®

Acta Mech 231, 3703-3714 (2020) Check for
https://doi.org/10.1007/s00707-020-02732-5 updates

ORIGINAL PAPER

Wojciech Glabisz - Kamila Jarczewska
Ryszard Holubowski

Stability of nanobeams under nonconservative surface
loading

Received: 28 December 2019 / Revised: 9 March 2020 / Published online: 27 June 2020
© The Author(s) 2020

Abstract A universal algorithm for analyzing the stability of Euler—Bernoulli nanobeams with any support
conditions, subjected to arbitrary conservative and nonconservative loads, has been shown. The analysis was
carried out using exact solutions in each of the prismatic nanobeam segments. The study of the determinant of a
homogeneous system of equations resulting from boundary conditions and continuity conditions at the contact
points of the nanobeam elements was the basis for the analysis of its critical loads. The presented general
algorithm was used to analyze the impact on critical loads of prestress nanobeams caused by conservative and
nonconservative external surface loads.

1 Introduction

The analysis of structures at a very small length scale is a topical and application-wise important area of interest
of many researchers. In cases when the size of structures approaches the nanoscale, classical local continuum
theories fail and it is necessary to use nonlocal theories to correctly describe the phenomena occurring in such
structures. Various theories exist for describing nonlocal dependents with respect to strain [1] such as strain
gradient theory, couple stress theory, modified couple stress theory or Eringen elasticity theory. In this paper,
Eringen elasticity theory was considered for analyzing the stability of Euler—Bernoulli nanobeams.
Nanostructures can be defined as objects in which one of their dimensions is smaller than 100 nm. They
consist of from several to several thousand atoms of various chemical elements, mainly carbon, iron, zinc,
etc. [2]. The features of some nanostructures, such as elasticity, their high resistance to bending and thermal
conductivity [3], mean that nanostructures are widely used in many fields of science and technology. The
properties within a given nanostructure may change depending on which kinds of atoms are used, how the
particular atoms are arranged, or what the ratio of the particular dimensions of a given structure is. Thus, by
controlling the structure at the level of individual atomic molecules, scientists obtain various materials and
systems with the desired mechanical and physical properties. Among nanostructures, nanobeams deserve spe-
cial attention because of their wide use in engineering, i.e., as nanoactuators, nanosensors and electrochemical
sensing systems as shown in the example works of Chowdhury et al. [4], Boisen et al. [5], Murmu and Adhikari
[6] and Li et al. [7]. Eringen [8,9] published one of the first and commonly used nonlocal theories which is also
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used in this paper. The Euler—Bernoulli, Timoshenko, Reddy and Levinson beam theories were reformulated
in the works of Reddy [10], Reddy and Pang [11], and Reddy [12] using nonlocal constitutive relations formu-
lated by Eringen, and used in analyses of the statics, dynamics and stability of beams with different boundary
conditions, and also in the analysis of plates. In the subsequent years works appeared in which the already
known beam equations were derived in alternative ways as in the work of Thai [13], nonlocal parameters were
calibrated as in the work of Wang et al. [14], and nonlocality sources in the theory of nanobeams were sought
as in the work of Sarkar and Reddy [15].

