order moment technique
and successfully estimated the lateral angular accelera-
tion using the results of this method [30]. Most of these
studies focused on obtaining the PDF of the response, but
some, such as the studies by Ariaratnam and Tam [31]
and [13], refer to the stability of the origin of the system.

This study aims to demonstrate the physics and mech-
anism of parametric rolling in irregular seas from the
stability of the upright condition. In regular head sea
cases, it is easy to understand that parametric rolling is
attributed to the loss of asymptotic stability of the upright
condition. For instance, as Bulian et al. [7], Spyrou [8],
and Maki et al. [10] showed, its destabilization because
of parametric excitation can be theoretically estimated by
the averaging method or the harmonic balance method.
However, the occurrence of parametric rolling in irregu-
lar seas can be explained by the loss of stability of the
system’s origin. To explain this physics, the authors first
present the system’s stability with a stochastic coeffi-
cient modeled by the Wiener process. Second, the authors
demonstrate the stability of the ship equation of motion
with parametric excitation modeled by colored noise.
The application of these results to parametric rolling has
already been described in the literature [8]. In this paper,
the authors explain the method as presented in the litera-
ture [8] in detail and further compare it with numerical
results.

Initial results from the investigation presented in this
study were initially described by Maki et al. [32]. In this
paper, the results are presented more extensively, with
more details, and with some revisions.
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2 Notation

In this study, the n-dimensional Euclidean space is denoted
by R”, and the set of real numbers for n = 1is denoted by R.
The expectation operation is denoted by E, and ¢ represents
time. The overdot of time-dependent variables indicates the
derivative with respect to time .

3 Equation of motion

In this study, the authors deal with the single-DoF (Degree-
of-Freedom) roll equation of motion:

b+20d+cip+fO)p=h(1). (1)

In this equation, ¢(¢) is the roll angle, ¢)(¢) is the roll angular
velocity, and $(2) is the roll angular acceleration. 2¢ is the
damping coefficient, ¢, is the restoring moment coefficient,
S(?) is the parametric excitation term based on the restoring
moment variation, and A(?) is the roll moment caused by
waves, each a function of time with a stochastic variation.
In the colored-noise case, the term f(¢)¢ is estimated using
Grim’s effective wave concept [33, 34].

This equation has linear damping and restoring compo-
nents; thus, the nonlinear components are not essential for
assessing the stability of the origin.

4 Parametric oscillation for white noise

In this section, the authors briefly review the existing results
conducted for the system with white-noise parametric excita-
tion. The comprehensive reviews have already been done in
the literature [8]. In the present study, the numerical results
are also included.

In this paper, a description of a system with parametric
excitation modeled in white noise is first presented. Next, a
description of systems with parametric excitation modeled
with colored noise is given. For some theories (e.g., Infante’s
results [23]), the results for white noise appear first as a spe-
cial case of the results for colored noise. Therefore, please
note that in some places the order of explanation is reversed.

The analysis for the system with white-noise parametric
excitation is useful for understanding the physics of random
parametric excitations, and therefore, the authors consider
the following parametric excitation term:

F@O@(n)dr = T'p()dW (o). )

Here, I' is a intensity strength of a white noise, and W(?) is a
1D standard Wiener process that satisfies the relation
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( E[W(s) — W®)] =0
E[(W(s) — W(®)*] = |t — s
and
) 3)
E[W(s)W(?)] = min(s, 1)
or
E[dW(s)dW ()] = (¢ — 5)

\

and dW(¢) is the increment of this Wiener process. Here, 6(¢)
means the Dirac’s delta function.

4.1 Some remarks on the stability in stochastic
systems

In this subsection, the stability of the system origin with a
parametric excitation term represented by white noise is ana-
lyzed. Then, the mathematical concepts used in this analysis
are briefly explained.

The problem addressed here is almost identical to that
described in a recent paper by the authors, where the prob-
lem of ship maneuvering motion under white-noise multi-
plicative noise from the aspect of stochastic disturbances
is tackled [35]. The governing equations, in that case, are
almost identical to those in the present paper. However,
attention must be paid to the presence of the Wong—Zakai’s
correction term [36], which appears when a real system is
reduced to an Itd-type system of stochastic differential equa-
tions. If the Wong—Zakai’s correction term is present, it can
strongly affect the stability of the system’s origin, as dis-
cussed in Ref. [21]. However, as mentioned in our previous
work [35], the Wong—Zakai’s correction term does not exist
in the system dealt with here.

