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Abstract
For an integer k > 2, let L® be the k—generalized Lucas sequence which starts with
0,...,2,1 (atotal of k terms) and for which each term afterwards is the sum of the &

preceding terms. In this paper we assume that an integer ¢ can be represented in at least
two ways as the difference between a k—generalized Lucas number and a power of
b, then using the theory of nonzero linear forms in logarithms of algebraic numbers,
we bound all possible solutions on this representation of ¢ in terms of b. Finally,
combination our general result and some known reduction procedures based on the
continued fraction algorithm, we find all the integers ¢ and their representations for
b € [2, 10], this argument can be generalized to any b > 10.
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1 Introduction

Let k > 2 be a fixed integer. We consider the linear recurrence sequence G*) :=
(Gf,k))nzz_k of order k, defined as

G =6% +6%, +...4+6¥, foralln=>2,
with the initial conditions
(k) _ k) _ _ k) _ (k) _ (k) _
G_(k_z) - G—(k—3) == G_] = 0, GO =da and Gl = b

Observe that if = 0 and b = 1, then G® is nothing that just the k—generalized

Fibonacci sequence or for simplicity, the k—Fibonacci sequence F ®) .= (F,gk))nzz_k.

In this case, if we choose k = 2 we obtain the classical Fibonacci sequence (F;,),.
On the other hand, if a = 2 and b = 1 then G® is known as the k—generalized

Lucas sequence LW .= (Lﬁ,k))nzz_k. In the case of k = 2 we obtain the usual Lucas
sequence

(Ln)ns0 :=12,1,3,4,7,11, 18,29,47,76, 123, 199, 322, 521, 843, 1364, . . .}.
Furthermore, it has been proved in [28] that the only powers of 2 in L® are
LP =2, LP=1=2 1P =4=22 LY =64=2° 6}
The above sequences are among the several generalizations of the Fibonacci numbers
which have been studied in literature.
Recall the problem of Pillai which states that for each fixed integer ¢ > 1, the
Diophantine equation

a* —b’ =c, min{x,y}>2, 2)

has only a finite number of positive solutions {a, b, x, y} [24, 25, 29]. This problem
is still open; however, the case ¢ = 1, is the conjecture of Catalan and was proved
by Mihiilescu [26]. The general problem of Pillai is difficult to solve and this has
motivated the consideration of special cases of this problem. In the past years, several
special cases of the problem of Pillai have been studied. See, for example, [6-8, 10,
11,13, 16, 21, 22].

Here we look at a similar problem for the terms of the k—Lucas sequence, namely

LY —p" = ¢ with min{n,m}>2, b>2 and ce€Z.
For b > 2 fixed integer, we are interested in knowing how many solutions (c, k, n, m)
exist for the above equation, under the non-unitary condition of the multiplicity at

least for c. For this purpose we study the equation
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k-Generalized Lucas numbers, perfect powers...

LY —p" =LY —p" (=0, 3)

with! n > n; > 2andm > m; > 2.

When b is fixed we bound the solutions for Eq. (3) and present an algorithm that
can be generalized to find all its solutions for any known b, in particular we use it to
obtain all solutions in the cases b € [2, 10]. We present our main results below.

Theorem 1 Let b > 2 be a fixed integer. The solution (k,n,m,ny, my) of the Dio-

phantine equation (3) withn > ny > 2,m > m; > 2 and k > 2, satisfies the
following.

(i) If n <k, thenn = max{n, m, n;, m} and Eq. (3) takes the form
3.1 p"=3.2M72 " (=¢) forall k> 2.

Moreover, if b is a power of 2, there are no solutions for b > 4 but there are
solutions for b € {2, 4} of the form

(b,n,m,n;,m) e{2,m+1,m,mm-—2), 4 2m~+1,m,2m,m— 1)},
with m > 3. In another case, let p be the largest odd prime divisor of b, then
n < 9.13 x 10" p(log p)(log b)*.
(ii) Ifn > k + 1, then
k< 1.4x10%1ogh)® and m—2 <n <1.02 x 10°¥ (logh)”.
As a consequence to Theorem 1, we find all the solutions for b € [2, 10] in Corollary

2. The argument of the proof of this numerical result can be extended to find any
solution for fixed b.

Corollary 2 Let b € [2, 10]. The solution (c, k,n, m,ny, m1) of Eq. (3) withn > ny >
2,m > my > 2andk > 2, satisfies the following.

(i) Forn <k and b ¢ {2, 4} (the solutions for these cases are in Theorem 1) there
are only solutions

3.2272-3=3.27-3=-3 3.277-3"=3.27-3 =15
3.2102 36 -3.262 3239 3.282_¢63=3.242_¢6> =24

(ii) Forn >k 4 1 we obtain for each b the following.

! Note that since the sequences (L,(,k))nzz and (b™),,,>2 are positive increasing, then n > n1 if and only
if m > m in the Diophantine equation (3) and without loss of generality we can assume either one.
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(a) If b =2, there are only the solutions

Ly -8 =Ly —20 = —57,

LY —20 =1L —2° =29,

LY —25 =L —2* = 13,

LY 27 =L 25 =1LP 24 = L) —2¢ = 10,
LY -27=1P - 24=1P -2 =5

LY -2 =1P - 22=1,

LY -2 =L 22 =2,

LY -5 =L 24 =P -3 =1P 22=3,
Lﬁ) _ o3 _ LA(‘4) _22_3,

L) 210 = LY —2* = 336.

(b) Ifb =3,

L?) _ 34— Lf) 3P =17,

LY -3 =1y —32 =5,

LY -3 =LY -32=2,

Ly -3 =1y -3 =LY - 32 =20,
LY 3 =19 337,

L -3 =L 32 =114,

L) =37 = L{)) - 3% =700.

(c) For b € {5,6,7, 10} there are no solutions and the cases b € {4, 8,9} are
powers of 2 or 3 so they are already included.

Remark 3 InDiophantine equation (3), we have assumedn > n; > 2andm > m; > 2
preserving the essence of the original problem (2), nevertheless, this could be removed
(replacing 2 by 0) and slight adjustments to the arguments presented here would still
work.

Let us give a brief overview of the strategy used for proving our results. In the proof
of Theorem 1, we distinguished two cases according ton < k and n > k + 1. The
case n < k was treated by a combination of the theory of nonzero linear forms in
logarithms of real algebraic numbers with some elementary arguments on the p—adic
valuations of certain Lucas sequences. For the case n > k + 1, the theory of nonzero
linear forms in logarithms is used several times again, to obtain explicit upper bounds
for the unknowns (k, n, m, n1, mp) depending only on b. The proof of Corollary 2
depends on a combination of Theorem 1 and some known reduction procedures based
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on the continued fraction algorithm. The computation needed for the proof of Theorem
1 and Corollary 2 was done with the Mathematica software.

2 Preliminary results

In this section, we first recall some general properties of the k—generalized Lucas
sequence.

2.1 k-Generalized Lucas numbers

It is known that the characteristic polynomial of the k—generalized Lucas numbers
L®  namely

We(x) = xk—x - x -1,

is irreducible over Q[x] and has just one root outside the unit circle. Let o := a (k)
denote that single root, which is located between 2 (1 — 2k ) and 2 (see [14]). This
is called the dominant root of L®). To simplify notation, in our application we shall
omit the dependence on k of «. We shall use a® . a® forall roots of Wi (x) with
the convention that ") := «.

The following appears in [1], responding to a conjecture proposed in [19].

Lemmal Let o) = pje"(’j with 6; € [0,2m) for j = 1,...,k be all the roots of
Wi (x). Then for every h € {0, 1, ...,k — 1}, there exists j such that

S

< —.
k

2nh‘ T

We now consider for an integer k > 2, the function

z—1
fk(Z)—2+(k+1)(Z_2) for zeC, z#2k/(k+1). )

In the following lemma, we give some properties of the sequence L®) which will be
used in the proof of Theorem 1. The items of the following lemma was proved by
Bravo, Gémez and Luca in [4, 5, 18].

Lemma2 Letk > 2, o be the dominant root of L® and consider the function fi(z)
defined in (4). Then,

(a) If2 <n <k, then L =3.2m2,

(b) a" < L,gk) < 2" foralln > 1.

(c) LW satisfies the following formula

k
L =3 2a® - 1) fi@Pya®" .
i=1
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(d)
(k) n—1 3
L7 — Qa—1) fi(o)a < 3 holds for all n > 2 — k. 5)
(e) The inequalities

1 3 .
5 < fil@ <7 and Ifi@)] <1, 2<i<k

hold. In particular, the number fi. (o) is not an algebraic integer.
k k k
0 1 =258, — £P.

Next comes another necessary lemma for our work.

Lemma3 Letk > 2, ¢ € (0,1) andn < 2. Then it is satisfied that

(i) Foralln > 2,

4/20=%k. if e < 0.693,

L% =3.2""2(1 4+ ¢/, with |¢/] <
. (I+¢,) 1] 8.1/20-9%:  otherwise.