Beam statics, dynamics and stability problems in their nonlocal formulations are analyzed using analytical
methods (the use of which is obviously limited to selected simple cases) and also several approximate methods.
In works of Lu et al. [16], Reddy [10], Reddy and Pang [11], Li et al. [17], Wang et al. [14], Barretta and de
Sciarra [18], the analytical approach was used to analyse mainly the vibrational frequencies and displacement
states of nanobeams. Examples of works in which different approximate methods were used are published by:
Chowdhury et al. [4]—the finite element method in the analysis of biosensor frequencies, Ansari et al. [19]—
the finite difference method in the analysis the frequencies of nanobeams embedded in an elastic medium,
Challamel et al. [20]—the rigid element method in the analysis of the statics and dynamics of microstructured
beams, Behera and Chakraverty [21]—the Rayleigh—Ritz method with a base of orthogonal polynomials in the
analysis of the frequencies and displacements of nanobeams, and Behera and Chakraverty [22]—the differential
quadrature method in the analysis of the frequencies of beams with different boundary conditions. Wang and
Feng [23], Farshi et al. [24], Eltaher et al. [25], Zhang and Lee [26] and Li et al. [27] focus much attention on
surface effects which have a significant bearing on nanobeam solutions. As shown by: Zhang et al. [28], Ren
and Zhao [29], Li and Peng [30], Heireche et al. [31], Heireche et al. [32], Ansari and Sahmani [33], Shen et al.
[34], Stachiv et al. [35] thermal stress, thin films, a mismatch between different materials, and initial external
axial loads can cause an initial stress state in nanobeams, which decidedly affects the results of their analysis.

The stability of nanobeams under conservative loading is the subject of works by: Kumar et al. [36], Zhang
et al. [37], Mohammadi et al. [38] and Wang et al. [39] in which they were analyzed the influence of nonlocal
parameters on the level of critical loads, postcritical states and the influence of different nanobeam boundary
conditions on the solution. A large number of works on the analysis of nanobeams deal with nonconservative
problems. The following problems were analyzed: the influence of the follower force on the solution by Singh
et al. [40], Lazopoulos and Lazopoulos [41], Xiang et al. [42], Kazemi-Lari et al. [43], Atanackovic et al. [44]
and Challamel et al. [45]; the flatter of the cantilever carbon nanotube conveying fluid by Yoon et al. [46];
cases in which the Eringen model may be nonself-adjoint by Challamel et al. [47] and the flatter instability of
a cantilever with surface effects by Li et al. [27].

The aim of the present research was to create a universal algorithm for analyzing the stability of Euler—
Bernoulli nanobeams with any support conditions, subjected to arbitrary conservative and nonconservative
loads. The unique feature of the algorithm is that it makes it possible to analyse the influence of the axial
effects (so far not taken into account in the literature on the subject) of segmental nonconservative loads with
any follower parameters on the critical states of nanobeams. The loads can help to complete the description
of problems relating to the stability of nanobeams with initial stress states caused by external forces. The
algorithm uses the exact solutions of Euler—Bernoulli nanobeams and makes it possible to determine critical
load levels with the desired accuracy.

Section 2 presents briefly the equations for the transverse vibrations of the Euler—Bernoulli beam with
the Eringen model taken into account. Section 3 presents the algorithm for solving the stability problem. The
functioning of the algorithm is illustrated with numerical examples in Sect. 4. The achieved effects are summed
up, and several general conclusions are formulated in Sect. 5.

2 Problem formulation

The constitutive relations in classical elasticity theory formulations are algebraic dependences between stress
tensors and strain tensors in each point of matter. In the nonlocal theory formulated by Eringen [8,9], stress
in a point is a weighted averaged function of strains in the whole analyzed body. This assumption leads to
complicated mathematical models in the form of integral partial differential equations which are difficult to
solve.

The Eringen model in the Euler—Bernoulli beam theory used here is based on a simplified nonlocal consti-
tutive relation which in the one-dimensional case (along direction x of the beam’s longitudinal axis) assumes
the form used, among others, in the works of Reddy [10], Reddy and Pang [11], Zhang et al. [37] and Wang
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et al. [38]:

d“o
Oy — (e0a)? d—“ = E &4y, (1)

2
where oy, is normal stress, &,,—normal strain, E—Young’s modulus and epa—a nonlocal parameter (the
product of the internal characteristic length a, e.g., lattice parameter and granular distance, and the constant
eo experimentally determined for the analyzed material).

