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Abstract This paper develops a frictional moving contact model for a functionally graded (FG) orthotropic
layer pressed by a rigid cylindrical punch. The FG orthotropic layer is fully bonded to the isotropic half-plane.
The punch moves to the left on the layer at a constant subsonic velocity and a shear stress arises in the contact
zone according to the Coulomb friction law. General expressions of displacements and stresses are derived with
the help of the Fourier transform and Galilean transformation. Using boundary conditions, the moving contact
problem is reduced to a Cauchy-type singular integral equation, the unknowns of which are contact stress and
contact width. Gauss—Jacobi integration formula is used to solve the obtained singular integral equation. The
effect of some parameters and material properties on the contact width, contact stress and in-plane stress are
given in graphical forms and detailed numerical interpretations are presented.

1 Introduction

Contact problems play an important role in mechanics because of their wide application to many engineering
problems, such as foundations, pavements in roads and runways, railway ballast, brake disks, and gas turbines.
Due to their advanced mechanical properties, functionally graded materials (FGMs) have been widely used
in various engineering practices. The usage of FGMs as a coating layer or an interfacial material reduces
mismatching stresses, increases the bonding strength, improves surface properties, and provides protection
against adverse thermal or chemical environments [1, 2]. Some of the applications of FGMs are cylinder
linings, brake disks and other automotive components for the purpose of improving the wear resistance of
abradable seal design in stationary gas turbines [3]. Numerous studies on FGMs have been conducted recently.
For example, Draiche et al. [4] developed an integral shear and normal deformation theory for functionally
graded (FG) sandwich curved beams. Free vibration analysis of FG sandwich beams, and two-dimensional
FG structures with an exponential material gradation were presented by Yang, Lam et al. and Yang, Kou et al.
respectively [5, 6]. A formulation for analyzing FG sandwich structures was presented by Rezaiee-Pajand
et al. [7] who developed a mixed interpolated formulation for nonlinear analysis of plates and shells. Xu and
Meng [8] presented beam models for FGMs with regular polygonal cross sections, while Chikh [9] presented
an analytical solution to a problem of isotropic homogeneous beams based on an elastic foundation.

Among the contact problems, the moving punch problem has a separate and important place. Since, if
the speed of the rigid body relative to the elastic one is small enough, then the dynamic character of the

P. M. Karabulut ()
Department of Civil Engineering, Engineering Faculty, Cankir1 Karatekin University, Cankiri, Turkey
e-mail: pembemervekarabulut@Xkaratekin.edu.tr

flkem T. Cetinkaya - H. Oguz
Department of Mathematics, Science and Art Faculty, Kiitahya Dumlupinar University, Kutahya, Turkey

Isa Comez
Department of Civil Engineering, Engineering Faculty, Karadeniz Technical University, Trabzon, Turkey

Published online: 15 April 2024


http://orcid.org/0000-0002-7510-3659
http://crossmark.crossref.org/dialog/?doi=10.1007/s00707-024-03927-w&domain=pdf

P. M. Karabulut, et al.

phenomenon could be neglected. However, there are problems that arise in practice in which the speed of one
body relative to the other is quite large, and, therefore, we need to investigate whether it is necessary to take
the dynamic character of the problem into account [10]. Some studies on the moving contact problem are as
follows:

Balc1 and Dag [11-14] reduced moving contact problems to singular integral equations and presented
a detailed mechanical analysis. Chen and Chen [2] considered a thermoelastic contact model sliding at a
speed V on a finite graded layer in which the determination of stress intensity factors (SIFs) and contact
stresses were given. A frictional moving punch problem for orthotropic materials was presented for different
punch cases by Zhou et al. [15], the study leading to the explanation of the surface damage mechanism of
orthotropic materials. The exact solution of moving triangular or parabolic punch problems was presented by
Zhou et al. [16]. Meanwhile, Zhou and Lee [17] presented an eigenvalues analysis for a moving frictional punch
problem and Comez [18, 19] considered frictionless and frictional moving contact problems, respectively.
The obtained singular integral equations were solved by Gauss—Chebyshev and Gauss—Jacobi integration
formulas, respectively. Giiler [20] considered a frictional moving contact problem in which a rigid cylindrical
punch was assumed to slide at a constant velocity on an orthotropic layer attached to an isotropic half-plane.
A singular integral equation was obtained with the help of the Fourier transform technique and Galilean
transformation. Numerical results were obtained with the help of the Gauss—Jacobi method. Comez [21] also
applied the singular integral equation technique to a sliding moving contact problem in which the FG layer
was bonded to an isotropic homogeneous layer. Zhou and Kim [22] employed the Galilean transformation
and Fourier transforms to a frictional moving contact problem of piezomagnetic materials to obtain Cauchy
integral equations. Numerical analysis revealed the effects of the friction coefficient and the moving speed of
the punch.

