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Abstract

In this paper, we relate Viterbo’s conjecture from symplectic geometry to Minkowski
versions of worm problems which are inspired by the well-known Moser worm prob-
lem from geometry. For the special case of Lagrangian products this relation provides
a connection to systolic Minkowski billiard inequalities and Mahler’s conjecture from
convex geometry. Moreover, we use the above relation in order to transfer Viterbo’s
conjecture to a conjecture for the longstanding open Wetzel problem which also can
be expressed as a systolic Euclidean billiard inequality and for which we discuss
an algorithmic approach in order to find a new lower bound. Finally, we point out
that the above mentioned relation between Viterbo’s conjecture and Minkowski worm
problems has a structural similarity to the known relationship between Bellmann’s
lost-in-a-forest problem and the original Moser worm problem.

Keywords Viterbo’s conjecture - EHZ-capacity - Shortest periodic orbit - Minkowski
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1 Introduction and main results

Worm problems have a long history. The earliest known problem of this type was
posed by Moser in [44] (see also [45]) more than 50 years ago:
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Moser’s worm problem: Find a/the (convex) set of least area that contains a
congruent copy of each arc in the plane of lenth one.

Here, the unit arcs are sometimes called worms, while the problem has been phrased
in many different ways in the literature: the architect’s version (find the smallest
comfortable living quarters for a unit worm), the humanitarian version (find the shape
of the most efficient worm blanket), the sadistic version (find the shape of the best
mallet head), and so on (see [53]). So far, despite a lot of research, only partial results
are known, including the existence of such a minimum cover in the convex case
(probably the first time proven in [39]), but its shape and area remain unknown. The
best bounds presently known for its area j are:!

0.23224 < p < 0.27091

(see [34] for the lower and [50] for the upper bound).
Worm problems can be formulated in considerable generality (see [53]):

Given a collection F of n-dimensional figures F and a transitive group M of
motions m on R", find minimal convex target sets K C R"—minimal in the sense
of having least volume, surface volume, or whatever—so that for each F € F
there is a motion m € M with

m(F) C K.

The existence of solutions to this problem can be guaranteed under certain natural
hypotheses by fundamental compactness results like the Blaschke selection theorem
(see [10, Sect. 18] for Blaschke’s selection theorem and [33, 39] for its application;
see also Theorem 3.8 and its application in Propositions 3.9, 3.13, 3.19, and 3.20).

When the problem does not permit an arc to be replaced by its mirror image, then
it is appropriate to consider the subgroup of orientation preserving motions. For other
problems, e.g., Moser’s original worm problem, orientation reversing motions are
permitted. Many problems whose motion group is the group of translations have been
studied in the literature (see [8, 13, 52]).

In order to formulate the specific worm problem which is of main interest for
our study, we introduce the following definition: Let 7 C R” be a convex body,
i.e., a compact convex set in R"” with nonempty interior, and 7°° its polar. Using the
Minkowski functional

ure(x) =min{t > 0:x € tT°}

with respect to T’s polar T°, we define the £7-length of a closed H'([0, ?], R™)-
curve? ¢ (from now on, for the sake of simplicity, every closed curve is assumed to
fulfill this Sobolev property), T > 0, by

T
() = /O e (@ (0) dt.

1 We round all decimal numbers up to the fifth decimal place.
2 This implies that g is differentiable almost everywhere with ¢ € L2([0, T1, R™).
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The worm problem which is of main interest for our study we call the Minkowski
worm problem. Referring to the above general worm problem formulation, for this
for convex body T C R”, we consider F = F(T, «) as the set of closed curves of
£r-length @ > 0, M as the group of translations and the minimization in the sense of
having minimal volume:

Minkowski worm problem: Let T C R" be a convex body. Find the volume-
minimizing convex bodies K C R" that contain a translate of every closed
curve of Lr-length «.

So, in contrast to Moser’s worm problem, we consider general dimension (instead of
just dimension two), length-measuring with Minkowski functionals with respect to
arbitrary convex bodies (instead of with respect to the Euclidean unit ball), closed
curves (instead of not necessarily closed arcs), and translations (instead of congru-
ence transformations). In other words and introducing a notation which will be useful
throughout this paper: Let cc(R") be the set of closed curves in R”. Find the minimiz-
ers® of
min vol(K),
KeA(T,a)

where for convex body 7 C R" and & > 0, we define
A(T, o) := {K C R" convex body : L7(at) € C(K)}

with
Lr() = {g € cc(R") : {1 (q) = o}

and
C(K) := {q ccc(R") :Fk eR"sit. g §k+K},

where, for the sake of simplicity, we, in general, identify g with its image.

The only Minkowski worm problem that has been investigated so far is the case
when the dimension is 2, T is the Euclidean unit ball in R, and, without loss of
generality, « = 1 (one could say: the two-dimensional Euclidean worm problem). It
is known as:

Wetzel’s problem: Find the area-minimizing convex bodies K C R? that contain
a translate of every closed curve of Euclidean length 1.

So far, the minimal area for this problem is not known, but the best bounds presently
known for the minimum are 0.15544 as lower (see [52], where an argument from
[47] is used) and 0.16526 as upper bound (see [8]; note that in [52] it was claimed
incorrectly an upper bound of 0.159). In comparison to that: The areas of the obvious
covers of constant width, the ball of radius 1/4 and the Reuleaux triangle of width 1/2,
are 0.19635 and 0.17619, respectively. Since, by the Blaschke-Lebesgue theorem, the
Reuleaux triangle is the area-minimizing set of constant width (see [9, 40]; see [27]
for a direct proof by analyzing the underlying variational problem), we can conclude
that a minimizer for Wetzel’s problem is not of constant width. We refer to Fig. 1 for

3In Proposition 3.9, we will prove that in fact there exists at least one minimizer.
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220 D. Rudolf

Fig. 1 On the left side is the Reuleaux triangle with width % and area 0.17619, in the middle is a convex
body with area 0.17141 which was found by Wetzel in [52], and on the riight is a convex body, looking a bit
like a church window, with base length and height equal to % and area ¢ ~ 0.16667 (for both the middle
and right convex body we refer to [8]). Some worms are drawn in in each case

three examples whose areas are approaching (not achieving) the minimum (clearly,
the middle and right convex bodies are not of constant width).

Although we derive some results, the primary goal of our study will not be to solve
these Minkowski worm problems, rather to relate them to Viterbo’s conjecture from
symplectic geometry (see [49]) which for convex bodies C C R?" reads

cerz(O)"

vol(C) >
n!

For that, we recall that the EHZ-capacity of a convex body C C R*" can be defined*
by

cepz(C) = min{A(x) : x closed characteristic on dC},
where a closed characteristic on C is an absolutely continuous loop in R*" satisfying

x(t) € JOHc(x(1)) ae.
He(x(t) =4Vt eT

where

1 ~ o~
He(x) = Spc)?, 7 = (_01 %) ., T=R/TZ T >o0.

T is the period of the loop and by A we denote its action defined by

o
Ax) :_Efo (Jx(1), x (1)) dt.

4 This definition is in fact the outcome of a historically grown study of symplectic capacities. Traced back—
recalling that ¢ g iy 7 in its present form is the generalization of a symplectic capacity by Kiinzle in [38] after
applying the dual action functional introduced by Clarke in [12], the EHZ-capacity denotes the coincidence
of the Ekeland-Hofer- and Hofer-Zehnder-capacities, originally constructed in [15] and [28], respectively.
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Viterbo's conjecture as a worm problem 221

The first main result of this paper addresses the special case of Lagrangian products
C=KxTCR} xR} =R,

where K and T are convex bodies in R”.> We denote by C(R") the set of convex
bodies in R”.

Theorem 1.1 Viterbo’s conjecture for convex Lagrangian products K x T C R" x R"

K T n
vol(K x T) > w K, T e CRM,
n:

is equivalent to the Minkowski worm problem

min  vol(K) > K,T € C(R"). (1)

KeA(T,1) n!vol(T)’
Additionally, equality cases K* x T* of Viterbo’s conjecture satisfying
vol(K™*) = vol(T*) = 1

are composed of equality cases (K*, T*) of (1). Conversely, equality cases (K*, T*)
of (1) form equality cases K* x T* of Viterbo’s conjecture.

This yields the following corollary, which seems to be more suitable in order to
approach Viterbo’s conjecture as an optimization problem (see Sect. 9).

Corollary 1.2 Viterbo’s conjecture for convex Lagrangian products K x T C R" x R"

ceHz (K x T)!

vol(K x T) > ‘ , K, T € CRY),
n!
is equivalent 10®
min vol | conv U (g+ay)t ) > ; T € C(R") 2)
apeR T4 ()2 NolT)’ ’

geLr (1)

where the minimization runs for every g € Lt (1) over all possible translations in R”.
Additionally, equality cases K* x T* of Viterbo’s conjecture satisfying

vol(K™*) = vol(T*) =1

5 In this paper, whenever we write products of the form K x T for two convex bodies K, T C R”", we
presume the natural symplectic structure of R2 = RZ X Rg. So, every such product is a Lagrangian
product.

6 Here, we note that K has been dissolved by replacing it by an expression that extremizes over all possible
K's. The extremizing K is of the form (3).
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are composed of equality cases T™* of (2) with

K*:conv{ U (q —l—a;)}, 3)
geLyx(1)
where a:; are the minimizers in (2). Conversely, equality cases T* of (2) with K* as

in (3) form equality cases K* x T* of Viterbo’s conjecture.

In analogy to Theorem 1.1, also Mahler’s conjecture from convex geometry (see
[43]), i.e.,

n

4
vol(T) vol(T®) > —, T € C*(R"), 4)
n:

where by C (R") we denote the set of all centrally symmetric convex bodies in R”,
can be expressed as a worm problem. As shown in [3], this is due to the fact that
Mabhler’s conjecture is a special case of Viterbo’s conjecture.

Theorem 1.3 Mahler’s conjecture for centrally symmetric convex bodies

n

4 .
vol(T) vol(T®) > — T € C“[R"), 5)
n!
is equivalent to the Minkowski worm problem

min  vol(T) >

— . T eC“MRM". 6
TeA(T°,1) n!vol(T°) € (&) ©

Additionally, equality cases T* of Mahler’s conjecture (5) satisfying
vol(T*) =1

are equality cases of (6). And conversely, equality cases T* of (6) are equality cases
of Mahler’s conjecture (5).

Furthermore, also systolic Minkowski billiard inequalities within the field of billiard
dynamics can be related to worm problems.

In order to state this, let us recall some relevant notions from the theory of
Minkowski billiards (see [36]): For convex bodies K, T C R”", we say that a closed
polygonal curve’ with vertices q1s s Gm,» m = 2, on the boundary of K is a closed
weak (K, T)-Minkowski billiard trajectory if for every j € {1, ..., m}, there is a
K -supporting hyperplane H; through ¢; such that g; minimizes

mre(q; —qj—1) + pure(gj+1 —q;)

7 For the sake of simplicity, whenever we talk of the vertices ¢, ..., g of a closed polygonal curve, we
assume that they satisfy ¢; # ¢+ and g; is not contained in the line segment connecting ¢;_1 and
qj+1 forall j € {1, ..., m}. Furthermore, whenever we settle indices 1, ..., m, then the indices in Z will be
considered as indices modulo m.
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Viterbo's conjecture as a worm problem 223

over all g; € Hj. We encode this closed (K, T)-Minkowski billiard trajectory
by (q1, ..., gm). Furthermore, we say that a closed polygonal curve with vertices
41, s qm, m = 2, on the boundary of K is a closed (strong) (K, T)-Minkowski
billiard trajectory if there are points p1, ..., p;, on 9T such that

qgj+1—qj € Nr(pj),
Pj+1 — pj = —Ng(qj+1)

is fulfilled for all j € {1, ..., m}. We denote by M,,+1(K, T) the set of closed (K, T')-
Minkowski billiard trajectories with at most n 4+ 1 bouncing points.

Then, for convex body K C R”, introducing F’(K) as the set of all closed
polygonal curves in R” that cannot be translated into K’s interior K, we have the
following relations:

Theorem 1.4 Let T C R" be a convex body and a, ¢ > 0. Then, the following state-
ments are equivalent:

(D
max min  £7(q) <a, K €C(R"),
vol(K)=c qeFeP(K)
2)
max cppz(K xT)<a, K eC®RY,
vol(K)=c
3)
max min  f7(q) <a, K eC@R"),
vol(K)=c qeMy41(K.T)
4)
min  vol(K) > ¢, K € C(R"),
KeA(T o)
%)

min vol <conv{ U (q +aq)}) >c, K eC@RY.

ag R
geLr(1)

If T is additionally assumed to be strictly convex, then the following systolic weak
Minkowski billiard inequality can be added to the above list of equivalent expressions:

(6)

max min lr(g) <a, K eC(R".
vol(K)=c q cl. weak (K ,T)-Mink. bill. traj.
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Moreover, every equality case (K*, T*) of any of the above inequalities is also an
equality case of all the others.