In the following subsections, the authors will demonstrate
the method to identify the system’s stability driven by white
noise. First, the authors must carefully examine the relation-
ship between the real system and the corresponding SDE to
analyze the random system. The present system is the same
as the one dealt with in our previous paper [35]; hence, the
Wong—Zakai’s correction term [36] is zero; this topic is dis-
cussed in the paper of Kozin [21].

The roll angle and roll angular velocity are now repre-
sented as a state variable x(f) € R?, hereafter:

_ |x® d’(f)]
x(t) = =1; . 4
© [xz(f)] [qb(r) @
Consider the following stochastic differential equation (SDE:
stochastic differential equation):

dx(r) = p(x(1))dt + o (x(1)dW (), S)

where u(x(?)) : R? - R?, and o(x(?)) : R? - R2

Since there does not exist the Wong—Zakai’s correction
term [36], the drift and diffusion terms for the present system
are given by u(x(¢), ) and o (x(¢), t), respectively,

_ )Cz(t)
Hx(0).1) = [—sz(f) - c1x1<t>] ©)
. .
o(x(0), 1) = [Fxl(l)]

Finally, the SDE that the authors tackled is as follows:

(N

dx, (#) = x,(1)dt
dx, () = —(28x, (1) + ¢y x, (1))dt + I’xl(t)dW(t)'

The infinitesimal operator .#Z{-]is defined in order to analyze
the dynamics of the functional F(x(r)) € R of x(¢) as (e.g.,
[37D)

AF @) = [ Hx(0), 1)

62
Lot r)[ Flx ())] o(x(0), ).

or

) (8)
2
_ OF(x(1))
AF((1)] = Z:, Hx(0), )=

OF (x(1))
ox

i

22
Z Z [e(x(@), D" (x(1), 1)] OFG(®)

+
' 0x;0x;

1
2

=1 j=1

This operator is obtained as a result of Itd calculus. For the
system that the authors tackle, the infinitesimal operator
becomes

OF (x())

1
= (28x(®) + 1%, (1)

62F(x(t))

LF(x(1)) = x,(1)

oF (x(t))

Xy

)
2( H——>

2

The final term in this equation, I"%/2 - (1) - 0°F(x)/0x%, is a
characteristic term that appears in the framework of stochas—
tic differential equations and can serve as a correction term
for the dynamics of F(x) because of the addition of noise.
This term can either destabilize or stabilize the system.

Now, the system which does not have the parametric excita-
tion term I"x; (#)dW(¢) is considered:

(10)

dx, (#) = x,(1)dt
dx,y () = —(28x, () + ¢y x, (1))dt + rdw@)
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For the above system, the infinitesimal operator for a scalar
function F(x) becomes

LFG() = x (1) 2D

0x,
OF(x(1)) an

—28x, (1) + ¢y x, (1) Foaat
2

Therefore, the additive Wiener process does not stabilize or
destabilize the present system without parametric excitation.
This is an important point to note.

Concerning the system in Eq. 10, several researches
have been conducted in the 1960s-1970s [20, 23, 38-40].
Here, the authors briefly introduce these theories and
numerical results.

4.2 Stability of second moment [38, 41]

In this subsection, the authors show the results based on the
moment method [38, 41]. The authors apply the infinitesimal
operator from Eq. 8 to x3(t), x,(1)x,(1), and x3(7), yielding

(1) = 2x,(Dx,(0)
Ly (0x,(1) = x5 () — 20x, (DX, () — ¢, %7 (D) .(12)
L) = —4Cx5(1) — 201, (D%, (D) + TPx (1)

Here, the authors apply the following relation between the
expectation and differentiation operators:

d%[E[g(X(t))] = E[Zg(x(0)]. 13)

Then, the following moment equation can be derived:

ELx3()]
3 | Fx 0%l
ELx2(r)]
, (14)
0 2 0 EL2(0)]
=|=c, —2¢ 1 |[ELx;@)x001].
rr —2e, -4\ ER)

This equation contains no information beyond the second-
order moments and has a closed structure; however, as Bog-
danoff and Kozin [38] state, if a parametric excitation term
of the colored noise is added, then the closed structure can-
not be established anymore.

