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Abstract

We study precautionary saving in a two-period model that allows for nonlinear risks
and nonseparable preferences. Permitting nonlinear risk effects is important because
they are common in the developing world or when worldwide shocks hit economies,
like the COVID-19 pandemic. Allowing nonseparable preferences is also important
because they admit the incorporation of intergenerational transfer, habit persistence
and other specific features of intertemporal decision making. We decompose the
risk shock using Davis’s (Int Econ Rev 30(1):131-136, 1989) compensation method
and analyze the income and substitution effect of an increase in risk. We prove that
the substitution effect is always negative and, therefore, the income effect must be
positive and larger in size to have a precautionary net effect. We then apply the
method to various sources of risk, such as income, interest rate and wealth risk. We
analyze the magnitude of each effect and find the conditions required to guarantee
precautionary saving in each case. Our results are presented as signs of covariances,
which provides a new perspective on precautionary saving.
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1 Introduction

When an expected utility decision-maker faces an increase in future risk, he changes
his optimal saving decision in order to better accommodate his intertemporal
consumption and risk exposure. The usual concept that arises in this type of analysis
is the precautionary saving effect, which is the extra saving produced in response to
the increase in future risk. Under additive risks, this effect is guaranteed as long as
the third derivative of the utility function is positive (Leland 1968; Sandmo 1970;
Kimball 1990).

Most of the literature on precautionary saving assumes additively separable
intertemporal utility functions and linear risks that are most frequently associated
with a risk shock to future wages or to the interest rate (Menegatti 2007; Baiardi
et al. 2014). In particular for interest rates, Eeckhoudt and Schlesinger (2008) show
that, when there is an increase in the Nth-degree risk in the return on saving, we
observe a precautionary effect as long as the measure of relative (N + 1)th-degree
risk aversion exceeds N. This result is a generalization of the idea that, for second-
order risk increases, the condition that ensures precautionary saving is that the
partial prudence index is greater than 2 (Rothschild and Stiglitz 1971). Recently,
Magnani (2017) and Wong (2019) provided a new interpretation of these ”threshold
conditions” for the cases of second- and higher- order risk increases that enrich the
intuition. However, all these previous results are based on separable preferences and
linear risk structures. In this paper, we advance the literature by relaxing both of
these assumptions. This allows us to obtain new conditions, which help explain
empirical findings that seem to be at odds with precautionary saving (Dercon 2005).

It is easy to find contexts where preferences are not intertemporally separable and
risk structures are not linear. For example, heterogeneous agents with intergener-
ational transfer (which is a common feature of wealthy households) imply
nonseparable intertemporal preferences (Ponce and Yuki 2006). We also have the
case of ambiguous environments in dynamic settings (Gomes 2014; Peter 2019), or
of habit-persistent models where past consumption has a direct effect on present
utility (Diaz et al. 2003). Nonlinear risk effects are also not difficult to find in real
world examples. For instance, Gunning (2010) describes developing economies that
present nonlinear risk shocks due to credit market constraints and unsolved
asymmetric information problems. In the insurance literature, we also find nonlinear
effects in health care applications (Echazu and Nocetti 2013), where the health
production function incorporates nonlinear cross effects between the marginal
productivity of investment in health and the random variable that captures the risk
effects. We also find nonlinear effects in self-insurance with technology risk (Li and
Peter 2021) when decision-makers lack precise information about the benefits of
risk mitigation. For these cases and others, a positive third derivative of the utility
function (known as the prudence property) may not be enough to secure the
precautionary effect (Eeckhoudt and Schlesinger 2008; Vergara 2017; Baiardi et al.
2020; Vergara and Bonilla 2021). Therefore, modeling nonseparable preferences
and nonlinear risks are the key to understand decision-making in those contexts.
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To study the effect of risk on saving, we decompose the risk shock using Davis’s
(1989) compensation method to distinguish between income and substitution effects
of a risk increase. In our context, the income effect induces the prudent agent to save
more in order to increase his expected income in the second period, when the
uncertainty is present, whereas the substitution effect induces the risk-averse agent
to save less in order to avoid the effect of an increase in risk. We show that a
nonlinear risk shock amplifies both effects, and it also generates new effects that
make it more difficult to sign the net effect on saving. We also show that, for the
linear multiplicative risk case (interest rate and wealth risk), the income and
substitution effects are slightly different from those found in Dardanoni (1988) for a
utility function with two arguments and in Baiardi et al. (2020) for intertemporally
separable preferences.