Now, we turn our attention to the general Viterbo conjecture for convex bodies in
R?". For that, we first introduce the following definitions: We denote by C” (RZ") the
set of convex polytopes in R?". For P € C? (RZ"), we denote by

FP(P) C FP(P)

the set of all closed polygonal curves g = (q1, ..., ) in FP(P) for which ¢; and
gj+1 are on neighbouring facets F; and F;; | of P such that there are A, ;1 > 0
with

qj+1=9qj +A2jJVHp(xj) + wjr1JVHp(xj11),

where x; and x; are arbitrarily chosen interior points of F; and F 1, respectively.
Later, we will see that the existence of such closed polygonal curves is guaranteed.

Theorem 1.5 Viterbo’s conjecture for convex polytopes in R*"

P n
vol(p)y > SEHZ). b op (g2 | %)
n!
is equivalent to the Minkowski worm problem
R n
min vol(P) > KPV p cop (RZ"), (8)
PeA(JP,1) 2tp!

where we define

minqu,f”(P) E¥(q)
RP =

minge per(p) £1p (q) -
Additionally, P* is an equality case of Viterbo’s conjecture for convex polytopes (7)
satisfying
vol(P*) =1
if and only if P* is an equality case of (8).

When we look at the operator norm of the complex structure/symplectic matrix J
with respect to a convex body C € R?" as map from

(B>, 01lle) 10 (B 1+ 11c)
as it has been done in [2] and [23], i.e.,

lJllcosc = sup [|Jvllc,
[lv]lco <1

then we derive the following theorem:
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Viterbo's conjecture as a worm problem 225

Theorem 1.6 Viterbo's conjecture for convex bodies in R*"

C n
vol(c) > SEHZEN o ¢ (R2”> , ©)
n!
is equivalent to -
R n
min vol(€) > R e C(R2”>, (10)
CeA(C°.1) n!
where® c |
R CEHZ(C)

"~ cgnz(C x C°) ~ 2J|lcoc

Additionally, C* is an equality case of Viterbo’s conjecture for convex bodies in R*"
(9) satisfying
vol(C*) =1

if and only if C* is an equality case of (10).

Finally, we turn to Wetzel’s problem. For that, we keep the current state of things
in mind:

Theorem 1.7 (Wetzel in [52], *73; Bezdek and Connelly in [8], *89) In dimension
n =2, we have

min  vol(K) € (0.15544,0.16526), K € C(R?),
KeA(B2,1)

where we denote by 312 the Euclidean unit ball in R2.

Then, as application of Theorem 1.1, we transfer Viterbo’s conjecture onto Wetzel’s
problem. This results in the following conjecture:

Conjecture 1.8 We have

1
min  vol(K) > — ~ 0.15915, K € C(R?).
KeA(B2,1) 2n

Applying [36, Theorem 3.12] and Theorem 1.4, we note that this conjecture can be
equivalently expressed as systolic Euclidean billiard inequality:

Conjecture 1.9 We have

min £22(q) < 27 vol(K)
q cl. (K,B})-Mink. bill. traj. 1

for K € C(R?).

8 Here, by C x C° we denote the Lagrangian product of C and C°, where we presume the natural symplectic
structure on R2(21) = R;’} X Ri’} with ]R?]C’ = Rj x Y, and denote by g’ and p’ the local and momentum

coordinates on R2* > C, respectively.
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226 D. Rudolf

We remark that, for the configuration (K, Blz), due to the strict convexity of B2,
the notions of weak and strong (K, B%)—Minkowski billiards coincide and are equal
to the one of billiards in the Euclidean sense.

Although much work has been done around Wetzel’s problem and the systolic
Euclidean billiard inequality, this shows that Viterbo’s conjecture is even unsolved for
the “trivial” configuration

K x B} C R? x R%,

On the other hand, looking at these two problems from the symplectic point of view,
can help us to conceptualize them from a very different point of view.

The Minkowski worm problems in Theorems 1.3, 1.5 and 1.6 seem to be very hard
to solve (as it is expected from the perspective of Mahler’s/Viterbo’s conjecture). On
the one hand, this is a consequence of the inner dependencies within

TeA(T° 1), PcA(P, 1), and C € A(C° 1),
on the other hand, the right hand sides in (6), (8), and (10)

1 (Rp)" (Rc)"
nlvol(T°) 2mn! !

also contain dependencies and, beyond specific configurations, do not seem to be
so accessible. Nevertheless, perhaps it turns out to be fruitful to investigate worm
problems of the following structure a little bit more in detail: Find

min vol(C) and min  vol(C).
CeA(C°,1) CeA(JC,1)

Interestingly enough, from this perspective, Viterbo’s and Mahler’s conjecture are very
similar in structure.

Motivated by a relationship between Moser’s worm problem and a version of
Bellman’s lost-in-a-forest problem shown by Finch and Wetzel in [17], we further
investigate whether it is possible also to relate Minkowski worm problems to versions
of Bellman’s lost-in-a-forest problem. And indeed, it will turn out that the relationship
established in [17] is somewhat similar to the relationship between Minkowski worm
problems and Viterbo’s conjecture for convex Lagrangian products. However, before
we will elaborate on this, we will give a short introduction to Bellman’s lost-in-a-forest
problem and general escape problems of this type.

In 1955, Bellman stated in [5] the following research problem (see also [6] and
(7]):

We are given a region R and a random point P within the region. Determine

the paths which (a) minimize the expected time to reach the boundary, or (b)

minimize the maximum time required to reach the boundary.

This problem can be phrased as:
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Viterbo's conjecture as a worm problem 227

A hiker is lost in a forest whose shape and dimensions are precisely known to
him. What is the best path for him to follow to escape from the forest?

In other words: To solve the lost-in-a-forest problem one has to find the best escape
path—the best in terms of minimizing the maximum or expected time required to escape
the forest. A third interpretation of best has been given in [13]: Find the best escape
path in terms of maximizing the probability of escape within a specified time period.

Bellman asked about two configurations in particular: on the one hand, the con-
figuration in which the region is the infinite strip between two parallel lines a known
distance apart, on the other hand, the configuration in which the region is a half-plane
and the hiker’s distance from the boundary is known. For the case when best is under-
stood in terms of the maximum time to escape, both of these two configurations have
been studied: for the first configuration, the best path was found in [55] (61), for the
second, in [31] (’57) (where a complete and detailed proof was not published until
it was done in [32] (’80); see [18] for an english translation). In each of these two
cases, the shortest escape path is unique up to congruence. Apart from that, not much
is known for other interpretations of best. We refer to [51] for a detailed survey on the
different types, results, and some related material.

Finch and Wetzel studied in [17] the case in which the best escape path is the
shortest. As already mentioned above, in this case, they could show a fundamental
relation to Moser’s worm problem.

Before we further elaborate on this, it is worth mentioning to note that Williams in
[54] has included lost-in-a-forest problems in his recent list “Million Buck Problems”
of unsolved problems of high potential impact on mathematics. He justified the selec-
tion of these problems by mentioning that the techniques involved in their resolution
will be worth at least one million dollars to mathematics.

Now, let’s consider the case studied by Finch and Wetzel and take it a little more
rigorously. For that, let y be a path in R?, i.e., a continuous and rectifiable mapping
of [0, 1] into R2. Let ZBlz(y) be its Euclidean length and {y} its trace y ([0, 1]). We
call a forest a closed, convex region in the plane with nonempty interior. A path y
is an escape path for a forest K if a congruent copy of it meets the boundary 0 K
no matter how it is placed with its initial point in K, i.e., for each point P € K and
each Euclidean motion (translation, rotation, reflection and combinations of them) u
for which P = u(y (0)) the intersection i ({y}) N 9K is nonempty. Then, among all
the escape paths for a forest K, there is at least one whose length is the shortest. The
escape length o of a forest K is the length of one of these shortest escape paths for
K. Based on these notions, Finch and Wetzel proved the following:

Theorem 1.10 (Theorem 3 in [17]) Let K C R? be a convex body. The escape length
a* of K is the largest o for which for every path y with length < «, there is a Euclidean
motion u such that K covers i ({y}).

For Finch and Wetzel, this theorem established the connection to Moser’s worm
problem. For that, we recall that in Moser’s worm problem one tries to find a/the
convex set of least area that contains a congruent copy of each arc in the plane of a
certain length. Clearly, the condition of having a certain length can be replaced by the
condition of having a length which is bounded from above by that certain length.
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228 D. Rudolf

L - 1 km

Fig.2 Visualization of the Minkowski escape problem for the special case of two dimensions with Euclidean
measurement. This presents two possible Minkowski escape paths which, however, are not the length-
minimizing one. For this K, the shortest Minkowski escape path is most likely a closed polygonal cruve
with two vertices

Now, translated into our setting, we can derive a similar result. For that, we first
have to define a version of a lost-in-a-forest problem which is compatible with the
Minkowski worm problems discussed in the previous sections.

In order to indicate the connection to Minkowski worm problems in our setting,
we will call the problem the Minkowski escape problem. We start by generalizing
the problem to any dimension. So, we are considering higher dimensional “forests”
which one aims to escape. We let K C R” be a convex body, measure lengths by
L7, where T C R”" is a convex body, and we call y a closed Minkowski escape path
for K if y is a closed curve and for each point P € K and each translation p for
which P = u(y(0)) the intersection u ({y}) N dK is nonempty. So, in contrast to
considering not necessarily closed paths, allowing the motions to be Euclidean motions
and measuring the lengths in the standard Euclidean sense in the escape problem of
Finch and Wetzel, we only consider closed paths, translations and measure the lengths
by the metric induced by the Minkowski functional with respect to the polar of T.
Translating this problem into “our (mesocosmic) reality”—therefore, requiring n = 2
and Euclidean measurements, we get a slightly different problem (of course there are
no limits to creativity) (see Fig. 2):

Two hikers walk in a forest. One of them gets injured and is in need of medical
attention. The unharmed hiker would like to make the emergency call. Although
he has his cell phone with him, there is only reception outside the forest. He has
a map of the forest, i.e., the shape of the forest and its dimensions are known to
him, and a compass to orient himself in terms of direction. Furthermore, he is
able to measure the distance he has walked. However, he does not know exactly
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Viterbo's conjecture as a worm problem 229

where in the forest he is. What'’s the best way to get out of the forest, put off the
emergency call, and then get back to the injured hiker?

The fact that in our story the unharmed hiker knows the shape of the forest and has a
compass to orient himself in terms of direction is due to the fact that in our Minkowski
escape problem, translations are the only allowed motions. The condition of coming
back to the injured hiker is a consequence of our demand to consider only closed
curves.

We can prove the analogue to Theorem 1.10:

Theorem 1.11 Let K, T C R" be convex bodies. Then, an/the £1-minimizing closed
Minkowski escape path for K has Cr-length o if and only if ™ is the largest o for
which

K € A(T, a),

i.e., for which for every closed path y of {1-length < «, there is a translation w such
that K covers i ({y}).

Having in mind that Minkowski escape paths for a convex body K C R” can be
understood as closed curves which cannot be translated into the interior of K, we can
use the Minkowski billiard characterization of shortest closed polygonal curves that
cannot be translated into the interior of K, in order to directly conclude the following
corollary. Note for this line of argumentation that shortest closed curves that cannot
be translated into the interior of K are in fact closed polygonal curves.

Corollary 1.12 Let K, T C R" be convex bodies, where T is additionally assumed to
be strictly convex. An/The £1-minimizing closed (K, T)-Minkowski billiard trajectory
has Lr-length o™ if and only if «* is the largest o for which

K € A(T, ).

So, the unharmed hiker in our story can conceptualize his problem by searching for
length-minimizing closed Euclidean billiard trajectories.

In general, the problem of minimizing over Minkowski escape problems in the sense
of varying the forest while maintaining their volume in order to find the forest with
minimal escape length becomes the problem of solving systolic Minkowski billiard
inequalities, or equivalently, the problem of proving/investigating Viterbo’s conjecture
for Lagrangian products in R” x R".

This means: If the hikers want to play it safe from the outset by choosing, among
forests of equal area, the one where the time needed to help an injured hiker is min-
imized, then it is useful for them to be familiar with symplectic geometry or billiard
dynamics. Of course, they could have paid attention from the beginning to where they
entered the forest from and how they designed their path. Then they do not have to
solve too difficult problems.

This paper is organized as follows: In Sect. 2, we start with some relevant prelimi-
naries before, in Sect. 3, we derive properties of Minkowski worm problems and the
fundamental results in order to prove Theorems 1.1, 1.3, 1.4, 1.5, and 1.6 and Corol-
lary 1.2 in Sects. 4, 5, and 6. In Sect. 7, we prove that it is justified to transfer a special
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case of Viterbo’s conjecture into one for Wetzel’s problem which becomes Conjec-
ture 1.8. In Sect. 8, we prove Theorem 1.10 as analogue to the relationship between
Moser’s worm problem and Bellman’s lost-in-a-forest problem. Finally, in Sect. 9, we
discuss a computational approach for improving lower bounds in Minkowski worm
problems, especially lower bounds for Wetzel’s problem.