On the basis of the classical definition of the bending moment: M = f 4 Oxx 2 dA (z is a coordinate
measured from the neutral axis of the cross section perpendicularly to the longitudinal axis of the beam while
A is the cross-sectional area of the beam) and using the strain (&, )—displacement (W (x, t)) (perpendicular
to the longitudinal axis of the Euler—Bernoulli beam) relation in the form

d>W (x,1)
Exx = —I 5 2)
one gets the following dependence between bending moment M and displacement W':
M (x,t W (x,t
M@0 — (epa)? LD g WD) 3)

dx2 - ax2 ’

where [ is the moment of inertia of the beam’s cross section and ¢ is time.

Let us assume that the considered straight beam made of a material with density p is subjected to the action
of static axial force N (sum of conservative F' and nonconservative P axial load) and rests on a two-parameter
(rw, cw) Pasternak elastic foundation. The reaction R (x, t) of the elastic foundation (or the elastic medium
surlréounding the nanobeam) is defined by the following equation, which, among others, was used by Ansari et
al.’®:

W (x,1)

R(x,t) =ry W(x,t) —2cy 3
dax

, “)
The parameter ry, is the Winkler modulus parameter corresponding to normal pressure, and ¢,y is the Pasternak
modulus parameter relevant to transverse shear stress. The parameters of this elastic medium are not dependent
on the nonlocal beam parameters.

Considering harmonic vibration W (x, ) = w (x) €'®’ with frequency w, from the conditions of equilib-
rium one gets the following equation for the beam’s transverse vibration:

iot

d*w (x) aodzw x)
dx4 dx?

bw (x) = 0. (5)

The constants ¢° and »° in Eq. (5) have the form

20— N —2cy + (eoa)2 (m w? — rw)

El

m w* — ry

P = ———
EI

(6)
where EI = EI — (ega)? (N — 2¢y), and m = pA.

Key for the solution algorithm discussed in Sect. 3 are the following definitions of bending moment M and
shear force Q in the nonlocal formulation of the Euler—Bernoulli beam theory:

2
M (x) = —ﬁd ;;gx) + (e()a)2 (rw —m a)z) w(x),

—dw (%) dw (x)
0((x)=—EI ot [(e0a)? (rw — m ) — N] - (7

The exact solutions of Eq. (5) are combinations of trigonometric and hyperbolic functions whose forms,
depending on the correlations (stemming from nonlocal theory) between the values of the parameters a” and
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b0, are described in detail in Glabisz’s [48] work devoted to the local theory of the Euler—Bernoulli beam.
Those solutions (determined for four constants Cy, C,, Cz and Cy4) will be used in Sect. 4.

When the value zero of the nonlocal parameter epa is assumed, Eq. (5) with coefficients (6) and with bound-
ary conditions is identical to the equation which is used in the analysis of beam systems with nonconservative
forces that are described in classical elasticity theory [49]. Equation (5) can be derived from the Hamilton
principle for systems with nonconservative forces, which together with imposed constraints takes the form of:
6f§0' (T =V A+ Wy)dt =0,6P =0, dwl|,, = 0,dwl|;, = 0[50,51], where T is the kinetic energy of the
system; V is the potential energy of the system that includes the work of forces at which there is a potential
(F); W, is the work of non-potential forces (P); and ¢ is time. Kazemi-Lari et al. [43], based on the above-
mentioned Hamilton principle, formulated, considering the nonlocal Eringen theory of elasticity, an equation
of the transverse vibrations of the Euler—Bernoulli nanobeam, which is located on an elastic foundation and
subjected to nonconservative forces. This equation, when taking into account formula (4) given in this paper
and the influence of conservative forces, is consistent with Eq. (5), which is presented in this paper, and the
coefficients that are described by relation (6).

3 Solution algorithm

Let us assume that the stability problem for a segmental Euler—Bernoulli nanobeam with length /, consisting
of any number of sections (Fig. 1), is analyzed. By the beam’s section, one should understand its prismatic
segment between nodes the location of which can be defined by, e.g., the points of application of the axial load
(conservative load F and nonpotential load P), the boundaries of the elastic foundation, the location of masses
with negligible or non-negligible rotational inertia, the location of damped masses, the location of rotational
or translational elastic supports, the limits of changes in material stiffness or density and changes in nonlocal
material characteristics. The nonpotential load P is described using parameter «(«¢ = 0 for dead, potential
load and o = 1 for strictly follower load) which Bolotin [52] introduced.

