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Abstract The present work provides a formulation of a constitutive model for metals with the aim to simulate
cyclic deformation under axial extension or compression assisted by cyclic torsional (or shearing) straining of
specified amplitude and frequency. Such a mode of deformation was recently implemented in technological
processes such as extrusion, forging and rolling, cf. Bochniak and Korbel (Eng Trans 47:351–367, 1999, J
Mater Process Technol 134:120–134, 2003, Philos Mag 93:1883–1913, 2013, Mater Sci Technol 16:664–674,
2000). The constitutive model accounting for combined hardening (isotropic–kinematic) with both hardening
and recovery effects is presented and calibrated for several materials: pure copper, aluminum alloy (2024),
and austenitic steel. The experimental data are used to specify model parameters of materials tested, and next
the cyclic response for different shear strain amplitudes is predicted and confronted with empirical data. The
constitutive model is developed in order to simulate technological processes assisted by cyclic deformation.

1 Introduction

The cyclic deformational response of metals was extensively studied both experimentally and analytically
by developing numerous constitutive models. The cyclic plasticity phenomena, such as Bauschinger effect,
hardening and recovery, strainmemory, ratcheting, amplitude dependent hardening, non-proportionality effect,
were incorporated in model formulations, usually containing numerous material parameters. The plastic strain
accumulation (ratcheting) for stress controlled cyclic loading imposed on mean stress is one of important
phenomena requiring long-term study. In fact, for structural safety, the control of progressive strain accumula-
tion is of fundamental importance. However, for cyclic strain controlled deformation imposed on progressive
straining, the load reduction can be beneficial in executing the deformation process. In fact, in recent years, a
growing interest is observed in metal forming processes assisted by cyclic loading. The so-called KOBO-type
forming proposed by Korbel and Bochniak [9–12,47] and applied to extrusion of tubes and wires has demon-
strated essential advantages with respect to classical forming processes. The significant reduction of required
load, growth of ductility, fine grain structure are main beneficial factors, cf. also Kong et al. [46].

The present work is aimed at the formulation of the constitutive model able to simulate quantitatively the
cyclic material response for the case of progressive axial straining assisted by cyclic shear or torsional strains of

Z. Mróz (B)
Institute of Fundamental Technological Research, Polish Academy of Sciences, Pawińskiego 5b, 02-106 Warsaw, Poland
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specified amplitude. The essential process parameters are then γm and η where γm is the shear strain amplitude
and η is the ratio of shear and axial strain rates.

There have been numerous formulations of constitutive models aimed at the simulation of the inelastic
response ofmetals for both proportional and non-proportional loading.Mostmodels are based on the concept of
interaction of hardening and dynamic recovery effects, with back stress increasing along the plastic strain rate
orientation and decreasing proportionally to the back stress measure. In effect, the back stress evolves toward
its limit value specified by the hardening saturation surface. The model originally proposed by Armstrong and
Frederick [7] was next generalized by numerous researchers, cf. Burlet and Cailletaud [14], Moosbrugger and
McDowell [56], Chaboche and Nouailhas [16,17], Chaboche [21], Jiang and Sehitoglu [35], Abdel and Ohno
[5], Ohno and Kachi [61], Ohno [62], Chen et al. [23].

The multisurface hardening model formulation of Mróz [58] and generalized by Mróz and Rodzik [60]
provides the translation rule of the yield surface with the back stress evolving toward its limit value on the
consecutive hardening surface, thus accounting naturally for hardening and recovery effects. It was shown that
the back stress evolution rules of those two classes of models are equivalent, cf. Chaboche and Rousellier [18],
Lemaitre and Chaboche [53]. A notable success was achieved by developing simplified two-surface hardening
models for which the variation of plastic hardening modulus was prescribed analytically, cf. Krieg [52] or
Dafalias and Popov [29], Tseng and Lee [71], McDowell [55]. The multiple hardening surface concept was
generalized by Chu [26] by assuming a continuous field of yield surfaces, thus providing hardening moduli.
The numerical implementation of multisurface hardening plasticity was developed by Khoei and Jamali [44].
The concept of fuzzy set was applied by Klisinski [45] to simulate the cyclic response for a continuous field
of loading surfaces.

The simplest hardening response in steady cyclic deformation has been based on theMasing rule for which
the monotonic strain hardening curve of uniaxial-tension compression σ = f (ε) is mapped onto the cyclic
response �σ/2 = f (�ε/2), where �σ and �ε denote the stress and strain amplitudes. However, for non-
proportional cyclic loading, the additional cyclic hardening is observed and is dependent on the form of the
cyclic stress or strain path. However, the subsequent proportional cyclic deformation removes the accumulated
hardening and restores the previous state reached in proportional loading. It should be noted that for large cyclic
strain paths departing from proportionality, the hardening–recovery effect is observed due to microstructure
evolution and generation of micro-shear bands, cf. Bouvier et al. [13], Kowalczyk-Gajewska et al. [48]. The
effect of strain amplitude is also important as the steady hardening state depends on plastic strain amplitude
and the material exhibits the memory of maximal amplitude reached in the loading process, cf. Trąmpczyński
and Mróz [70] where the effect of strain amplitude and non-proportional hardening was studied and Ohno
[63], where the review of modeling and experimental results of cyclic deformation has been presented. The
extensive review of plastic and viscoplastic hardening models applicable for simulation of cyclic deformation
was presented by Chaboche [19] and Kang [41].