2 Preliminaries

We begin by collecting some results concerning the Fenchel-Legendre transform of a
convex and continuous function H : R” — R, which for x* € R” is defined by

H*(x™) = sup ({x,x™) — H(x)).
xeRn?

Proposition 2.1 (Proposition I1.1.8 in [14]) If H* is the Fenchel-Legendre transform
of a convex and continuous function H : R" — R, then for x € R" we have

H(x) = sup ({(x*,x) — H*(x")).

x*eR"
The subdifferential of H in x € R" is given by
OH(x) = {x* e R"|H*(x™) = (x*, x) — H(x)}
Then, we get the Legendre recipocity formula:

Proposition 2.2 (Proposition II.1.15 in [14]) For a convex and continuous function
H : R" — R the Legendre reciprocity formula is given by

x*€dH(x) & H*(")+ Hx) = (x*,x) & x € dH*(x"),
where x, x* € R".

We state the generalized Euler identity:

Proposition 2.3 Let H : R" — R be a p-positively homogeneous, convex and con-
tinuous function of R". Then, for each x € R" the following identity holds:

(x*,x) = pH(x) Vx* € 0H(x).
Proof For each x € R", since H is convex and continuous, we have
JdH (x) # 0.

For each
x* e 9H(x)
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Proposition 2.2 provides
H*(x™) + H(x) = (x*, x) (1)

and from Proposition 2.1, i.e.,

H(x) = sup ((x*,x) — H*(x™)),

x*eRn
we get
H(y) > (x*,y) — H*(x*) VyeR". (12)
Combining (11) and (12) we get
H(y) > (x*,y —x) + H(x) VyeR" (13)

Now, we set
y=ix (A>0)

and recognize to have equality in (13) for A — 1. Furthermore, we obtain by the
p-homogeneity of H for . — 1:

i g(h) —g(1)
m -————-

H(x) = (x*
Jim =——— () = (&7, x),

where we introduced the function

g(x) :=xP.

Because of
gy=p

we get
pH(x) = (x*, x).

Noting that for convex body C C R”

He = 12
C—ZMC

is a 2-positively homogeneous, convex and continuous function, we derive the follow-
ing properties:

Proposition 2.4 For convex body C C R" we have

Hg = Hco.
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Proof For & € R" we have

Ueo(§) =min{t > 0: & € tC°}
=min{r>0:& e eR": (£,x) < 1Vx € C}}
=min{r>0:& (€ eR": (£, x) <tVx € C}}
=min{r > 0: (£, x) <tVx e C}
=I)§1€ag(€,x>
=M;r(lgle<é,x>,

and therefore

H{(§) = sup ((§,x) — He(x))

xeR”
1
=sup sup (@uw>——ucvxf)
r>0 e (=1 2

r2

=sup|r sup (£.x) ]| — —
r20 \ \rcwo=1 2
r2
=y (r (L 60) = 5)

r2
= max (FMC°(§) - 7)

_ pee()?
2
= Hee ().

Proposition 2.5 Let C C R" be a convex body. If x* € dHc (x) for x € R", then
Hee(x™) = Hc (x).
Proof With Proposition 2.3 and the 2-homogeneity of Hco we can write
2Hce (x*) = {(x', x™),

where
x" € 9Hco (x™),

which together with Propositions 2.2 and 2.4 and
(€ =C
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is equivalent to
x* € dHE(x") = 9Hc (X').

Therefore, again using Proposition 2.3, we can conclude
2Hco (x*) = (x/, x*) = 2Hc (x).
In the following we show that
He(x') = He (x).

This would prove the claim.
Again, using Propositions 2.2 and 2.4, the fact

x* € 9Hc (x)

is equivalent to
x € 9H{(x™) = dHco (x™).

All previous informations now can be summarized by the following two equations:
He(x) + Heo(x) = (x,x™),  Heo(x™) + He(x') = (x', x™).

The difference yields
Hc(x) — Ho(x)) = (x —x', x™),

which implies
He(x') = He(x) — (x —x',x™) = He(x) — (x,x™) + (x/, x¥).

The conditions
x € dHco(x*) and x’ € dHco (x™)

imply, applying Proposition 2.3,
—(x, x*) + (¢, x*) = =2Hce (x™) + 2Hco (x™) = 0,

therefore
He(x') = He(x).

O

The following proposition is the generalization of [36, Proposition 3.11] from closed
polygonal curves to closed curves:

Proposition 2.6 Let T C R" be a convex body, g € cc(R™) and » > 0. Then, we have
tr(ag) = bir(q) = M1 (q).
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Proof From
pre(Ax) = porye (x) = Aure(x), x € R",

(see [36, Proposition 2.3(iii)]) we conclude
T ) T
r(ng) =/0 w(rye ((Ag)(2)) dt =/0 oy (g(0) dr = r(q)
and - ~
T ) T )
lr(rg) = /0 werye ((Aq) (1)) dr = k_/o werye ((@)(@)) dt = A1 (q).
O
We continue by recalling [48, Theorem 1.1] which will be useful throughout this
paper:

Theorem 2.7 Let K, T C R" be convex bodies. Then, we have

cEpz(K xT)= min {r(q)= min_ {lx(p)=  min__ Lr(q).
qeFP(K) peFer(T) qeM,11(K.T)

We note that in [48, Theorem 1.1] actually appear F,”  (K) and F,% (T instead
of FP(K) and F°P(T), respectively. However, for the purposes within this paper,
we only need this more general formulation which is valid since there are no £7/€k-
minimizing closed polygonal curves in FP(K)/F°P(T) with more than n + 1 vertices
and shorter ¢7/¢k-length than the ¢7/¢k-minimizing closed polygonal curves in
F, ((K)IF," | (T) (see the proof of point (1) in the proof of [48, Theorem 2.2]).

We collect some invariance properties of Viterbo’s as well as of Mahler’s conjecture:

Proposition 2.8 Viterbo’s conjecture is invariant under translations.

Proof Translations
t. :R" > R", & &+a, acR",

are symplectomorphism because of

dz,(§) = 1

and therefore
dt,(6)" Jdt, (&) = J.

Finally, we recall that Viterbo’s conjecture is invariant under symplectomorphisms,
since symplectomorphisms in the above convex setting preserve the volume as well
as the action and therefore the EHZ-capacity. O

Proposition2.9 Ler C C R2 and K, T C R" be convex bodies. Then

n n
vol(C) > SEHZ ). Z,(C) & vol(hC) > SEHZUE) ('AC)
n: n!
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for A > 0, and
K xT)" LK "
vol(K x T) > w & Vol(UK x uT) > SEHZC e )
n! n!
fora, u > 0. If
d:R" - R”

is an invertible linear transformation, then

cenz(K x T)
n!
_ ¢ oK) x (o7) " (1))"
& vol (CD(K) x (@T) l(T)) > EHZ( n'( ) ) .

Proof We have

vol(K x T) >

vol(LC) = A" vol(C)

and
cEnz(AC) = A2cpnz(C)

due to the 2-homogeneity of the action. Further,
vol(AK x uT) = vol(AK) vol(uK) = A 1”* vol(K) vol(T) = A" vol(K x T)

and
LK T) = i 0 =A 0
cegz(AK x uT) qelgflplgu() uwr(q) = Ap mlfzK) 7(q)
due to Theorem 2.7 and [36, Proposition 3.11(ii) and (iv)] (see also Lemma 3.12).
Furthermore,
-1
® x (ch)

is a symplectomorphism, i.e.,

(@ x (ch)]>T J (@ x (ch)]> =J.
Indeed, for a, b € R", we calculate
(0 () ") s (0 (7)Y wm=(ox (7)) s (2@, (") ")
o x (o7) ‘) ((eﬂ)f1 (b), —@(a))

=(<1>T X b ‘ ( d>T o), q:(a))

(qﬂ((qﬂ l(b)) (<1>(a)>>
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=(b, —a)
=J(a,b),

where we used the facts

(q>T)T = @ and (ch)_l - (d)‘l)T.

Finally, we recall that, in the above convex setting, every symplectomorphism pre-
serves the volume as well as the action and therefore the EHZ-capacity.

O
Proposition 2.10 If T C R" is a centrally symmetric convex body and
®:R" - R"
an invertible linear transformation, then
4n 4n
vol(T) vol(T°) > - & vol(®(T)) vol(®(T)°) > -
n! n!
Proof Because of 7]
O(T)° = (ch) (1°)
and the volume preservation of
L
® x (cb ) ,
we have
vol (®(T)) vol ((®(T))°) = vol (D(T) x ®(T)°)
-1
=vol <CI>(T) x (an) (TO))
-1
=vol <<d> X (dDT) ) (T x T°))
=vol(T x T°)
=vol(T) vol(T°).
O

3 Properties of Minkowski worm problems
We begin by concluding some basic properties of the set

A(T,a), T eC@R"), a>0.
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We note that all of the following properties can be easily extended to the case o > 0.
Nevertheless, for the sake of simplicity and in order to avoid trivial case distinctions
when it is not possible to divide by «, for the following we just treat the case o > O.

Proposition 3.1 Let T C R” be a convex body and o, A, i > 0. Then we have
"
AQT, pa) = XA(T’ o).

Proof We have
AT, pa) = {K € C(R") : Ly7(na) € C(K)}.

Because of
b (q) =Lr(Aq)

(see Proposition 2.6) we conclude

q € Lyr(ua) < Ag € Lt(uao)

which together with
g€ C(K) & rg € C(AK)

implies

AT, pa) ={K € CR") : g € Lyr(ua) = g € C(K)}
={K € C(R") : Aq € LT(na) = Ag € C(LK)}

*_ 1
(K"=2K) {—K* €eCR") :q" e Lr(pa) = q* € C(K*)}
(@*=rq) |2

1
=—A(T, na).
7 (T, pa)

Again referring to Proposition 2.6 we conclude

tr(q) = pa & br (%) =a,

and therefore q
q€Lrue) & o €Lr(@.

This implies
AT, pa) ={K e CR") : q € Ly(na) = g € C(K)}
:{K ec®y:Lerr=1 ec<5)}
w w u

(k=X
( =:) {uK* € CR") : ¢* € LT(a) = q* € C(K™)}
i
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=uA(T, a).
O
Proposition 3.2 Let T C R” be a convex body and a1, oy > 0. Then, we have
< 2
a1y <o = A(T,a1)3 2 ¢ AT, o).
Proof We find i > 0 such that
nop = .

Then, using Proposition 3.1 we have

A(T, ap) = A(T, pay) = pA(T, ay). (14)

This implies

A(T, az),

IR \ONIV/

< >
0{1{:}052 & M{>}l & A(T, o)

where the last equivalence follows from the following considerations: If we have (14)
with © > 1, then
K € AT, a2) = pA(T, 1)

means that
lK e A(T, ay),
"
ie.,
Lr(a)) € C <%K> c C(K).
This implies

K e A(T,a1)

and therefore
A(T,a2) € A(T, ay).

The case u > 1 follows by considering that in this case there can be find a convex
body K* with
K* € A(T,a1) \ A(T, a).

Indeed, for
K € A(T, ap)

we define L R
K:=AK, A:=min{0 <A <1:AK € A(T, ap)}.
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Then, one has

K € A(T, o)
and with (14)
1 ~
—K € A(T, ay).
"
with
* 1~
K* = —K
"
it follows
K* e A(T,a1) \ A(T, a2)
by the definition of K. O

For convex body 7 C R" and @ > 0 we define the set
AS(T.0) = [K e C®) : L@ € C(B)},

where _
Ly (@) ={g ecc®):0 < tr(q) <a}= U L7 @).

O<a<a

Then, we have the following identity:

Proposition 3.3 Let T C R” be a convex body and o > 0. Then, we have
A(T, o) = AS(T, ).

Proof By definition it is clear that
AS(T,a) C A(T, ).

Indeed, if
K € AS(T, o),

then this means
Lr(@) C C(K), forall0 <o < «.

For o = « it follows
Ly(a) € C(K)

and therefore
K € A(T, o).

Let 0 < & < a. Then, it follows from Proposition 3.2 that
A(T,a) CA(T,a), forall0 <o <a.
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This implies
A(T, @) C ﬂ A(T,d) = AS(T, ).
O<a<a
O
Proposition3.4 Let o > 0 and Ty, T» C R" be two convex bodies. Then, we have
nhch = A(T,a) C AT, o).
Proof Let
T, € T>.
If
K € A(Ty, o),
then it follows from Proposition 3.3 that
<
L (@) S C(K).
Because of
£1,(q) < Lr,(q) forall g € cc(R"),
as consequence of
pre(x) < purs(x) Vx e RY,
it follows that - -
Ly (@) € Ly ()
and therefore _
L;z(a) C C(K).
With Proposition 3.3 this implies
KeA(, o).
Consequently, it follows
A(Ty, ) € A(T2, ).
O

Lemma3.5 Let T C R" be a convex body and o > 0. Further, let K1, K C R" be
two convex bodies with
K| C K».

Then it holds:
Kie A(T,a) = Ky e AT, a).