For the above system, the characteristic equation becomes

§7 + 65> + (8% +4c))s + (8¢,¢ —2I'*) = 0. 15)

Here, by applying the Routh—Hurwitz stability criteria, an
inequality that represents the stability boundary of the 2nd
moment is obtained:
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I?=4c.C. (16)

4.3 Infante’s approach [23]

As the authors explained in Sect. 5.2, Infante’s result applies
to the white-noise case. Therefore, for our system, that is
Eq. 10, since [f(¢)?] = 62, the boundary of stability is

I*=4c,8% (17)

Kozin’s [42] results apply to Infante’s approach since f(¢) is
not limited to white noise, allowing us to extend the results
to the colored-noise problem.

4.4 Kozin's approach [42]

Kozin [42] proposed a methodology to estimate a system’s
stability with multiplicative noise based on Khasminskii’s
work [19]. This methodology allows us to calculate _Z, to
study a system’s stability with colored noise, not just with
white noise, as in Infante’s approach.

/2 4C
2 =C/ <0052<p—ﬁtan2(p
-n/2 (18)

2
+(1 - cl)ﬁ tan §0>’1§((P)d§0-
Here, C is a positive constant, and e is defined as follows:
2 2
ne(p) = exp [—m tan @(3c, + 3¢ tan @ + tan (p)]

4
2
. [”/2 eXp I:ﬁ tan0(3cl + 32_,’ tan 6 (19)

+ tan? 9)] sec” 6d6.

The integrand has singularities at +x /2, making its numeri-
cal computation challenging. Detailed descriptions can be
found in [20] and our previous literature [35]. Once ¢, has
been successfully calculated, the system’s origin is consid-
ered stable if the following equation is satisfied.

A1 =0. (20)

4.5 Arnold’s approach for white-noise case [24]

As the authors explained in Sect. 5.3, Arnold obtained the
stability boundary for the colored-noise case, which the
authors apply to the present white-noise problem. Now, the
authors calculate Eq. 25. In the present case, C; defined in
Eq. 26 becomes
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G = E[f()f (0] = 6(0), 1)

where 6(¢) denotes the Dirac’s delta function. Here, the spec-
tral density of C() is given as S;;. Then, Eq. 38 can be
calculated:

Ir*=8(1-¢>c¢. (22)

4.6 Numerical results for white-noise system

Next, the authors show comparisons of the theoretical for-
mulae with numerical results. A Monte Carlo simulation

16

14

F2

is employed using Euler Maruyama’s scheme [43]. For
each coefficient combination of { and I', 20 sample paths
are generated, where the initial condition is x;(0) = 0.1 and
x,(0) = 0.1. After a time of 160 s, it is judged whether the
path has converged to the system origin or not. Figure 1 and
Fig. 2 show the comparative results for ¢, = 1 and ¢; = 2,
respectively. It can be seen that Kozin’s method accurately
predicts the boundary of the stability. Additionally, Arnold’s
method also predicts the boundary well in the vicinity of
I'? = 0, since it is based on the assumption of I'> — 0. How-
ever, the methods based on the 2nd moment stability and
Infante’s method do not quantitatively correlate with MCS

Kozin J =0
——— Moment stability I'? = 4¢;¢
Infante T2 = 4¢,¢2
0.8 N 5
Arnold I'* =8(1—-¢°)¢

0.6

F2

0.05

Fig. 1 Comparison of the stability diagram between numerical and analytical results, ¢, = 1.0

F2

Kozin J =0

———Moment stability I'? = 4¢i¢
Infante T? = 4¢,¢2

0.8 5 5

Arnold T =8(1—¢*)¢

FQ

0 0.01

0.02 0.03 0.04 0.05

Fig.2 Comparison of the stability diagram between numerical and analytical results, ¢, = 2.0
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results, although the boundary trend can be qualitatively
represented.

5 Parametric oscillation for colored noise

The stability of the following type of differential equation is
analyzed in this section:

X, (1) = x,(0) @3
Xy (1) = =28x,(1) = (¢ + (D), (1) + h(2),

which includes the colored-noise processes f(¢) and A(?).
The comprehensive reviews have already been done in the
literature [8]. In the present study, the numerical results are
also included.