Usually, for asymmetric stress amplitudes, the material exhibits a ratcheting effect for which the accu-
mulation of plastic strain occurs and induces incremental failure. The quantitative simulation of ratcheting
is a most difficult problem for the constitutive modeling of cyclic deformation, requiring a large number of
material parameters. Most models were applied to simulate uniaxial and multiaxial strain ratcheting effects
observed in stress or in mixed-control deformation programs. Let us mention such papers as Abdel-Karim and
Ohno [5], Abdel-Karim [2–4,6], Abdel-Karim and Khan [1], Bari and Hassan [8], Burlet and Cailletaud [14],
Chaboche [15,20–22], Chen et al. [24], Choi et al. [25], Feaugas and Gaudin [30], Hassan and Kyriakides
[34], Hassan et al. [33], Jiang and Sehitoglu [35], Kang et al. [36–43], Khoei and Jamali [44], Moosbrugger
and McDowell [56], Ohno[62,63], Ohno and Kachi [61], Portier et al. [66], Sai and Cailletaud [68], Tanaka
et al. [69], Velay [72], Vincent et al. [74], Voyiadjis et al. [75], Yoshida et al. [76], Dafalias et al. [28,29],
Feigenbaum and Dafalias [31], where an extensive literature can be found. In most models, the total back
stress is assumed as a sum of several portions for which separate hardening–recovery evolutions rules are
stated, similarly to the original formulation of Chaboche [21,22]. An interesting study of predictive capacity
of selected constitutive models in simulation of multiaxial ratcheting strain was presented by Bari and Hassan
[8] who used the experimental data of Hassan and Kyriakides [34] from thin-walled tubes subjected to internal
pressure and tension. The ratcheting effects for combined tension-torsion loading were studied experimentally
by Portier et al. [66] who also provided comparative analysis of predictions of several selected models. It was
shown that for quantitative predictions of ratcheting strain, the number of material parameters increases and the
model structure becomes complex. The experimental study of subsequent yield surfaces for loading-unloading
programs was presented by Khan at al [42], and the material deformation response after large prestrain was
discussed by Khan and Wang [43].
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On the other hand, the fully strain controlled processes were not analyzed sufficiently in the literature.
Instead of the plastic strain accumulation (ratcheting), we observe the monotonic stress reduction when the
deformation process is assisted by cyclic straining. The analytical solution of tensile, or compressive deforma-
tion of cylinders or tubes of a perfectly plastic material with assistance of cyclic torsional strain was provided
by Mróz et al. [57], where the steady-state stress paths and axial load reductions were discussed in detail. The
related study of Kowalczyk-Gajewska et al. [48] provided the analysis of texture evolution affected by micro-
shear bands developed in cyclic deformation process. The fine grain structure obtained in this process results
from shear band and twin intersections including development of new grain boundaries and fine crystalline
structure. The familiar technology of severe plastic deformation (SPD) to generate nanosize grain structure
by cyclic non-proportional loading (such ECAP—equal channel angular pressing) certainly belongs to this
class of problems, that is cyclic plasticity for kinematically induced large localized plastic straining, varying
cyclically within the material element. The analysis of axisymmetric extrusion assisted by cyclic torsion was
presented by Maciejewski and Mróz [54].

The aim of this paper is to present a cyclic hardening model with the aim to simulate quantitatively the
material response under strain controlled cyclic loading in tension, torsion or in a combined mode of axial
deformationwith imposed cyclic torsion of specified shear strain amplitude. Themodel formulation is presented
in Sect. 2 within the formalism of small strain theory. It has been calibrated for aluminum alloy 2024, medium
carbon and austenitic steels, annealed copper, and next used to predict multiaxial deformation response. In
Sect. 3, the model calibration, parameter sensitivity and application to simulate strain controlled processes are
discussed in detail.

2 Constitutive model formulation

2.1 Two-surface hardening–recovery model

The combined effect of hardening and recovery during plastic deformation leads to attainment of the saturation
state characterized by coaxiality of the back stress and plastic strain rate vectors. Consider first the kinematic
hardening rule proposed by Armstrong and Frederick [7]. The yield condition and the flow rule are

f p =
√

3
2 (S − X) · (S − X) − σp = 0, (1)

ε̇ p = λ̇
∂ f p
∂σ

= λ̇N = λ̇

3
2 (S − X)

σp
, λ̇ ≥ 0, f p ≤ 0, λ̇ f p = 0, (2)

where λ̇ =
√

2
3 ε̇

p · ε̇ p, S is the stress deviator, S = σ − 1
3 trσ1, X is the back stress tensor and σp is the yield

stress. Here, dot between two vectors or tensors denotes their scalar product and dot over a symbol denotes the
rate with respect to a process evolution parameter. The back stress evolution is assumed in the form accounting
for hardening and recovery:

Ẋ = 2
3cε̇

p − γXλ̇ = λ̇
[
c(S−X)

σp
− γX

]
. (3)

The saturation (limit state) is reached when

Ẋ = 0, or
c

σp
(S − X) − γX = 0, (4)

and the saturation or limit state surface in the back stress space is expressed as

Fl (X) =
√

3
2Xl · Xl − rl = 0, (5)

where rl = c
/
γ . In the stress space the limit surface equation is

Fl (σ ) =
√

3
2Sl · Sl − σl = 0, σl = σp + rl . (6)
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Fig. 1 Evolution of the back stress X to its saturation value Xl

The back stress evolution rule (3) can now be rewritten in the form, cf. Fig. 1,

Ẋ = λ̇γ (Sl − S) = λ̇γ (Xl − X) = λ̇γρ�, (7)

where Sl and Xl are the saturation states associated with the instantaneous plastic strain rate orientation, thus