Proof Let
K € A(T, ),
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ie.,
Lr(a) € C(Ky).
It obviously holds
Ky € Ky = C(K1) € C(K2).
Therefore
Lr(a) € C(K2),
ie.,

K> € A(T, a).

m}

For the next lemma we recall the following: If (M, d) is a metric space and P (M)
the set of all nonempty compact subsets of M, then (P(M), dy) is a metric space,
where by dy we denote the Hausdor{f metric dg which for nonempty compact subsets
X, Y of (M, d) is defined by

dy(X,Y) = max { sup inf d(x, y), sup inf d(x, y) ¢ .

xex ye¥ yey X€

Then, (cc(R"), dy) is a metric subspace of the complete metric space (P (R"), dy)
which is induced by the Euclidean space (R", | - |). For convex body K C R" we
consider

(F(K),dy) and (C(K),dn)

as metric subspaces of (cc(R"), dy). We have that
F(K)\ C(K) and C(K)

are complements of each other in cc(R").

Lemma3.6 Let K C R" be a convex body. Then, (C(K),dy) is a closed metric
subspace of (cc(R™), dg).

Proof Since C(K)isasubsetof cc(R"), (C(K), dy) is a metric subspace of the metric
space (cc(R"), dg). It remains to show that C(K) is a closed subset of cc(R"). For
that let (¢;) jen be a sequence of closed curves in C(K) dy-converging to the closed
curve g*. If

q" ¢ C(K),

then ¢* cannot be translated into K. Using the closedness of K in R” this means

lntiRn dy (aconv{K +k,q*},0(K + k)) =m>0.
E n

Then, we can find a jo € N such that
du(pj.q*) <m
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for all j > jo. But this implies

]gnIiRn dy (8c0nV{K +k,q;},0(K +k)) >0
€ n

forall j > jo,i.e., pj cannot be translated into K for all j > jo, a contradiction to
qgj € C(K) VjeN.

Therefore, it follows
q* € C(K),
and consequently, (C(K), dg) is a closed metric subspace of (cc(R"), dp). O

Lemma3.7 Let T C R" be a convex body and (ay)ren an increasing sequence of
positive real numbers converging to a > 0 for k — oo. If

K € A(T,ar) Yk €N,

then also
K € A(T, ).
Proof Let
K e A(T,uar) Vk eN,
ie.,

Lr(ax) € C(K) Vk eN. (15)

This means for all k € N that for all
g € cc(R") with £7(g) = oy

holds
q € C(K).

Let us assume that
K ¢ AT, @),

ie.,
Lr(a) € C(K).

This means that there is a ¢* € cc(R") with

Lr(g") =a and ¢* € F(K) \ C(K).
Due to Lemma 3.6 (C(K), dy) is a closed metric subspace of (cc(R"), dy). Since
Fe“(K)\ C(K) is the complement of C(K) in cc(R") it follows that F““(K) \ C(K)

is an open subset of the metric space (cc(R"), dy). Consequently there is a kg € N
sufficiently big such that

q*%eF“(K)\C(K) Vk = ko. (16)
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But with [36, Proposition 3.11(iv)] it is

tr (=) = tr (a7) O;—" —op VkeN,

o
ie.,

q*% € Lr(ay) VkeN,

which produces a contradiction between (15) and (16).
Therefore it follows
K e A(T, o).

]

The next proposition justifies to write “min” instead of “inf” within the Minkowski
worm problem. The main ingredient of its proof will be Blaschke’s selection theorem
(see [10, Sect. 18]).

Theorem 3.8 (Blaschke selection theorem) Let (Cy)reN be a sequence of convex

bodies in R" satisfying
Cr C B?e, R >0,

forall k € N. Then there is a subsequence (Cy,)1enN and a convex body C in R" such
that Cy, dy-converges to C forl — oo.

Proposition 3.9 Let T be a convex body and o« > 0. Then we have

inf  vol(K) = min vol(K).
KeA(T ) KeA(T )

Proof Let (Kj)ren be a minimizing sequence of

inf  vol(K). a7
KeA(T,x)

Then, there is a ko € N and a sufficiently big R > 0 such that
Ky C By Vk = k.
Indeed, if this is not the case, then there is a subsequence (K & j)jeN such that
Rj:=max{R > 0: Ky, € F(BR)} > 00 (j — 00). (18)
Guaranteeing

Ky, € A(T, ) ={K € CR") :Lr(x) CC(K)} VjeN

means that
V; := vol (Kkj) — 00 (j — 00). (19)
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The latter follows together with (18) and the convexity of Ki; for all j € N from the
fact that due to
Lr(a) € C(Ky;) VjeN

there is no direction in which K k; can be shrunk. But (19) is not possible since (K kj ) jeN

is a minimizing sequence of (17).
Applying Theorem 3.8, there is a subsequence (K, );cn and a convex body K C R”
such that Ky, dy-converges to K for / — oo. It remains to show that

K e A(T, o).

The fact that Ky, dy-converges to K for/ — oo implies that for every ¢ > 0 there
is an /p € N such that

(1—e)K €Ky, € (+e)K V=l (20)

Then, with
Ky € A(T,a) YleN

it follows from the second inclusion in (20) together with Lemma 3.5 that
(1+e)K € A(T, ).

Applying Proposition 3.1 this means
o
KeA (T , > .
I+e¢

o
oy = ] Vk € N.
I+

We define the sequence

Then, (ak)ken 1S an increasing sequence of positive numbers converging to « for
k — oo and together with the aboved mentioned (¢ > 0 can be chosen arbitrarily) we
have

KeA(T, o) VkelN

Applying Lemma 3.7 it follows

K e A(T, o).

Proposition 3.10 Let T C R” be a convex body and a, »., u > 0. Then we have
n

min  vol(K) = atl min vol(K).
KeAQOT, pna) A KeA(T,a)
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Proof From |
AT, pa) = XA(T’ o)

(see Proposition 3.1) it follows
K € AT, pa) & AK € A(T, pa)

and therefore

= K* 1
min  vol(K) (K*=2K) min voll— )=— min vol(K™).
KeAWT, o) K*eA(T,ua) A A K*eA(T , pa)

From
A(T, pa) = pnA(T, @)

(see Proposition 3.1) it follows

K
K e A(T, na) & — € A(T, @)
7

and therefore

(K*=1D)
min  vol(K) = min  vol(uK*) =u"” min vol(K¥).
KeA(T, juat) K*eA(T ) K*eA(T )
O
Proposition3.11 Let T C R" be a convex body and a1, ay > 0. Then, we have
< <
a1y < par & min  vol(K) 3 < min  vol(K)
_ KeA(T,ay) — KeA(T,ar)
Proof We find i > 0 such that
nay = 3.
Then, we apply Proposition 3.10. O

Now, for convex bodies K, T C R" we will turn our attention to the minimization

problem
min  £7(q).
qeFP(K)

The existence of the minimum is guaranteed by Theorem 2.7.

Lemma3.12 Let K, T C R" be convex bodies and & > 0. Then

min _ ¢7(g) = min KT(Aq)_A m1n Lr(q).
geFP (LK) eFeP(K P(K)
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246
Proof Similar to [36, Proposition 3.11(ii)] we have
qg € FP(AK) & 1 € FP(K)
and using [36, Proposition 3.11(iv)] therefore
*:1)
=" min fr(Ag") =1 min L7(g%).
q*EFP(K) q*EFP(K)
O

Lr(q) = min {7(q) “
4 eFer(K)

min
qeFP (LK)
In the following for convex body 7 C R” and ¢ > 0 we consider the minimax
max min  £r7(q).
vol(K)=c qeF°P(K)

problem’
The following proposition guarantees the existence of its maximum:

Proposition 3.13 Let T C R" be a convex body and ¢ > 0. Then, we have
sup min  fr(g) = max min  £r7(q).
vol(K)=c qgeFer(K) vol(K)=c qeFP(K)
min  £7(q). 21

Proof Let (Kj)ren be a maximizing sequence of
sup
vol(K)=c 4€FP(K)

Then, there is a kyp € N and an R > 0 such that
Ky C B} Vk > k. (22)
Indeed, if this is not the case, then there is a subsequence (K & j)jeN such that
R;j :max{R>0:KkjeF(B;’e)}—>oo (j — 00). (23)
(24)

But this implies
Lj:=min{€r(q):q € FP(Ki;))} = 0 (j — o0).

This follows from the fact that for every j € N we can find a
q; € FP(Ky))

max min  £7(q)
vol(K)=c qeF° (K)

9 Whenever we write
the maximum is understood to consider only convex bodies K C R”. This is implicitly indicated by the

fact that we defined F°P (K) only for convex bodies K C R".
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with
Lr(gj) > 0 (j — 00).

The latter is a consequence of (23) and the constraint

vol (Kkj) =c VjeN, (25)

i.e., due to the convexity of Ky, for all j € N guaranteeing (25) there are directions
from the origin in which K, has to shrink for j — oo and which are suitable in order

to construct convenient g;. But (24) is not possible since (K kj) .

jeN 1S a maximizing

sequence of (21).
Then, we apply Theorem 3.8 and find a subsequence (K}, );en and a convex body
K C R" such that Ky, dy-converges to K for / — oo. It remains to prove that

vol(K) = c,
but this is an immediate consequence of the dg-continuity of the volume function. O
Proposition 3.14 Let T C R" be a convex body. Then,

max min _ £7(q)
vol(K)=c qeF°(K)

increases/decreases strictly if and only if this is the case for ¢ > 0.

Proof We make use of the implication

max min fr(g) = max min fr(g) = c1=¢ (26)
vol(K)=c| qeF(K) vol(K)=cy qeF(K)

forall ¢y, co > 0.
Let us verify (26): We assume

max min fr(g) = max min  £7(q) 27
vol(K)=c1 qeF°(K) vol(K)=cy geF°P(K)

and without loss of generality ¢; < c;. Let the pair
(K{.q7) with vol(Ky) =¢; and g¢] € FP(KY)
be a maximizer of the left side in (27), i.e.,

max min /¢ — min ¢ — (™).
vol(K)=c| q€F°r(K) T(CI) qEFCP(KT) T(CI) T(ql)

With
qi € FP(KY)
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similar to [36, Proposition 3.11(ii)] we have

C N ~
|24t e PP (K)
1
K = "/C—sz‘.
C1

min  {7(q) = L1 (q})
qeFer (K})

for

From

it follows together with Lemma 3.12 that

. . 2 . 2
min_ {7(q) = min tr(q)=/— min {r(q)='—=Lr(q;).
qeFr(K) qufP((t/%Kf) Cl geFP(KY) C1

Since

vol (K) = vol (n/c—zl(f) = 2 vol(K) = o2,
C1l Cl

we conclude

max min ¢r(g) = min _ £r(g) = L7 (g])

vol(K)=c| qeF(K) qeFeP (K¥)

[c2
< M =LrgD)
c1

= min_ ¢1(q)
geFP(K)

< max min  £r(q),

vol(K)=c2 qeF°P(K)

which is a contradiction to (27). Therefore, noting that the assumption c¢; > ¢, would

have led analogously to the same contradiction, it follows
Ccl = (2.

We now prove the equivalence

max min  {7(g) < max min £7r(q) & c1 <2

vol(K)=c| qeF°P(K) vol(K)=c2 geF°(K)

forcy,cp > 0.
If

max min fr(g) < max min  £r(q),

vol(K)=c| qeF°P(K) vol(K)=c2 gq€eF°(K)
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then from the first part of the proof it necessarily follows c¢; # c». Let us assume
c1 > c2. We further assume that the pair

(K5.q3) with vol(K3) = ¢, and g5 € FP(K3)

is a maximizer of the right side in (29), i.e.,

max min £ = min ¢ — 0 (a®).
vol(K)=cy qeF(K) r(q) qek; 7(q) 7(q5)
We define
=~ c
K = ”/—IK;
2
From

min £7(q) = £7(g5)
qeK;3

it follows together with Lemma 3.12 that

. . Cl . C1
min_fr(@) = min @) =7 min_ tr(q) = 7 ergh.
qEF‘I’(K) quC'p(il/%K;) C2 qeFP(K3) c2

Since
Y c c1
vol (K) =vol [ /" —=K5 | = — vol(K%) = ¢,
SR -

max min_ ¢r(g) = min_ £r(q) = L1(g5)

vol(K)=c» qeFeP(K) qeFP(K)
Cl
< " —Lr(q3)
&)

we conclude

= min_ £7(9)
geFer(K)
< max min  £7(q),

vol(K)=c1 qeF°P(K)

which is a contradiction to (29). Therefore, we conclude ¢; < c¢3.
Conversely, let ¢; < ¢. From (26) we conclude

max min £ max min £ . 30
vol(K)=c| qeF<P(K) r(9) #VOI(K)zcz geFeP (K) (@) (30)

If the strict inequality “>" holds in (30), then we conclude from the above proven
implication “="in (28) that ¢; > c¢», a contradiction. Therefore, it follows

max min  fr(g) < max min  £7(q).
vol(K)=c| qeFeP(K) vol(K)=cy qeF<P(K)
O
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Proposition 3.15 Let K, T C R”" be convex bodies with q* as minimizer of

min _ £7(q).
qeFP(K)

Then, it follows

KeA(T,tr(g") =A (T, min Zr(q)) .
qeFP(K)

Proof Let g™ be a minimizer of

min  £7(q).
qeFP(K)

Then, it follows
Lr(¢r(g")) S C(K).