(ii) Foralln > k + 2,

—k+4/3
LW =3.172 (1 S e Vi 2ij / + {,7) . with [¢)] < 872209k,

Proof Howard and Cooper proved in [9] that for all k > 2, r > k+ 2 and £ :=
L(r +k)/(k + 1)] it is satisfied that

-1
Fr(k) — 2}’—2 + Z Cr,j 2r—(k+l)j—2’
j=1

where C, ; = (—1)/ [(r_jjk) - (r_jk_z)]. Therefore for k + 2 < r we can write

j-2
_ r—k
F® = or=2 (1 ~ ot g“r) , ©)
where
-1 j j
ICr 27 2r? r/2hi=2 2
15l < ZZ ST ;2 2ErD] ] < 22 2 G_21 = it :
j= jz iz
)

We now prove each case using Lemma 2 and identity (6).
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(i) By item (a) of Lemma 2 we have that the result is trivial for 2 < n < k. If
n =k + 1, it follows from item (g) of Lemma 2 that

(k) (k) (k) k+1 k—1 k—1 —k+2
Lk+1=2Fk+2—Fk+1=2+—2 —2=3.2""1-2 +/3)

with |§,£+1| = 27k42/3 < 4/20=9% 5o the result is true in this case. When
n > k + 2, by identity (6) and item (g) of Lemma 2 we have that

k (k) k
L;l) :ZFn+l _Fn()

n+1—k _ n—k
=2n<l—W+§n+l)_2n 2(1_W+§n>

_3_2n2<1_3n+4—3k

T 4 /3 zn/3) @®)

and since n < 2%, we get by inequality (7) that

3n+4 — 3k
18] = BN +4Ent11/3 + 18nl/3

1 8 1/201-0k 172010k
- ( € + € /2(1—c)k

2 + 3.20-0k " 3. 2(0—0)k+I

4/20=0k if ¢ < 0.693,
8.1/20-9%  otherwise.

(ii) Since n > k + 2, we have by identity (8) and inequality (7) for r € {n, n + 1} that

_ n—k+4/3
L® =3.2m2 (1 B = m ! T Ve ;“n/3>

where
(1—0)k (I—c)k+1 o
61 3= 4G 11/3 + 16al/3 < (8¢ /34 €12 6) o200k

< 8/22(1-()/{

2.2 Notations and terminology from algebraic number theory
We begin by recalling some basic notions from algebraic number theory.

Let 1 be an algebraic number of degree d with minimal primitive polynomial over
the integers

d
apx? +a1x ' 4t ag = ap H(x - n(i)),
i=1
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where the leading coefficient aj is positive and the ")’s are the conjugates of 7. Then
the logarithmic height of n is given by

d

1 .

h(n) = p (logao + E log (max{|n(’)|, 1})) .
i=1

In particular, if = p/q is a rational number with gcd(p,g) = 1 and ¢ > O, then
h(n) = logmax{|p|, g}. The following are some of the properties of the logarithmic
height function £(-), which will be used in the next sections of this paper:

h(n£y) < h(n) +h(y) +log2,
Ryt < h(n) + h(y),
h(n®) = Islh(n) (s € Z). )

On the other hand, it can be proved that
h(a) =loga/k and h(fr(ax)) <2logk, forallk > 2. (10)

The logarithmic height of fi (o) satisfies A ( fr(«)) < 2logk. See [17, 18] for details
when k > 3 and the case k = 2 is easily verified computationally.

2.3 Linear forms in logarithms and continued fractions

In order to prove our main result Theorem 1, we need to use several times a Baker—
type lower bound for a nonzero linear form in logarithms of algebraic numbers. There
are many such in the literature like that of Baker and Wiistholz from [3]. We use the
following result by Matveev [25], which is one of our main tools in this paper.

Theorem 4 Let yy, ..., y; be positive real algebraic numbers in a real algebraic num-
ber field K of degree D, by, ..., b; be nonzero integers with B > max{|b1|, ..., |b:|},
and assume that
A= ylbl---y,b’—l (11)
is nonzero. Then
log|A| > —1.4 x 303 x t*° x D*(1 +log D)(1 +log B)A - -- A,
and
A; = max{Dh(y;), |logy;l|,0.16},  forall i=1,...,t.
During the course of our calculations, we get some upper bounds on our variables

which are too large, thus we need to reduce them. To do so, we use some results from
the theory of continued fractions. Specifically, for a nonhomogeneous linear form in
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two integer variables, we use a slight variation of a result due to Dujella and Pethd (see
[15], Lemma 5a), which itself is a generalization of a result of Baker and Davenport
[2].

For a real number X, we write || X|| := min{|X — n| : n € Z} for the distance from
X to the nearest integer.

Lemma4 (Dujella, Pethd) Let M be a positive integer, p/q be a convergent of the
continued fraction of the irrational number t such thatq > 6M, and A, B, i be some
real numbers with A > 0 and B > 1. Let further ¢ := ||ugq|| — M||tql||. If ¢ > O,
then there is no solution to the inequality

0<|ut—v+u|l <AB™Y,
in positive integers u, v and w with

log(Aq/e)

u<M and w >
log B

The above lemma cannot be applied when © = 0 (since then ¢ < 0). In this case,
we use the following criterion of Legendre.

Lemma5 (Legendre) Let t be real number and x, y integers such that

1

’_x

y

Then x/y = pj/q; is a convergent of T. Furthermore, if [ag, ai, a, .. .] is the con-
tinued fraction of T, then

.
(aj+1+2)y?

X
T — —

y

(13)

For the use of the above two lemmas we will sometimes use the well-known inequality
[log(1 4+ x)| <2|x| if |x|]<1/2, for x eR. (14)

Finally, the following lemma is also useful. It is Lemma 7 in [20].

Lemma 6 (Gtzman, Luca) Ifs > 1, T > (452 and T > x/(logx)*, then

x <2°T(logT)*.

3 Casen <k

In this section we prove the first items of Theorem 1 and Corollary 2. When n < k,
equality (3) becomes

3.2077 3.2 = " p™ (15)
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withn > n; > 2 and m > m; > 2. To bound the possible solutions of the above
equation we present the following lemma.

Lemma7 Leta,l,r € 7T, witha > 3 odd.

(i) If £ > va(a — 1) and 2* | a” — 1, then 2* | r(a® — 1)/2.
(ii) If p is the greatest prime divisor of a and a* | 2" — 1. Then a®|ra?~".

Proof We consider each case.

(i) Since vy(a” — 1) > £ > vy(a — 1), we have that

Moreover, that a is odd implies
r—1
r= Za/ =0 (mod 2).
Jj=0
Now we note that u, := (a” —1)/(a—1) is a sequence of Lucas with characteristic

polynomial x2 = (a + 1)x + a whose discriminant is A = (a — 1)2. Therefore
2ta,2| Aand?2|r,then from Theorem 1.5 in [29] it follows that

vo(up) = vo(r) +va(uz) — 1

and this implies that
E<m@ —1)=wn (r(a2 — 1)/2> :

ie 20| r(@®—1)/2.

(ii) First we assume that a = pY for some y € ZT. We know that the sequence
u, :=2" — 1 is a sequence of Lucas with characteristic polynomial x> — 3x 42
whose discriminant is A = 1 and p t 2. Then by Corollary 1.6 in [29] and as
p”@ | 2" — 1, we obtain that

0 <yl =vp(uy) =vp(r) +vpur(p)
<vp(r) + logp(u,(p)) <vp(r) +t(p) logp 2
<vp,(N+p—-1= vp(rppfl),

where t(p) is the multiplicative order of 2 modulo p. That is,
prelrpt! (16)
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and in particular a* | ra?~!. In general, if a = p}"--- p* with p1 < p» <
- < py primes and {y;} C Z7, we obtain from conclusion (16) that

I<j=s
it pi—1 ysl ps—1
P |rp1 ,-u,PsS |”Pss s

then a | raPs—!.

O
On the other hand, we see that
3.2777 53,277 3.2 T = p — P = T —
=" 32— 1) > 4p™ 3
implies (n — 2)log?2 > (m — 3)log?2, therefore n > m — 1 and n > m. Then
max{ny,my,n,m} = n.
Equation (15) can be factored as
3272 — ) =M 1), (17)

We consider the following cases over b.

3.1 Case b power of 2

Letbh = 2! forsomet € ZT. By identity (17) and sincem —my > 1,n —ny > 1, we
have that ™! = 2"1=2_ Then, by identity (15)

3 ) 2}’1—2 _ 2tm — 3 A 2}’1—2 _ bm — 2}11—1
SO
0 < 2n1—n+1/3 — 1 _ 2tm—n+2/3
where 3 > 2/"m="+2 and n — rm > 1. Therefore
1/3 =1— 2714’2/3 <1- 27(n71m)+2/3 _ 2n|7n+]/3
implies n — n1 = 1. Now identity (17) becomes
Zf(Wl—ml) — pnm — 22
and it follows that #(m — m1) = 2. The above combined with Eq. (17) leads to

3 . 271—3 — 3 . 2n—2(1 _ an—n) — bm(l _ 2t(m1—m)) — 3 . 2tm—2’
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i.e. n = tm + 1. In conclusion, there are infinitely many solutions of the form
(b,n,m,ny,mp) € {(2,m +1,m,m,m—2), (22,2m +1,m,2m,m— 1)}
for Eq. (15).

