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Abstract
A spin-1/2 Heisenberg antiferromagnetic chain is one of the most important para-
digmatic models in quantum magnetism. Its ground state is a spin singlet, while the 
excitation spectrum is formed by gapless fractional excitations, spinons. The pres-
ence of alternating g-tensors and/or the staggered Dzyaloshinskii-Moriya interaction 
results in opening the energy gap � ∝ H

2∕3 , once the magnetic field H is applied. A 
fairly good understanding of this phenomenon was achieved in the framework of 
the sine-Gordon quantum-field theory, taking into account the effective transverse 
staggered field induced by the applied uniform field. The theory predicts solitons 
and antisolitons as elementary excitations, as well as their bound states, breathers. 
Here, I review recent high-field electron spin resonance spectroscopy studies of such 
systems, focusing on peculiarities of their spin dynamics in the sine-Gordon regime 
and beyond.

Low-dimensional (low-D) quantum magnets attract a lot of attention serving as an 
excellent playground for testing numerous theoretical concepts of condensed-matter 
physics and quantum magnetism [1]. Among others, a spin-1/2 Heisenberg antiferro-
magnetic (AF) chain with the uniform nearest-neighbor exchange coupling is one of 
the most important model systems, whose magnetic properties are well understood. 
Its ground state is a non-magnetic spin singlet, and the spin dynamics is determined 
by a gapless two-particle continuum of fractional spin-1/2 excitations, spinons. The 
energies of the upper and lower boundaries of the continuum are given as

and

(1)�u(q) =
�

2
J| sin(q∕2)|,
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respectively (where J is the nearest-neighbor interchange coupling and q is the wave 
vector) [2]. Application of the uniform magnetic field results in a substantial rear-
rangement of the excitation spectrum, making the soft modes incommensurate [3], 
but leaving the excitation continuum gapless up to the saturation field Hsat.

The situation is considerably different in case of a spin-1/2 Heisenberg AF chain 
with the alternating g-tensor and/or staggered Dzyaloshinskii-Moriya (DM) interac-
tion. The application of the uniform field H opens the energy gap � ∝ H2∕3 . Such a 
behavior has been recently described in terms of the sine-Gordon quantum-field the-
ory [4–6], with the effective transverse staggered field playing a key role in the gap 
formation. For sine-Gordon spin chains the theory predicts the presence of solitons, 
antisolitons, and multiple soliton-antisoliton bound states, called breathers [7, 8]. 
Above Hsat , quantum effects are significantly suppressed and the excitation spectrum 
is determined by ordinary gapped magnons [9–11]. Another consequence of such an 
alternation is the specific temperature and field behavior of electron spin resonance 
(ESR) parameters (the linewidth and effective g-factor) [12, 13]. These properties 
are realized in Cu-benzoate [14–20], Cu-PM [21–24], CuCl2⋅2(CH3)2 SO [25, 26], 
Yb4As3 [27–30], KCuGaF6 [31–34], CuSe2O5 [35], and KCuMoO4(OH) [36].

ESR spectroscopy is traditionally recognized as one of the most powerful means 
for probing magnetic-excitation spectra in exchange-coupled spin systems with the 
exceptional resolution and sensitivity. Using temperature or magnetic field as vari-
able parameters, one can obtain valuable information on the nature of the ground 
and excited states, and estimate the spin Hamiltonian parameters. As radiation 
sources, one can use solid-state generators (such as Gunn and IMPATT diodes, VDI 
microwave chains, quantum-cascade lasers), as well as backward-wave oscillators, 
molecular-gas and free-electron lasers (see, e.g., Refs. [37–40]). Employment of 
high magnetic fields [up to 45 T (continuous) and c.a. 200 T (pulsed)] is of particu-
lar importance when studying the spin dynamics in magnetic systems with com-
plex frequency-field diagrams and field-induced phase transitions. High-field ESR 
has proven to be one of the main spectroscopy tools to study exchange-coupled spin 
systems including quantum spin chains (for reviews see, e.g., Refs. [41–43])". One 
very important application of the high-field ESR is investigating the excitation spec-
trum in such systems above Hsat , sometime allowing one to extract spin Hamiltonian 
parameters directly and with a high accuracy using the quasi-classical spin-wave-
theory approach [44–46].