Indeed, otherwise, if there is

q € Lr(€r(g")\ C(K),
ie.,
Lr(q) =Lr(¢q™) and g € F(K)\ C(K),

then, due to the openess of
F(K)\ C(K) in cc(R")
with respect to dg (see Lemma 3.6), there is a A < 1 such that
Ag € F(K)\ C(K).
Then, using [36, Proposition 3.11(iv)], we conclude

Lr(Ag) = M1 (@) < L7(q) =L1(¢") = in ¢ .

7(Aq) 7(q) <tr(q) =Lr(q") omn 7(q)
Because of the dy-density of FP(K) in F°“(K) and the dp-continuity of £7 on
F<(K) (see [36, Proposition 3.11(v)]-which is also valid for closed curves) then we

can find a
q e FP(K)
with
Lr (@ min £ ,
T(q) < omn 7(q)

a contradiction.
Finally, from
Lr(¢r(q™)) S C(K)
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it follows
K e AT, tr(g") = A (T, min h(q)) .
qeFP(K)
O
Lemma3.16 Let K C R" be a convex body and } > 1. If
g € F°(K)NC(K), (3D
then it follows that
Ag € F“(K)\ C(K). (32)
Proof If we assume (31) but (32) does not hold. Then it follows
q,rq € C(K)
and due to A > 1 therefore
gecC (K) .
But this is a contradiction to
q € F°(K).
Therefore, it follows (32). O

Proposition 3.17 Let T C R" be a convex body and o > 0. If K* is a minimizer of

min vol(K),
KeA(T )

then
min  fr(g) = .
qeFP(K*)
Proof If ¢* is a minimizer of
min _ {7(q),
qEFP(K®)

then it follows from Proposition 3.15 that

K* e A(T, tr(g")).

This means
min vol(K) < vol(K*) = min vol(K).
KeA(T e (g%)) KeA(T )
Proposition 3.11 implies
£r(q") < a.
If
lr(q") <a,

(33)
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then with Proposition [36, Proposition 3.11(iv)] there is A > 1 such that
r(Ag™) = a.

Together with
FCP(K*) g FCC(K*)

and Lemma 3.16 the fact

implies
Ag* € F(K™) \ C(K™),

therefore, there is no translate of K* that covers Ag*. Consequently,
K* ¢ AT, Lr(Ag™)) = A(T, @),
a contradiction to the fact that K* is a minimizer of (33). Therefore, it follows that

min  £7(q) =L7(q") = a.

qeFP(K*)
O
The idea which underlies the following theorem leads to the heart of this paper.
Theorem 3.18 Let T C R" be a convex body. If K* is a minimizer of
min  vol(K) (34)
KeA(T @)
for a > 0, then K* is a maximizer of
max min  £7(q) (35)
vol(K)=c qeFP(K)
for
¢ :=vol(K™)
with

min  fr(g) = .
qEFP(K*)

Conversely, if K* is a maximizer of (35) for ¢ > 0, then K* is a minimizer of (34)

for

= min /£
o= _min. 7(q)
and with
vol(K™*) = c.
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Consequently, for a, c > 0 we have the equivalence

min vol(K) =c¢ <& max min fr(g) =«
KeA(T,a) vol(K)=c qeF°P(K)
and moreover
min vol(K) > ¢ <& max min  {r(q) < . 36)
KeA(T, @) vol(K)=c qeFP(K)

Proof Let K* be a minimizer of (34) for @ > 0. If K* is not a maximizer of (35) for
¢ = vol(K™),
then there is a convex body

K* c R" with vol(K™) =c¢

and a
such that
Lr(@*)= min Lr(g) > min Lr(q) =Lr(q"), 37
qeEFCP (K**) qeFP(K*)

where by ¢* we denote a minimizer of

min  £7(q).
qEFP(K™)

From Proposition 3.15 it follows
K™ e A(T, L1 (q™)), (38)
and further from Proposotion 3.17 that

min {r(q) = {r(q") = 0. (39)
geFr (K*)

From (37), (38) and (39) together with Proposition 3.11 we conclude

e B8 . 37 ,
c=vol(K™) > min vol(K) > min vol(K)
KeA(T tr(q*) KeA(T lr(q%)
(3=9) min vol(K)
KeA(T,x)
= vol(K™)
=C,
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a contradiction. Therefore, K* is a maximizer of (35) for
¢ = vol(K™).
Conversely, let K* be a maximizer of (35) for ¢ > 0 with
g* € FP(K*)
such that

max min {7(g) = min f7(q) =L7(@q") =: a.
vol(K)=c qeF(K) qeFer(K*)

Then, from Proposition 3.15 it follows that
K* e A(T, a),

and consequently
c=vol(K*) > min vol(K).
KeA(T,a)

If K* is not a minimizer of (34) for

a=1Lr(q"),
then there is a
K* e A(T, o)
with
c=vol(K*) > min vol(K) = vol(K™). (40)
KeA(T ,a)

Then, from Proposition 3.17 it follows that

min  {7(g) = «.
geFP (K**)
This implies
max min £ = min ¢ ={47(g*
yoax - min 7(q) o 7(q) 7(q")
=«
= min_{7(q)
qeFP (K*)

< max min  £r7(q),
vol(K)=vol(K**) geFcP(K)

which because of (40) is a contradiction to Proposition 3.14. We conclude that K* is
a minimizer of (34) for
o =L7(q%).
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From the before proven it clearly follows the equivalence

min vol(K) =c¢ <& max min fr(g) =«
KeA(T,a) vol(K)=c qeF°(K)

for o, ¢ > 0. In order to prove (36) it remains to show

min  vol(K) > ¢ & max min  {47(g) < a.
KeA(T,a) vol(K)=c qeF<r(K)

Let K* be a minimizer of

min vol(K),
KeA(T,a)

where ¢ > 0 is chosen such that
vol(K™) > c. 41)
Then we know from the above reasoning that K* is a maximizer of

max min  £r7(q)
vol(K)=vol(K*) geF°P(K)

with

min £ =a.
o 7(q)

From (41) and Proposition 3.14 it follows

max min  {7(q) <

max min  fr(g) = «.
vol(K)=c qeF<P(K) vol(K)=vol(K*) geFeP(K)

Conversely, let K* be a maximizer of

max min  £7(q),
vol(K)=c qeFP(K)

where o > 0 is chosen such that

min {7 (g) =& < a.
qeFP(K*)

Then we know from the above reasoning that K* is a minimizer of

min _ vol(K),
TeA(T,q@)

and from Proposition 3.11 it follows

min  vol(K) > min _ vol(K) = vol(K*) = c.
KeA(T.«) KeA(T @)

O
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Hereinafter we will deal with the following two minimax problems'?: Fora, d > 0
we will consider

min min vol(K),
vol(T)=d KeA(T,a)

and for ¢, d > 0 we will consider

max max min  £7(q).
vol(T)=d vol(K)=c qeF°(K)

It is indeed justified to write “min” and “max” respectively:

Proposition 3.19 Let o, d > 0. Then we have

inf min vol(K) = min min vol(K).
vol(T)=d KeA(T,x) vol(T)=d KeA(T,x)

Proof Let (Ty)rcn be a minimizing sequence of

inf min vol(K). 42)
vol(T)=d KeA(T,a)

Then there is an R > 0 and a ky € N such that
Ty C By Yk = ko.
Indeed, if this is not the case, then there is a subsequence (Tk ; )jeN such that
Rj:=max{R >0:T;, € F(By)} - o0 (j — 00). (43)
This implies
V; :=min {vol(K) :KeA (Tkj,oz)}
= min {vol(K) : K € C(R"), Ly, (@) € C(K)}

— 00 (j = 00).

The latter follows from the fact that—(43) together with the convexity of Tkj for all
j € N and the constraint
VOl(Tkj) =d VjeN

10 Whenever we write
min min  vol(K)
vol(T)=d KeA(T,x)
or
max max min  £7(q)
vol(T)=d vol(K)=c gqeF°P(K)
the minimum/maximum is understood to consider only convex bodies 7 C R”". This is implicitly indicated
by the fact that we defined A(-, @) and £.(g) only for convex bodies T C R".
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means that there are directions from the origin in which 7%, has to shrink for j — co—
for every j € N we can find

qj € LTkj (Ol)
(g can be constructed by using the aforementioned directions) for which

ETkj (C] J ) =
means

max |g;(1)] - 0o (j — 00),
1€[0,75]

where by T"j we denote the period of the closed curve g, and for every convex body
K; C R" minimizing

min {Vol(K) 1K €CR"), Ly, (@) C C(K)}

means
Vi =vol(K;) = oo (j — 00).

But this is not possible since (T} )N is @ minimizing sequence of (42).
Then, we can apply Theorem 3.8: There is a subsequence (Tk,) 1y and a convex
body 7" C R” such that Ty, dy-converges to T for I — co. We clearly have

vol(T) = vol < lim Tk,) = lim vol (Tk,) =d.
[— 00 -0
Therefore, T is a minimizer of (42). |

Proposition 3.20 Let ¢, d > 0. Then we have

sup max min  £7(g) = max max min  £7(q). 44)
vol(T)=d Vol(K)=c qeF(K) vol(T)=d vol(K)=c geF(K)

Proof Let o > 0 and let us consider the minimax problem

min min vol(K). 45)
vol(T)=d KeA(T,a)

Let the pair
(K*, T*) with vol(T*) =d and K* € A(T*, a)

be a minimizer of (45), i.e., it is

min min vol(K) = min vol(K) = vol(K*) =:C.
vol(T)=d KeA(T,x) KeA(T*,a)

By Theorem 3.18 K* is a maximizer of

max _ min {r«(q)
vol(K)=¢ geF<P(K)
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with
min  L7= =a.
Join € (q)
Then, due to
vol(T*) =d
we clearly have
o= max _ min {Lr«(g) < sup max _ min {r(q). (46)
vol(K)=c qeF(K) vol(T)=d VOl(K)=C qeFP(K)

If this is a strict inequality, then there is a pair of convex bodies

(K**, T**) with vol(T**) =d and vol(K™) =7¢

such that
a < max min  £7+(g) = min {r=(q) =: Q.

vol(K)=¢ qeF<(K) geFeP (K**)
Then, by Theorem 3.18 K** is a minimizer of

min _ vol(K)
K eA(T* @)

with

min _ vol(K) = vol(K**) =C.
KeA(T* &)

Now, @ > a together with Proposition 3.11 implies

¢=vol(K*™)= min _vol(K)> min min _ vol(K)
K eA(T* &) vol(T)=d KeA(T.&)
> min min vol(K)
vol(T)=d KeA(T )
= min vol(K)
KeA(T*.a)
= vol(K™)
-7

a contradiction. Therefore, it follows that the inequality in (46) is in fact an equality,

ie.,
sup max _ min {r(g) =a = min Lr«(q).
vol(T)=d vol(K)=c qeF(K) geFP(K*)

This means that the pair (K*, T*) is a maximizer of

sup max _ min £7(q).
vol(T)=d vol(K)=C qeF°r(K)

Since it is sufficient to prove the claim (44) for one ¢ > 0, we are done.
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Theorem 3.21 If the pair (K*, T*) is a minimizer of

min min vol(K) )
vol(T)=d KeA(T,a)

fora,d > 0, then (K*, T*) is a maximizer of

max max min  {¢7(q) (48)
VO](T)Zd VO](K):(; quz:p(K)

for
¢ :=vol(K™)
with

min  {r+(q) = «.
qEFP(K*)

Conversely, if the pair (K*, T*) is a maximizer of (48) for ¢, d > 0, then (K*, T*™)
is a minimizer of (47) for

o:= min L7x(q)
qeFP(K™)
with
vol(K*) = c.

Consequently, for a, c,d > 0 we have the equivalence

min min vol(K) =c¢ & max max min {r(q) =«
vol(T)=d KeA(T,a) vol(T)=d vol(K)=c qeF(K)

and moreover

min min vol(K) > ¢ & max max min fr(q) <a. (49)
vol(T)=d KeA(T,a) vol(T)=d vol(K)=c qeF(K)

Proof Let the pair (K*, T*) be a minimizer of (47) for o, d > 0, i.e., itis
vol(T*) =d and K* € A(T*, )

such that
min min  vol(K) = min vol(K) = vol(K™).
vol(T)=d KeA(T a) KeA(T* )

Then, in the proof of Proposition 3.20 we have seen that (K*, 7%) is a maximizer of
(48) for
c:=vol(K*) with  min {7+(q) =a.
qeFP(K*)
Conversely, let the pair (K*, T*) be amaximizer of (48) forc,d > 0,i.e., K*, T* C
R" are convex bodies of volume ¢ and d, respectively, such that

max max min fr(g) = max min 7+ (q)
vol(T)=d vol(K)=c gqeF°(K) vol(K)=c qeF°(K)
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= min {p*
yoiin . b (@)
=:q.