3.2 Case b with odd prime divisor

Let p be the greatest odd prime divisor of b. First we bound n| and m in terms of b
and n.

e If b be odd. By Eq. (17) we have
272 P — 1 and BT 20—
Then by Lemma 7 we get that

1y < max {vz(b — 1), log, ((m —m)®? — 1)/2)} +2 < logy <2n(b2 - 1)) and

my <log,(n —ny) + p < p+log,n.

e If b = 2'p' witht > 1 and b’ > 1 odd. Then from Eq. (17) it follows that
2tm — 2M=2 and

30" — 1) =" "™ — 1),
So 5™~ 27=n1 _ 1 and by Lemma 7 we obtain

ny — 2
v2(b)

=mj <logy(n—n1)+p<p —i—logb/zvz(z;) n.
In any case we conclude that

ny < (p + log, (2nb2>) logyb and  my < p+log,pumn.  (18)

Now, we see that from identity (15), we have

(19)

b" 3.2m72 4 pm
[ Aol :=’ ‘ <

3.212 3.2n-2

If o™ = 3.2"2 we get that 2 < m < v3(b™) = 1 and this is absurd. Therefore
|Ag| # 0 and we use Theorem 4 with the parameters K = Q, D = 1,

()/], )/27 V3):(352,b)7 (b17b25b3)=(_15_n+27m)5
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B =n,A; =log3, A =log2, A3 =logh. So
—log|Ao| < 2.7 x 10“(10gn)(10gb). (20)

Finally we combine inequalities (18), (19) and (20) to obtain

n < 2+ log, (3 M2 b”“) —log, |Agl — log, 3
< max{ny, m}logy b+ 3.9 x 10! (log n)(log b)
< (p + log, (2nb2)) (log, b)? + 3.9 x 10! (log n) (log b)
<5.63 x 10" . p(log, b)* logn,

then we use the Lemma 6 and we get
n < 9.13 x 10" p(log p)(log b)*.

Now we summarize what we obtained in the following lemma.

Lemma 8 Given b > 2, the solution (n, m,ny, my) of Eq. (15) satisfies that
n = max{n,m,ny,mp}.

Moreover, if b is a power of two, there are no solutions for b > 4 but there are solutions
forb € {2, 4} of the form

b,n,m,n;,m) e{2m+1,m,mm-—2),4,2m+1,m,2m,m— 1)}
with m > 3. In another case, let p be the largest odd prime divisor of b, then
n < 9.13 x 103 p(log p)(log b)*.
This completed the proof of the first part of Theorem 1.
3.3 Proof of the first part of Corollary 2
By Lemma 8 we know that
max{n, m,n;,m} =n <3.5x 10'° for be{3,5,6,7,9, 10}, (21)

in fact for b € {2, 4} the solutions are given and for b = 8 there are no solutions. Now,
by bounds (18) and (21) we have

2<n; <231 and 2<m; <4l
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So if we assume for a moment that n > 233, by inequality (19) we will have that
|Ag| < 1/2, then we apply inequality (14) and arrive at that

|mlogy b — (n —2) 4+ log,(1/3)]; ifb € {5,7,9,10},
|(m — 1)logy 3 — (n — 2)|; if b =3,
|(m — D log, 6 — (n —3)|; ifb=6.

9.96 x 1099
_— >
on =

So, forb € {5,7,9, 10} we use Lemma 4 on the above inequality with the parameters
A:=996x 10, B:=2, pn:=log,(1/3), t:=log,b, vi=n—2, u:=m,
M :=3.5 x 10'® and we obtain

g € (0.27,0.425), q € (3.32 x 10'7,5.62 x 10'®),
n <296 forall be{5,7,9,10}.

For b € {3, 6} we use Lemma 5 with values

n—2; if b=3,

T :=log, b, =m—1, =
£2 ye=m * {n—?); ifb=6

and assuming before without loss of generality that

log, (2 % 9.96 x 109 (m — 1)) < [log, (2 % 9.96 x 109(3.5 x 10'6 — 1))1
=289 <n

for the hypothesis to be fulfilled, then we get

1
(maxo<;<33{aj+1} + D(m — 1)2

< |log, b —

x 9.96 x 1099 1
< <
m—1 2M(m — 1) 2(m —1)2

where

j =32, qj:=130441933147714940, max {aj} =55
0<j<33

and therefore

1 9.96 x 1099
<
56(3.5 x 1016 — 1) on

i.e. n < 293. In conclusion

m<n<29, 2<n; <75 and 2<m; <12 forall b€ {3,5,6,7,9,10}.
(22)
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Finally a brief computational verification with the help of mathematica for Eq. (15)
on Bounds (22)

c |bln|mini|m
—313]5(3|3|2
1513/ 714(5|2
3913|10{6|6| 2
—2416/8 |34 2

are the only solutions for this equation with b € {3, 5,6, 7,9, 10}. Note that k takes
arbitrary values greater than n in each case.
This concludes the proof of the first part of Corollary 2.

4 Casen>k+1
4.1 Bounding n in terms of m and k

We also have thatm > m| >2,n >ny >2and k > 2.
So, from Lemma 2(b) and (3), we have

o< L®, < L® 1O —pm —p™ < b7, and

20" > LE > LP — LO = pm —pm > pml (23)
leading to
log b log?2 logb
i m—-—1)— o8 <n< 08 m + 3. (24)
log o log o log o

We note that the above inequality (24) in particular implies that m < n + 2. By
Lemma 2(d) and (3), we get

Qo = ) fi@a"™ =" | = (@ = D frlera ™ L)+ (L)~ 5™
= (o = D fr@a" = L) + (LY = o = 1) fi (@)
+ (o = 1) fl@a" " = b)|

303
S 449" /84 b™
<55 +%"/8+

< 5max{a”!, b™}.
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In the above, we have also used the fact that 1/2 < fi(a) < 3/4 (see Lemma 2(e)).
Dividing through by b™, we get
1 ol
Qa — 1) fil@)a" " — 1‘ < 5max {b—m,bm'm}
< 5max{" 3 prmimy (25)

where for the right-most inequality in (25) we used (23).
For the left-hand side of (25) above, we apply Theorem 4 with the data: ¢t := 3 and

y1:=QRa—1)fr(@), va:i=a, y3:=b, by:=1, bry:=n—1, b3:=—m.

We begin by noticing that the three numbers y1, y», y3 are positive real numbers and
belong to the field K := Q(«), so we can take D := [K : Q] = k. Put

A= Qa—1 fi(e)e" b —1.

To see that A # 0, observe that imposing A = 0, leads to b = Qa — 1) fi(@)a” L.
Conjugating the above relation by some automorphism of the Galois group of the
decomposition field of W (x) over Q and then taking absolute values, we get that for
any i > 2, we have

n—1

pm = ‘2a(i) _ 1‘ ‘fk(a(i))‘ ‘a(i)

But the above relation is not possible since its left-hand side is greater than 8, while
its right-hand side is smaller than 3. Thus, A # 0.

Since h(y2) = (loga)/k < (log2)/k and h(y3) = logb, it follows that we can
take Ay :=log?2 and A3 := klogb. Furthermore, by properties (9) and bounds (10),
we obtain that

h(y1) < h(o) + h( fi(a)) +log4 < (log?2)/k + 2logk
7 +log4 <5logk forallk > 2,

so we can take A; := Sklogk. Finally, since max{l,n — 1,m} < n + 1, we take
B :=n + 1. Then, the left-hand side of (25) is bounded below, by Theorem 4, as

log|A] > —1.4 x 30 x 3*3 x k*(1 + log k) (1 + log(n + 1))(5 log k) (log 2) (log b).
Comparing with (25), we get

min{(n — n1) loge, (m —my)logh} < 2.73 x 10%k*(log k)*(log n) (log b).
(26)

Now the argument is split into two cases.
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Case 1. min{(n — ny)loga, (m —m1)logb} = (n — ny)loga.
In this case, we rewrite (3) as

Qo =1 felea" ™" = Qo= 1) fil@a” ™ = b"| = |(2a = 1) ful@a""" — L)
+ (LE — Qo — 1) frl)a ™) — p™
3

3
= - pm <bml+2.
< > + > + =

Dividing through by b™ gives
Qo — 1) fr(@) (@™ — Da™~1p™" — 1| < ™ —"+2, (27)
Now we put
Al = Qo — 1) fir(a@) @™ = D™ 1™ — 1.
We apply again Theorem 4 with the following data

t:=3, y1:=Qa—1)fi()@" ™™ ~1), yi=a y;:=h,
by:=1, by:=n1—1, bz :=—m.

As before, we begin by noticing that the three numbers yy, y», y3 belong to the field
K := Q(«), so we can take D := [K : Q] = k. To see why A # 0, note that other-
wise, we would get the relation (2o — 1) fi (@) (@" ™™ — 1) = b™a' "1, Conjugating
this last equation with any automorphism o of the Galois group of Wy (x) over Q such
that o (@) = a'D for some i > 2 and then taking absolute values, we arrive at the
equality

6> |20 = 1) fela) (@)™ — D = p" @) 7] > 8

because b > 2, m > m| > 2 and n{ > 2, but this is an absurd.
Since

nen log o
h(y1)) < h(Qa — 1D fi(@)) +h(@"™" —1) < 5Slogk + (n — nl)T + log 2,
it follows that

kh(y1) < 6klogk + (n —np)loga
< 6klogk + 2.73 x 10"%k*(log k)?(log n) (log b).
So, we can take A := 2.731 x 1012k4(log k)z(log n)(logb). Further, as before, we
take A, :=log2 and A3z := klogb. Finally, by recalling that m < n + 1, we can take
B:=n+1.
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We then get that

log|A1] > —1.4 x 30 x 3*° x kK>(1 + logk)(1 + log(n + 1))
x(2.731 x 10"%k*(log k)*(log n) (log b)) (log 2) (log b),

which yields
log|A1| > —1.491 x 10%*k” (log k)* (log n)? (log b)>.
Comparing this with inequality (27), we obtain that
(m —mi)logh < 1.5 x 10**k” (log k) (log n)* (log b)*. (28)

Case 2. min{(n — ny)loga, (m — my)logb} = (m —m)logh.
In this case, we write (3) as

Qo — 1) fi(a)a" "1 = p™ 4 ™

_ ‘((205 ~Dfi@a" ™ = LO) + @ ®
— Qa — 1) fr(@a™ N + Qa — 1) fi(@)a™ !