Sl
‖Sl‖ = Xl

‖Xl‖ = ε̇ p

‖ε̇ p‖ (8)

and

Sl = (S − X)

(
1 + rl

σp

)
= (S − X)

σl

σp
, Sl − S = Xl − X = S

rl
σp

− X
σl

σp
,

Xl = (S − X)
rl
σp

, ρ = Sl − S
‖Sl − S‖ , (9)

� = |Sl − S| = |Xl − X| =
√

3
2 (Sl − S) · (Sl − S) =

√
3
2 (Xl − X) · (Xl − X) =

√
r2l + r2 − 2rrl cosβ,

where r =
√

3
2X · X and β is the angle between OX and ε̇ p or (S−X). Note that the vector norm is scaled by

√
3/2, and the vector ρ satisfies the relation

√
3
2ρ · ρ = 1

Considering a deformation process with constant orientation of the plastic strain rate vector, the back
stress X tends to its limiting value Xl coaxial with the plastic strain trajectory for specified ε̇ p of constant
orientation. In fact, Xl can be treated as the end of the radial stress path associated with the proportional plastic
deformation. The instantaneous back stress state X evolves to its radial limit value Xl and next remains fixed
for the proportional deformation. Let us note that this translation rule is identical to that proposed originally
by Mróz [58] in formulating the multisurface hardening model. The active nested loading surface has been
assumed to translate toward the image stress point on the consecutive surface according to the rule (7).

The hardening modulus H can be expressed from the consistency condition. Neglecting the corotational
stress and back stress rates, it can be written as

ḟ p = ∂ f p
∂σ

· σ̇ + ∂ f p
∂X

· Ẋ = ∂ f p
∂σ

· σ̇ − ∂ f p
∂σ

· Ẋ = 0, (10)
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Fig. 2 Evolution of the back stress X to its limit value X̃l following Prager translation rule and subsequent reorientation process
to the coaxial state Xl

and in view of (7) and (9), we have

λ̇H = ∂ f p
∂σ

· σ̇ , H = γ
∂ f p
∂σ

· (Sl − S) = c − 3
2γ

(
X · S−X

σp

)

= γ (rl − r cosβ) = c
(
1 − r

rl
cosβ

)
= 1

2c

[
1 −

(
r
rl

)2 +
(

�
rl

)2]
.

(11)

Relations (11) specify the field of hardening moduli for states within the limit surface. For the proportional
loading we have β = 0, H = c − γ r, for transverse loading after initial prestrain there is β = π/2, H = c
and for proportional unloading β = π, H = c + γ r . The hardening modulus thus depends on the orientation
of plastic strain rate with respect to the initial prestrain.

The present model predicts the coaxiality of the plastic strain rate and the back stress X in the limit state.
The stress states in the exterior of the limit surfaces are not allowed. However, the Melan-Prager translation
rule can be formulated by assuming the back stress evolution following plastic strain rate vector, thus

Ẋ = λ̇
2

3
c

(
1 − r

rl
cosβ

)
N, r ≤ rl . (12)

From the consistency condition (10), it follows that hardening modulus H now equals

H = c

(
1 − r

rl
cosβ

)
, r ≤ rl . (13)

Referring to Fig. 2, it is seen that X evolves toward X̃l specified by the orientation of plastic strain rate
vector, so that

X̃l = X + μ (S − X) , Fl (Xl) =
√

3
2Xl · Xl − rl = 0, (14)

where the scalar factor μ is determined from (14), thus

μ =
√(

rl
σp

)2

−
(

r

σp

)2

sin2 β − r

σp
cosβ. (15)
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Let us note that the backstress X̃l is not coaxial with ε̇ p. The coaxiality can be attained by consecutive
backstress reorientation process when X̃l moves along the limit surface Fl = 0 to the limit coaxial state Xl ,
Fig. 2. Assume this evolution in the form

Ẋ = λ̇
2

3
c

(
1 − r

rl
cosβ

)
T, T = N (1 − xl ⊗ xl) , r ≤ rl , (16)

where T is the tangent vector to the limit surface Fl = 0 and xl = Xl
/
‖Xl‖ is the unit vector specifying the

back stress orientation. From the consistency condition (10), it follows that H = c sin2 β and the modulus H
vanishes when X̃l coincides with Xl since then β = 0.

The evolution rules (12) and (16) specify the back stress path X − X̃l − Xl , first along the orientation N
next on the limit surface to the coaxial state Xl . The rule (7) specifies the direct evolution X−Xl to the coaxial
state. The intermediate paths of the evolution towardXl can be generated by assuming the back stress to evolve
toward the state X̂l on the limit surface, coaxial with the stress vector S, thus

Ẋ = λ̇γ
(
X̂l − X

)
= λ̇γ

(
S
rl
s

− X
)

, s =
√
3
2S · S. (17)

During plastic straining with constant orientation N, the point X̂l evolves toward Xl and the curvilinear
back stress trajectory reaches the limit state Xl . The evolutions rules proposed by Ohno and Wang [64] and
Ohno [62] predict also curvilinear back stress path tending to the limit state. A different evolution rule was
proposed by Burlet and Cailletaud [14], who postulated the back stress evolution to follow the orientation ofN
toward the non-coaxial limit point X̃l and next to continue for inducing softening response. These rules could
be useful in a simulation of ratcheting strain accumulation for multiaxial non-proportional cyclic loading. The
comparative analysis of predictive performance of several back stress evolution rules was recently presented
by Abdel-Karim [2]. In the present work, the rule (7) will be applied; however, the limit surface will be allowed
to expand and translate, thus affecting the back stress evolution.