By Theorem 3.18 K* minimizes

min  vol(K)

KeA(T*,a)
with
vol(K™*) = c.
Then, we clearly have
c=vol(K*)= min vol(K)> min min  vol(K).
KeA(T*.a) vol(T)=d KeA(T o)

If this is a strict inequality, then there is a pair (K**, T**) with

c> min min vol(K)= min vol(K) = vol(K™) =: C,
vol(T)=d KecA(T,a) KeA(T* )

where
K* e A(T, @)

and 7™ C R”" is a convex body of volume d. Then, by Theorem 3.18 K** is a
maximizer of

max _  min £r=(g)
vol(K)=¢ qeF°(K)
with
max _ min {r=(g) = min  Lrs(g) =a.
vol(K)=¢ qeF°(K) qeEFP(K**)

Now, ¢ < ¢ together with Proposition 3.14 implies

o = min ET** (q) = max _ min ET** (q)
qEFP(K**) VOl(K)=¢ qeFcP(K)
< max max _  min {7(q)
vol(T)=d vol(K)=c¢ gqeF?(K)
< max max min  {7(q)
vol(T)=d vol(K)=c qeF(K)
= max min  Lrx
vol(K)=c qeF(K) T (Q)
= min ET* (q)
qEFP(K*)
=,
a contradiction. Therefore,
min min vol(K) =c=vol(K*) = min vol(K),
vol(T)=d KeA(T,a) KeA(T*,a)
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i.e., the pair (K*, T*) is a minimizer of (47).
From the before proven it clearly follows the equivalence

min min vol(K) =c¢ & max max min  £r(q) = .
vol(T)=d KeA(T,x) vol(T)=d vol(K)=c qeF(K)

fora, c,d > 0.
In order to prove (49) it is sufficient to show

min min vol(K) > c¢ & max max min_ £r(q) < .
vol(T)=d KeA(T,x) vol(T)=d vol(K)=c qeF(K)

Let the pair (K™, T*) be a minimizer of

min min vol(K),
vol(T)=d KeA(T,a)

where ¢ > 0 is chosen such that

c < min min vol(K) = min vol(K) = vol(K*) =:¢.
vol(T)=d KeA(T,a) KeA(T*,a)

From above reasoning we know that (K*, T*) maximizes (48) (for ¢ replaced by ¢),
i.e., K* T* C R" are convex bodies of volume ¢ and d, respectively, such that

max max _ min fr(g) = max _ min {r+(q)
vol(T)=d vol(K)=c qeF°(K) vol(K)=c qeFP(K)
= min {p=
Joiin . br (@)
=a.

Now, ¢ < ¢ together with Proposition 3.14 implies

max  max min £7(g) < max max _ min {r(q) =a.
vol(T)=d vol(K)=c qeF°(K) vol(T)=d vol(K)=c qeFP(K)

Conversely, let (K*, T*) be a maximizer of

max max min  £7(q),
vol(T)=d vol(K)=c qeF°(K)

ie., K*, T* C R" are convex bodies of volume ¢ and d, respectively, where o« > 0 is
chosen such that

o > max max min {r(g) = max min  £7+(q)
vol(T)=d vol(K)=c qeF°(K) vol(K)=c qeF°r(K)
= min_{7«(q)
qEFP(K*)
=:a.
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Then we know from above reasoning that (K*, 7*) minimizes (47) (for « replaced
by @), i.e.,

min min _ vol(K) = min _ vol(K) = vol(K*) = c.
vol(T)=d KeA(T.d) KeA(T*,&)

Now, @ > « together with Proposition 3.11 implies

min min vol(K) > min min _ vol(T) =c.
vol(T)=d KeA(T,x) vol(T)=d KeA(T,&)

4 Proofs of Theorems 1.1, 1.3, 1.4 and Corollary 1.2

In the following, we mainly make use of Theorems 3.18 and 3.21. However, we begin
by rewriting Viterbo’s conjecture for convex Lagrangian products:

Proposition 4.1 Viterbo’s conjecture for convex Lagrangian products K x T C R" x
Rn
ceaz(K x T)"

, K, T € CRY,
n!

vol(K x T) >

is equivalent to

max  max min  {7(q) < vn!, K,T e CR").
vol(K)=1 vol(T)=1 geF°P(K)

Proof Using Proposition 2.9, Viterbo’s conjecture for convex Lagrangian products is
equivalent to

max  max cgppz(K x T) < ¥n!, K,T € CER".
vol(K)=1 vol(T)=1

By Theorem 2.7, this is equivalent to

max max min  £r(q) < \"/;ﬁ, K, T € CR".
vol(K)=1 vol(T)=1 geF(K)

O

Now, we can prove Theorems 1.1, 1.3, 1.4 and Corollary 1.2 which we will recall
for the sake of overview, respectively.

Theorem (Theorem 1.1) Viterbo’s conjecture for convex Lagrangian products K x
T CcR"xR"

ceaz (K x T)Y!

vol(K x T) >
n!

, K, T e CR"),
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is equivalent to the Minkowski worm problem

min  vol(K) > ————,
KeA(T,1) ()/n!vol(T)

K,T € C(R"). (50)
Additionally, equality cases K* x T* of Viterbo’s conjecture satisfying
vol(K™*) = vol(T*) = 1

are composed of equality cases (K*, T*) of (50). Conversely, equality cases (K*, T*)
of (50) form equality cases K* x T* of Viterbo’s conjecture.

Proof Using Proposition 4.1, Viterbo’s conjecture for convex Lagrangian products is
equivalent to

max max min  £7(¢) < V/n!, K,T € CR").
vol(K)=1 vol(T)=1 geF(K)

After applying Theorem 3.21, it is further equivalent to

min min vol(K) > 1, K, T €C(R").
vol(T)=1 KeA(T,W)

Using Proposition 3.10, this can be written as

min  vol(K) >

——, K, T € C(R".
KeA(T,1) n!vol(T) &

By similar reasoning, Theorem 3.21 also guarantees the equivalence of the equality
case of Viterbo’s conjecture for convex Lagrangian products K x 7 C R" x R"

ceuz(K x T)"

Vol(K x T) = —————, K. T« CR"), (51)
n!
ie.,
max max min  ¢7(g) = Ynl, K,T e CRY),
vol(K)=1 vol(T)=1 qeF<’(K)
and

min )VOI(K) = K, T € CRY). (52)

KeA(T,1 n!vol(T)’

Moreover, Theorem 3.21 guarantees the following: If K* x T* is a solution of (51)
satisfying

vol(K™) = vol(T*) = 1 (53)

(note that, applying Proposition 2.9, the property of being a solution of (51) is invariant

under scaling), then the pair (K*, T*) is a solution of (52). And conversely, if the pair
(K*, T*) is a solution of (52), then K* x T* is a solution of (51). O
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Corollary (Corollary 1.2) Viterbo’s conjecture for convex Lagrangian products K x
T CR"xR”

K x T)"
Vol(K x T) > CEHz(K X TN ‘X Y K.Tec®
n!

is equivalent to'!
min vol | conv U (g+ag)y) > o T e C(R"Y) (54
a€R™ oo 1 ~ nlvol(T)’ ’
T

where the minimization runs for every q € Lt (1) over all possible translations in R".
Additionally, equality cases K* x T* of Viterbo’s conjecture satisfying

vol(K™*) = vol(T*) =1
are composed of equality cases T™* of (54) with
K*:conv{ U (q +a;)}, (55)
geLyx(1)

where a(’; are the minimizers in (54). Conversely, equality cases T™* of (54) with K* as
in (55) form equality cases K* x T* of Viterbo’s conjecture.

Proof In view of the proof of Theorem 1.1, for convex bodies K, 7T C R”", it is
sufficient to prove the following equality:

min min vol(K) = min min vol (conv{ U (g —{-aq)}). (56)

vol(T)=1 KeA(T,1) vol(T)=1 a,eR"
! geLr(1)

But this follows from the following gradually observation: First, we notice that the
volume-minimizing convex cover for a set of closed curves is, equivalently, the volume-
minimizing convex hull of these closed curves. So, if we ask for lower bounds of

min vol(K),
KeA(T,1)

we note that for q1, ..., gx € L7 (1), we have

min vol (conv{g| + ai, ...,qx + ax}) < min vol(K).
(ai,....ap) e(RMK KeA(T,1)

This estimate can be further improved by

max min vol(conv{g + a1, ...,qx + ax}) < min vol(K),
q1sq€LT () (ay,...,ar)e Rk KeA(T,1)

1 Here, we note that K has been dissolved by replacing it by an expression that extremizes over all possible
Ks. The extremizing K is of the form (3).
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so that eventually we get
min vol | con = min vol(K),
apeRn < V{ U (q+aq)}> KeA(T1) (K)
geLr(1)

where the minimum on the left runs for every ¢ € L (1) over all possible translations
in R". Minimizing this equation over all convex bodies 7 C R" of volume 1, we get
(56). O

Theorem (Theorem 1.3) Mahler’s conjecture for centrally symmetric convex bodies

n

4
vol(T) vol(T°) > — T € C&RY), (57)
n!
is equivalent to the Minkowski worm problem

1
min vol(T) > ————, T € C“R"). (58)
TeA(Te,1) n!vol(T°)

Additionally, equality cases T* of Mahler’s conjecture (57) satisfying
vol(T*) =1

are equality cases of (58). And conversely, equality cases T* in (58) are equality cases
of Mahler’s conjecture (57).

Proof Because of

CEHz(T X To) =4
for all centrally symmetric convex bodies T C R” (see [3]), Mahler’s conjecture for
centrally symmetric convex bodies is equivalent to

cerz(T x T°)"

vol(T x T°) >
n!

, T eC™(RY). (59)

Fixing
vol(T) =1,

which is without loss of generality due to Proposition 2.10, and using Theorem 2.7,
(59) is equivalent to

YnIVol(T®) > cpuz(T x T°) = min  Lre(q), T e C™RM).

qeFer(T)

This can be written as

max min_ £Lreo(q) < /n!vol(T°), T € C“R"),

vol(T)=1 geFeP(T)
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which, by Theorem 3.18, is equivalent to

min vol(T) > 1, T € C“R").
TeA(T°, ¥/nvol(T°))

Applying Proposition 3.10, we finally conclude that Mahler’s conjecture for centrally
symmetric convex bodies is equivalent to

min  vol(T) > T € C(R™M).

TeA(T®,1) nlvol(T°)’

By similar reasoning, Theorem 3.18 also guarantees the equivalence of the equality
case of Mahler’s conjecture for centrally symmetric convex bodies 7 C R”

n

4
vol(T) vol(T°) = —

’ (60)
n!
ie.,
i o = Ynlvol(T° T cs (R
voIlI(ljg)le quIEICII,I}T)ET (Q) m, e C(R"Y),
and
min vol(T) = T € C(RM). ©1)

TeA(T®,1) n!vol(T°)’

Moreover, Theorem 3.18 guarantees the following: If 7* is a solution of (60)
satisfying
vol(T*) =1

(note that, applying Proposition 2.10, the property of being a solution of (60) is invari-
ant under scaling), then it is a solution of (61). And conversely, if 7* is a solution of
(61), then it is also a solution of (60). O

Theorem (Theorem 1.4) Let T C R" be a convex body and a,c > 0. Then, the
following statements are equivalent:

(D
max min £7(q) <a, K eC@RY),
vol(K)=c q€eF°L(K)
2
max cppz(K xT)<a, K eC@R"Y),
vol(K)=c
(3)
max min  £7(q) <a, K eCR"),
vol(K)=c qeM,+1(K,T)
“4)

min  vol(K) > ¢, K € CR"),
KeA(T )
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(5)
min vol (conv{ U (g +aq)}> >c, K eC@RY.

ag €R”
geLr(1)

If T is additionally assumed to be strictly convex, then the following systolic weak
Minkowski billiard inequality can be added to the above list of equivalent expressions:

(6)

max mi lr(g) <a, K eC(R".

n

vol(K)=c q cl. weak (K ,T)-Mink. bill. traj.

Moreover, every equality case (K*, T*) of any of the above inequalities is also an
equality case of all the others.

Proof The equivalence of (1), (2), and (3) follows from Theorem 2.7. The equivalence
of (1) and (4) follows from Theorem 3.18. The equivalence of (4) and (5) can be
concluded as within the proof of Corollary 1.2. For the case of strictly convex 7' C R",
the equivalence of (1) and (6) follows from [36, Theorem 1.3].

The addition that every equality case (K*, T*) of any of the inequalities is also an
equality case of all the others is guaranteed by Theorem 3.18. O

5 Proof of Theorem 1.5
We start by recalling Theorem 1.5:

Theorem (Theorem 1.5) Viterbo’s conjecture for convex polytopes in R*"

P n
vol(P) > w pecr <R2”) , (62)
n!
is equivalent to the Minkowski worm problem
R n
min vol(P) > KP - pcer (Rz”), (63)
PeA(JP,1) 2n!

where we define )
min, . zev py 6@ (q)

RP = N
minge fer (p) K%(Q) -

Additionally, P* is an equality case of Viterbo’s conjecture for convex polytopes (62)
satisfying

vol(P*) =1
if and only if P* is an equality case of (63).