If translational elastic reaction (S) with sprung mass action, inertial force (B), rotational elastic reaction
(M) and mass moment of rotational inertia (M pg) are defined as

mjw*w (x)
§=—-Kiw(x)+ el
ki
B = ,oAa)zw(x),
Ms = —Riw' (x),
Mg = Jio*w' (x), (®)

then after the moment and the shear force relation in the nonlocal formulation (7) is taken into account, the
conditions of equilibrium (the sum of forces perpendicular to the axis of the beam and the sum of moments)
on the nanobeam’s left end (i = L, Fig. 2a) assume the form

w” (0) + Crw (0) + Drw’ (0) =0,

w” (0) + ELw’ (0) + HLw (0) = 0, C))
R. m;
J
P N Sk 7 e
< |«—

Fig. 1 Beam diagram
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Fig. 2 Diagram of nanobeam’s left (a) and right (b) end, and forces present

where

me2 —_—

| — meo® /EL,
193

Dy = [N — (eoa)2 (rw — ma)z)] /E,
EL = — (RL — ]sz) /E,
H; = — (e()a)2 (rw — me) /ﬁ, (10)

CpL=— MLa)2—KL+

and (') denotes differentiation with respect to the variable x.

The conditions of equilibrium (the sum of forces perpendicular to the axis of the beam and the sum of
moments), using the moment and the shear force relation in the nonlocal formulation (7), on the nanobeam’s
right end (i = R, Fig. 2b) at x =/, are as follows

w” (1) + Crw (1) + Drw’ (1) = 0,

w’ () + Erw’ () + Hrpw () = 0, (11D
where
2
2 1339 —_—
Cr = | Mrw _KR+W /EI,
— fmpes

Dgr = [P (l—a)+ F — (eoa)2 (rw — ma)z)] JEI,
ER = (RR - JRU)Z) /ﬁ,
Hg = — (eoa)* (rw — maw?) /EI. (12)

The continuity conditions (for displacements and rotations determined from the relation (5) in the nonlocal
parameters formulation (6)) and the equilibrium conditions—using the moment and the shear force relation



3708 W. Glabisz et al.

| w'(x) II

o(x) T I

| /

M+M,
M(x") Im)
M(x)

N Ty [xMY) Foey
7)o
w(x) ‘;(x“) P(x+o,)

Sl Bl Q(x+)l

Fig. 3 Diagram of contact between nanobeam segments, and forces present

[7X31]
1

in the nonlocal formulation (7)—in the places of contact between nanosegment “i — 1”” and nanosegment

(Fig. 3) have the form
w (x(_)> =w (x(+)> ,

w’ (x(_)) =uw (x(+)) ,

W' + Cxw"™® + Dyw' D + Fxyw'™® + Exw™ =0,
W) I CXw//(+) + GXw/(—) + wa(_) + OXw(+) =0, (13)

where using the notations EIY = E1 — (eoa(+))2 (N(+) - ZC\(V+)) and E1) = EIC) — (eoa(_))2

(N =) — ZC&_)) the following holds true:

Cx = E(H/E(_),

2 — (_
Dy = |:P(+) (1—a)+ FH — (eoa(_)) (réﬁ —m(_)wz)i| JET,
Ex = | Myo? — K my@? | o)
X = xXw~ — X+W / ,
kx

Fy = <e0a<+))2 (,,V(V+> e wz) JETO.

Gx = (Rx — Jxo®) JET ",

Ly =— (eoa(_) ? (r ) m(_>a)2> /ﬁ(_),
(

2
2 (=)
Ox = (eoa(+)> (rw+) —mPo )/EI .
(14)

The characteristics of the left nanobeam segment (“i — 1”’) are denoted with (—) and those of the right nanobeam
segment (“i”’) with (+).