In the application of contact mechanics, material properties have great importance. The materials can be
classified as isotropic and anisotropic. While isotropic materials have the same properties in all directions,
anisotropic materials have different properties in different directions. In particular, the mechanics of anisotropy
are of interest when increasing the usage of anisotropic materials such as composites. Among the anisotropic
materials, orthotropic materials, in which their mechanical and thermal properties are unique and independent in
three mutually perpendicular directions, have been used in many applications, such as fiber-reinforced plates
and shells, thin films, and coatings. Bagheri et al. [23] and Bagheri and Hosseini [24] considered multiple
moving crack problems in a non-homogeneous orthotropic strip and a non-homogeneous orthotropic plane,
respectively. Numerical results were presented for material properties. Hashemi and Ayatollahi [25] examined
the transient behavior of an orthotropic layer in multiple crack problems while another multiple crack problem
in an orthotropic non-homogeneous plane was studied by Mottale et al. in [26]. Lobatto-Chebyshev method
was applied to present the material orthotropy on SIFs. Lei et al. [27] applied the generalized finite difference
method to crack problems for anisotropic materials, the numerical results given for orthotropic materials.
Yusufoglu and Turhan [28, 29] solved an orthotropic strip problem using different methods for thick and thin
strips, respectively Erbag et al. [30] considered an orthotropic strip problem and solved it with an iterative
solution technique and a direct asymptotic procedure for thick and thin strip cases, respectively. Rodriguez-
Tembleque and Abascal [31] presented a new methodology for 3D frictional contact problems, while Pozharskii
[32] approached a 3D contact problem in orthotropic half-space numerically and analytically. An orthotropic
plane problem with a slit was considered by Hakobyan and Dashtoyan [33] and an exact solution presented.
Shavlakadze et al. [34] used the methods of the theory of analytic function to reduce the contact problem
for a piecewise homogeneous orthotropic plate to a system of singular integro-differential equations, Hou
et al. [35] proposed a method based on the Green’s function for the orthotropic coating-substrate system and
Ustinov and Idrisov [36] calculated two modes of SIFs for the problem of two strips of different degenerate and
non-degenerate orthotropic materials. Finally, Cao et al. [37] examined the effect of the material orthotrophy
in a frictional receding contact problem.

Although there are many studies in the literature where the punch is static, the number of studies involving
the moving contact problem is relatively very few. On the other hand, moving contact studies involving FG
half-planes and layers are fewer than homogeneous studies. More specifically, there are no studies on the
moving contact problems of an FG orthotropic layer bonded to a homogeneous isotropic half-plane. To fill this
gap in the literature, the moving punch problem is modeled with the help of elasticity theory and boundary
conditions of the problem in the view of the basics of elasticity theory. This study consists of six sections.
The second section defines the boundary conditions and formulation of the problem. In the third section, the
singular integral equation is derived, the fourth section is devoted to the numerical solution of singular integral



Moving contact problem of a functionally graded orthotropic coated half plane

@ C@ FG orthotropic
layer

Homogeneous
@ isotropic
half plane
L0}

Fig. 1 Geometry of frictional moving contact problem

equations and the fifth section is devoted to the numerical results and mechanical interpretation. Finally, the
last section is the conclusion.