We share the perspective of Gunning (2010), who analyzed various sources of
risk and studied labor, interest rate and wealth risk, and suggested that individuals in
developing countries are exposed to great uninsured risks that are mostly nonlinear
and have different effects on optimal decisions. Our paper is also related to Snow
(2003) and Machina and Pratt (1997). The former decomposes a mean-preserving
spread into a substitution and income effect but only for the case of an additively
separable utility function with no specific applications whatsoever, and the latter
extends the Rothschild and Stiglitz (1970, 1971) characterization of a mean-
preserving spread to a more general definition with an extension to second-order
stochastic dominance. In this paper we develop specific applications and connect
our results with recent literature on decision-making under risk through a
perspective of using the signs of covariances that appear in optimal saving
problems. This covariance representation has the advantage of incorporating not
only the sign of the effects but also the magnitude of the slope of change. It is,
therefore, potentially more informative than the usual representation of the typical
comparative static analysis.

It is important to mention that we provide a theoretical grounding for the case in
which increases in risk induce reductions in saving. This empirical regularity
observed in the developing world (Dercon 2005 and Elbers et al. 2007)", can now
be explained under nonlinear shocks when comparing the effect of the income and
substitution effect revealed using Davis (1989)’s method.

2 The two-period model
2.1 Notation
We consider a two-period consumption model with a deterministic endowment

income w in the first period but an uncertain total income in the second period. The
consumer has a utility function u(c;,c;), which is assumed to be continuous,

! Elbers et al. (2007) looked at the situation in Zimbabwe, a low-income country with significant credit
market constraints and an underdeveloped financial system, and discovered that increases in risk led to
reductions in growth due to a drop in capital accumulation and saving. Risk increases did not induce a
precautionary effect on saving and investment, highlighting the need to account for nonlinear effects.
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increasing and concave in each argument, and at least three times differentiable.
That is, u; and u, are positive while u;; and u;; are negative, where the subscripts
denote partial derivatives. We assume that u1, = up; > 0, meaning that consumption
levels in the first and second periods interact as complements.” Also, ¢; = w; — s
and ¢; = g(0,wy,s), where 0 represents a stochastic shock that affects total income
in the second period, wy is a non-stochastic exogenous variable (second-period
deterministic endowment) and s denotes saving. In order to avoid explosive
behavior and to make sure that we have a concave problem with interior solution,
we provide natural assumptions for the shape of function g. In particular, we assume
that the function g is increasing in w, and increasing and concave in s (g, > 0 and
gss <0), which implies that saving raises second-period consumption at a decreasing
rate. The function g is also increasing and concave in 0 (ggp > 0 and ggg < 0), which
means that a positive shock of the random variable is beneficial to the decision-
maker at a decreasing rate. Finally, g, is increasing and concave in 0; that is, g >0
and gg90 < 0, which implies that the random variable raises the incentive to save at a
decreasing rate.’ It is worth noting that all of these assumptions regarding the
curvature of g are intuitive in economic terms, and they also correctly represent a
positive random shock with no explosive higher-order effects, thereby ensuring a
concave and tractable program.

Let F(0,7) be the cumulative distribution function of 0 with support in the
interval [a, b], where 1 is a parameter whose shift represents changes in risk, like in
Diamond and Stiglitz (1974). The consumer seeks the optimal savings s* that
maximize the intertemporal utility of consumption, which is achieved by choosing
s*(t), such that

b
s* (1) = *Argmax,{Eu(ci,¢c;) = / u(wy — s,8(0,wa,5))dF(0,7)} (1)

The first- and second-order conditions of the consumer’s problem are:

b
/ [—u1 + uags|dF(0,7) = —Eu; + Eupgs =0 (2)

2 The classical articles of Leland (1968), Sandmo (1970) and Dardanoni (1988) consider nonseparable
utility functions in their analyses. However, it has been customary in intertemporal economics to assume
time-separable utility functions because of their simplicity and tractability (Baiardi et al. 2020). The
problem with this assumption is that it rules out phenomena like intergenerational transfers or habit
persistence (Diaz et al. 2003) and the positive effects of government spending on private consumption
(Bilbiie 2009), which implies a positive correlation between first and second-period consumption (Gollier
2001).