3 3
<§—|—§+9a”1/8 < 2.40M,

50, by inequality (23), &3 < b™ — b™ and we obtain that

2.4a™
b — pmi
< 2.4gM M3 o gmiTntS,

(29)

Qo = 1) frl) "™ = 1)l My — 1] <

The above inequality (29) suggests once again studying a lower bound for the absolute
value of

Ar = Qo — 1) fila)"™ — 1) lo I — 1.
We again apply Matveev’s theorem with the following data

t:=3, y1:=Qae—Dfii®" ™ =D, yi=a, y3:=b,
by:=1, by:=n—1, b3z :=—m;j.

We can again take B := n + 1 and K := Q(«), so that D := k. We also note that, if
Ay = 0, then we would get to the relation 2o — 1) f ()"~ = pmipm—m — ).
With a similar argument to A # 0, we arrive at

3> 12a® — 1) fil@D) @) = T — 1) > 4
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since b > 2,my > 2 and m —m; > 1, but this is a contradiction. Then, A, # 0.
Now, we note that

h(y1) < h(Qa — 1) fr (@) + h@" ™ — 1) < 5logk + (m — mp)logh + log2.
Thus,
kh(y1) < 6klogk + (m — m1)klogh < 2.731 x 102> (log k)% (log n) (log b),

and so we can take A; := 2.731 x 1012k (log k)z(log n)(logb). As before, we take
Aj :=log2 and A3 := klogb. It then follows from Matveev’s theorem, after some
calculations, that

log|Aa| > —1.491 x 10**k8(log k)* (log n)* (log b)>.
From this and inequality (29), we obtain that

(n —np)loga < 1.5 x 10%*k8(log k)* (log n)* (log b)>. (30)

In both Case 1 and Case 2 and from inequations (26), (28) and (30), we have

(m —mi)logh < 1.5 x 10**k” (log k)* (log n)*(log b)*> and
(n —np)loga < 1.5 x 10%*k8(log k)* (log n)*(log b)*. (31)

We now finally rewrite Eq. (3) as
\(2a — D i) = Qo — 1) fi(@a™ =" 4 ™
= |(@o = D fit@a"™ = L)
+ (¥ — o - 1)fk(a)a"1*‘)‘ <3.
We divide through both sides by " — b getting

36 “
Spi_pm S O

Qo =1 fr(e)(@" ™" — 1)anl_1b—m1
pm—mi — |

-1

To find a lower—bound on the left-hand side of (32) above, we again apply Theorem 4
with the data

. _ Qa—=Dfil)@" ™ —1)
t:=3, =
bmfm1 _ 1

y3:i=b, by:=1, by:=n;—1, b3:=—mj.

, 2i=aq,
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We also take B := n + 1 and we take K := Q(«) with D := k. From the properties
of the logarithmic height function, we have that

kh(y1) <k (h(Q2a — 1) fi(@) +h@"™" = 1)+ h(@" ™™ — 1))
< Sklogk + (n —ny)loga + k(m — m1)loghb + 2k log2
< 3.01 x 10**48(log k) (log n)? (log b)?,

where in the above chain of inequalities we used the bounds (31). So we can take
A :=3.01 x 10%%8 (log k)3(10g n)2(10g b)2, and certainly as before we take A, :=
log2 and A3 := klogb. We need to show that if we put

_ o DA@@ T =D Ly,

= prn—mi —

—1,

then Az # 0. To see why A3 # 0, note that otherwise, we would get the relation
Qo — 1) fir (@)™ ™™™ — 1) = p™ (b — 1).

Conjugating this equation with the automorphism o of the Galois group of Wy (x) over
Q such that o («) = «¥, for some i > 2 and the argument of o is in [0, 7 /4) for
all £ > 12 (which is possible using the Lemma 1 with 2 = 1) we obtain

n—n

2o = 1) fi@™) @) (@) = D= e - ),

where

n—nj

2> i@y @) (@) = 1]

and for the law of cosines we obtain

2a® — 1| = \/|2a(i)|2 +1—=2]2aD|cosd < /5 —4cos(n/4) < 1.5,

in conclusion

ni—1

3> 122D = 1) fi(@D)y @) (@) = D)= pm et — 1) > 4

sincem —m1 > 1,m; > 2 and b > 2, but this is not true. For k < 11, after making an
appropriate choice 7, an exact calculation of the value absolutes of 2o — 1, fi (a®)
and o), show that A1 # 0.

Then Theorem 4 gives

log|A3| > —1.4 x 30% x 3*3k' (1 4 log k) (1 + log(n + 1))
X (3.01 x 10%*(log k)? (log n)? (log b)2> (log2)(logb),
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which together with inequalities (23) and (32) gives
(n—3)loga < mlogh < 1.645 x 10k (log k)*(log n)? (log b)*,
i.e.

(1”—)3 < 3.421 x 10°%k (log k)* (log b)*. (33)
ogn

We apply Lemma 6 withthedatas = 3, x =n, T = 3.421x10%°k!! (log k)*(log b)*.
Thus,

n<2. (3.421 x 10%%k ' (log k)* (log b)3) (13logk + 1201log b)*
< 1.94 x 10%k" (log k)" (log b)°.
We then record what we have proved so far as a lemma.

Lemma9 If (n,m,n1,my, k) is a solution in positive integers to Eq. (3) with n >
ny>2,m>my >2andk > 2, we then have that

n < 1.94 x 10*k'" (log k)’ (log b)°.

4.2 An absolute upper bound for kand non b

First we assume 294% < 5. Then

k <3logn <3 (log (k“(log k)7) +log (1.94 x 10%(log b)6>)
< 3 (l4logk + 1441ogb)
< 684(logb)(logk).

Hence, by Lemma 6 withs =1, x =k, T = 684(logb), we have
k < 2(684(log b)) (log(684(logb))) < 1.3 x 104(log b)2 forall b > 2.

In another case n| < n < 2%4° and we assume without loss of generality that
k > 200. By Lemma 3 with ¢ = 0.49 and r € {n1, n} we get

LW =322 (1+¢)), g/l < 472031 forall r=>2; (34)

k1 + fr//> 1) < 8/2M0% forall r >k +2.

(35)
We need distinguing the following cases.
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4.2.1 Thecase 3 - 2"=2 3 b™ (b™™ — 1)
Using (34) we can write (3) as

3:2"2(144¢,)—b"=3-2""2(1+¢, ) —b". (36)
Then

\3.2’1—2 —b'"\ <3.2"2g 432" (1 + g, |) 4+ 6™

3 2" (1+2n1 n)+3 Mnmi— -2 bml

= 5051k :

Dividing throught by 3 - 2”2 and considering that 2"+ > 2¢ > b™~! (according
to 23), we conclude

6 3b |
1 a2 pm _
3 27 b" 1‘ < 20.51k + pm—mi + on—nj
< 7hmax {2—0‘5”{, pm—m, 2"1—"} . (37)

Now we put
Ay =371 27

and see that it is nonzero analogously to how we obtained that Ay # 0 in (19). We
apply Theorem 4 on A4 with the datas

t:=3, y1:=3, »w:=2, y3:=b, by:=—1, by:=—m—-2), bz:=m.

We note that y1, y», y3 belong to K := Q, so D := 1. Now, A :=log3, Ay :=log?2
and Az := logb. Thus,

log| A4l > —2.4 x 10" (log b) (log n).
This inequality together with inequality (37), lead to
V :=min {0.51k, (m —m)log, b,n —n1} < 3.5 x 10" (logb)(logn).  (38)
If V =0.51k, we get
k < 6.9 x 10" (log b)(log n). (39)

If V= (m —mj)log, b, thenm — m; < 2.43 x 10" log n. We rewriting equality
(36) to obtain

3.2"

2051k (1"'2’“ n)+3 2m=2,

3. 21’1—2 — pm (bm—ml _ 1)‘
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Then

6 1

—1A—(n—2 _
312 (e ) — 1] < o5 +

on—ni
< 7 max {2’”_”, 2_0'51k} . (40)
We now apply Theorem 4 on
As =371 27072 (pmm ) pm

which is nonzero because 3 - 272 £ p™1 (b™ =™ — 1). Set the datas

=3, y:=3""! ("™ —1), =2, y3:=b,
by =1, by:=—(mn-2), bz:=m.

As before we take K := Q, D := 1 and B = n + 1. Now, A := 4(m — m)(logb),
As :=1log?2 and A3z := logb. Thus,

log|As| > —8.74 x 10" (m — m1)(log b)* logn
> —2.13 x 10?(log b)*>(logn)*.

This inequality together with inequality (40), lead to

k < 6.1 x 10%(logb)*(log n)? (41)
or

n—np < 3.1 x 103 (logb)*(logn)>. (42)

If V=n—np,thenn —n; < 3.5 x 10" (logb)(logn). We rewrite equality (36)
as

2 3.2"
ny— n—n m nyj—n m
‘3-21 (2" — 1) —b ‘SW(HZI ) + b
Hence,
6 2" 1

) _ _
‘3'2n1 @ = - 1‘ = 2051k pm T pm—m)

6 (2" 1
<505k \ g ) T pmom

< 64 max [2—0-51k, b’"l—'"} . (43)

@ Springer



B.Faye et al.

Here we have used (23). Furthermore, given that @ > 2(1 — 2%y and n < 209%  we
conclude

20.49%

2\" 1 n 2—k n 2—0.51k+1 204K
(a) <(m) =(1+m> D T

<" 13 forall k > 6,

since (1 4 z/€)* converges increasingly to ¢ for all z € RT when £ — oo.
Now we make

Ag:=3-2"72 (2" ™M — )b — 1.