2 Problem statement and formulation

This section presents the formulation of a frictional moving contact problem of an FG orthotropic layer bonded
to a homogeneous isotropic half-plane (see Fig. 1). It is assumed that the thickness of the FG orthotropic layer
is h and the punch profile is cylindrical. The rigid punch with a radius R moves frictionally at a constant
velocity V in the negative direction of the —x axis. The rectangular coordinates (X, Z) are fixed in the layer
and the translating coordinates (x, z) are attached to the moving punch. It is modeled that the punch and layer
are in relative motion, thatis, Q = nP. Where 7 is the coefficient of friction, P and Q are the resultant normal
and tangential forces, respectively.
The boundary conditions of the problem can be defined as:

e[z
ws= |0 221
ui(x, —h)=ux(x, —h) (1c)
wi(x, —h) =wy(x, —h) (1d)
oz1(x, —h) =o0p(x, —h) (le)
Tez1(X, —h) = Tepa(x, — h) (1f)

whereo;; (i =1, 2)and 7y, (i = 1, 2) are stress components; u#; (i = 1, 2)andw; (i = 1, 2) are displacement
components, p(x) and n are the contact stress under the rigid punch on the contact area (—a, b) and the friction
coefficient, respectively.

Now, we will give some basic equations of elasticity theory. Motion equations without body forces can be
written as

00yi 0Tz azui

— 5. 2
°x T az 0i(2) o2 (2a)
0Tyzi 007 azwi

— 5. 2b



P. M. Karabulut, et al.

where oy, u;, w;,t and p denote the X — components of the stress, X — and Z — components of the displacement
vector, time variable and density, respectively.

The generalized Hooke’s law for an FG orthotropic material in a state of plane strain can be written as
follows.

ox1 = O L 4 Cpa) (3a)
X ) Z
Juq Jwi
= O3 2L 4 () L 3b
071 13(2) X 33(2) Y (3b)
3u1 8w1
Txz1 = Cs55(2) VA + % (3¢0)

where C;;(z) are the elastic stiffness constants and their continuous variation is modeled by an exponential
function in the following form:

Cij(z) = Clje"*, yh=—LogT, T =C}/C}) 4)

where y and I denote the inhomogeneity constant and the ratio of material constants on the top and bottom
surfaces of the FG orthotropic layer, respectively. It is assumed that the variation of the Poisson’s ratio is
constant.

The following Galilean transformation is suitable to use for the constant speed:

x=X-Vt, z=27 (®)]

Substitution of the generalized Hooke’s laws (3) and Galilean transformation (5) into motion Eq. (2) yields
the steady-state governing equations in the coordinate system (x, z).

82u1 82u1 82w1 duyp oJwj 82u1
0 0 0 0 0 2.0
Cii 952 +Cs;s 972 +(C13+C55)M+VC55(¥+¥> :Clcssm (6a)
92u 92w 92w ow ou 92w,
0 0 0 0 0 0 _ 2.0
(Cl3 + Css) 9x0z +Css 92 +C33 922 + V<C33§ +C13a) = CICSSW (6b)

where c% =V*= V2/(C25/p10).
Let us rewrite the displacement vectors u#1(x, z) and wi(x, z) using Fourier integral transforms as follows:

oo

ui(x,z) = / i1, 2)e 1" do (7a)
wi(x,z) = / w1 (a, 2)e % da (7b)

where i1 («, z) and wi(«, z) are the inverse Fourier transforms of the displacement vectors, & and I denote
the transform variables and the imaginary unit, respectively.

Inserting Eq. (7) into the governing Eq. (6) and applying inverse Fourier transform gives rise to a system
of ordinary differential equations

&% di din
0 0 2 0 2\~ 0 0 0 ~
0 0 dﬁ] 0 ~ 0 dzﬁ)] 0 dlz)] 2 2 0 ~

The characteristic polynomial of the ordinary differential Eq. (8) is as
n*+Lin®+Lon®+Lsn+Ls =0 ®
where

Ly =2y (10a)
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_ (€ = €} G35 + 2075 C5 o + €54 (c1(Cls + Co5)a” + Cisv?)