5.1 Modeling of parametric excitation term

The following expressions of the parametric excitation terms
are adopted in Sect. 5. Let f{(¢) be denoted as P(¢). The para-
metric excitation terms adopted in this section are calculated
by first obtaining the GM variation, which is calculated from
the computed restoring arm GZ for each regular wave height
with a ratio of the ship length and wavelength of 1 (A/L = 1)
based on the Froude—Krylov assumption [44]. This GM vari-
ation is then combined with the time series data of Grim’s
effective waves to obtain the parametric excitation term P(t):

f@t) = P(t) = ¢, P'(1), 24)

where w, = \/c_l orc; = a)(z) denotes the natural roll fre-
quency. The parametric excitation terms in the section are
expressed using the polynomial approximation of the rela-
tion between the change in the restoring force AGM and
wave amplitude amidships.

Thereby, the processes P(f) and A(f) are stationary Gauss-
ian processes with spectral density S, and S, , as

1 ® —iw
Sf;fr = E [m Cf(t)e "dt

1 N 25)
Shp, = oy / C,(De ' dt
where
Cy(1) = ELf (0 (0)]
: (26)
C,(1) = E[r(H)A(0)]

It is worth noting that there exists a relation G(w) = 25(®)
between the two-sided spectrum S(w) and the single-sided
spectrum G(w).

@ Springer

5.2 Infante’s approach [23]

In this subsection, the author slightly generalizes the method
of Infante [23] to the present problem. It is now assumed
that the system is driven by physical noise (colored noise):

X, (1) + 28%, (1) + (¢ +f(@)x, (1) = 0. 27

Here, f(¥) is a zero-mean, stationary, ergodic physical noise.
The equation can be rewritten as follows:

x(t)=[A+F@)]x

0 1 0 0 (28)
A= JF = .
{ [—Cl - 25] [—f Q) 0]
A positive-defined matrix B is introduced as follows:
B= ocl2 +a, o
B a 1] (29)

According to Infante’s paper [23], if the following relation is
satisfied for some positive €, then the main theory holds: let

Amax[X] be the maximum eigenvalue of matrix X:

ElAmalAT + FT(t) + BA + F(t))B™']] < —e, (30)
then the system is almost asymptotically stable, yielding

E[Ay[AT + FT (1) + BA + F)B']

=-20
[a, + a? —¢; —f(O) + 2a,(C — a))]?
+\/4(C—a1)2+ Bl S =
a
(€29)]
Here, the elements of the B matrix are defined as follows:
a=¢ 32)
0(2 = Cz + Cl.

For the above, using Schwarz’s inequality, the following
result can be finally obtained:

E[(f())*] < 4¢, 2 (33)

5.3 Arnold-Dostal’s approach for colored-noise
case [13, 24]

Arnold et al. [24] have obtained asymptotic results for the
stability of the equation
X (1) 4 28x, () + (¢ +f(0))x, (1) = 0, (34)

where f(¢) denotes a stationary Gaussian process with spec-
tral density S;.
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The top Lyapunov exponent was determined for the system
of y(t) = x,(¢) exp({1):

. . 1
Ay = lim log(ly()* + [5()I*)2, (35)
where y(?) satisfies the following differential equation:

$(0) + [(c; = &3 = F(OIy(®) = 0. (36)

The top Lyapunov exponent A, was determined for the sys-
tem of x(f), which can be represented as

V3
Aem—C+ msf;f; (2\/ ¢ = Cz)- G7

A negative Lyapunov exponent yields the stability of the
corresponding system; thus, if A, < 0in Eq. 34, the SDE in
Eq. 34 is stable

The condition of A, = 0 for negligibly small P(f) becomes

< agu(h-g) -0 o

This is an implicit function for ¢ or ¢, because S, implic-
itly includes H, /3 Therefore, iterative methods, such as
Newton’s method, should be applied to obtain the stability
boundary.

5.4 Ariaratnam and Tam'’s approach [31]

Ariaratnam and Tam [31] obtained the stability boundary
with the use of the stochastic averaging method and utilized
the outcome to Eq. 27.