Using relations (9) and (11) and the number of relations (13) which follows from the number of nanobeam
segment contacts, one gets a homogenous linear system of algebraic equations for integration constants C. In
order for a nontrivial solution of this system to exist, the determinant of the matrix of its coefficients must be
equal to zero. This condition makes it possible to determine the natural frequency of the analyzed system, and
hence on the basis of the dynamic stability criterion used by Bolotin [52] and Leipholz [49], one can determine
the critical load levels. The determinant of the homogenous system of equations is calculated in the nodes of a
regular grid covering the analyzed frequency and load variation area. Then the determinant variation map zero
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Fig. 4 Diagram showing location of nanobeam area under action of nonconservative surface loading

contour lines, which determine the system’s vibration frequency variation curves, are plotted. The contour lines
arbitrarily accurately determine the system’s vibration frequencies and the accuracy of the solution depends
solely on the density of the grid adopted for the analyzed frequency and load variation area. In the case of
nanobeams whose parameters vary along their length, the accuracy of the solution obviously also depends on
the number of segments.

4 Numerical examples

The algorithm was tested on, i.e., the solutions of the Beck and Leipholz problem (at ega = 0), known from
the literature on the subject and full agreement between the respective results was obtained. It should be noted
that when the axial (conservative or nonconservative) force varies along the nanobeam’s length or when the
other characteristics of the nanobeam are variable, one should use such a number of segments which will make
it possible to satisfactorily describe these quantities with segmentally constant functions. The modeling of
the different ways of support consists in assuming proper constants characterizing the stiffness of the nodal
translational and rotational elastic constraints. For example, rigid fixing is modelled by a translational spring
and a rotational spring, with infinitely great (in the numerical sense) stiffness. The algorithm constructed
in this way enables the analysis of the stability problem for nanobeams with all the variable-along-beam-
length parameters occurring in the descriptions of the segments, at any support conditions. The duration of
computations yielding graphs of frequency versus load level is a function of the number of segments and the
density of the grid covering the analyzed area of frequencies and forces.

The algorithm was tested for different values 7 = epa/l € (0.0;0.25) of the dimensionless nonlocal
parameter. In this range of variation of t, the nonlocal parameter epa for single wall carbon nanotubes is less
than 2 nm as in Barretta and de Sciarra’s [18] work, in which a larger range of t was analyzed. Nanobeam
vibration frequency values obtained using this algorithm were found to be in perfect agreement with the ones
reported in the work by Wang et al. [53], where t = epa /! € (0.0; 0.7) was analyzed, but without taking into
account axial forces. The question of which values for the nonlocal parameter epa should be adopted is still
finally an unresolved issue, as evidenced by the works of Wang et al. [14], Sarkar and Reddy [15] and Wang
et al. [39] quoted in the introduction. Here, only the adopted range of the dimensionless nonlocal parameter
was analyzed, although the algorithm allows this parameter to depend for example on axial forces or vibration
frequency, but this was not the purpose of this work.

The effect of the nonconservative surface loading of the beams, whose field of action is defined by dimen-
sionless parameters Xy = xo// and Ry = ro// (Fig. 4), on their critical loads was studied.

Figures 5 and 6 show the surfaces of critical dimensionless loads N .o = N [ 2/EI of, respectively, the
cantilever beam and the rigidly stiff nanobeam at: different values of parameter t = ega/I[, a constant value
of Xo = 1/2, different load ranges Ry and different values of follower parameter «. When selecting values of
the dimensionless nonlocal parameter t to be analyzed one should pay attention to possible singularities of
constants (6) in Eq. (5), due to the value of EI. The loads at which the nanobeams would lose their stability
as a result of flutter are marked with black dots while the critical divergence loads are marked with grey dots.
The surfaces of the critical loads of the rigidly stiff nanobeam under nonconservative loading with constant
range Ry = 0.2 at different locations X¢ of the surface tension forces and different follower parameters « are
shown in Fig. 7. The critical load levels and the character of instability principally depend on the values of the
nonlocal parameters, and also on the values of the follower parameters and those of the parameters defining the
location and extent of the areas under surface tension. As the nonlocal parameter value increases, the critical
loads of the nanobeams decrease significantly.