For the uniaxial loading and unloading, we have

f p = ∣∣σ − X ′∣∣ − σp = 0,

Ẋ ′ = 2
3cε̇

p − X′ |ε̇ p| , (18)

where X ′ = 3/2X (projection of the X1 back stress component on the σ1 axis). Integrating (3) or (7), we
obtain

X ′ = μ
c

γ
+

(
X ′
0 − μ

c

γ

)
e−μγ

(
ε p−ε

p
0

)
, (19)

where μ = 1 for loading, μ = −1 for unloading and X ′
0, ε

p
0 are the initial values. For X ′

0 = ε
p
0 = 0, we have

X ′ = μ
c

γ

(
1 − e−μγ ε p

)
. (20)

Figure 3 presents the material response for uniaxial cyclic stress, Fig. 3a, and for the cyclic stress or strain
imposed on the initial prestrain. It is seen that there is mean stress relaxation for the specified strain amplitude
of imposed cyclic straining, Fig. 3b, or excessive ratcheting effect for specified cyclic stress amplitude and
mean stress value, Fig. 3c.

2.2 Generalized two-surface hardening–recovery model

The present generalization follows the multisurface hardening model formulation where instead of the limit
surface a set of hardening surfaces is introduced, cf. Mróz [58] or Mróz and Rodzik [60]. The translation of the
yield surface is assumed to follow the distance vector Sl −S and the relations (7)–(9) apply. However, now the
surface Fl = 0 is not the limit surface but the hardening surface which may expand or expand and translate
in the course of plastic straining. The model equations are formulated by assuming only one or two hardening
surfaces and a nonlinear back stress evolution rule, in a way similar to that proposed for two-surface plasticity
models, cf. Krieg [52] or Dafalias and Popov [29].
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Fig. 3 Loading–unloading response in the uniaxial case; a symmetric strain controlled cycles; b strain controlled cycles after
initial prestrain; c stress controlled cycles after initial prestrain

Consider first the isotropic expansion of the hardening surface Fl = 0, dependent on the amplitude of
cyclic stress. Similarly, as previously mentioned, we have

f p =
√

3
2 (S − X) · (S − X) − σp (ξ) = 0,

Fl (S) =
√

3
2Sl · Sl − σl (ξ) = 0 or Fl (X) =

√
3
2Xl · Xl − rl (ξ) . (21)

Assuming that there is no isotropic hardening effect for l ≤ l0, we can write

ξ̇ =

⎧
⎪⎨
⎪⎩

λ̇
(
l−l0
1−l0

)κ = λ̇Lκ l > l0,

0 l ≤ l0,

(22)

where λ̇ = ε̇e f =
√

2
3
ε̇ p · ε̇ p, and

l = 1 − |�|
2

(
σl − σp

) = 1 − �

�max
= 1 −

√
3
2 (Sl − S) · (Sl − S)

2
(
σl − σp

) ,

� = |AB| = |Sl − S| =
√

3
2 (Sl − S) · (Sl − S), �max = 2

(
σl − σp

)
, (23)

In the following, we assume that both yield and hardening surfaces expand, but the ratio of their diameters is
constant, thus

kp = σl

σp
= const. (24)
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The isotropic hardening rule is assumed in a form

σl = σl0 + sξw (25)

or
σl = σl0 + (

σl f − σl0
) (

1 − e−wξ s
)

, (26)

where σl0 is the initial radius of the hardening surface and σl f is the asymptotic value, s andw are the hardening
parameters. The parameters s, w are assumed as constant.

Let us note that the rule (25) predicts unlimited growth of σl for increasing ξ but the rule (26) predicts
evolution toward the limit value σl f . Thus the rule (25) can be applied to simulate the initial transient hardening
period but not the saturated hardening state.

The hardening modulus is now specified from the consistency condition

ḟ p = N · σ̇ − N · Ẋ − σ ′
p ξ̇ = 0,

N = ∂ f p
∂σ

=
3
2 (S − X)

σp
, (27)

and in view of (7), we have

λ̇ = N · σ̇

H
, H = γ N · (Sl − S) + σ ′

pL
κ , (28)

where σ ′
p = ∂σp

/
∂ξ . From (21) and (22), we obtain

H = γ � cosα + σ ′
pL

κ = c

(
1 − r

rl
cosβ

)
+ σ ′

pL
κ , (29)

where α is the angle between the vectors Sl − S and N and � denotes the distance of the stress point to the
radially mapped point on the limit surface. We have

� = |Sl − S| =
√

3
2 (Sl − S) · (Sl − S) =

√
3

2

[
kp (S − X) − S

] · [
kp (S − X) − S

]

=
√

σ 2
p

(
kp − 1

)2 + r2 − 2σp
(
kp − 1

)
r cosβ, r = |X| =

√
3
2X · X. (30)

Let us note that the values of � for β = 0, π/2 and π are equal to

Proportional loading: β = 0: � (0) = σp
(
kp − 1

) − r

Transverse loading: β = π/2: �
(

π
2

) =
√

σ 2
p

(
kp − 1

)2 + r2

Unloading and reverse loading: β = π : � (π) = σp
(
kp − 1

) + r

(31)

and �max = 2
(
σl − σp

) = 2σp
(
kp − 1

)
Consider now the proportional loading path, β = α = 0, and assume the asymptotic value of hardening

modulus H = Hl . Assuming κ = 1, l0 = 0, L = l from (29) it follows that

H = γ � cosα + σ ′
pl = γ�l + σ ′

p

(
1 − �l

�max

)
= Hl (32)

and

�l = Hl − σ ′
p

γ − σ ′
p/�max

(33)

is the limit distance of the yield and hardening surfaces. For σ ′
p = 0, we have γ�l = Hl . The distance

parameters l now equals

l = 1 − �

�max
= 1 −

√
σ 2
p

(
kp − 1

)2 + r2 − 2σp
(
kp − 1

)
r cosβ

2σp
(
kp − 1

) (34)
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and the angles α and β are interrelated, thus

cosα = σp
(
kp − 1

) − r cosβ

�
. (35)