Here, I review experimental studies of the spin dynamics in spin-1/2 Heisenberg 
AF chains with alternating g-tensors and/or staggered DM interaction, performed by 
means of the high-field THz-range [47] ESR spectroscopy.

The Hamiltonian of a spin-1/2 AF Heisenberg chain with the alternating g-ten-
sors and/or staggered DM interaction is given by

(2)�l(q) =
�

2
J| sin(q)|,

(3)H = J
∑
i

�i ⋅ �i+1 + g�BH
∑
i

Sz
i
+ g�Bh

∑
i

(−1)iSx
i
,
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where the first term corresponds to the isotropic Heisenberg interaction, the second 
term describes the Zeeman splitting, and the third one describes the contribution 
of the effective staggered field, h ∝ H , induced by the applied uniform field H. The 
example of such a structure is shown in Fig. 1.

As mentioned, the presence of the effective staggered field is of particular impor-
tance here, resulting in the field-induced energy gap. The gap behavior was described 
in the framework of the sine-Gordon quantum-field theory [4–8]. Apart from soliton 
and antisoliton as elementary excitations, the theory predicts also the presence of their 
bound states, breathers.  The frequency-field dependence of the soliton gap can be 
described using the equation:

Here c is the proportionality coefficient connecting the uniform applied field H and 
the effective staggered field h = cH . The parameter � =

(
2∕(�R2) − 1

)−1 , where R is 
the so-called compactification radius, and vF has the meaning of the Fermi velocity; 
R and vF known exactly as functions of H̃ = g�BH∕J from the solutions of the Bethe 
ansatz equations [7]. The amplitude Ax , can be computed numerically [48]. The the-
ory predicts N = [1∕�] breather branches Bn at a given field H, with n = 1,…N . The 
breather gaps �n can be calculated as:

while the soliton gap can be described using the equation:

A schematic sketch of the low-energy excitation spectrum in a sine-Gordon spin 
chain in a finite field is shown in Fig. 2. S and S denote solitons and antisolitons, 
while B1 and B2 correspond to the first and second breathers, respectively.

(4)�s = J
2� (

�

2
)vF√

�� (
1+�

2
)

⎡
⎢⎢⎣
g�BH

JvF

�� (
1

1+�
)cAx

2� (
�

1+�
)

⎤
⎥⎥⎦

1+�

2

.

(5)�n = 2�s sin(n��∕2),

(6)Es ≃

√
�2
s
+ (JvFk0)

2.

Fig. 1  A schematic view of a 
single chain of Cu-PM viewed 
along the b-axis. For clarity, 
only the ions forming octahedra 
along the chains, are shown. 
The local principal axes of each 
octahedron are tilted by ±29.4◦ 
from the ac plane, resulting in 
the alternating g-tensors. After 
Ref. [21]
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Let me discuss experimental realizations of the sine-Gordon chain model. Cu-
benzoate [chemical formula Cu(C6H5COO)2⋅3H2O] was first synthesized back in 
1963 [49]. Although its low-temperature magnetic susceptibility follows the well-
known Bonner-Fisher behavior for a spin-1/2 AF Heisenberg chain [50] with the 
exchange coupling J∕kB = 8.6 K [51], detailed ESR studies revealed an additional 
absorption below 1 K [52]. This resonance was mistakenly interpreted as a signature 
of AF long-range ordering. But surprisingly, later on specific heat measurements 
revealed the presence of the field-induced energy gap, � ∝ H2∕3 [14]. Such an unu-
sual behavior does not correspond to conventional AF long-range ordering, while 
the anisotropic dependence of the gap strongly suggests the involvement of a anisot-
ropy term, such as the DM interaction.