If Ag = 0 we obtain that 3 - 2172 (27" — 1) = p™ s0 3™~! | 27" — ] and by
item (i) of Lemma 7 we conclude that 33 | n — ny, therefore (see (24))
(n —3)(loga)/logh <m <3 +logz(n —ny) <3 +1logz(3.5 x 10“(logb)(logn))
<34 13logn +0.4logb
< 24(log b)(logn)

and using Lemma 6 it follows that

n < 2(57(logb)?)(log(57(log b)?)) < 548(log b)>. (44)

In another case Ag # 0 and we apply similarly Theorem 4 as for the last A’s, with
the datas: Ag, t = 3,

Y| = 3(2"_’” - l), yy:=2, y3:=b,
by:=1, by:=n1—2, bz3:=-m

which leads to

log|Ag| > —5.46 x 10" (n — ny)(log b)(logn)
> —1.911 x 102 (log b)*(log n)>.

Comparing this inequality with inequality (43), we arrive at

k < 3.75 x 103 (log b)*(log n)? (45)
or

m—my < 1.912 x 10 (log b) (log n)?. (46)
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Hence, from (39), (41), (42), (44) (45) and (46) we conclude that
n < 548(log b)* (47)
or
k < 6.1 x 10%*(log b)*(log n)? (48)
or

n—n; <3.1x10%0ogh)*>(logn)? and m —m; < 1.912 x 10> (logb)(logn)?.
(49)

Assume that (49) is fulfilled. Returning to equality (36) and rearranging it as

3.2m (27 4 1)
2051k

’3-2"'—2 (2P — 1) — b (B — 1)) <
we get
37 2m D e )T (e — 1) — 1) < 12,2705 (50)
Finally, we want to apply Theorem 4 to
Aq =371 =2 gnmm )T (e )
Note that if A7 = 0, then
3.2072_3.0m72 (51)

We consider the following cases over nj.

e First, we assume that ny < k + 1. If in addition n = k 4+ 1 > n, then combining
Eq. (3) with items (a) and (g) of Lemma 2 together with identity (51), we obtain

3.2 g pm=3.pm72 i =30k pm

i.e. —2 = 0 which is absurd. Otherwise n; < k + 1 < n and we use a similar
argument adding identity (35) to obtain

CAn=2 _n_k+4/3 1 A =2 _ 3.2m72 2 ifn =k+1,
32 ( e A E ifny < k.
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Therefore
—24 >3|{//|=_1 |3(”—k)+4—2_n+3 poifnp=k+1,
5 L.02k n 2K+ ) 13(n — k) + 4]; ifn] <k
6
- —
2k+1

but the above can only occur when k < 149 which contradicts the assumption of
the beginning.

e Now we assume that n; > k + 2 and since n > n| we can use the same argument
of the previous item but using identity (35) for n and n1. So

5 n—k+4/3 _ o m—k+4/3
3.2 <_T+§; =3.2M —T"‘Q/;l

implies that

Lo 12
ST |27 () —k+4/3) — (n —k+4/3)| < JTO%

ie.

25 1 m—n 12
Wﬁwf(n—nl)-l-(l—z )(”1—k+4/3)‘<21.02k

and this only occurs when k < 163, so we get a contradiction.

In conclusion A7 # 0 and continuing with our apply of Theorem 4, as for the last A’s,
we take t = 3 and

yi =371 (2" — 1)71 ("™ —=1), y:=2, y3:=b,
b1 = 1, b2 = —(l’l1 — 2), b3 =mq.

Further

Az = h(y3) < hQ3) +hQ" — 1) + h(™ ™ — 1)
< —ny)log2+ (m —mi)logh + log 12
< 2.15 x 102 (log b)*(log n)*>+1.912 x 10*(log b)*(log n)>+log 12
< 4.1 x 1053 (log b)?(log n)>.

Hence
log|A7| > —8.14 x 10**(log b)*(logn)*.
Therefore inequality (50), together with the previous one, leads to

k < 2.303 x 10°°(log b)* (logn)* (52)
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which includes inequality (48). So, by Lemma 9

3
k <2303 x 103 (log b)3 <log (1.94 x 104! (log k)7) + 6log (log b))

< 2.303 x 10*°(log b)* (351log k + 6log (log b))?
< 2.303 x 103 (log b)* (41 max{logk, log (log b)})*

therefore
k < 9.45 x 10*(log b)*(log k).

Finally, using Lemma 6 with (x,s) := (k,3) and T := 9.45 x 1036(10g b)3, we
conclude that

k<23 (9.45 x 10%(log b)3) (log (9.45 x 10% (log 19)3))3
< 1.4 x 10" (log b)°.

Sustituying this inequality in Lemma 9, we have
n < 1.02 x 10 log b)”

which includes inequality (47).

4.2.2 Thecase 3 - 2"=2 = p™ (b™~™ — 1)

In this case from Eq. (3) we know that 3 - M2 = Lf,k) — Lf,kl), so combining this with
Items (a) and (g) of Lemma 2 and the identity (35), it follows that

—2-3.2m72 if ny <kandn=k+1,
—k+4/3
0= 1327 —"zk—fl/ﬂ,’/ —3.2m7% if ny <kandn>k+2,
—k+4/3
3.2n72 —”zk—;/ju;,;/ — @321y ifnsn=k+1

or

n—k+4/3 _ ny—k+4/3
o:3.2n2<_2k—+1/+§,§/)—3.2n1 2(1_12](T/+;:1)
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if n > n1 > k + 2. Then we conclude that the case ny < k and n = k + 1 is an absurd
and the others imply

g | n—k+4/3+2"1_”+k+1‘; if ny <kandn>k+2,
8 1
2LOZE = ok W — k4 4/3 42k 33 2K =0y 3) 0 if sy =k + 1
3
Z ok
or
12 1 ni—n k+1
Sro% > W)(n—k+4/3)+2 (2 — —k+4/3))‘
1
= |1 =27 0 — K+ 4/3) + 217 1 — ) 2
1.5
= 2k+1

if n > n; > k + 2. In any case we obtain a contradiction since we had assumed
k > 200 from the beginning.
In resume, we have the follow result.

Lemma 10 Letn > ny > 2andm > my > 2, be solutions of (3) withn > k+ 1, then
k < 1.4x10"10ogh)® and m—1<n <1.02x 10°¥(logh)”.
This completed the proof of the second part of Theorem 1.

4.3 Proof of the second part of Corollary 2

In this section b € [2, 10] then it is only enough to study the values of b €
{2,3,5,6,7, 10}, since 4, 8 and 9 are powers of 2 or 3.

4.3.1 Casek >625andb € {2, 3, 5,6, 7, 10}.

Combining inequalities (33) and (52) we obtain computationally that

b= 2 3 5 6 7 10

n <|1.6 x 103%]4.4 x 105%0]6.4 x 1052]3.5 x 105%]7.4 x 1057(3.9 x 10758 (53)

Also, by Lemma 9 we know that n < 2049% pecause we have assumed k > 625.
In Sect.4.2.2 we saw thatif k + 1 < n < 294% and 3.27-2 — pm (bm_’”l — 1)

then Eq. (3) has no solution, so in this section we will always assume that 3 - 2"~2 £
b™ (b’”_"” — 1).

@ Springer



k-Generalized Lucas numbers, perfect powers...

Therefore, we use inequalities (14) and (37) to obtain?

|(n —2) log, 2 — m + log, 3| < 14b max {2—0'5”2 pmi—m, 2"1—”} /logb

14
b x 27V, (54)

=

logb
where V is already defined in inequality (38). When b = 2, we have
0.41 < |logy 3| < |n —m —2+1log, 3| <41 x 27V

and therefore V < 6.644 but we had assumed that V > 9 which is an absurd, so it
only remains that

vV <o. (55)

If b € {3, 6}, let c3 := 2 and ¢g := 3, so we obtain

14b
|(n —cp)logy2 — (m — 1| < —— x 27V (56)
logh

and using bounds (53) we assume for a moment that

1823; ifb = 3, <14b(2(n - Cb)))
V> ) >logy | ———— ).
1849; ifb=6 log b

Then by Lemma 5 it follows that

1 m—1 14b x 27V 1
< |log, 2 — < < 5
(ap +2)(n — cp)? n—cp (n—cp)logh ~ 2(n —cp)
where
b| 1t qrp+1 ap 1= maxo<¢<q+1{ae}
3]1048|4.86 x 10740 3308 (57)
6/1070(6.49 x 105 3308
Therefore

1832: ifb=3
<= ! ’ (58)

1859; ifb=6.

2 Assuming for a moment that V > 9.

@ Springer



B.Faye et al.

In another case b € {5, 7, 10}, We use Lemma 4, with the parameters

u:=n-—2, 7 :=log, 2, = log, 3, vi=m,
14b
A .

= —, B = 2, =V 59
log b v (59

and M as in Table (53). Thus we obtain

qb ep  |logp (Ag—?])

5[1.0481 x 10°°%]0.34419| 1847
7 16.0928 x 10°37|0.12152| 1861
10[2.0504 x 105%°10.11046| 1870

By the above table and inequalities (55) and (58), we arrive at

b=|2| 3 5 6 7 10 (60)
V <(9/1832|1847|1859(1861 (1870

Case 1. V = 0.51k. Then
b=|2] 3 5 6 7 10 1)
k <|17(3592(3621|3645|3649|3666

Case 2. V = (m — m) log, b. From inequalities (14) and (40), we know that?