.t o
0\2 0 ~0 0 ~0 2~0 0 0 2
Lo ((CP3)* — €9, C33 +2C5C55 + 1 C55(CYy + Cs5)) e’y (10c)
cY.c?
052((—1 + C%)( C010353 "'Ssc%csso‘ ) + C?3y2)
L (10d)
C33

So, the solution of the system of ordinary differential Eq. (8) leads to the following transformed displacement
expressions ] and w:

4 4
f(e,2) =) Aje"c, i) =1) mjAjei* (11)

j=1

where n; (j = 1, 2, ...4) are the roots of the characteristic polynomial (9), A; (j = 1, 2...4) are the unknown
functions which will be determined by the boundary conditions of the moving contact problem and m ; is found
as

Ioz(Cgsnj + C?S(nj +9))

mj = — (12)
/ (—1+D)C%a2 + Chnj(nj +y)

Now, the stress expressions for the FG orthotropic layer can be rewritten by substituting Eq. (11) into
Eq. (3):

® 4
1
oy1(x,2) = E/Z[Aj(C13mjnj—IozC“)en/z]g—laxda (13a)
oo J=1
T
0;1(x,2) = 3 / Z [Aj(C33mjnj —IaCy3) e z] e 1% dy (13b)
0o J=1
R
Tyz1(x,2) = 3 / Z [AjC55(nj —Tamj)e" Z] e 1% do (13c¢)
“o0 J=1

Note that, by setting C(l)1 = C% = uzg—tll, C?3 = /inz_—f%, Cgs = 2,y = 0and h — oo the FG
orthotropic layer becomes an homogeneous isotropic half plane. So, for isotropic half plane, the displacement

and stress components can be given as [10]:

o0 2
1
ur(x,2) = 5— / > [Bjemi* ] e da (14a)
n_oo s
1T 1
wo(x,z) = . / I|:B1 —e"1% 4 Bongy 6"22“Z:| e 1% dy (14b)
T n
s 21
1T 1 +n2,(—3
+ —3+Kk2)+
oxa(x,2) = — / —quoz|:231e”2“"z+32( nal <) Kz)e””‘”]e_lo‘xda (14c)
2 -1+ K2
=3
r(r.2) = —— / L s | 281019 4 By~ 34 np(L 462 +2) sz | -rarg,, (14d)
e 2 —1+kp
—00
x
1 1+l’l%1 nylo nyno —lax
Te2(X,2) = oy Hoo B1e"'%% 4+ 2105 Bpe"" 2% e do (14e)
JT n21

—00
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where k; = 3 — 4v;. Also w» is the shear modulus and v, is the Poisson’s ratio of the isotropic half plane,
respectively. B; (j = 1, 2) are the unknowns which will be determined from the boundary conditions of the
problem. ny; (j = 1, 2) is defined as

I S (=1+1x2)
ny| = 1-— C2, nyy = 1— sz (15)
where ¢ = V//1u2/p2.

Note that, in a translating coordinate system, the unknowns A; (j = 1, 2...4), By and B, will be determined
with the help of boundary and continuity conditions (1).

3 Derivation of singular integral equation

In this section, we will use the basic equations of elasticity theory and boundary conditions (1) to derive the
singular integral equation. Using Eqgs. (13)—(14) in the boundary conditions (1) and applying inverse Fourier
transform, six linear algebraic equations are obtained. By solving the obtained system of linear algebraic
equations, the coefficients A; and B; can be obtained depending on the unknown contact stress p(x) as the
following form

b

Aj:/p(g)elaé(AfmAj)dg i=12...4 (16a)
o
B = [ p@e S5 4 mE j=1.2 (16b)

—a
The following mixed condition will be used to find the unknown contact stress p(x)
dwi(x,0) X
ox R

Using the unknowns A ; in the mixed condition (17) and considering the asymptotic behavior of the kernels
for |o| — oo yields the following second kind of singular integral equation of Cauchy type:

a7)

b
1
ng2p(x) + —/p(é‘)[ o + K1(x,8) +n Ka(x,§) ]dé —Z (—a<x<bh (18)
b4 E—x R
where
Ki(x,§) = /( Si(@) — ¢1)sina(§ — x)da (19a)
0
Ko (x,§) = / (S2(a) — ¢2) cosa(§ — x)do (19b)
0
4 4
Si(e) =aZA§.’mj, Sr(a) = —IaZAjmj (19¢)
j=1 j=1
¢ = lim Si(a), ¢ = lim S(e) (19d)
Note that, the contact widths must satisfy the following equilibrium condition
00 b
/ oz1(x,0)dx = —/P(S)d§ =—P (20)