 Initially, three modes of magnetic resonance were observed in Cu-benzoate using 
ESR with a probe in the Faraday configuration (with the radiation propagation vec-
tor parallel to the applied magnetic field, Fig. 3) [17]. Based on the frequency-field 
dependence of the lowest-energy mode, the energy gap as a function of magnetic 

Fig. 2   A schematic sketch of the low-energy excitation spectrum in a sine-Gordon spin chain in a finite-
field contributing to the transverse (left panel) and longitudinal (right panel) dynamic susceptibilities. 
Here, S and S denote solitons and antisolitons, while B1 and B2 correspond to the first and second breath-
ers, respectively (only two lowest-energy breather states are shown). After Ref. [23]

Fig. 3  Frequency-field diagram of magnetic excitations in Cu-benzoate taken at 0.5 K (measurements 
were performed in the Faraday configuration, H ∥ c ). The solid lines are eye guides. An example of ESR 
spectrum taken at 190 GHz is given in the inset. After Ref. [17]
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field was determined, revealing excellent agreement with the specific-heat data. 
Later on, the gap in Cu-benzoate was observed directly using an ESR probe in the 
Voigt configuration (with the radiation propagation vector perpendicular to the 
applied magnetic field; the use of the Voigt configuration is essential here, allowing 
the observation of ESR transitions with different selection rules) [18]. High-field 
ESR revealed not only the signatures of two breather excitations, B1 and B2 (Fig. 4), 
but also the inter-breather excitation Xz [20].

Cu-benzoate is in fully spin-polarized state with the saturated magnetization 
above Hsat = 27 T ( H ∥ c ). High magnetic fields tends to suppress quantum effects 
in low-D spin systems, so that above Hsat the excitation spectrum is supposed to 
be formed not by solitons and breathers, but conventional magnons. Such a cross-
over from the soliton-breather sine-Gordon regime to a fully spin polarized phase 
with magnons as elementary excitations was observed in Cu-benzoate by means of 
high-field ESR [20]. The crossover was studied theoretically [9–11]. In Fig. 4, the 
frequency-field diagram of the the low-energy ESR mode is shown together with 
results of the Density Matrix Renormalization Group (DMRG) calculations [10], 
revealing qualitatively good agreement. The peculiarities of the field-induced cross-
over in sine-Gordon spin chains are discussed below.

For the relevant frequency-field range, for spin-1/2 AF chains with the alter-
nating g-tensors and staggered DM interaction the theory predicts the presence 
of one solitons and three soliton-antisoliton bound state excitations, breathers [7, 
8]. Cu-PM [chemical formula [PM-Cu(NO3)2 ⋅ (H2O)2]n (PM = pyrimidine)] has 
relatively strong intrachain exchange coupling, J∕kB = 36 K [21], allowing one to 
study physics of sine-Gordon spin chains at temperatures down to 1.5 K, using a 
conventional 4 He setup. The frequency-field phase diagram of magnetic excita-
tions in Cu-PM for H ∥ c�� (where c′′ is the axis characterized by the maximal 
value of the staggered magnetization) in magnetic fields up to 25 T is shown in 
Fig.  5. Based on the comparison with the theory, modes B1, B2, and B3 were 
identified as breather modes, while the mode S corresponds to a single-soliton 
excitation [23]. Thus, for the first time the complete set of the sine-Gordon 

Fig. 4  Frequency-field diagrams 
of the breather modes B1 and B2 
in Cu-benzoate ( H ∥ c ; x, y, z 
correspond to different excita-
tion components). Mode Xz cor-
responds to a transition between 
B1z and B2z . The diamonds show 
the result of the DMRG calcula-
tions for the breather-magnon 
crossover around Hsat = 27 T 
[10], while the lines correspond 
to results of the sine-Gordon 
quantum-field theory calcula-
tions [7, 8]. After Ref. [20]
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solutions for a S = 1∕2 AF chain with the staggered g-tensors and DM interaction 
was revealed. It was explicitly shown that the field-induced gap is determined by 
the first breather (with the lowest excitation energy). Later on, soliton and three 
breathers were observed in another sine-Gordon chain systems, KCuGaF6 [32].