3 For example, Gunning (2010) represents a capital income risk by  making
c2 =g(0,wz,5) =wy + (1 —0)s + 0h(s), where w; is the expected second-period labor income, (1 —
d)s is the expected value of physical assets, d € [0,1] is the depreciation rate and h(s) is the expected
value of capital income. The function h(s) is increasing and concave, with 2(0) =0. If 6 =1 and
h(s) = rs, second-period consumption is ¢, = g(0,w»,s) = w, + Ors, which is the usual interest rate risk
case analyzed in the literature (Baiardi et al. 2020). Note that, in the world of Gunning (2010), there is
space for a nonlinear relationship between consumption and saving, while the shocks are linear.
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b
/ 111 — 2108, + Ung® + gy ]dF (0, 7) <0 (3)

For ease of exposition, we will use the following definitions in the rest of the paper:

U(S,Q) = M(W] _Syg(ga W27S)) (4)
Us(s,0) = —uy + ungs (5)
Uso(s,0) = —u1280 + u2gogs + U280 (6)

Uspo(s, 0) = —Mlzzg(% — Uu12800 + Mzzzg(%gs + U228008s + U2280850 + U2280850 + U28500
(7)

Next, we will study how changes in risk affect saving under various sources of risk.
We will start with the traditional definition of a risk increase from Diamond and
Stiglitz (1974), and then we will apply the compensation method to better under-
stand risk increases in our applied examples, which include special cases of non-
linear risk.

2.2 Risk changes
Following Diamond and Stiglitz (1974) we define an increase in T as a first-order
risk increase if

Fe(0,7)>0 (8)

and Fy(a,7) = F.(b,7) = 0.
Alternatively, an increase in T represents a second-order risk increase (mean-
preserving spread) if

/ " F(0.0)d0 = 0 9)

and

0
T(H,r):/ F(z,7)dz>0 forall a<0<b (10)

and also, T(a,t) = T(b,7) = 0. Condition (9) indicates that both distributions have
the same mean, and condition (10) is the single-crossing property of a mean-pre-
serving spread.

Proposition 1 (Conditions for the Precautionary Effect) Let s*(t) be the optimal
level of saving that maximizes (1). Then, we have the following two results:

(i) If a shift in © represents a first-order risk increase, then s* increases if
Ugp < 0.
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(1)  If a shift in © represents a mean-preserving spread, then s* increases if
Uspo > 0.

Proof (i) Using the implicit function theorem in the first-order condition (2), we
obtain:

ds* o f: UdeT(Q,T) (11)
dv soc
where SOC stands for the second-order condition, which is negative, as observed in

*

d.
(3). Therefore, the sign of ds

is the same as the sign of ff U,dF.(0,7).
T

Now, integrating expression | f’ U,dF.(0,1) by parts, we get — f: Uy F.d0, which
is positive as long as Uy <0, which guarantees the precautionary effect for a first-
order risk increase and completes part (i) of the proof.

(ii) Now integrating expression — f: UyF.d0 by parts again, we get
f: Us0oT(0,7)d0, which is positive as long as Uy > 0, which guarantees the

precautionary effect for the mean-preserving spread and completes part ii) of the
proof. U

3 A specific definition of a mean-preserving spread

Let us write the random variable 0 as
0 = pp+ve (12)

where y, is the mean of 0, y is a positive scalar that represents a spread parameter
and € is a zero-mean random variable. Equation (12) represents a parametric class of
mean-preserving spreads. This class was introduced by Sandmo (1970) in his
seminal contribution of saving under uncertainty. Later, Sinn (1983) and Meyer
(1987) use it to define a location-scale family of distribution that allows mapping
from the expected utility into the mean-variance space. Equation (12) is also related
to the notion of ”strong increases in risk” by Meyer and Ormiston (1985) as an
increase in y extends the support of 0 and allows us to go beyond the usual com-
parative statics of risk introduction to a comparative static considering increases in
risk for already risk-averse agents. Note that an increase in y generates a mean-
preserving spread in 6. In this case, the consumer’s intertemporal saving problem
becomes

s*(y) = *Arg max {Eu(w — s, g(tty + ye, wa, s) } (13)

Proposition 2 Let s*(y) be the optimal level of saving that maximizes (13). A mean-
preserving spread (increase in V) induces an increase (decrease) in s* as long as
cov(Uys, €) > (<)O0.