—0o0 —a
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4 Numerical solution of the singular integral equation

This section presents the numerical solution of the singular integral Eq. (18). Here, it is aimed to convert
the solution of singular integral equation to the solution of system of algebraic equations. Gauss—Jacobi
integration formulas are used to approach the numerical solution. So, first, the singular integral equation
should be converted to the dimensionless form by using following normalization procedure:

a+b b—a a+b b—a
<§=2r+2,x=25+2 (21)
Hence, the integral Eq. (18) can be rewritten as
1
1 $2
77¢2P(S)+;/p(i’)[ +K1 (s,r)+n K3(s,7) }dr = f(s) (22)
-1
where
+b +b lfa+b b—a
Ki(s,r)= TK1(X &), Ki(s,r) = TKz(x .8)s f(S)=E< 7 St ) (23)

By applying the same variable transform (21) to the equilibrium condition (20), the following integral
equation can be obtained:

1

a+b
> / pr)dr =P (24)
~1
Since the punch profile is cylindrical, smooth contact occurs at the end points of the contact x = —a and

x = b. Therefore, the index of the integral Eq. (18) is taken —1.
Now, let us seek the solution of the singular integral Eq. (22) as

p(r) = gr)(1 — )P (1 + 1) (25)
where g(7) is an unknown bounded function and
_ L Tnga/gr—1
Pr= 2l ln[n¢2/¢l +1} (200
_ 1 nea/e1 —1
ﬁz__znlln[wz/«wl]” (260

By applying Gauss—Jacobi integration formulas [38] to the singular integral Eq. (22) and equilibrium
condition (24), the following system of algebraic equations is obtained:

ZW e

ri

+ K| (sk,r,)+nK2(sk,r,)] =f(yx) k=1,2,..,N+1 27

b+a N P
5 ZWi g0 = — (28)

i=1
where r; and sy are the roots of Jacobi polynomials defined as
PPy =0 i=1,2,..,N (29a)
PUOPs=0 k=1,2,.,N+1 (29b)

and WiN is the weighting constant given as follows:

W 12N +a+BT(N+a+ DI(N +a+1) 2(+h) 290)
= C
! T (N+1)! I'(N+a+B+1) p](\f"ﬂ)’( )PI(\;Xj)(ri)
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Table 1 Material properties of glass/epoxy [39]

Cij (GPa) Cij (GPa)
Cii 46.86 Cn 10.49
Cn 77.04 Cs3 18.04
Ci3 77.04 Cyq 3.78
C 77.04 Css 8.24
Cx» 18.04 Ces 8.24
Cy3 10.49 Exx 42.70
C3y 77.04

As is seen from Egs. (27) and (28), there are N + 2 equations which have N + 2 unknowns. The unknowns
are g(r;) (i =1, 2....N) and contact widths a and b. Since the contact widths a and b are initially unknown,
the system of equations is non-linear, and, therefore, an iterative procedure is applied to determine the contact
widths. In the iterative algorithm the initial values of the a and b are chosen and N unknowns g(r;) are
determined from the linear algebraic equations in (27). Then, the subtracted equation in (27), i.e. the consistency
condition and the equilibrium condition (25) are checked. If the selected accuracy is not achieved, new values
of a and b are selected. The selection of new values of a and b will continue until a and b achieve the desired
accuracy.