ESR revealed significant changes in the gap behavior in Cu-PM at high fields   
(Fig. 6). This is in agreement with results of numerical simulations [9, 10], where 
a non-monotonous behavior of the field-induced gap with the minimum at about 
Hsat was demonstrated. The gap behavior was also described analytically by Fouet 
et al. [11]. Again, such a behavior can be understood taking into account the field-
dependent staggered magnetization. The applied uniform magnetic field induces 
a local staggered field with the maximal transfer component. In high magnetic 
fields, before reaching the saturation the system cannot develop the transverse 
staggered magnetization anymore, changing the gap behavior (Fig.  4). This 
was ideed observed in Cu-PM with Hsat = 48.5 T, revealing excellent agreement 
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Fig. 5  Frequency-field diagram of magnetic excitations in Cu-PM in magnetic fields up to 25 T (1.6 K, 
H ∥ c�� ). Symbols denote the experimental results ( B1 − B3, S correspond to three breathers and soliton 
modes, respectively), while lines correspond to contributions from specific excitations as predicted by 
the sine-Gordon theory [7, 8]. After Ref. [23]

Fig. 6  Frequency-field diagram 
of magnetic excitations in 
Cu-PM in magnetic fields up to 
63 T ( H ∥ c�� ). The solid line 
corresponds to results of DMRG 
calculations. After Ref. [53]
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with the results of DMRG calculations [53, 54]. An example of ESR spectrum in 
Cu-PM obtained at a frequency of 295.2 GHz is shown in Fig. 7.

Now I would like to comment on the recent progress in theoretical description 
of magnetic excitations in sine-Gordon spin chains. Based on numerical results 
obtained by the DMRG and exact diagonalization (ED), the spin dynamics in 
Cu-PM in applied magnetic fields was revisited [55]. Importantly, the calculations 
for momentum and frequency-resolved dynamical quantities give direct access to the 
intensity of the elementary excitations at both zero and finite temperature, allow-
ing one to study the system beyond the low-energy description by the quantum-
field sine-Gordon model. The  theory provides a perfect description of the soliton-
breather picture (Fig. 8). Interestingly, above Hsat , the theory predicts the presence 
of the two-magnon continuum with a clearly visible lower-energy boundary (Fig. 9).

Apart from the soliton and breather modes, at least six more ESR modes were 
observed in Cu-PM (Fig.  5). Modes C1 − C3 lie very close to the edges of the 
soliton-breather continua, and thus can be interpreted as transitions from the spin 

Fig. 7  Pulsed-field ESR spectrum in Cu-PM obtained at a frequency of 295.2 GHz. After Ref. [54]

Fig. 8  The frequency-field diagram of the single-soliton resonance (left panel) and breathers (right 
panel), showing comparison between experimental data (symbols), DMRG (L=80), and field-theoretical 
calculation results. After Ref. [55]
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singlet ground state to the continuum edges. On the other hand, ESR revealed a 
number of magnetic excitations (modes U1 − U3 ), whose identification appears 
to be beyond the conventional sine-Gordon model. Similar to that, the presence 
of several additional excitations was revealed in another sine-Gordon spin-chain 
system, KCuGaF6 (e.g., mode U1 − U4 in Fig. 10) [32]. The observation of these 
modes can be understood taking into account topological edge effects [56–58], 
resulting in emergence of so-called boundary bound-states, in addition to the spin 
states in the bulk. A boundary sine-Gordon field-theory approach to ESR in open 
spin-1/2 Heisenberg AF chains with an effective staggered field was developed 
[58]. Very good agreement between the theory and experimental observations in 
Cu-PM [23] and KCuGaF6 [32] was demonstrated.

Solitons and breathers can be observed only at very low temperature, T ≪ 𝛥∕kB . 
At higher temperatures, the effect of alternating g-tensors and the staggered DM 

Fig. 9  The frequency-field plot 
of the absorption intensity at 
T = 0 , obtained by DMRG-
based Chebyshev expansions 
(order N=6000) at fixed fields 
hz ∈ [0,3.4] for a step increment 
of �hz = 0.1 and L = 80 . After 
Ref. [55]

Fig. 10  Frequency-field diagrams of the ESR modes in KCuGaF6 at T = 0.5 K for H ∥ c (a) and H ∥ b 
(b). Symbols denote the experimental results, and lines correspond to calculations based on the the sine-
Gordon quantum-field theory approach. Modes E s , M 1 , M 2 , M 3 correspond to soliton and breather exci-
tations, respectively. Excitation modes M 3-M1 , M 2-M1 , M 3-M2, correspond to transitions within excited 
states. After Ref. [32]
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interaction can be regarded as a perturbation, resulting in the nonlinear temperature- 
and field-dependent ESR frequency shift and the change in the linewidth [12, 13]. 
Importantly, the theory allows precise calculations of the ESR parameters.