The alternative rules of hardening could be postulated as follows:

Ẋ = f (l)ρλ̇, ρ = Sl − S
‖Sl − S‖ , (36)

where ρ is the normalized vector along the path Sl − S
Now we have

H = f (l) cosα + σ ′
pL

κ . (37)

The hardening function can be assumed in the form interpolating the hardeningmodulus between the initial
and limit values, thus

f (l) = H0 − (H0 − Hl) l
p (38)

and f (l) = H0 for l = 0 and H = Hl for l =1.
Figure 4a presents the evolution of σl corresponding to two rules (25) and (26). Figure 4b presents the

stress–strain curve and evolution of back stress X ′ and l in the loading–unloading process of pure copper for
large uniaxial straining. The experimental points, obtained by Follansbee and Kocks [32] are also introduced
in Fig. 4a, b.

The weighting parameter l depends on the distance of the stress point to the hardening surface. When
the yield surface approaches the hardening surface, then l → 1, but for the other cases there is 0 ≤ l ≤ 1.
Thus, the deformation paths more distant from the hardening surface induce lower hardening than the paths
approaching the surface Fl = 0. Similarly, the cycles of lower stress or strain amplitudes correspond to lower
hardening rates than the cycles of higher amplitudes. Figure 5 presents the evolution of hysteresis loops for
three strain amplitudes, assuming κ = 10, l0 = 0. The stress amplitude evolves toward the steady state with
the rate of evolution much smaller for smaller strain amplitudes, cf. Fig 5b. In this way we incorporate the
effect of amplitude dependent hardening rate in the cyclic deformation process.

2.3 Three-surface hardening–recovery model

Consider now a more general model for which the evolution of back stress X is affected by the second micro-
level back stress Y inducing additional hardening. The evolution rule (3) now has the form

Ẋ = λ̇

[
c (S − X)

σp
− γ (X − Y)

]
(39)
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Fig. 4 Annealed copper: a Evolution of the limit stress σl , b the stress–strain curve for monotonic and reverse straining with the
evolution of back stress and distance parameter l
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and the saturation state Ẋ = 0 is attained on the hardening surface, which is allowed to translate and expand.
In view of (39), the hardening surface equation is now specified in the form

Fh =
√

3
2 (Sl − Y) · (Sl − Y) − σl (ξ) = 0 or Fh =

√
3
2 (Xl − Y) · (Xl − Y) − rl (ξ) = 0 (40)

and its translation rule is expressed by assuming that Y tends to X for small value of its scalar norm or tends
to a convergence state Yl coaxial with X for a larger norm value. It can be written

Ẏ = λ̇γl (Yl − Y) for r =
√

3
2X · X > Rl ,

Ẏ = λ̇γl (X − Y) for r ≤ Rl ,
(41)

where γl is the material parameter and Yl is the limit convergence state. The constitutive model of hardening
with multilevel back stress interaction was discussed by Mróz and Rodzik [60]. The integral representation of
back stress evolution was also considered and compared with the multisurface model predictions. The present
formulation follows some assumptions of this model. It can be interpreted that X represents the residual stress
at the grain scale and Y is the residual stress at the crystalline lattice scale induced by varying dislocation
pattern. Assume, as previously mentioned that Yl lies on the limit surface whose equation is of the form

Fy =
√

3
2Yl · Yl − Rl (ξ) = R − Rl = 0, (42)

where Rl is the limit surface radius. Similarly as previously we assume that both limit and hardening surfaces
expand, but the ratio of their diameters is constant, thus

kl = σl

Rl
= const. (43)

Let us note that when r ≤ Rl , the relation (39) can be expressed as follows:

Ẋ = 2

3
cε̇ p − γ

γl
Ẏ , (44)

and for the case of proportional loading, like cyclic tension-compression, after integration we have

X + γ

γl
Y = 2

3
cε p + const. (45)

It follows from (45) that when the back stress X is represented by a point lying in the interior domain
specified by the limit surface Fy = 0, it can be expected that in the steady state, the ratcheting effect does not
occur since the plastic strain is explicitly expressed in terms of varying periodically back stresses X and Y .
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specified amplitudes εa = 0.1, 0.2, 0.5, b evolution of the maximal stress in cyclic hardening process
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A simple evolution rule is obtained by assuming that Y tends to the radial state Y0
l on the limit surface

coaxial with the back stress X, so that

Y0
l = X

Rl

R
. (46)

This assumption is identical to that taken in the evolution rule (9) for the back stress X, which is now regarded
as an active microstress inducing the evolution of Y toward a coaxial state. The other assumption is that Y
follows the path X − Y and reaches the limit point Yl

l , Fig. 6. We may generalize these two assumptions by
postulating that Yl is specified by the vector X − Y0, where Y0 = f Y, 0 ≤ f ≤ 1, so we have

Yl = Y0 + tlρ, tl = X − Y0

‖X − Y0‖ . (47)

Here, tl is the unit vector along X − Y0 and the scalar factor ρ is specified from the limit state condition, thus

Fy =
√

3
2Yl · Yl − Rl =

√
3
2 (Y0 + tlρ) · (Y0 + tlρ) − Rl = 0, (48)

Equation (47) provides the value of the scalar factor ρ, namely

ρ = −R0 cosφ +
√
R2
l − R2

0 sin
2 φ, R0 =

√
3
2Y0 · Y0 = f R, cosφ = Y · tl

‖Y‖ , (49)

where φ is the angle between OY and X − Y0.
Let us note that when f = 0, the limit state Y0

l is specified by (46), when f = 1 the state Yl
l is generated.