An exemplary, more interesting graph of the dependence between Qy = w+/ml*/EI and load level
No =N lz/EI at Ega = 0 for the cantilever beam (at Xy = 0.1 and « = 0.6) is shown in Fig. 8. Here the
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Fig. 5 Surfaces of critical loads N, of cantilever nanobeams versus follower parameters « and load ranges Ry at different
dimensionless nonlocal parameters

3rd and 4th vibration frequencies of the system, and not the two lowest frequencies which is usually the case,
determine the critical level of the flatter load. An analysis of such graphs provided the basis for constructing
the critical load surfaces presented in this paper.

Figure 9 shows the influence of elastic foundation parameters Ry, = ry 4 /EI and Cy, = cy 3 /EI on the
stability of the cantilever nanobeam under the action of a follower force constant along the whole beam length
at parameter « = 0.5 and different nonlocal parameter values.

5 Conclusions

This paper has presented an algorithm for analyzing the stability of Euler—Bernoulli nanobeams via the Eringen
nonlocal formulation. Using the exact solutions in each of the nanobeam’s segments as well as the equilibrium
conditions and the kinematic consistency conditions on the nanobeam’s ends and at the contacts between
its segments, one gets a homogenous system of algebraic equations which for the adopted frequency and
load grid enables one to track the system vibration frequencies. Thanks to this algorithm formulation, one
can investigate, using the dynamic stability criterion, nanobeam stability problems at any support conditions,
any distributions of nanobeam characteristics and surface conservative and nonconservative loads. Nanobeam
parameter functions, which can be arbitrary along the beam’s length, and the loads are approximated by
segmentally constant functions within each of the nanobeam’s segments. The accuracy of the results depends
solely on the number of segments into which the nanobeam is divided and on the density of the discrete grid
adopted for the observed frequency-load space.

The generally formulated algorithm can be used to analyse a wide class of problems such as identification
the nonlocal effects of a nanobeam by the shifts of resonant frequencies or analysis of the frequency sensitivity
to the changes in masse characterized by negligible or not negligible rotational inertia. The proposed algorithm
can be effectively implemented in analysis cracked micro and nanobeams under axial loading. It is also possible
to analyze nanobeams with variable geometric and material characteristics, including various value non-local
parameters along the length of the beam.
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Fig. 6 Surfaces of critical loads N, of rigidly stiff nanobeam versus follower parameters o and load ranges Ry at different
dimensionless nonlocal parameters
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Fig. 7 Surfaces of critical loads N, o of rigidly hinged nanobeam versus follower parameters « and location X of surface load
with constant range at different dimensionless nonlocal parameters

This algorithm was used here to analyse the stability of nanobeams under static nonconservative loading.
Nonconservative loading at different follower parameter values and different action ranges makes it possible
to generalize the existing surface load models.

From the numerical analysis of the stability of the selected nanobeams under nonconservative loading, one
can draw several conclusions:

— at different follower parameters the description of the forces caused by surface tension has a key bearing
on the critical load values and the character of instability (flutter, divergence);

— the critical load value and the character of instability are a function of the range of the surface load and its
location along the nanobeam’s axis, and mainly of the values of the nonlocal parameters;
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Fig. 9 Surfaces of critical loads N, ¢ of cantilever nanobeam versus elastic foundation parameters R,, and Cy, at o« = 0.5 and
different dimensionless nonlocal parameters

— the values of the parameters characterizing the elastic medium surrounding the nanobeam significantly
affect the values of critical loads and the character of their instability.
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