First, such a behavior was revealed in Cu-benzoate [51, 59]. Later on, it was 
found [17] that terms (H∕T)2 and (H∕T)3 clearly dominate in the ESR linewidth 
and shift of the resonance field, respectively, being consistent with the theory for a 
spin-1/2 Heisenberg AF chain with the alternating g-tensor and/or DM interaction 
[12, 13]. In Fig. 11 the temperature dependences of the ESR linewidth and effective 
g-factor in Cu-PM at a frequency of 184 GHz are presented together with results 
of calculations [24]. Figure 12 shows the field dependence of the ESR linewidth in 
Cu-PM. In all cases excellent agreement with the theory [12, 13] was achieved. The 
obtained staggered field parameter c ( c = h∕H ) is in excellent agreement with the 
value c = 0.08 found earlier from the analysis of the frequency-field dependence of 
ESR modes in Cu-PM in the soliton-breather regime [23].

Very recently, a field-induced gap has been observed in the organic compound 
[Cu(pym)(H2O)4]SiF6⋅H2O (pym = pyrimidine), a chiral spin-1/2 chain system with 
fourfold staggered g-tensors and uniform DM interaction (Fig. 13) [60]. Although 
such an observation is reminiscent of that revealed in nonchiral alternating spin-
1/2 chains, the gap behavior does not fit with the conventional sine-Gordon theory 
considered above. Possible explanation of such an effect was proposed by Furuya 

Fig. 11  Temperature depend-
ences of ESR linewidth (left 
panel) and effective g factor 
(right panel) in Cu-PM at a 
frequency of 184 GHz ( H ∥ c�� ). 
Symbols denote the experi-
mental data, while solid lines 
correspond to the calculation 
results. After Ref. [24]

Fig. 12  Magnetic field depend-
ence of ESR linewidth in 
Cu-PM measured at 10.3 K 
( H ∥ c�� ). Symbols denote the 
experimental data, while solid 
lines correspond to the calcula-
tion results. After Ref. [24]
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[61]. He argued that in analogy with that for the twofold staggered field, the fourfold 
screw fields breaks the one-site translational symmetry, giving rise to the excitation 
gap. However, the uniform DM interaction may cause additional nontrivial effects, 
such as field-induced changes in the spin-chain chirality, which can significantly 
affect the ESR excitation spectrum, as observed in the experiment.

In conclusion, I have reviewed recent experimental high-field ESR studies of 
the spin dynamics in spin-1/2 antiferromagnetic chain systems with the alternating 
g-tensors and staggered Dzyaloshinskii-Moriya interaction. The presence of a sin-
gle soliton and four breathers was revealed in the excitation spectrum of Cu-PM, 
as predicted by the sine-Gordon quantum-field theory. Since high magnetic field 
tends to suppress quantum fluctuations, the excitation spectrum above the satura-
tion field is determined by conventional magnons. Such a crossover from the soliton 
to magnon regime manifests itself in a nonmonotonic behavior of the field-induced 
gap, observed in Cu-benzoate and Cu-PM. The presence of extra spin states revealed 
in Cu-PM and KCuGaF6 can be understood in terms of the boundary bound-state 
theory. These states are  the consequence of the topological-edge effects, emerging    
due to the finite chain lengths. Another result of the symmetry-breaking effects in 
sine-Gordon chains is the specific temperature/field behavior of ESR parameters in 
the higher-temperature perturbative regime. Finally, I discussed the observation of 
the field-induced gap in [Cu(pym)(H2O)4]SiF6⋅H2 O. The presence of the fourfold 
staggered g-tensor in this spin-1/2 chiral chain system makes the gap behavior very 
different from that observed previously in other spin-1/2 chains with the alternating 
g-tensors and staggered Dzyaloshinskii-Moriya interaction. The interpretation and 
quantitative analysis of all the presented experimental results are supported by cal-
culations, revealing excellent agreement with the experiment.
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to f ∝ H� with � values shown. 
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paramagnetic resonance with 
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