Here, the authors analyze with the use of the stochastic
averaging theorem proposed by Stratonovich [25] and Khas-
minskii [26], the derived averaged equation for roll ampli-
tude A being as follows:

’
24

-

dA = <—aA + >dt + (yA* + B)dW (),

3r
@=0 =g 5@

pu (39)

where 4 A = _2511,h,(a’)
Cl

_ 1L S, (@)

v 4c, e

L

Ariaratnam and Tam [31] obtained the moment stability con-
ditions for the equation they averaged.

5.4.1 First-moment stability

3r
¢> 8—Cle,j§ (2awy). (40)

5.4.2 Second-moment stability

T
&> 5 5, 20). (41)

5.4.3 Condition on the PDF

By solving the Fokker—Planck equation, the stationary prob-
ability density function (PDF) was obtained as follows:

A
PA) =2yvf¥ ———,
( ) yvﬁ (yAZ + ﬂ)v+1
1 « 42)
where v= =+ —.
2y

For the above PDF, the condition of stability is considered
to be v > 0, yielding

¢ > %SM Qwy). (43)

The two results obtained here are identical to those obtained
by Roberts [12] in later years. These results also demonstrate
that the external moment term, A(r), does not affect the sys-
tem’s stability.

Note that Eq. 43 exactly matches the Arnold—Dostal
result (Eq. 38) if ¢ is sufficiently small.

5.5 Results of the energy-based averaging method
[13,27]

Here, an approach using an energy-based stochastic average
method is presented. The target system is as follows:
X+20k 4+ (c; + P()x=0. (44)
Here, the Hamiltonian J# of the system is

)
X
H (x,%) = > + %xz. (45)

Then, the following equation can be obtained:

ax =X
(46)
%%: —2e(i2 — \[eP(D)x.
The 1D SDE with respect to .7#’ can be obtained as
d# = (m () + my(F ))dt + o(Z )dW. 47)

In the above equation, drift terms, i.e., m; and m,, and diffu-
sion term o2 can be represented by

@ Springer
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m(#H) =-2H
my(Z)=k¥ 48)
oX(H) = kI*?
where
k= 1 R(7) cos 2\/C_lrdr. (49)
¢ Jo

FPK equation can be obtained from Eq. 47, and then the
PDF for 7 is obtained as

% —
P ) = —— exp <2/ 259—?‘%9)
%% v KO 50)

imt

) o=
=Cx *.

Here, C and C’ denote the normalization constant of the
PDF. Using the transformation formula for the probability
density, the probability density function for roll amplitude is

P4) = 9’(%‘% = cral%), 51)

Here, C" also denotes the normalization constant of the PDF.
From this, the asymptotic behavior of the probability density
function can be categorized into three cases for the relation
between k and the linear roll damping coefficient 2¢:

@ 8 >k>0 lim HA)— +o
A—+0

@) 8=k Alil’_l'_lo P(A) = Const. (52)

(i) k>8>0 lim P(A)— 0.
A—=+0

Now, calculate the equation of the boundary from (ii) in
Eq. 52. Let k denote the spectrum S,(w) of P(7). Therefore,
it follows that

k= 5eSh2ye. (53)

By utilizing the above relation, 8§ = k becomes as follows:

Sp2ye) = 2, (54)

However, even if Z(A) - +o0, it cannot be said that
P(A) # 0 when A > 0, so it may be a non-conservative side
estimation as shown in Fig. 4. This is because the condition
in question represents the boundary between the behavior of
two PDFs, Type A and Type B, as shown in Fig. 3. This is
the boundary of the bifurcation phenomenon of the probabil-
ity density function; see, for example, page 506 of Arnold
[45]. Thus, this condition does not directly indicate the sta-
bility of the system’s origin.
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— Type A
—— Type B

P -

Fig.3 Schematic view of two PDFs

Roberts [12] presented a conditional expression for the
probability density function from the FPK equation with
A > 0, where 1 is expressed as

=M ;4M . (55)

Here, M means
T
M = S—CISP(Z\/E). (56)

Therefore, the boundary proposed by Roberts is

Sy = il (57)

The above expression is obtained for the system with an
external force. Furthermore, consider the following limit:

AILI_IFIO P(A) - +c0. (58)

By considering 1 + 24 < 0, the following condition can be
obtained:

20 < M. (59)

The boundary equation obtained from this method agrees
with the boundary equation obtained from the energy-based
stochastic averaging method.