Proof By implicitly differentiating the first order condition derived from problem
(13) we obtain:
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ds* _ —FEuingee + Euxnggoe + Eunrgsoe _ cov(Upgg, €)

as _ (14)
dy SoC soc

which proves that, as long as cov(Uy,, €) > 0, we have a precautionary effect. [

Note that cov(Upgs, €) = cov((—u12 + u2gs)8go, €) + cov(uages, €). Below, we will
show that the second covariance can be linked to the substitution effects by applying
Davis (1989)’s compensation method, and following the terminology of the
certainty case, we may call the first covariance “the income effect”.

4 The compensation method

In many economic models, the results of comparative static exercises are defined by
income and substitution effects, and most of the time they have opposing effects,
resulting in possible indeterminacies.

The compensation method we use in this article is based on Davis (1989)’s paper,
which in turn, is based on Sandmo’s intuitive idea that a mean-preserving spread
can be decomposed into income and substitution effect. Therefore, the compen-
sation method (in a risky context) pursues the amount (given to or taken from w,)
sufficing to obtain the same amount of ¢} if the choice of saving remains s*.

When the consumer experiences a mean-preserving spread, precautionary saving
will induce an increase in saving. This increase in saving will, in turn, induce an
increase in expected c¢5. Therefore, the compensation method will provide a
negative substitution effect (to go back to initial ¢;). Consequently, the income
effect must be positive and larger in size than the substitution effect to result in
precautionary saving.

Let us assume that w, = ¢(y). The consumption in the second period is
represented by

e = glug + 76, 0(1),5%) (15)

The compensation method implies the following compensation condition or random
rule:

66‘2

—_— = wr P, = O 16
5y~ 80ET 8m; (16)
Solving for ¢, we get:

80€
¢, =—— 17
= e (17)

In order to obtain the substitution effect, we plug ¢(7) into the first order condition
(2) and apply the implicit function theorem to get
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ds* | o (—Eu1z + Euxngs)(go€ + &, ¢,) + Eua(gs0€ + g, @,) (18)
dy comr = SOC

Considering the compensation rule (16) and following Davis’s (1989) assumption
that gg, = 0, Eq. (18) is reduced to

ds* _ Ewgye _ cov(uags,€)

= = 19
d,y |C0mp SOC SOC ( )

and, consequently, the substitution effect is linked to the sign of cov(uygs, €).

Now recall that Eq. (14) provides the total effect on s* under a mean-preserving
spread. In particular, a positive sign of cov(Uys,€) = cov((—ui + uxngs)go, €) +
cov(upgps, €) guarantees precautionary savings. In addition, the compensation
method provides the substitution effect by cov(upgos, €). Therefore, cov((—ui2 +
U20gs)go, €) is the income effect. The sign of each covariance component is obtained
by differentiating the following expressions:

O(—u12 + ungs)go
Oe

= {—umg% — Uu12800 + uzzzgégs + U28008s + U228080s }7
(20)

Our g
éeg = {u22808s0 + 128500}y (21)

Note that the substitution effect is actually negative, which is given by the sign of
(21). Also, by adding (20) and (21) and dividing by y, we get

2 2
Usoo = {—u1228) — 112800 + 2228585 + 12280085 + 12280850 + U2280850 + 128500
Income effect Substitution effect

(22)

and we already know from previous propositions that, as long as Uy > 0, pre-
cautionary saving is guaranteed under a mean-preserving spread.

We can see from expression (22) that risk aversion and prudence are insufficient
to ensure the existence of precautionary saving. To better understand our findings,
let us rewrite Eq. (14) by separating the income and substitution effects as follows:

ds® _ cov((—uip + ung;)go,€) | —cov(uagos, €)

dy s0C SoC

It is worth noting that, according to (21), the substitution effect is always negative,
whereas the income effects can be either negative or positive, given expression (20).