In mechanics, the analysis of in-plane stress is also an important subject. The in-plane stress at the surface
of FG orthotropic layer o,1(x, 0) can be determined by the relation below:

le(x,()) — {¢3p();_l)(-;)f1(x)a . ;a_z’x x<£) , } (30)
where
{ b
H(x) = ;/P(E)[d)ztgix +K3(x,§‘)+nK4(x,$)}dé (31a)
K3(x,8) = / (83(a) — ¢3)cos (& — x)do (31b)
OOO
Kq(x,8) = /( S4(ar) — ¢g) sina(§ — x)da (31c)
0
4
S3(ar) = [Af(cmm,-nj - IozCll)] 31d)
=
Su@) =1y [Aj(cmmjnj _ IaCM)] Gle)
i=1
¢3 = lim S3(a). ¢4 = lim Sy(e) (1)

5 Numerical results

This section presents the effect of the dimensionless quantities such as moving velocity V* = V/,/C 25 /P10,

inhomogeneity parameter I' = Cy,/ C, friction coefficient 1, shear modulus of the half plane u; = u2/C 25,
density of the half plane p; = p2/p10 and indentation load P* = P/ (Cgsh), on the dimensionless contact
stress p(x)/ Cgs and in-plane stress oy 1(x, 0)/ CgS are given. During the analysis, it is assumed that the FG
orthotropic layer is made of glass/epoxy (GI/Ep). The material properties of glass/epoxy are listed in Table 1.

By setting I' = C;,/Cp = 1 the FG orthotropic layer becomes a homogeneous orthotropic layer. So, it gives
a chance to validate the present results with the numerical results obtained in [20]. As a result of comparison
of the results of the limiting case by [20], a very good agreement was obtained as depicted in Fig. 2.
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Fig. 2 Comparison of the contact stress and in-plane stress with those from [20]. (V* = 0.4, n = 0.4, P/(Css0h) = 0.01,
I'=Cp/Co=1, p2/p10 =1, u2/Csso = 2)

(a+b)/h

| . | ’ | v | i
0 0.01 0.02 0.03 0.04 0.05
p*
Fig. 3 Variation of the contact width (a + b)/h with moving velocity V* and indentation load P*. (n = 0.4, R/h = 100,
I'=Cn/Co =2, p2/pro = 1.5, p2/Csso = 2)

Variation of the contact width with moving velocity V* and indentation load P* is given in Fig. 3. It is
seen in the figure that the punch becomes more embedded in the layer with increasing load. On the other hand,
increasing the movement speed at small load values affects the contact width less than at large load values.

Variation of the contact width with the shear modulus of the half-plane and I inhomogeneity parameter is
shown in Fig. 4. The stiffness of the functionally graded orthotropic layer changes exponentially depending
on the I inhomogeneity parameter, starting from the bottom surface of the layer. Increasing the I" parameter
increases the stiffness of the FG layer while decreasing the I" parameter reduces the stiffness of the FG layer.
The situation where I" is equal to one corresponds to the homogeneous layer particular case. When the layer
become soft, the penetration between the punch and the layer increases, and, accordingly, the contact width
between the FG layer and the punch increases. At values of the I" inhomogeneity parameter close to zero, there
is a tendency for contact widths to approach infinity. On the other hand, as the dimensionless shear modulus
ratio of the half-plane decreases, the contact widths under the punch increase as the half-plane becomes flexible.
Especially if this ratio is equal to 0.5, contact widths increase significantly.
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Fig. 4 Variation of the contact width (a + b)/ h with shear modulus of half plane 15 and inhomogeneity parameter I'. (n = 0.4,
R/h =200, P/(Css0h)=0.02, p2/p1o =2, V*=0.2)

2.68 1 | 1 | 1 | 1 | 1

2.52

P,

Fig. 5 Variation of the contact width (a+b)/ h with friction coefficient  and density of half plane p3. (R/h = 200, P/(Cssoh) =
0.02, T =Cp/Co=2,V*=0.2, u2/Cs50 = 2)

Figure 5 shows the variation of the contact width with the friction coefficient  and dimensionless density
of the half-plane p3. It can be concluded from the figure that changes in density ratio and friction coefficient do
not much affect the contact width. On the other hand, since it creates resistance forces that prevent separation
between the FG layer and the punch due to the friction forces, it causes a slight decrease in the contact widths
between the punch and the FG layer. Moreover, according to Newton’s law of motion, as the mass density
increases, the dynamic forces acting on the system due to the speed of the punch also increase. Therefore, as
the density ratio p; increases, the contact lengths under the punch increase slightly.