ITs| < 14 x 2~ min{n—n1,0.51k}

logb
where
n—m1—2+10g2(3/(2”’7"’1—1)); if (m—my,b)=m—my,2) #(2,2),
n—mp—2; if (m—my,b) =(2,2),
(n —3)log32 — (m1 — 1); if (m—my,b)=(1,3),
Is = (n—5)log32 — (my — 1); if (m—my,b)=(2,3),
(n —5)logs2 —my; if (m—my,b) =(2,5),
(n —3)log;2 —my; if (m—my,b)=(1,7),
(n—6)log72 —my; if (m—my,b)=@2,7),
(n—2)log, 2 —my +log, (3/ (b™~™1 —1));  otherwise.

If b =2and m — m| # 2 we obtain

_ 4
0.22 < H10g2 (3/ (2m my __ 1))| < @ N min{n n1,0.51k}.

3 Here we assume for a moment that min {n —ny,0.51k} > 6.
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Ifb=2andm —m; = 2, we get

14 ‘
1 S |n _ m| — |n —my — 2| < X 2—m1n{n—n1,0.51k}

log?2
since 3+ 2772 #£ ™ (™™ — 1) =322 implies n # m. Therefore
min {n —ny,0.51k} < 6.521 for b =2. (62)

If (m —my,b) € {(1,3),(2,3),(2,5),(1,7), (2,7)}, we use Lemma 5 with t =
log;, 2, M as in Table (53) and y < M on

log, 2 —
0gp~—
y

14 X 2— min{n—nl,O.Slk} (63)
ylogh ’

<

wherex/y € {(m1—1)/(n=3), (m1—1)/(n=5),m1/(n=5), m1/(n—3), m1/(n—6)}.
Then we assume for a moment that

1821; ifb = 3,
) , 28M
min {n —ny,0.51k} > §1841; ifb=5, =| logy, | —
. logb
1851; ifb=7
and obtain
;2 < llog, 2 Xl 14 o o~ min{n—n1 0.51k) _ %
(ag, +2)y y| ylogb 2y
given that
b| 1 qr,+1 ap = maxo<¢<gp,+1{ae}
3/1048(4.86 x 10°% 3308 64)
5/1094(9.31 x 10532 5393
7(1107(9.07 x 107 2038
So
b= 3 5 7 63)
min {n — ny, 0.51k} <|1831.27[1851.9]1860.4

In another case
(m —my, b) ¢ {(m —my, 2)5 (1’ 3)7 (27 3)7 (27 5)7 (17 7)7 (27 7)}
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and we use Lemma 4 with the parameters

u:i=n-—2, ti=log,2, pi=log, (3/ ("™ —1)), wvi=m,
14
A .

= —_— B =2, w :=min{n —ny, 0.51k}, (66)
logb

M as in Table (53) and m — m| between 1 and the integer part of bounds (60) divided
by log, b. Then we obtain

qp € ep € logp (Ag—zh) S
[2.8272 x 10°%7,5.6237 x 10°*3]][0.000066516, 0.44354]| [1823, 1836]
[1.0481 x 10°%*,3.3307 x 10%4]| [0.00010719, 0.47347] | [1844, 1856]
[6.2120 x 10733, 1.0338 x 10°°7]| [0.0010799, 0.47241] | [1850, 1863]
[6.0928 x 10%57,6.1836 x 10%7]| [0.00045702, 0.49322] | [1856, 1866]
[2.0504 x 10°%0,2.1576 x 10°°07| [0.00093374, 0.48994] | [1864, 1873]

~N O L W

._.
(=}

Thus, the above table together with inequalities (62) and (65), we obtain

b= 21 3 5 6 7 |10 ©7)
min {n —ny, 0.51k} <|6|1836|1856|1863|1866|1873
Case 3. V = n — n1. From inequalities (14) and (43), we know that*
ITe| < 128 5~ min{0.51k.(n—m1) log, b) 68)
logh '
where

(n1 —2)logy 2 — (m — 2); if (m—my,b)=(2,3),

Lo = (n1 —3)logg2 — (m — 1); if (m—my,b) =(1,6),

(n1 —4)logg2 — (m —2); if (m—my,b)=(2,6),

(n —2)log,2 —m +1log, (3 (2" —1));  otherwise.
If b = 2, by bounds (60) we have n — n; < 9 and

0.169925 < ||log, (3 (2" —1))| < ITsl < % x 2~ min{0.51k, (m—m)logy 2}

SO

min {0.51k, (m —mp)log, 2} < 10.1. (69)

4 Here we assume for a moment that min {O.Slk, (m —mq)logy h} > 8.
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k-Generalized Lucas numbers, perfect powers...

If (m —my,b) € {1, 3), (2,3),(1,6), (2,6)}, we can use Lemma 5 on inequal-
ity (68) and we will get the results in (57), therefore we get

1
(ap +2)y?

128

X
log, 2 — —
O8b ylogb

y

< <

« 9~ min{0.51k,(m—my)logy b} _ i (70)
2y2

with

x/y € {m—1)/(n1 —2), (m —2)/(n1 —2), (m —1)/(n1 = 3), (m = 2)/(n1 —4)},

assuming only for a moment

256M 1824; ifb =3
in {0.51k, (m — my) log, b 1 Tooh ) | T ’ ’
min { (m —my)log, b} > [ 08> ( log b ﬂ {1850; ifh=6

and taking M > y as in Table (53). Then

1834.47; ifb=3
in {0.51k, (m —m) log, b ’ ’ "
min {0.51k, G —my)log, b} < !1860.01; ith=6. a

If (m —my,b) ¢ {(im—my,2),(1,3),2,3),(1,06), (2,6)}, we use Lemma 4 with
the parameters

u:=n;—2, tv:=log,2, u:=log, (3 (2"_"1 — 1)) , vi=m,
128 .
= Togh’ B:=2, w :=min {0.51k, (m — my)log, b}, (72)

M as in Table (53) and n — n| between 1 and the values in Table (60). Then

qp € &p € logp (1—3”) €
[2.8272 x 10°%7,2.0935 x 10°%°]][0.000064074, 0.44458]| [1826, 1840]
[1.0481 x 10°%*,1.2275 x 10%33]| [0.00026953, 0.47260] | [1847, 1858]
[6.2120 x 1073, 1.0338 x 10°°7]| [0.00021938, 0.48645] | [1853, 1867]
[6.0928 x 10757, 1.2276 x 10%38]| [0.00025027, 0.49381] | [1859, 1870]
[2.0504 x 10°%9,2.1576 x 10°°07| [0.00031011, 0.48998] | [1868, 1878]

~N N LN W

—_
(=}

Therefore, the above table and inequalities (69) and (71), imply that

b= 21 3 5 6 7 |10
min{O.Slk, (m —my) log, b} < 1840|1858(1867|1870(1878

(73)

—_
(=}
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Summarizing, for the bounds (60), (61), (67) and (73), we obtain

b=2| 3 5 6 7 | 10 (74)
k <[19]3607|3643|3660|3666|3682
or
b= 21 3 5 6 7 |10
n—np <|9(1836/1856|1863|1866|1873 (75)
m —mp <[10|1160| 800 | 722 | 666 | 565

If we assume that bounds (75) are satisfied, then using inequality (50), we obtain
that

IPal < ot 27051,
log b
where

(n1 —3)logz2 — (m — 1); if (b,n—ny,m—m;)=Q@,1,1),
(n1 —95)logy2 — (m1 — 1); if (b,n—ny,m—m;)=@3,1,2),
(n1 —3)logz2 — (my —2); if (byn—n;,m—m;)=(@,2,1),
(n1 —95)logz2 — (m —2); if (b,n—ny,m—mp)=Q@3,2,2),
(n1 —6)logy 2 — (m — 2); if (b,n—ny,m—m;)=3,4,4),
(n1 —95)logs2 —my; if (byn—ny,m—my)=(,1,2),

D721 (01 — ) logg 2 — (my — 2); it (bon—nim—mp) = (6.4, 1),
(n1 —3)log;2 —my; if (b,n—ny,m—my)=(,1,1),
(n1 —6)log;2 —my; if (b,n—ny,m—my)=(,1,2),
(n1 —3)log;2 — (my — 1); if (bn—ny,m—mp)=(7,3,1),
(n1 —6)log;2 — (m — 1); if (b,n—n;,m—my)=(,3,2),
(n1 —2)log, 2 —m1 + log, (%) ; otherwise.

Ifb =2, wetake n —ny and m — m between 1 and bounds (75) omitting the case
n—ni=1 and m—m; =2=n; —my

because in this case A7 = 0 and before we had proved that Eq. (3) has no solution if
this occurs. Thus we obtain

0.00282 <

32nm 1) 24 sy
1°g2< om—mi _ | >H < jog2 * 2

SO

k<26 for b=2. (76)
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k-Generalized Lucas numbers, perfect powers...