The fraction factor f is identified from the multiaxial ratcheting tests, for instance from combined monotonic
tension—cyclic torsion tests. It turns out that the position of the limit state Yl is very essential in accurate
prediction of the ratcheting strain. In fact, it controls the evolution path of the back stress Y to the coaxial state
Y0
l . When the back stress X is represented by the point inside the limit surface Fy = 0, then according to (41)

we set Yl = X.
Figure 6 illustrates the evolution rule of the back stress Y . The hardening modulus now equals

H = γ N · (Xl − X) + γ1N · (Yl − Y) + σ ′
pL

κ . (50)

To illustrate model performance, consider the uniaxial cyclic behavior. Figure 7a, b presents the evolution of
back stresses X and Y for the case of cyclic loading controlled by harmonically varying stress of specified
mean values σm = 100 or 300 MPa and amplitude σa = 800MPa. In the case when the stress varies as
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Fig. 7 Stress σ11, backstress X11, Y11 and –strain ε11 response in the cyclic tension-compression for the three-surface model; a
σ11 = 100 ± 400MPa, b σ11 = 300 ± 400MPa

σ11 = 100 ± 400MPa, there is no ratcheting effect , Fig. 7a. On the other hand, when the mean stress equals
300 Mpa, the ratcheting effects occurs in the steady state and the back stress Y reaches its limit value Yl ,
Fig. 7b. It was assumed that σp = Rl = 250MPa, σl = 500MPa, γ = γl = 100.

It is noted that the presentmodel formulation differs from themost frequently used assumption of expressing
hardening effects in terms of additive set of back stresses satisfying AF evolution rule, cf. Chaboche review of
cyclic plasticity models [19]. The present formulation is based on the concept of interacting evolution of back
stress states and the coaxiality rule in steady-state regimes.

3 Model application: simulation of uniaxial and biaxial cyclic response

In this section, we shall apply the model to simulate cyclic response of some metals or alloys for uniaxial
cyclic loading of specified strain amplitude and for the case of strain controlled axial extension of thin-walled
tubes with superposed cyclic torsion of specified strain amplitude and rate of straining. The cyclic torsional
straining is supposed to reduce the axial load and affect the grain structure. It was shown in the previous paper
Mróz et al. [57] presenting the analysis for a perfectly plastic material that the axial stress reduction occurs at
the expense of increased dissipated energy in the deformation process. However, for the hardening–recovery
model discussed in this paper, the dissipated energy increase may be essentially reduced when the axial stress
reduction is more significant.

To discuss the process parameters in the combined tension and cyclic torsion, consider a thin-walled tube
of initial radius r0, length l0 and wall thickness t0. Assume the axial strain rate to be specified and constant. The
alternating torsion is imposed in order to reduce the axial stress and applied axial force required to execute the
process. Denote by εx and εxy the axial and shear strain components and their rates by ε̇x and γ̇xy . The Cauchy
stress components are σx , τxy . For simplicity, consider first the small strain formulation. The deformation
program is shown in Fig. 8.

For uniform length variation, the axial strain and strain rate is εx = α̇t, ε̇x = α̇, where α̇ = l̇
/
l0. For the

logarithmic strain measure there is εx = ln(l/ l0) = ln (1 + α̇t) and ε̇x = l̇/ l = α̇
/
(1 + α̇t). The shear strain

is assumed to oscillate within the range 2γm and the period T. For piecewise linear oscillation, Fig. 8b, we
have β̇ = γ̇xy = 4γm

/
T . Denote the ratio of rates of shear and axial strains by η, thus
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Fig. 8 Axial and torsional deformation program: a tube dimensions, b piecewise linear and harmonic variation of shear strain
γxy(t)

η = β̇

α̇
= const, β̇ = 4γm

T
, β̇ > 0, α̇ > 0 (51)

For the harmonic variation of γxy , Fig. 10b, we can write

γxy = γm sin

(
2π

T
t

)
, γ̇xy = π

2
β̇ cos

(
2π

T
t

)
, β̇ = 4γm

T
, (52)

and the ratio of strain rates is

γ̇xy(t)

|ε̇x | = η
π

2
cos

(
2π

T
t

)
= η

π

2
cos

(
2π

T

|εx |
α̇

)
= η

π

2
cos

(
2π

|εx |
Ex

)
, (53)

where Ex = 4γm/η is the accumulated strain corresponding to the time period T . Let us note that the time
measure can be replaced by the axial strain εx = |α̇| t .

For the piecewise linear and harmonic shear strain control, there are two essential parameters controlling
the process, namely the strain rate ratio η and the torsion amplitude 2γm . We shall study the cyclic deformation
process for different values of η and γm after initial model calibration and verification for uniaxial cyclic
loading.