Now, we recall a sligthly rephrased version of the main result of Haim-Kislev in
[26]:
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Theorem 5.1 Let P C R?" be a convex polytope. Then, there is an action-minimizing
closed characteristic x on d P which is a closed polygonal curve consisting of finitely
many segments

Le(t). x(tj )]

given by
x(tj41) =x(tj)) + A;JVHp(x;), 1j>0,

while x; € F, Fj is a facet of P and x visits every facet F; at most once.
For the proof of Theorem 1.5, we need the following theorem:

Theorem 5.2 If P C R*" is a convex polytope, then we have

cegz(P)= min £,;r(qg) =Rp min £,r(q)
qeFT(P) 2 qeFP(P) 2

with .
min, . per py E%(q)
Rp =

mingeporp) L (q) -

If we consider P x %] P as a Lagrangian product (in the light of Footnote 8 within
Theorem 1.6), then the combination of Theorem 2.7 and Theorem 5.2 implies the
following relationship between the EHZ-capacity of P and the EHZ-capacity of the
Lagrangian product P x %J P:

1
cenz(P) = Rpcguz (P X EJP> )

For the proof of Theorem 5.2, we need the following proposition. We remark that
in the proof of Theorem 5.2, we need it only in the case of action-minimizing closed
characteristics on the boundary of a polytope. However, we will state it in full generality
which has relevance beyond its use in the proof of Theorem 5.2 (which we will briefly
address below).

Proposition 5.3 Let C C R?" be a convex body. Let x be any closed characteristic on
dC. Then, the action of x equals its E% -length:

Ax) = €§ (x).

Proposition 5.3 implies a noteworthy connection between closed characteristics
and closed Finsler geodesics: Every closed characteristic on dC can be interpreted as
a closed Finsler geodesic with respect to the Finsler metric determined by 17 7c- and
which is parametrized by arc length. This raises a number of questions; for example,
which closed Finsler geodesics are closed characteristics (we note that there are more
closed geodesics than those which, by the least action principle and Proposition 5.3,
can be associated to closed characteristics) and the length-minimizing closed Finsler
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geodesics of which class are of this kind. Following this line of thought, would lead
to the question whether it is possible to deduce Viterbo’s conjecture from systolic
inequalities for certain closed Finsler geodesics. However, we leave these questions
for further research.

Proof of Proposition 5.3 By
x(t) € JOHc(x(1)) ae.,

we conclude

% (n2sce(H(1)))* = Hayco(k(t) € Hayco(JOHe (x(1)))
- %Hco (OHc(x(1) ae.,
where we used the facts
JV=—J, Hc(Jx)=H;-c(x)

and

1 1
Hyc(x) = Hc (XX) = ﬁHC(x)’ A # 0,

(see [36, Proposition 2.3(iii)]). From Proposition 2.5, we therefore conclude
%(szco(fc(t)))z = %de(t)) = % ae.
and consequently
Majce(X(1)) = % a.e.
Considering
2JC°)° = %J C

(see [36, Proposition 2.1]), we obtain

T T T T
e = [ npeptand = [ ueoar= [ Jar= 2 = aeo,
2 0 ( 2 ) 0 0o 2 2
where the last equality follows from
1 T 1 T
Alx) = ——/ (Jx (1), x(1))dr € —/ (0Hc (x(1)), x (1)) dt
2 Jo 2 Jo
which by Proposition 2.3 and the 2-homogeneity of Hc implies
T T
Ax) = / He(x(t))dt = —.
0 2
O
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Then, we come to the proof of Theorem 5.2:

Proof of Theorem 5.2 The idea behind the proof is to associate action-minimizing
closed characteristics on d P in the sense of Theorem 5.1 with £} ; ,-minimizing closed
2

(P, E)—Minkowski billiard trajectories.
Let x be an action-minimizing closed characteristic on d P in the sense of Theo-
rem 5.1. Let us assume x is moving on the facets of P according to the order

Fr—-> F— - ---— F, — Fy,

while the linear flow on every facet is given by the J-rotated normal vector at the
interior of this facet. Out of every trajectory segment

orb(x) N Fj,

we choose one point g; arbitrarily (on the whole requiring g; # ¢; fori # j) and
connect these points by straight lines (by maintaining the order of the corresponding
facets) constructing a closed polygonal curve

q = (g1, s qm)

within P which has its vertices on d P. From Lemma 5.4 (which we provide subse-
quently), we derive
tip(q) =Lyp(x)

since the trajectory segment of x between the two consecutive points g; and g;1-let
us call it orb(x)g; ¢, ,~together with the line from g; to g1 (as trajectory segment
of g)-let us call it [, g j+1]-builds a triangle with the property that

pagpe (0rb(X)g;g;11) = maspe(lgj. qj+1)-
We therefore conclude from Proposition 5.3 that

Lip(q) = A).

Because of the arbitrariness of the choice of g; within orb(x) N F '/, We can assign
infinitely many different closed polygonal curves of the above kind to one action-
minimizing closed characteristic fulfilling the demanded conditions.

Each of these closed polygonal curves g is a closed (P x %J P)-Minkowski billiard
trajectory: This follows from the fact that ¢ fulfills

qgj+1 —4qj € N%Jp(pj)’
Pj+1 — pj € —=Np(qj+1),
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Np(pj-1)
np(qj) /
Pj—1
qj x J
1
e \q\ iip
np(gj—1) P a1
; np(gj+1)
Pj
Np(pj)

Fig.3 ¢ = (g1, ..., qm) is aclosed (P, %JP)-Minkowski billiard trajectory with p = (py, ..., pm) as its
dual billiard trajectory in %J P

for the closed polygonal curve p = (pi, ..., pm) in %J P with

1
i—1€d|=JP
e (2 )

given as the intersection point

1 JF;_ JF;
57 ({gj-1 +1IVHp(gj-1) 1 € RY N {q; +1IVHp(q)) i1 € R)) € 'n =
forall j € {2,...,m + 1}.
Indeed, from the definition of p, it follows
pj+1 —pj € —Np(gj+1) Vje{l,..,m} (64)

since by construction, p;j41 — p; is a multiple of the outer normal vector at P in g;
rotated by twofold multiplication with J (J? = —1 produces the minus sign in (64)).
Since, by construction,

J7Nq;j = q-1)
is in the normal cone at P in the intersection point
{gj—1 +tJVHp(gj—1):t€R}N{g; +tJVHp(q;) :t e R} C F;_1 NFj,
roation by %J then implies that ¢ ; — g1 is in the normal cone at %JP in p;_1. This
implies
qj —qj-1 € Np(pj—1) Vje({l,..,m}h

From [36, Proposition 3.9], it follows that g cannot be translated into P ie.,
q € FP(P).
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From the construction of ¢, we moreover know
q € FP(P), (65)

where we recall that F,.” (P) as subset of F?(P) was defined as the set of all closed
polygonal curves ¢ = (q1, ..., gn) in FP(P) for which ¢; and g4 are on neigh-
bouring facets F; and F;,1 of P such that there are A, ;41 > 0 with

qj+1 =9 +AjJVHp(xj) + pnjr1JVHp(xj11),

where x; and x ;. are arbitrarily chosen interior points of F; and F, respectively.
Because of (65), we have

Csp(q) > min £,p(q).
: ger () 2

Since, by definition and the above considerations, every closed polygonal curve in
F."(P) is associated with a closed characteristic on 8 P, where the £, -length of the
former coincides with the action of the latter, and x (to which g is éssociated) was
chosen to be action-minimizing, we actually have

Lyip(g)= min Lsr(Q).
2 geF () 2

Altogether, this implies

cenz(P) =A(x) =€sp(x) =Lsp(q) = min £yp(q) =Rp_min £,r(q)
2 2 GeFP(p) 2 GeFer(p) 72

g€eF,

for )
ming ¢ pev (p) Z% (q)

RP == " =
minge fer (p) Z%(Q)

Lemma5.4 Let P C R?" be a convex polytope. If
y=XxJVHp(x;) +1jJVHp(xj), Ai,1j =0,

where F; and F; are neighbouring facets of P with x; € F; and Xj € I%j, then

1
MZJPO(y) = )&iH«ZJPO(-IVHP(xi)) +)\.Aj//L2JP°(‘,VHP(xj)) = E()"l + )"I)

Proof We first notice that
VHp(x;) and VHp(x;)
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are neighbouring vertices of P°,i.e.,
tVHp(x;)+ (1 —t)VHp(x;) € 3P° Vt €[0,1].

Indeed, from the fact that VHp (x;) and VHp (x) are elements of the one dimen-
sional normal cone at F; and F i, we conclude by the properties of the polar of convex
polytopes (see [21, Chapter 3.3]) that they point into the direction of two neigbouring
vertices of P°. Using Proposition 2.5, we calculate

1
Hpe(VHp(xi)) = Hp(x;) = 2

and

1
Hpo(VHp(xj)) = Hp(x;) = 5

and conclude that V Hp (x;) and V Hp (x j) actually are these two neighbouring vertices
of P°.
Using for convex body C € R?* and A > 0 the properties

1
ic() = e and pyc(Jx) = pe), x eR™,
(see [36, Proposition 2.3(iii)]), we derive

magpe(y) = pogpe(AiJVHp(x;) + A;JVHp(x;))
= pape (A VHp(x;) +X;VHp(x}))
=~ (upe(AiVHp(x;)) + AjVHp(x})))

)

(1pe(LiVHp(xi)) + ppo(hjVHp(x))))

(Aippe(VHp(xi)) + Ajupe(VHp(x})))
(A + 1)),

where in (x) we used that, by the choice of x; and x; and the properties of polar
bodies, VHp (x;) and V Hp (x;) are neighbouring vertices of P° and, therefore, in (%),
the initial term can be splitted linearly. O

Proof of Theorem 1.5 Viterbo’s conjecture for convex polytopes in R? can be written
as ;
cerz(P)

vol(P) >
n!

. Pecr(rRM),
which by Theorem 5.2, is equivalent to
n

R
Vol(P) > —P-cpuz(P x JPY', PeCP (Rz").
2'n!
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By referring to Proposition 2.9, we can assume
vol(P) =1

without loss of generality and get

n

ceHz(P X JP) <

:!, pech (R2"),

which by Theorem 2.7, is equivalent to

n

n!
max min  £;p(q) < , PecC?t (IRZ”).
vol(P)=1 geF<(P) Rp

By Theorem 3.18, this is equivalent to

min__ vol(P)>1, PeC’ (RZ"),
pea(sp, 248

and after applying Proposition 3.10, to

R n
min  vol(P) > ﬂ

. PecC? (Rz”) .
PcA(JP,1) 2!

By similar reasoning, Theorem 3.18 also guarantees the equivalence of

oY
max min £yp(q) = n.7 pPecC? (Rz"), (66)
vol(P)=1 qeF¢<(P) Rp
and Royr
min vol(py = KP p cop (R2”> . 67)
PeA(JP.1) 2"n!

Moreover, Theorem 3.18 guarantees the following: P* is a solution of (66) if and
only if P* is a solution of (67). O
6 Proof of Theorem 1.6
We start by recalling Theorem 1.6:

Theorem (Theorem 1.6) Viterbo’s conjecture for convex bodies in R*"

ceaz(C)"

vol(C) >
n!

, CcecC (]Rz”) , (68)
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is equivalent to the Minkowski worm problem

(Re)"

min  vol(C) > , CcecC (RZ") , (69)
CeA(Ce,1)
where c .
- cenz(€)

"~ cenz(C x C°) 7 2|J]|comc

Additionally, C* is an equality case of Viterbo’s conjecture for convex bodies in R*"
(68) satisfying
vol(C*) =1

if and only if C* is an equality case of (69).
In order to prove Theorem 1.6, we need the following propositon:

Proposition 6.1 Let C C R>" be a convex body and x a closed characteristic on dC.
Then, x cannot be translated into C.

Proof Let us assume that x can be translated into C. Let 7 > 0 be the period of x.

Because of ~
x(t) € JOHc(x(¢)) a.e.on [0, T],

there is a vector-valued function n¢ on dC such that
%(t) = Jnc(x(1)) ae.on[0,T]
with
nc(x(t)) € 9Hc (x(1))
for all ¢ € [0, 7~"] for which x(¢) exists and

nc(x () =0

for all ¢ € [0, T] for which x(¢) does not exist.
Then, the convex cone U spanned by

ne(x(t)) € Ne(x(0), t €[0,T],
has the property
YueU\{0}: —u¢U,

since otherwise, one could find points on x and C-supporting hyperplanes through
these points with the property that the intersection of the C-containing half-spaces
bounded by these hyperplanes is nearly bounded (what would imply that x cannot be
translated into ©). By the convexity of U, this implies that

T
/ ne(r(t)) di £ 0,
0
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and therefore

T
/ Jne(x(@)dt £ 0.
0

Since x is a closed characteristic on dC, x fulfills x(0) = x(f). This implies

T T
0=x(T)—x(0) = / X()dt = / Jnc(x(t))dt #0,
0 0

a contradiction. Therefore, it follows that x cannot be translated into C. |
We now consider the operator norm of the complex structure/symplectic matrix J.