5.6 Results and discussion

This subsection compares the analytical conditions pre-
sented so far with numerical calculations. Figure 4 shows
the final results obtained for the ITTC spectrum. The sub-
ject ship is C11, and the graph shows a comparison of the
results of theoretical calculations and numerical simulations
of the stochastic averaging method, Infante’s approach, and
Arnold’s approach.

5.6.1 Infante’s method

The results based on Infante’s method show that the esti-
mation is overly safe. This can be attributed to two factors.
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—— Stochastic Averaging
—— Arnold-Dostal
— Infante

0 0.01 0.02 0.03 0.04
2¢

— Stochastic Averaging
—— Arnold-Dostal
—— Infante
10
8
=1
.8
6 =
£
n
g
=
- 4 g
=]
Z
-2
—-0
0 0.10 0.20 0.30 0.40
Sl

Fig.4 Comparison of the stability diagram between ‘Arnold—Dostal’s approach’, ‘Infante’s approach’, ‘stochastic averaging method’, and numer-
ical simulation for C11 container ship parameters and forcing due to a ITTC spectrum with mean period 7', = 10s

First, Infante’s method uses Eq. 29 to set the matrix B related
to the Lyapunov function. Even though the Lyapunov func-
tion is used to obtain the stability condition, it is a sufficient
condition and may not be the optimal choice. This likely
leads to an overly safe estimation. Second, Infante trans-
forms the equation using Schwartz’s inequality, another fac-
tor contributing to the overly safe estimation.

5.6.2 Arnold-Dostal’s method

From the figure, the results based on Arnold-Dostal’s
method explain the numerical results relatively well. How-
ever, since this theory is based on the assumption that
o — 0, the estimation accuracy is expected to deteriorate as
o increases, as seen in the results for white noise. Nonethe-
less, for the faced problem of vessel motion, the assumptions
of Arnold-Dostal’s method are considered to be valid to a
great extent.

5.6.3 Averaging method

The analytical condition based on the averaging method
appears to be essentially an estimation on the non-con-
servative side. This is because, as mentioned above, even if
H(A) - 40 and P(A) - +o00, P(A) = 0 is not necessarily
guaranteed with A > 0. Therefore, it is important to note that
this is a condition that indicates the behavior of the probabil-
ity density function near the origin, not directly indicating

the origin’s stability. Consequently, this method has the
potential to be an estimation on the non-conservative side.

6 Mitigation of parametric rolling due
to rudder control

As Soder et al. [46] have conducted, there is the potential to
reduce the risk of parametric rolling using rudder control.
The rudder is an inherent piece of equipment for the ship,
making it an attractive option as it does not require any new
active actuators or additional anti-rolling tanks. Further-
more, the control aims to restore the asymptotic stability of
the system’s origin, which is the major difference from regu-
lar roll mitigation controllers by rudder or fin-stabilizers.
Thus, once the stability of the system’s origin is restored, it
is expected that roll motion will be completely eliminated
in random head seas:

%, (1) + 285, (1) + (¢ +f(0)x, (1) = froR- (60)

Here, f; denotes the hydrodynamic derivative of the roll
moment with respect to the rudder angle 6. Suppose that
og has a feedback form as follows:

Or(1) = kyx () + kyx, (0). (61)

In this research, the delay of rudder action is ignored for the
sake of brevity; thereby, the system becomes

@ Springer
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%1(0) + 28" %, (1) + (¢} + f(0))x, (1) = 0,
20 =20 —k,

¢l =c| — k.

where 62)

If2¢" and ¢}, i.e., k; and k,, are selected below the thresholds
for stability, then parametric rolling can be completely pre-
vented. The authors have demonstrated the control policy
in the previous sections, and it can be said that control to
increase the “apparent damping force” of 2¢" = 2¢ — k, will
lead to complete prevention of parametric rolling.

7 Conclusion

In this study, the stability of the system with stochastically
varying parametric excitation terms is discussed. Estima-
tion formulae to predict the occurrence of instability because
of the inclusion of multiplicative noise are introduced. The
equations presented here are primarily based on those pro-
posed by previous researchers, with only minor modifica-
tions to make them applicable to the parametric rolling of
ships. The results of Arnold, for example, show that the sta-
bility boundaries can be captured with a relatively high accu-
racy, which is promising for practical use in the near future.
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