The yield condition and the flow rule now are

f p =
√

(σx − Xx )
2 + 3

(
τxy − Xxy

)2 − σp = 0,

ε̇
p
x = λ̇

σx − Xx

σp
, γ̇

p
xy = λ̇

3
(
τxy − Xxy

)

σp
, (54)

where

λ̇ =
√(

ε̇
p
x
)2 + 1

3

(
γ̇
p
xy

)2
. (55)

The constitutive rate equation for an elastic-plastic material have the form

ε̇x = ε̇ex + ε̇
p
x = σx

E + λ̇ σx−Xx
σp

,

γ̇xy = γ̇ e
xy + γ̇

p
xy = τxy

G + λ̇
3(τxy−Xxy)

σp
, λ̇ > 0, f p ≤ 0, λ̇ f p = 0.

(56)
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Table 1 Material parameters

E (GPa) ν (–) σl0 (MPa) σl f (MPa) s (–) w (–) kp (–) κ (–) γ (–) kl (–) γl (–) β (–) f (–) l0 (–)

Pure copper,
two-surface

model

108 0.3 120 435 1 0.33 2.22 5 125 – – 3 – 0

Pure copper,
three-surface

model

108 0.3 120 300 1 0.33 1.54 5 120 2.22 5.0 3 1.0 0

Austenitic steel,
0H18N9

150 0.3 420 830 1 0.3 1.54 6 60 5.0 5.0 3 1.0 0

Aluminum alloy
PA7

77 0.4 480 540 1 10 1.25 0 705 2.87 45.0 6.7 1.0 0.1

For the two-surface model, the hardening surfaces in the stress and back stress spaces are

Fl(σ ) =
√

σ 2
x + 3τ 2xy − σl(ξ) = 0,

Fl(X) =
√
X2
x + 3X2

xy − rl(ξ) = 0, (57)

and the limit saturation states are

Xl
x = σx − Xx

σp
rl , Xl

xy = τxy − Xxy

σp
rl ,

σ l
x = (σx − Xx )

(
1 + rl

σp

)
, τ lxy = (

τxy − Xxy
) (

1 + rl
σp

)
, (58)

so that Eq. (56) are satisfied. Similarly, for the three-surface model, the hardening and limit surfaces are

Fh =
√

(Xx − Yx )2 + 3
(
Xxy − Yxy

)2 − σl(ξ) = 0,

Fy =
√
Y 2
x + 3Y 2

xy − Rl(ξ) = 0, (59)

and the evolution rules for the back stresses X and Y are

Ẏx = λ̇γ1

(
Y l
x − Yx

)
, Ẋx = λ̇γ

(
σ l
x − σx

)
= λ̇γ

(
Xl
x − Xx

)
,

Ẏxy = λ̇γ1

(
Y l
xy − Yxy

)
, Ẋxy = λ̇γ

(
τ lxy − τxy

)
= λ̇γ

(
Xl
xy − Xxy

)
. (60)

The present model formulation can now be applied to simulate cyclic response of several materials.

3.1 Uniaxial and biaxial cyclic response of copper

For pure annealed copper, the experimental cyclic stress strain curves were obtained by Pawlicki and Grosman
[65] in their experiments of thin-walled tubular specimens subjected to pure cyclic torsion and progressive
tensile strain assisted by cyclic torsion. The model parameters for two-surface and three-surface models were
calibrated obtained using hardening rule (26) and are presented in Table 1.

The cyclic torsion tests were carried out for three values of shear strain amplitudes �xy =
0.032, 0.06, 0.144. The experimental evolution of cyclic hardening toward steady states is shown in Fig.
9a; the representative model simulation is shown in Fig. 9b. It is seen that the model simulates fairly accurately
the cyclic response of copper.

The application of model to the case of monotonic axial tension assisted by cyclic torsion is illustrated in
Figs. 10 and 11 by applying two-surface and three-surface models.

Figure 10a, b present the prediction of the axial stress variation by the two-surface hardening model for
different values of rate parameter η and shear strain amplitude γm . Increasing the parameter η by increasing
the frequency of torsional cycles with the constant rate of axial straining, the axial stress is reduced more
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evolution, b stress paths in the σx − τxy plane

significantly for the higher values of η. However, for the two-surface model, the predicted axial stress reduction
is much bigger than that predicted by three-surface model. In fact, for high values of η, the excessive reduction
of σx is predicted by the two surface model. Similarly, for increasing γm , the axial stress reduction is very large.
However, the application of the three-surface model provides more accurate predictions. Figure 11 illustrates
the axial stress variation for different values of η and γm . The axial stress reduction for the same values of η
and γm is much lower than that predicted by the two-surface model.

Figure 12 presents the predicted stress evolution for piecewise—linear and harmonic shear strain control
for η = 0, 1, 5 and γm = 0.025. It is seen that the harmonic control is associated with higher stress amplitudes,
Fig. 12a. The stress path evolution for both controls is shown in Fig. 12b. The two-surface model is applied
assuming the evolution rule (26) and model parameters presented in Table 1.
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Amore clear comparison of predictions of stress evolution is shown in Fig. 13, where the hardening surface
reaches its limit stress at small strain value and the material response is governed by kinematic hardening. In
the isotropic hardening evolution rule (22), it is assumed that σl0 = σmax = 435MPa. The stress path reaches
the steady state with constant mean value of axial stress, Fig. 13a. The stress paths in the σx − σxy plane are
similar to those predicted for the perfectly plastic model, cf. Mróz et al. [57], with consecutive plastic and
elastic states.