Figure 6 presents the variation of the dimensionless contact stress and in-plane stress versus different
moving velocity values. The regions where tensile stress occurs in the o1 (x, 0)/ Cgs in-plane stress distribution
under the punch are the regions where contact damage and crack formation are likely. Surface cracks may
subsequently cause fatigue cracks to form and propagate. For this reason, the dimensionless o, (x, 0)/ Cgs
in-plane stress distribution under the punch was evaluated based on the behavior of tensile stresses. As can be
seen from the figure, because of the increase in the moving speed of the punch, the peak value of the tensile
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Fig. 6 Variations of the contact stress, p(x), in-plane stress, oy (x, 0), versus moving velocity, V*. (R/h = 200, P/(Cssoh) =
0.02, T = Cp/Co =2, p2/p10 =2, u2/Css0 = 2)
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Fig. 7 Variations of the contact stress, p(x), in-plane stress, o1 (x, 0),versus inhomogeneity parameter, I". (n = 0.4, R/ h = 200,
P/(Cssoh) = 0.02, p2/p10 =2, V* = 0.4, uz/Csso = 2)

stresses in the o, 1(x, 0) /Cg)5 in-plane stress distribution decreases. In addition, it leads to smaller contact
pressure associated with a larger contact zone when the punch slides faster.

Variations of the contact stress p(x)/C 25 and in-plane stress o1 (x, 0)/C 25 versus inhomogeneity parameter
I" are illustrated in Fig. 7. As can be seen from the figure, as the I" inhomogeneity parameter increases, the FG
layer will become stiffer and the dimensionless contact widths under the punch decrease. Since the stresses will
disperse over a smaller area, the maximum value of the contact stresses under the punch increases. Although
the oy1(x, 0)/C 25 in-plane stresses under the punch are not significantly affected by the increase in this I’
inhomogeneity parameter, the peak value of the tensile stresses at the trailing edge decreases slightly.

Figure 8 presents variations of contact stress p(x)/ Cgs and in-plane stress oy1(x, 0)/ Cgs versus friction
coefficient n. The distribution of dimensionless contact stresses under the punch is symmetrical in the case of
frictionless contact ( = 0) and takes its largest value on the z-axis. This symmetry disappears when friction
forces are influential (n % 0). However, as the friction forces increase, the values of the tensile stresses at the
right end of the distribution of dimensionless oy1(x, 0)/ CgS in-plane normal stresses increase significantly.
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Fig. 8 Variations of the contact stress, p(x), in-plane stress, o1 (x, 0), versus friction coefficient, n. (R/h = 200, P/(Cs50h) =
0.02, T =C,/Co =2, p2/p10 =2, V* =0.4, u2/Css0 = 2)
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Fig. 9 Variations of the contact stress, p(x), in-plane stress, oy1(x, 0), versus shear modulus of half plane, u3. (n = 0.4,
R/h =200, P/(Css50h) =0.02, T =Cp,/Co =2, p2/p10 =2, V* =0.2)

Therefore, it should be taken into consideration that increased friction effects may cause damage and crack
formation on the contact surfaces. To prevent such damage, a small coefficient of friction should be selected.

Figure 9 illustrates variations of contact stress p(x)/ Cgs and in-plane stress o,1(x, 0)/ Cgs versus the
dimensionless shear modulus of the half-plane p. Since the rigidity of the system increases with bigger
values of u ratio, the contact width under the punch decreases. Additionally, the maximum values of tensile
stresses in the o1 (x, 0)/C 25 in-plane stress distribution increase with the increase in the shear modulus of the
half-plane 3.