If (b,n — ny, m — mp) belongs to the set

7:={3,1,1),(3,1,2),3,2,1),(3,2,2),3,4,4), (5, 1, 2),
6,4,1),(7,1,1),(7,1,2),(7,3,1), (7, 3,2)},

we use Lemma 5 on

24 x 2—0.51k

log, 2 — >
O —_——
8 ylogb

y

<

; (77)

withx € {n1 —3,n1 —4,n1 —5,n1 —6},y € {m1,m; — 1, m; — 2} according to the
corresponding order and M > y as in Table (53). Then assuming for a moment that

3572; ifb =3,
48M 3611, ifb=>5
k> Hlog2 <—>> /0.51} - . ’
log b 3622; ifb =6,
3630; ifb=17,
we obtain
! < 24 x 27031k L
(ap+2)y*  ylogh 2y?

where ay, is the same as in data list (57) and (64). Therefore

b=| 3 5 6 7 (78)
k <|3592|3632|3642|3649
Then, we use Lemma 4 with the parameters
32" — 1)
u:=n; —2, 7 :=log, 2, = log, o 1 ) vi=my,
24
= B :=2, w = 0.51k, (79)
logb

M as in Table (53) and n — n| and m — m from 1 to bounds (75). So

qp € &p € logp (’i—?’) €
[2.83 x 10°%7,8.94 x 10°*][[1.06 x 1077, 0.445]| [1825, 1847]
[1.05 x 1074, 3.76 x 10°90]([3.64 x 1077, 0.485]| [1846, 1868]
[6.21 x 1073, 8.49 x 10°38]][6.76 x 1077, 0.487]| [1852, 1872]
[6.09 x 10°7,2.69 x 10°907([5.12 x 10~%, 0.494]| [1858, 1881]
[2.05 x 10°%0,3.58 x 10°°11([5.50 x 10~7, 0.491]| [1866, 1886]

~N N L W &

—
(=}
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Finally, the above table and bounds (74), (76) and (78), imply that

b=2| 3 5 6 7 | 10
k <|26|3621|3662|3670|3688|3698

(80)

Now, we had assumed that k > 625 for all b € {2, 3,5, 6,7, 10} then for b = 2 we
get a contradiction and conclude that there are no solutions to Eq. (3) when k > 625
and b = 2.

On the other hand for the values of b € {3,5,6,7, 10} we will do one more

cycle of reduction, where bounds (53) have reduced them using inequality (33) with
bounds (80) as follows.

= 3 5 6 7 10
n <|2.26 x 1080]8.232 x 10%0[1.171 x 1037(1.594 x 1087[2.7463 x 1087

81)

We note that for some previous reductions we use Lemma 5 for b € {3, 5, 6, 7}, then
under the appropriate hypothesis we will always obtain that

1

1
(ap +2)y? 2y2

< 2y2

<

log, 2 — ~
08p 24—~
y

for some x, y € Z, where 0 < y < M, M is as in Table (81) and

b| t 1y +1 ap 1= maxo<¢<s,+11{ae}

3/184] 4.08 x 10%° 55

5/177| 8.8 x 108¢ 5393 (82)
6/185(4.105 x 1087 55

7(170| 4.01 x 1088 197

Then we will use in all these cases the lower bound

776277 x 1078: ifb =3,
x 1 2.25166 x 107°!; ifb =35,
logb 2 _— > = —89 .
v~ (ap+2)M 1.49819 x 107%; ifb =6,
3.15253 x 107%9:  ifb =17.

y (83)

We start by realizing the second cycle of reduction to V using inequality (54). Thus,
reduction (58) becomes using the lower bounds (83) and after another iteration

(84)

- 298; ifb =3,
301; ifb=6.
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For the other cases we use Lemma 4 with parameters (59) except that M is taken from
Table (81), so we get

b ep  |logp (AS—Z”)

5[1.1380 x 10%8]0.0977842] 301
7 14.0119 x 1088 0.419435 301
10]6.7270 x 1088] 0.175735 303

and obtain
V <303 forall be{3,5,6,7,10}. (85)

As in the first reduction cycle, we consider each case over V.
If V. = 0.51k, then

k<594 forall be({3,5,6,7,10}. (86)

If V.= (m —m)log, b < 303 then by inequalities (63) and (83) we obtain

(87)

b= 31517
min {n —ny, 0.51k} <|297|305|301

for(m—my, b) € {(1,3), (2,3), (2,5), (1,7), (2, 7)}. Inanother case we use Lemma 4
with parameters (66) but with M as in Table (81) and get

b qp € &p € logp (é—‘}fb) €

3 [[2.5174 x 10%7,1.2996 x 10%¥]| [0.0003591, 0.481619] | [295, 307]

5 [[1.1380 x 1088, 4.7020 x 10%8]| [0.00545658, 0.475573] | [296, 303]

6 [[2.1195 x 1088, 7.0356 x 10891{[0.000840818, 0.496361]| [297, 306]

7 [[4.0119 x 1088, 1.2080 x 10%%]| [0.0197481, 0.479736] | [298, 303]

10([6.7270 x 1088, 6.7270 x 1088]| [0.00242457, 0.488085] | [298, 306]
So

k<602 or n—n; <307 forall be{3,56,7, 10}. (88)

If V.= n — n; < 303 then similar to the previous case we obtain from inequali-
ties (70) and (83) that

300; ifb=3
in 10.51k, (m — log, b ' ' 89
min {051k, (m — m1) log, }<{302; Hh_ o (89)
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for (m —m1, b) € {(1, 3), (2, 3), (1, 6), (2, 6)}. In another case we use Lemma 4 with
parameters (72) and obtain

b qp € &p € logp (AE—Z”) €

3 [[2.5174 x 10%7,1.2996 x 10%8]([0.000208392, 0.493232]| [298,311]

5 ([1.1380 x 1088, 4.7020 x 10%8]| [0.00180693, 0.480547] | [299, 309]

6 [[2.1195 x 1088, 7.0356 x 10%%]| [0.00125949, 0.496717] | [300, 310]

7 [[4.0119 x 1088, 1.2080 x 10%7]| [0.00155886, 0.485693] | [301, 309]

10([6.7270 x 1088, 6.2171 x 10%%]| [0.00599169, 0.493197] | [301, 309]
Therefore

k<609 or m—m; < |_311/10g2 bJ forall b e{3,56,7,10}. (90)
In conclusion, by bounds (85), (86), (88) and (90) it follows that
k<609 forall be{3,5,6,7,10} on
or

n—ny <307 and m—m; < |311/log,b| forall be {3,5,6,7,10}.

92)
Using inequalities (77) and (83) we obtain that
b=|3[5]6]7
k <|582[598(585(590 ‘ (93)

for (b,n — ni,m — my) € Z. In another case we use Lemma 4 with data (79) and
obtain

b qp € &p € logp (AE—?) €
3 [[2.52 x 10%7,8.76 x 10%7]][9.01 x 10~°,0.499]] [296, 319]
5([1.14 x 1088, 4.35 x 10%9]| [0.0000125, 0.498] | [298, 313]
6 [[2.12 x 1088, 3.56 x 10°°]| [0.0000201, 0.498] | [299, 318]
7 [[4.01 x 1088, 6.84 x 10%9]| [0.0000121, 0.495] | [299, 315]
10/[6.73 x 1088, 6.22 x 10897| [0.0000326, 0.499] | [300, 314]

Finally, comparing bounds (91), (93) and from the above table we conclude that
k<625 forall be{3,5,6,7,10},

but this is a contradiction since from the beginning we assumed k > 625. Therefore,
there are no solutions to Eq. (3) when k > 625 for all b € {3, 5,6, 7, 10}.
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k-Generalized Lucas numbers, perfect powers...

43.2 Case2 <k <625andb € {2,3,5,6,7, 10}

By Eq. (33) we obtain

b= 2 3 5 6 7 10 94)
n <|6.15 x 1070]2.51 x 10778.04 x 1077[1.12 x 1078]1.435 x 1078[2.4 x 1078

First, we use the inequality (25) to see that
A<1/2 assuming for a moment that V| : =min{(n —n; — 3)log, o, m —m}>7.

Then we use the inequality (14) on A in (25) and dividing by log b on both sides, we
obtain

10
T = |(n = Dlog, @ —m +log,, (2a — 1) fi(@))| < fog5 bV (95)

Ifk =2,

x b~ V1,

Pl = logya —m/n| <

then we use Lemma 5 with y :=n < M, M as in Table (94) and assuming that

20M
lOgb @ < V] .

So, we obtain

1
B ——— bV < — 96
@ =TV < een > =2 6)

where

bt qn,+1 ap = maxo<e<p,+1{arc}
2 [151]1.15154 x 1077 880
3 1145] 3.6664 x 1077 871
51160|1.34411 x 107° 59 97)
6(161|3.84468 x 1078 347
7 1154|7.75164 x 1078 94
10[155(4.71288 x 1078 770

and therefore

(98)

Vi <|269(171|116]105|9682
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Now we apply the Lemma 4 on inequality (95) with k > 2 and the parameters

=n-—1, = log, a, u=log, (2o — 1) fr (), vi=m,

u: T:
A :=10/logb, B :=b, w =V

and M as in Table (94). Then we obtain

b 0P e P ¢ togs (Aq\ /o)) <
2 [3.7152 x 1077, 1.9302 x 10188]] [3.5105 x 10~7, 0.49840] [262, 631]

3 |[1.5099 x 1078,3.5935 x 101317([5.5922 x 10735, 0.49244] [166, 391]

5 | [4.8352 x 1078, 9.4465 x 10817| [0.00064540, 0.49196] (114, 119]

6 [[6.7455 x 1078, 1.3659 x 10'32]|[4.1106 x 1073, 0.49170] [102, 239]

7 | 8.6331 x 1078, 1.6014 x 10817| [0.00017225, 0.49714] [94, 99]

10{ [1.4470 x 107%, 1.5036 x 1082] |  [0.0028794, 0.49459] (80, 83]

From the above and bounds (98), we arrive at

b= 2[3[5]6][7]10
vi < U :=|631]391]119]239]99/83

99)

Now, we consider each possibility of Vj.
Casel. Vi = (n —n; —3)log,a < U}El). Here, we use the inequality (27) to see

that

Ay <1/2 for m—my > 3.