The total plastic dissipation of the process of axial extension assisted by cyclic torsion can be calculated
and compared with the dissipation D0 for the process of pure extension. Using the formula

D =
∫

σ · dε p =
∫ (

σxdε
p
x + τxydγ

p
xy

)
,

D0 =
∫

σxdε
p
x , (61)

the dissipated energy is calculated for both cyclic and monotonic deformation processes. Figure 14a presents
the variation of D with the axial strain for the strain amplitude Ex = 0.5% and different values of shear strain
amplitude γm . It is seen that for γm = 0.5% (or η = 4) the dissipated energy is lower than that for uniaxial
extension. The variation of the ratio D/D0 with η and γm is plotted in Fig. 14b, c. The effect of type of
control of shear strain (harmonic and piecewise linear) on the energy dissipation in insignificant. These results
differ essentially from the predictions of perfectly plastic model for which the energy dissipated in the cyclic
deformation assisted by cyclic torsion was always greater than that for the proportional deformation process.
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This reduced energy dissipation is associated with the recovery effect lowering the stress level associated with
plastic deformation.

Figure 15 presents the experimental and predicted shear stress evolutions for pure copper. The three-surface
model prediction of stress–strain paths are compared with the experimental data of Pawlicki and Grosman [65].
The piecewise linear shear strain control was assumed in modeling; however, the actual strain control differed
frompiecewise linear and the axial stress evolution is not simulated accurately, though themean stress evolution
is well predicted.

3.2 Modeling of cyclic response of aluminum alloy 2024

The experimental program was executed by Kowalewski and Szymczak [50]. Their data are used for model
calibration and prediction of cyclic response for combined tension and torsion. The commercial aluminum
alloy 2024 used in aircraft industry exhibits initially the texture anisotropy affecting both elastic stiffness
moduli and yield condition. The initial yield condition for the case tension and torsion is assumed in the form
accounting for in-plane anisotropy, thus

f p =
√

σ 2
x + βτ 2x − σp = 0, (62)
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where the parameter β = 6.8 instead of β = 3 for the Huber–Mises condition. The elasticity moduli are
E = 77GPa, G = 27GPa, ν = 0.32. The model parameters for the two-surface and three-surface models
have been calibrated from cyclic tests in tension and torsion. They are listed in Table 1.

The application of three-surface (3-S) model with material parameters calibrated from uniaxial cyclic tests
to simulation of tension test assisted by cyclic torsion is demonstrated in Fig. 16. The same simulation was
conducted by applying the two-surface model. The 3-S model provides much better simulation of axial stress
evolution for the same values of γm and η. The excessive axial stress reduction predicted by the two-surface
model for large values of η now is suppressed by assuming translation of the hardening surface center Y toward
its limit position Yl.

3.3 Modeling of cyclic response of austenitic steel (0H18N9)

The material parameters of the three-surface model for the austenitic steel were calibrated from the torsion
cyclic test. The model parameters for three-surface models are listed in Table 1.

Figure 17 presents the experimental and predicted cyclic stress–strain curves for three values of strain
amplitude. The predicted axial stress evolution in the extension test assisted by cyclic torsion is shown in
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Fig. 17 Austenitic steel: cyclic torsion response for three values of shear amplitudes �γxy = 0.032, 0.06, 0.144, a experimental
data after Pawlicki and Grosman [65], b model prediction
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Fig. 18 for several values of γm and η. The experimental verification of this prediction is at present not
available.

Recently, extensive cyclic loading tests for strain controlled non-proportional deformation programs were
conducted by Kowalewski et al. [49,51] for pure copper, aluminum alloy and high strength steel. In particular,
for circular and square strain paths, additional hardening and stress retardation effects were observed. The
present 3-S constitutive model was applied to simulate the deformational response with satisfactory results.

4 Concluding remarks

In most papers related to cyclic plasticity, the material response for stress or mixed controlled processes was
analyzed for both proportional and non-proportional loading. The analysis of transient and steady cyclic states
for ratcheting and shake-down responses constituted the main objective of research directed to application
in structural design. The low cycle fatigue and excessive accumulation of plastic strain may then generate
essential failure modes to be considered in safe design. On the other hand, in technological processes, the
cyclic deformation and ratcheting effect can be beneficial in assistance of the main deformation process by
reducing the load required for its operation. The present paper is aimed at the formulation of a simple model
able to simulate the cyclic loading response for the case of progressive plastic deformation assisted by cyclic
straining. The strain controlled cyclic deformation process is then considered. Themodel is aimed to be applied
in numerical analysis of such processes as extrusion, forging and rolling, assisted by cyclic shear deformation.
It is seen that a considerable axial stress reduction is attained for the properly selected shear strain amplitude
γm and the strain ratio η. The two-surface model predicts too excessive reduction of axial stress, not confirmed
experimentally. On the other hand, the three-surface model provides realistic predictions and can be applied to
predict cyclic response of different materials. The interesting result is also obtained, namely the reduced plastic
energy dissipation required to extend the element to a specified strain value for some range of parameters γm
and η, as compared to the monotonic deformation process. The microstructure, texture and grain size evolution
during the cyclic deformation process was not discussed in the paper as these topics require further material
research.

The present model is based on the concept of hardening and recovery expressed in terms of two back
stresses interacting in their evolution and tending to coaxiality in their steady states. Such effects as cyclic
strain amplitude or frequency-dependent hardening and non-proportional loading induced additional hardening
can be effectively simulated by the 3-S model as has been demonstrated in [49]. The model can also be applied
in simulation of ratcheting effects for stress or mixed controlled cyclic loading programs. This problem will
be discussed in a separate paper. Referring to numerous constitutive models simulating cyclic ratcheting of
metals, the present formulation seems simpler involving a limited numbers of material parameters, easy to
identify from uniaxial or biaxial cyclic tests.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.
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