*

As a result, our formulation implies that can be positive with precautionary

dy
saving or negative, as suggested by Dercon (2005), in the case of developing
countries.
In our model, an uncertainty shock is translated into a mean-preserving spread
via iy + ve, resulting in an increase in the spread parameter y. The substitution
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effect observed in (21) (which is derived from the compensation method) reflects
the economic agent’s desire to reduce risk exposure by decreasing saving in the face
of an increase in risk. The substitution effect is always negative, given risk aversion
(ux <0), and a plausible assumption on the curvature of the function g (g, <0,
explained in the previous section), as shown in (21). The income effect, on the other
hand, represents and increases the riskiness of ¢3 , which translates into a reduction
in the certainty equivalent of c3, which has both positive and negative effects on
saving, as shown by (20). Part of the positive effect is due to prudence (Mzzzg(z)gs)
and part of the negative effect is due to the nonlinear effects derived by function g
(the component ux;gpges Or —u12800, for example). As a result, we cannot rule out
any possible final effect on saving when we consider both the substitution and
income effect in our nonseparable and nonlinear model. Under a positive shock of
uncertainty, we may experience the traditional precautionary effect or, alternatively,
we may also experience a decrease in saving, which is, as we explained earlier, an
empirical fact found in some specific circumstances.

Table 1 summarizes the income and substitution effects for different types of
utility functions and risks.

At this point, it is important to mention that ggpp and gsp¢9 allow having nonlinear
risks in our analysis. As we mentioned before, nonlinearities are often present in
developing economies where relevant risks are uninsured (Gunning 2010) and
increases in risk have been proven to decrease saving instead of inducing a
precautionary effect (Dercon 2005; Elbers et al. 2007). Note, then, that cases like
the ones described above —previously considered anomalies, from the traditional
perspective of precautionary saving— are now incorporated into our general
formulation.

Nonlinear risk also allows the theorization of new risks that are not commonly
treated in the economics literature, like the risk of COVID-19 and its devastating
economic consequences worldwide. In the end, Eq. (22) is a general expression that
captures not only the traditional risk analysis commonly observed in the literature,
but also new risks, with more complex functional forms and cross-related effects on
saving.

In what follows, we will apply our general formulation to various sources of risk
and define conditions for precautionary saving in each case. We connect these
applications with previous literature and show that this general formulation

Table 1 Precautionary effect

Cases Income effect Substitution effect
Additively separable utility U838s + Ungo0gs + U228080s 12280805 + U28500
Linear risk —u1ngh + U2 8585 + 1280805 U228086s
Additively separable utility and linear risk U 8a8s + 12280805 2280805

Additive risk 7u122g5 + uzzzg(z)gy 0

Additively separable utility and additive risk U838 0
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incorporates the known results from precautionary saving but also provides space
for nonlinear shocks and specific non-conventional types of risk.

5 Applications

In this section we will study three sources of risk: classic labor income risk with a
linear and additive shock; the case of interest-rate risk with a multiplicative and
linear shock, like in Eeckhoudt and Schlesinger (2008); and finally, a wealth risk
shock as in Gunning (2010).*

5.1 Labor income risk

Let us assume that second-period consumption is represented by
¢y = g(0,wa,5) = wrf + sR (23)

where 0 = uy+ ve and R is the non-random gross interest rate. In this case,
U(s,0) = u(w; — s,w20 +sR), and since in this case gy =w,, g =R and
80s = 8oos = oo = 0, then cov(Uyy, €) = cov((—ujp + upR)ws, €). Therefore, the
precautionary effect is, in this instance, determined only by the income effect. Note

0 Us()

that cov((—u2 + uznR)wy, €) > 0 if and only if 5 = (=122 + upR)w3y > 0. If
€

u(cy, ;) is additively separable (u12, = 0), then precautionary saving takes place
whenever the decision-maker is prudent, i.e. uy > 0.