Then we use the inequality (14) on A in (27) and dividing by log b on both sides, we
obtain

202
ITi| < —— x b~ m=m), (100)
logb
where
(ny — 1) logy o — m; if (k,n—ny)=(@2,1),
(ny + 1) logy o — m; if (k,n—ny)=(2,2),
[p= 0+ Dlogya —(m —1); if (k,n —n1,b) = (2,3,2),
(ny +3)logy o — (m — 2); if (k,n—ny,b)=(2,6,2),

(n1 — 1)log, @ —m + logy, ((Za — ) fr(@)(@"™" — l)) . otherwise.

First let us consider the cases
(k,n—ny,b) €{(2,1,b),(2,2,0),(2,3,2),(2,6,2)},
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for them we use Lemma 5 on the inequality (see inequality (100))

X 2b2

ICil/y=|t——| < x b mmm),
y ylogb
with M > y — 3 as before,
X m m—1 m-—2
7 :=log, o and — € , , .
y nixl ni+1 n+3

We assume for a moment that

4b*(M +3)
log,, W <m—m

and therefore

2bh% 1

x p—m=—mi)

ylogh 2y’

m <Il/y <

Then we note that the above inequality leads us to obtain the same values from
Table (97) since we again use Lemma 5 with 7 := log, o and the upper bound for y
given by M + 3 also satisfies those results. So

(101)

m —mj <|268(170{116{105|96|83

‘:2356710’

Now, we apply the Lemma 4 on inequality (100) with (k, n — n1, b) in the set

(1)

U

([2, 625] x [1, {3 + b H x{2,3,5,6,7, 10}) \{(2.1,0),(2,2,D),(2,3,2), (2,6,2)}
logy, o

and the parameters

u:=n; —1, t:=log,a, un:=Ilog, ((2a — D fr(a)(@" ™" — 1)),
2b%

=——, B:=b, w:i=m-—my,
loghb

vi=m,
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with M is as in Table (94). Then we obtain

b qp € &p € logp (é—i”) €
2([3.72 x 1077,1.93 x 10™88]] [1.72 x 1072,0.5] | [263, 638]
3 ([1.51 x 1078, 1.46 x 10'32]| [4.01 x 10757,0.5] | [168,397]
5([4.84 x 1078,9.45 x 10811 [[2.17 x 1077, 0.499]| [116, 126]
6 [[6.73 x 1078,2.84 x 10'32]| [3.91 x 10757,0.5] | [104, 245]
7 [[8.63 x 1078,3.04 x 1081]| [6.74 x 107°,0.5] | [96, 104]
10| [1.45 x 107%,1.50 x 10827 | [1.94 x 107°, 0.5] (82, 88]

and comparing the bounds in the above table and bounds (101), we conclude that

b= 213|561 7|10
m —my <|638|397|126|245|104 |88

(102)

Case2.Vi=m—m; < Ub(l). We use the inequality (29) to see that
Ay <1/2 for n—np;>6.

Then we use the inequality (14) on A in (29) and dividing by log b on both sides, we
obtain

2403
Dy < S22 g (103)
logb
where
nlog, o —my; if (k,m —my,b) =(2,1,2),
2= (n —1)log, a —my + log, (W) ;  otherwise.

We consider the case (k, m —m1,b) = (2, 1,2) and use Lemma 5 assuming that

2.4Mo?
log,, logb <n-—n

where M is as in Table (94). This implies that

2.4q3 1

x g~ o

nlogh 2n?

m§|rz|/”<

and therefore, from Table (97) (which is obtained with the same value of T and M), it
follows that

b= 21315|16/]7]|10
n —ny <|387|389|385(389|386|391

(104)
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Next, we apply Lemma 4 on inequality (103) with
(k,m = m1,b) € (12,6251 x [1, U x (2,3,5,6,7,10}) \ {2, 1.2)}
and the parameters

u:=n—1, tv:=log,e, un:=log, ((2a — D fi() ("M — 1)_1) ,

vi=mi, A:=2.4a3/1ogb, B:=«a, w:=n-—n

and M as before. Then we obtain

b qp € &p € logp (%) €
2 [[3.72 x 1077,1.93 x 10™88]] [2.94 x 1072,0.5] | [264,919]
3([1.51 x 1078,7.61 x 101317|[8.15 x 1076,0.499]| [265, 899]
5([4.84 x 1078,7.22 x 101317 [2.69 x 107°,0.5] | [266, 623]
6 [[6.73 x 1078,9.97 x 101317 [3.03 x 107%¢,0.5] | [267, 896]
7 1[8.63 x 1078, 6.54 x 10317 [8.86 x 107°°,0.5] | [267, 624]
10 [1.45 x 1072, 1.50 x 1082] [ [5.57 x 1073, 0.499] | [268, 403]

Therefore the above table and bounds (104) imply that

b= 213 |5(16|7/10
n —ny <|919(899|623(896|624 (403

(105)

By bounds (99), (102) and (105), we conclude

b= 213 |5(16|7|10
n—ny; < (919|899(623|896(624|403 (106)
m —my <|638|397|126|245|104| 88

Finally we will use inequality (32) to bound m. We assume for a moment that
m > 6, so that A3 < 1/2. Then we use inequality (14) on A3 in (32) and dividing by
log b on both sides, we obtain

Qo — 1) fel@)(@™ — 1))‘ 12 % b
pm=m _ | “Tlogb
(107)

T3] :=|(n1 — 1)log, o —m —Hogh(
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In fact we note that

(ny —Dlogya —my; if (b,k,n—ny,m—mp)=2,2,1,1),
(n1 +1)logy ¢ —my; if (b,k,n—ny,m—mp)=12,2,2,1),
rs e (my+Dlogyoe — (my —1); if (b,k,n—ny,m—mp)=(2,2,3,1),
(ny +3)logya — (my —2); if (b,k,n—ny,m—my)=(2,2,6,1),
(n1 +1)logz o —my; if (b,k,n—ny,m—mp)=(@3,2,3,1),
(ny +3)logsa —my; if (b,k,n—ny,m—myp)=(5,2,6,1).

Therefore we use Lemma 5 in these cases assuming that

oo (igs) |
log, <m
logb
only for a moment and taking x € {m1,m; —1,m; —2},y e {n; —1,n1+1,n;+3}
with y < M + 3 where M is as in Table (94). Then

Y 12x b~ 1
— < <— < —
@+2y> YT Ylogh T 2y2

and the values of a; in Table (97) are still valid for these cases, in conclusion

268; if b=2,
m < {170; if b=3, (108)
115; if b=5.

In another case (b, k,n — ny, m — my) is not in the set
{2,2,1,1),(2,2,2,1),(2,2,3,1),(2,2,6,1),(3,2,3,1),(5,2,6, 1)}

and we apply Lemma 4 on inequality (107) with the parameters

u:=n;—1, 7 :=log, «,

— o 2o — 1) fr(a) ("™ — 1)
= log, pi—mi — 1 )

vi=mi, A:=12/logh, B :=b, wi=m

and M as before. Thus we obtain

qp € &p € logp (AE—Z”) €
[3.72 x 1077,1.93 x 10™¥]| [4 x 107°%,0.5] | [262, 833]
[1.51 x 107%,3.86 x 10'33]|[2.10 x 10738, 0.4]| [166, 403]
[4.84 x 1078,9.86 x 10'32]|[2.68 x 1070, 0.4]| [114,271]
[6.73 x 1078,3.64 x 10'34]| [1.2 x 1077, 0.5] | [102, 247]
[8.63 x 1078, 2.60 x 10132]|[3.26 x 10757,0.4]| [94, 224]
[1.45 x 107°,5.02 x 10"32]|[1.16 x 107°,0.4]| [80, 188]

NN W N

—_
(=}
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Comparing bounds (108) and those of the previous table we arrive at

b={2|3]|5]|6|7]10
m |833]403(271|247|224|188

Moreover, by inequality (24) we have thatn < |3 +mlog, b| andm < n + 1, then
by the above bounds we have that

(109)

n < Up :={1202]923/909]922|908|902

‘b=2356710‘

Finally with the help of Mathematica we computationally search all solutions for
Eq. (3) with parameters

k €[2,625], nelk+1,Up], ny€2,n—1],
mi € [2,n] and me[m+1,n+1].

Thus, we obtain that for b € {5, 6, 7, 10} there are no solutions to Eq. (3). For b =2
there are solutions

k| 4 (412122222533 |3]3]|3
n| 5 |14/ 4|5 5|10(10| 11 [11|4| 5 |6 6 | 8
ny| 3 (4121425214119 |3 2|52]3
m| 5 (133|347 |7 8 |[10|3] 5 |5/ 6 | 7
my| 4 (21212343 6|42 4 14 5| 4
¢ |—10] 8 [—1|3|—5|—5|—5|—57|336|2|—13|3|—29|—10
and for b = 3,
k16121222 1(2]2] 3 1|3
1217189 |14 |16/16| 7 |8
ny|10(5(713]10(|8|7| 4 |7
m| 713|346 |7|7] 4 |4
mi| 31212122 |3/2| 3 13
c |709|2(20|—5(114|20({20|—17|37

This ends the proof of the second part of Corollary 2.

This computation was done with the Mathematica software at Computer Center
Jurgen Tischer in the Department of Mathematics at the Universidad del Valle on 24
parallel Pc’s (Intel Xeon E3-1240 v5, 3.5 GHz, 16 Gb of RAM).
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