Variations of the contact stress p(x) /Cg5 and in-plane stress oy1(x, 0)/ Cgs versus indentation load P*
and dimensionless density of the half-plane p3 are shown in Fig. 10 and Fig. 11. In contrast to the other
parameters, an increase in load increases both contact widths and contact stresses together. The peak values
of tensile stresses in the o,1(x, 0)/ Cgs in-plane stress distribution under the punch also increase significantly
with this increase. Although the change in the dimensionless density values of the half-plane p3 does not have



Moving contact problem of a functionally graded orthotropic coated half plane

0.016 L | ) | L | ) ] I 0.02 L | L | L | I
0.012 — =
] =)
2 S
fre) =
L 0.008 - S
X 2
Q i *
0.004 — —
0 T T T T T T -0.03 T T T T T I T
-2 -1 0 1 2 3 -4 -2 0 2 4
x/h x/h

Fig. 10 Variations of the contact stress, p(x), in-plane stress, o1 (x, 0), versus indentation load, P*. (n = 0.4, R/h = 200,
I'=Cp/Co=2, p2/p10 =2, V' =04, 2/Css50 = 2)
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Fig. 11 Variations of the contact stress, p(x), in-plane stress, o (x, 0), versus density of half plane, p5.(n = 0.4, R/h = 200,
P/(Cs50h) =0.02, T = Cp,/Cp =2, V* =0.2, n2/Cs50 = 2)

a significant effect, the peak values of the contact stress under the punch and the o, 1(x, 0)/C 25 in-plane tensile
stresses decrease slightly as this value increases.

Figures 12 and 13 show the effect of C339 and Cj¢ orthotropy constants on the distribution of p(x) contact
stress and oy 1(x, 0) in-plane stress. Since increasing the C33g orthotropy constant will increase the material
rigidity in the direction of the force, the contact length under the punch decreases, and the peak value of contact
stress increases for increasing the C33¢ orthotropy constant value. In the o1 (x, 0) in-plane stresses under the
punch, as the C33p orthotropy constant increases, the maximum value of the tensile stress, which can trigger
crack formation and surface damage, also increases. The change of the C11¢ orthotropy constant is not related
to the change of material stiffness in the force direction. However, since the increase in the Cy1g orthotropy
constant will increase the layer stiffness, the contact lengths under the punch decrease slightly. Additionally,
with the increase of the C ¢ orthotropy constant, the maximum value of in-plane o (x, 0) tensile stress under
the punch increases significantly.
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Fig. 12 Variations of the contact stress, p(x), in-plane stress, oy (x, 0), versus orthotropy constant C339. (n = 0.4, R/h = 200,
P/(Cssoh) =0.01, I' = Cp,/Co =2, pa/p1o =1, V* = 0.4, ua/Csso = 2)
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Fig. 13 Variations of the contact stress, p(x), in-plane stress, oy (x, 0), versus orthotropy constant Cy19. (n = 0.4, R/h = 200,
P/(Cs50h) =0.01, T = C/Co =2, p2/p10 =1, V¥ =0, uz2/Css0 = 2)

6 Conclusions

This study investigated the moving contact problem of a functionally graded orthotropic-coated half-plane.
Numerical results for dimensionless contact widths, contact pressures and in-plane stress distributions under
the punch were obtained for different values of moving velocity, indentation loads, inhomogeneity parameter,

the density of the half-plane, shear modulus of the half-plane and friction coefficient. The outcomes of the
study can be summarized as given as follows.

e Dimensionless contact widths under the punch vary directly proportional to the moving velocity, indentation
load, and orthotropy constant C339, and inversely proportional to the values of the inhomogeneity parameter
and the dimensionless shear modulus of the half plane. The size of the contact area under the punch is not
much affected by the change in the friction coefficient, the dimensionless density ratio of the half plane and
orthotropy constant C11o.

e The regions where tensile stress occurs at the in-plane stress distribution under the punch are the regions
where contact damage and crack formation are likely. Surface cracks may subsequently cause fatigue cracks
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to form and propagate. In the o,1(x, 0)/C 25 in-plane stress distribution, the peak values of tensile stresses
increase significantly with the increase in the friction coefficient, dimensionless shear modulus of the half-
plane, indentation load values, orthotropy constants C119 and C33p. On the other hand, increasing the moving
velocity of the punch causes the peak values of tensile stresses to decrease. The change in the density ratio
of the half-plane and the I inhomogeneity parameter values does not have much effect on the peak values
of tensile stresses.
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