5.2 Interest-rate risk

Let us assume that consumption in the second period is represented by the following
equation:

¢y = g(0,wa,s) =wy + sOR (24)

where g, = 0R, g9 =sR, gos =R and ggp = gop, = 0. In this case U(6,s) =
u(wy —s,wy +s0R) and cov(Uy, €) = cov((—uiz + un0R)sR, €) + cov(uaR, €).
The precautionary effect is determined by both the income effect and the substi-
tution effect. The substitution effect is negative because the sign of cov(uzR, €) can
be obtained from the sign of

6u2R
Oe

Therefore, to have a precautionary effect, the income effect must be positive and
greater in magnitude than the substitution effect. This means that

= uzzsty (25)

4 Following Gunning (2010), all the examples are cases of linear risk.
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—Mlzz(SR)zy =+ Uz (SR)Z’))OR + M22SR2’)) > — I/t22SR2W/ (26)

By working on inequality (26) and assuming a separable utility function, we obtain
the following condition to guarantee the precautionary effect

—Uz2

sOR > 2 (27)
Uz

—Uz

where sOR is the partial prudence coefficient.’

15%)
5.3 Wealth risk

Following Gunning (2010) we define second-period consumption by
s =g(0,wa,8) = 0wy + (1 — O)s + h(s)) = OW (28)

where W stands for total wealth, (1 — J)s the expected value of assets, and h(s) is
the expected value of capital income. The function k(s) is increasing (&' > 0) and
concave (i <0), with h(0) = 0. Also, g, = OW,, g9 = W, g9 = W;, where W, =
(1 —20)+ 1 and ggg = goos = O.

In this case, U(0,s) = u(w—s,0W)) and
cov(Usp, €) = cov((—uz + up W)W, €)+cov(us Wy, €). We know that we have a
precautionary effect as long as cov(Usg, €) > 0. In this case the substitution effect is
negative because

auZWs
Oe
and just like in the previous case, to have a precautionary effect, the income effect

must be positive and greater in magnitude than the substitution effect. This means
that in this case we need

= upWyyW <0 (29)

[—u12Wy 4+ u22 OW, Wy + uny Wyl W > — upa WyW (30)

By working on inequality (30) and assuming separable utility function, we obtain
the following condition to guarantee the precautionary effect

—U22

ow=""2¢52 (31)

Uz Uz

where

2 c; is the relative prudence coefficient.
U
Table 2 summarizes the income effect and the substitution effect for the three

types of risk described above.

> Note that Dardanoni (1988) postulates that the income effect is S2(7u122 + u220R), while the
substitution effect is 2uzys. However, applying Davis’ compensation method (1989), the income effect is
s%(—u122 + u2220R) + uzps and the substitution effect is upys. When the function is additively separable,
the literature states that the income effect is up,s0R, while the substitution effect is 2u, (Baiardi et al.
2020). In our case, the income effect is up;50R + up, and the substitution effect is up,. Therefore,
previous literature on precautionary saving is biased in favor of the substitution effect.
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Table 2 Income and substitution effect for various sources of risk

Sources g(0,wa,s) Income effect Substitution
effect
Labor income wal + sR (1 + uzzzR)W%V 0
risk
Interest-rate risk ~ wy + sOR (8*(—u122 + t2220R) + u2p5)R*y Uz sR*y
Wealth risk 0wy + (1 =0)s+h(s)) [—u12Wy + uanOW,Wy + upy WylW  upy W, W

6 Conclusion

In this paper we developed a general formulation for the two-period model of saving
and consumption under uncertainty, allowing for more general risk structures in the
second-period uncertainty shock. We argue that nonlinear risk structures are a
common feature in the developing world, as previous empirical literature suggests,
and that they also appear when unexpected large-scale risks hit and affect the world
economy as a whole. The most contemporaneous example of this is the COVID-19
pandemic and its resulting economic downturn where still do not even know the
shape its recovery will take.

To dive into the effects of increases in risk on saving, we use Davis (1989)’s
compensation method and observe that, when the consumer faces a mean-preserving
spread, precautionary saving can be divided into an income and a substitution effect,
and these effects can be represented by covariances. The substitution effect is
negative, so the income effect must then be positive and larger in size than the
substitution effect to induce increases in savings and the expected precautionary
effect.

Three applications are developed in the paper. In particular, we study the effects
of various sources of risk such as income, interest rate and wealth risk. We then
define the conditions for each case to exhibit the precautionary effect.

Finally, when we go back to the classic set-up of the model and assuming
additively separable utility functions, the conditions for precautionary saving relate
to the concepts of prudence and relative prudence, which is consistent with current
literature on saving under risk. Nevertheless, we discover that adding nonlinear
effects into our generalized model allows for a more integral analysis of economic
cases previously excluded under the traditional approach.
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