It is given by:

Jllcesc = sup  ||Jvllc = sup pc(Jv).
[lvllco<1 oo ()<l

We derive the following lemma:

Lemma6.2 LetC C R?" be a convex body and x a closed characteristic on dC which
has period T > 0. Then, we have

ncGi () < Jllcosc ae on 0, T].
Proof Since x is a closed characteristic on dC, we have
%(t) € JOHe(x(1)) ae.on[0, T1.

This implies ~
Hco(—Jx(t)) € Hco(0Hc(x(2))) ae.on0, T].

Using Proposition 2.5, we conclude
. 1 &
Heo(—=Jx(t)) = Hc(x (1)) = > a.e.on [0, T,
ie.,

pee(—Ji(t) =1 ae.onl0,T].

Therefore, for ~
v(t) ;== —Jx() a.e.on[0,T],

we have ~
nco(v()) =1 and Jv(t) = x(t) a.e.on [0, T]

and consequently

pe(®) < sup  pc(Jv) =||J|lce—c ae.on[0, T].
eo (WK1
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Proof of Theorem 1.6 By Theorem 2.7, we have

cepgz(C x C°) = min_ £co(q). (70)
qeFer(C)
Let x be an action-minimizing closed characteristic on dC, i.e., x fulfills
x € JOHc(x) ae.
and minimizes the action with
1 (T T T
Ax) = ——/ (Jx(t), x(t))dt =/ He(x)dt = —, (71)
2 Jo 0 2

where we used Euler’s identity (see Proposition 2.3) to derive

(y.x()) = Hc(x(1)) Vy € dHc(x(1)).

Then, since x is in dC and, by Proposition 6.1, cannot be translated into C", (70)
(72)

min_ £Lco(g) = min_ Leo(q)
qeFr(C) qeFe«(C)

together with

(see Proposition 8.2) implies that
T
cerz(C x C°) < Leo(x) =/ pe(x(1)) dr.

0

Using Lemma 6.2 and (71), we conclude

T T
cEHz<C><C°></ uc(m))dzs/ 1 llcomsc dt
0 0
=TIlJ|lco—c

=2A)||Jlco—c
=2cenz(O)IJ|lco—c-

cenz(C) 1

This implies
"~ cgnz(C xC°) 7 2|J]lcosc

Therefore, Viterbo’s conjecture for convex bodies in R?" is equivalent to

oy ﬁn C x Co)
vol(C) > cenz(C) _ cCerz(C X C°) CCe C(RZ”).
n! n!

By referring to Proposition 2.9, we can assume
vol(C) =1
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without loss of generality and get

Ul

cegz(CxC°) < ——, CelC (RZn) ,
Rc
which, by Theorem 2.7, is equivalent to
Yl
max min  £co(q) < i, cecC (]RZ") .
vol(C)=1 geFer(C) Rc

By Theorem 3.18, this is equivalent to

min vol(T) >1, CeC (Rzn),
CeA(CO,@
Rc

and, after applying Proposition 3.10, to

min  vol(T) > ——, CelC <R2”>.
CeA(C°,1) n!

By similar reasoning, Theorem 3.18 also guarantees the equivalence of

!
max  min £eo(q) = e, CeC (RZ”), (73)
vol(C)=1 geFcP(C) Rc
and -
R n
min  vol(T) = K ¢ eC(Rz"). (74)
CeA(C°,1) n!

Moreover, Theorem 3.18 guarantees the following: C* is a solution of (73) if and
only if C* is a solution of (74). O

7 Justification of Conjectures 1.8 and 1.9

We start by recalling Conjectures 1.8 and 1.9:

Conjecture (Conjecture 1.8) We have

1
min  vol(K) > — ~ 0.15915, K € C(R?).
KeA(B2,1) 2n

Conjecture (Conjecture 1.9) We have

min 22,(g) < 27 vol(K)
q cl. (K,BY)-Mink. bill. traj. "1
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for K € C(R?).

We transfer Viterbo’s conjecture onto Wetzel’s problem. For that, we define

y:= min vol(K)
KeA(B}1)

and let K* C R? be an arbitrarily chosen convex body of volume y. Then, applying
Theorems 2.7 and 3.18, we have

CEHZ (K* X B]2)2 CEHZ (K X 312)2

< max
2 vol(K)=y 2
. EBIZ(‘])Z
= max min
vol(K)=y qeFP(K) 2
. 1
=5

Further, we have
vol (K* X Blz) =7y.

The truth of Viterbo’s conjecture requires

CEHZ (K* X Blz)2
2 b

vol (K* X B]Z) >

ie,my > % which means

1
y > — ~0.15915.
2

Theorem 3.18 also guarantees the sharpness of this estimate.
Together with Theorem 2.7, this justifies the formulation of Conjectures 1.8 and 1.9.

8 Proofs of Theorem 1.11 and Corollary 1.12

We start by recalling Theorem 1.11 and Corollary 1.12:

Theorem (Theorem 1.11) Let K, T C R" be convex bodies. Then, an/the Cr-
minimizing closed Minkowski escape path for K has €-length o™ if and only if o™ is
the largest o for which

K € A(T, a),

i.e., for which for every closed path y of {1-length < «, there is a translation wu such
that K covers i ({y}).
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Corollary (Corollary 1.12) Let K, T C R”" be convex bodies, where T is addition-
ally assumed to be strictly convex. An/The £1-minimizing closed (K, T)-Minkowski
billiard trajectory has £1-length o™ if and only if o™ is the largest a for which

K e A(T, a).

In order to prove Theorem 1.11, we start with the two following obvious observa-
tions:

Proposition 8.1 Let K C R" be a convex body. Then we have
{closed Minkowski escape paths for K} = F(K).

Proof The statement follows directly by recalling that a closed Minkowski escape path
is a closed curve whose all translates intersect d K and therefore, equivalently, cannot
be translated into K. O

Proposition8.2 Letr K, T C R" be convex bodies. Then we have

min {7(g) = min {Lr(q).
qeF“(K) geFP(K)

Proof Since
FP(K) C F*(K),
it suffices to find for every closed curve g € F(K) a closed polygonal curve g €
F°P(K) with
tr(q) < Lr(q). (75)
If ¢ cannot be translated into K , then by the remark beyond [35, Lemma 2.1], there
are n + 1 points on ¢ that cannot be translated into K. By connecting these points, we

obtain a closed polygonal curve in F°?(K) which we call g. By the subadditivity of
the Minkowski functional, it follows (75). O

Based on these propositions, we can prove the analogue to Theorem 1.10:

Proof of Theorem 1.11 We first use Proposition 8.1 in order to reduce the statement of
Theorem 1.11 to: An/The £7-minimizing closed curve in F“(K) has ¢7-length o™ if
and only if o* is the largest o for which

K € A(T, o). (76)

First, let us asssume that o is the £7-length of an/the £7-minimizing closed curve
in F“(K). Then, from Proposition 8.2, we know that there is a closed polygonal curve

q* € FP(K) with £7(¢*) = a¥,

i.e., ¢* is a minimizer of

min _ £7(q).
qeFP(K)
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Then it follows from Proposition 3.15 that
K € A(T, tr(g%) = A(T, o).
Leta > o™ If

K € A(T, o), (77)

then
L(a) € C(K),

i.e., every closed curve of £7-length o can be covered by a translate of K. This implies
that every closed curve of £7-length A, A < 1, can be covered by a translate of K.
From this we conclude

q* ¢ FP(K).

Therefore, there is no @ > «* for which (77) is fulfilled, i.e., «* is the largest « for
which (76) holds.
Conversely, if o™ is the largest « for which (76) holds. Then, there is a closed curve
q* with
q* € F(K)NC(K) and £7(g*) = ™. (78)

Otherwise, if not, then one has
q € C(K)\ F*(K)
for all closed curves g of £7-length o*. This implies
q € C(K)
for all closed curves ¢ of £7-length o*. But then there is a A > 1 such that
rg € C(K)
for all closed curves of £7-length *. But this is a contradiction to the fact that o™ is
the largest « for which (76) holds.

Now, if
min {7(q) = a < a*

geF(K)
and ¢ is a minimizer of the left side, then it follows
g € C(K)
because, due to Proposition 3.2, with @ < o* one has
K € A(T,a*) C A(T, @).
Then, with Lemma 3.16, there is a A > 1 such that

AG € F(K)\ C(K)
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with
Lr(Ag) < .

But this is a contradiction to the fact that every closed curve of £7-length < «* can
be covered by a translate of K. Therefore, it follows

min _ £r(q) > ¥,
qeFe(K)

and together with (78), we conclude that

min  £7(q) = o,
qeF(K)

The proof of Corollary 1.12 follows immediately:

Proof of Corollary 1.12 The proof follows directly by combining Proposition 8.2, [36,
Theorem 3.12], and Theorem 1.11. m]

9 Computational approach for improving the lower bound in
Wetzel’s problem

In this section, we aim to present a computational approach for improving the best
lower bound in Wetzel’s problem, which, as stated in Theorem 1.7, is due to Wetzel
himself (see [52]). But not only that, our approach most likely also allows to find,
more generally, lower bounds in Minkowski worm problems. By Theorem 3.18, these
lower bounds eventually translate into upper bounds for systolic Minkowski billiard
inequalities as well as for Viterbo’s conjecture for convex Lagrangian products.

The main idea of this approach is inspired by a series of works related to the search
for area-minimizing convex hulls of closed curves in the plane which are allowed to
be translated and rotated. Since the area-minimizing convex cover for a set of closed
curves is, equivalently, the area-minimizing convex hull of these closed curves (note
that this observation has already used within the proof of Corollary 1.2), these works
treat the question of lower bounds for the following version of Moser’s worm problem
in which closed arcs are considered:

Find a/the convex set of least area that contains a congruent copy of each closed
arc in the plane of length one.

In [11] (applying results from [16]), the first lower bound for the area was found
considering the convex hull of a circle and a line segment. In [20], this lower bound
was improved by first considering a circle and a certain rectangle and later a circle
and a curvilinear rectangle. The latest improvements are due to Grechuk and Som-am
who in [24] considered the convex hull of a circle, an equilateral triangle and a certain
rectangle, and in [25] the convex hull of a circle, a certain rectangle, and a line segment.
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However, in order to adapt these approaches to our setting, in the details, we have to
make some changes.

But let us first start with some underlying considerations (as in the proof of Corol-
lary 1.2) in the most general case: For arbitrary convex body 77 C R”, we ask for
lower bounds of

min vol(K). (79)
KeA(T,1)

By referring to the above mentioned main idea, we start by noting that for

q1, ..., qx € L7 (1)
we have

min vol (conv{q; + ai, ..., gk +ax}) < min vol(K). (80)
(ar,....ap) RMK KeA(T,1)

This estimate can be further improved by

max min vol(conv{g + ai, ...,qx +ax}) < min vol(K),
q1sq€LT (1) (ay,...,ar)e(R")K KeA(T,1)

so that, eventually, we get

miIg vol <conv{ U (q +aq)}> = KETEEI;VI)VOI(K),

sk’ geLr(1)
where the minimum on the left runs for every g € L7 (1) over all possible translations
in R”.
Let us now exemplary show how (80) can be used to calculate lower bounds of (79)

within the setting of Wetzel’s problem, i.e.,n =2 and T = Blz.
Let ¢| be the boundary of B ,
kg

q@=q2(t1, 12, 0)

the boundary of an equilateral triangle T, .. 16 with mass point (1, #2), side length

%, and angle 6 between one of the sides and the horizontal line, and let

93 =q3(r1,12,q)
be the boundary of a rectangle R, ,, 1,7 with middle point (r1, r2), perimeter 1, and

quotient of the side lengths g.
Then, by definition, we have

q1, q2(11,12,0), q3 (r1,72,9) € Lg2(1)
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h Tt17t2,%79
AN (tl.’ t2) "'.(7”1,7“2) Ry ro1,q
o
B
27
0

Fig.4 TIllustration of the convex hull of Bi s Ry .1, and Ttl t % o
27 ra 3

for all
3 .
t,heR, 6 e O’T , 1,12 20,9g>0

and (80) (because of 6 € [0, 3%] and g > 0, one has k = o) becomes

max min vol <conv {le T e er,,2,1,5}>
0€[0,32], §>0 t.nER, 1. >0 b 1203

< min  vol(K).
KeA(B2,1)

Then, one can define

. 2
[, r,r, 9,?]\) = vol <ConV {leﬂ’ Ttl,tz,%ﬁ’ Rrhrmlﬁ})

which is a convex function with respect to the first four coordinates (#1, t2, 1, r2) (this
can be shown similar to in [24]) and compute

max min ft,n,r,m0,9).
0€l0,32], >0 1.2€R, ri,r220
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We leave it at that, starting with (80), gives us the ability to tackle many different
Minkowski worm problems—in any dimension, for many different 7's and by using
diverse closed curves

q1s - qk € Lr(1).
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