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Abstract
We consider the family

FIM:AAA—W, neR,

of discrete Schrédinger-type operators in d-dimensional lattice Z9, where A is the
discrete Laplacian and V is of rank-one. We prove that there exist coupling constant
thresholds p,, 1©° > 0 such that for any u € [—u?, o] the discrete spectrum of ITI,\L
is empty and for any p € R\ [—u?, u,] the discrete spectrum of IfI; is a singleton
{e(n)}, and e(n) < O for u > p, and e(un) > 4d? for p < —pu°. Moreover, we
study the asymptotics of e() as i \( to and u /1 —u? as well as u — F00. The
asymptotics highly depends on d and V.
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1 Introduction

In this paper we investigate the spectral properties of the perturbed discrete biharmonic
operator

H,:=AA—uV, uneR, (1.1)

in the d-dimensional cubical lattice Z9, where A is the discrete Laplacian and Vis
a is rank-one potential with a generating potential v. This model is associated to a
one-particle system in Z¢ with a potential field D, in which the particle freely “jumps”
from a node X of the lattice not only to one of its nearest neighbors Y (similar to the
discrete Laplacian case), but also to the nearest neighbors of the node Y. From the
mathematical point of view, the discrete bilaplacian represents a discrete Schrodinger
operator with a degenerate bottom, i.e., AAis unitarily equivalent to a multiplication
operator by a function ¢ which behaves as o(|p — po|?) close to its minimum point
Po-

The spectral properties of discrete Schrodinger operators with non-degenerate bot-
tom (i.e., e behaves as O(|p — po|?) close to its minimum point py), in particular
with discrete Laplacian, have been extensively studied in recent years (see e.g. [1, 2,
7, 8,10, 11, 20, 21, 23, 26, 28] and references therein) because of their applications
in the theory of ultracold atoms in optical lattices [16, 24, 35, 36]. In particular, it is
well-known that the existence of the discrete spectrum is strongly connected to the
threshold phenomenon [18, 20-22], which plays an role in the existence the Efimov
effect in three-body systems [31, 32, 34]: if any two-body subsystem in a three-body
system has no bound state below its essential spectrum and at least two two-body
subsystem has a zero-energy resonance, then the corresponding three-body system
has infinitely many bound states whose energies accumulate at the lower edge of the
three-body essential spectrum.

Recall that the Efimov effect may appear only for certain attractive systems of
particles [29]. However, recent experimental results in the theory of ultracold atoms
in an optical lattice have shown that two-particle systems can have repulsive bound
states and resonances (see e.g. [36]), thus, one expects the Efimov effect to hold also
for some repulsive three-particle systems in Z>.

The strict mathematical justification of the Effect effect including the asymptotics
for the number of negative eigenvalues of the three-body Hamiltonian has been suc-
cessfully established in 3-space dimensions (for both R3 and Z3) see e.g., [1, 4, 13,
19, 29, 31, 32, 34] and the references therein. In particular, the non-degeneracy of the
bottom of the (reduced) one-particle Schrodinger operator played an important role
in the study of resonance states of the associated two-body system [1, 31]. Another
keypoint in the proof of the Efimov effect in Z> was the asymptotics of the (unique)
smallest eigenvalue of the (reduced) one-particle discrete Schrodinger operator which
creates a singularity in the kernel of a Birman-Schwinger-type operator which used to
obtain an asymptotics to the number of three-body bound states.

To the best of our knowledge, there are no published results related to the Efi-
mov effect in lattice three-body systems in which associated (reduced) one-body
Schrodinger operator has degenerate bottom.
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Expansion of eigenvalues of the perturbed discrete bilaplacian 609

We also recall that fourth order elliptic operators in R in particular, the biharmonic
operator, play also a central role in a wide class of physical models such as linear
elasticity theory, rigidity problems (for instance, construction of suspension bridges)
and in streamfunction formulation of Stokes flows (see e.g. [9, 25, 27] and references
therein). Moreover, recent investigations have shown that the Laplace and biharmonic
operators have high potential in image compression with the optimized and sufficiently
sparse stored data [15]. The need for corresponding numerical simulations has led to a
vast literature devoted to a variety of discrete approximations to the solutions of fourth
order equations [5, 12, 33]. The question of stability of such models is basically related
to their spectral properties and therefore, numerous studies have been dedicated to the
numerical evaluation of the eigenvalues [3, 6, 30].

The aim of the present paper is the study of the existence and asymptotics of
eigenvalues as well as threshold resonance and bound states of IfI; defined in (1.1),
which corresponds to the one-body Schrddinger operator with degenerate bottom.
Namely, we study the discrete spectrum of H depending on 1 and on v. For simplicity
we assume the generator D of V to decay exponentlally at infinity, however, we urge
that our methods can also be adjusted to less regular cases (see Remark 2.6). Since the
spectrum of A consists of [0, 2d] (seee.g., [1]), by the compactness of V and Weyl’s
Theorem, the essential spectrum of H fills the segment [0, 4d?] independently of
. Moreover, the essential spectrum does not give birth to a new eigenvalue while p
runs in some real interval [—u’, u,], and it turns out as soon as u leaves this interval
through w, resp. through —u©°, a unique negative resp. a unique positive eigenvalue
e(w) releases from the essential spectrum (Theorem 2.2).

Now we are interested in the absorption rate of e(u) as u — p, and u — —u°.
The associated asymptotics are highly dependent not only on the dimension d of the
lattice (as in the discrete Laplacian case [20, 21]), but also values on the multiplicity
2n, and 2n° of 0 € {v = 0} (if v(0) = 0) and 7 € {v = 0} (if v(7) = 0), respectively.
More precisely, depending on d and n,, e(it) has a convergent expansion

—in (u — /L(,)l/3 for2n, +d = 1,7,

—inpu — wu, for2n, +d =3, 5;

— in (u — o)/ for 2n, +d > 9 with d odd;

—inpu — pe and —(u — o) In(p — o) for 2n, +d =2, 6;

— in pu — p, and e~ V1) for 2n, 4+ d = 4;

—in (= o) = — o) In(it — Ho): (~ gy
2n, +d = 8;

—in (u — o) % and —(p — po) 2 In( — py) for 2n° + d > 10 with d even

172 _Inln(u—p,)7! ¢

and =G, for

(see Theorem 2.4). Moreover, resonance states of 0-energy, i.e. non-zero solutions f
of ﬁﬂ,,f = 0 not belonging to £%(Z%) appear if and only if 2n, +d € {5,6,7, 8}.
Recall that the emergence of 0-energy resonances in more lattice dimensions could
allow the Efimov effect to be observed in other dimensions than d = 3.

Furthermore, observing that the top ¢(7) = 4d? of the essential spectrum is non-
degenerate, one expects the asymptotics of e(u) as u — —u? to be similar as in the
discrete Laplacian case [20, 21]; more precisely, depending on d and n?, e(u) has a
convergent expansion

—inpu+ p’for2n’°+d=1,3;
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610 S. Yu. Kholmatov et al.

— in (u + u®) /2 for 2n° + d > 5 with d odd;
— in p + pu? and e VW) for 2n, 4+ d = 2;

. 1 InIn(u4p2) ! _ 1.
—in w4+ u°, — i) and — YR for 2n, +d = 4;

—inpu+ p? and —(u + n°) In(p + w°) for 2n° +d > 6 with d even

(see Theorem 2.5). Moreover, the resonance states of energy 4d 2 i.e. non-zero solu-
tions f off-\I_Mof = 44” f not belonging to £>(Z?) appear if and only if 2n,+d = 3, 4.

The threshold analysis for more general class of nonlocal discrete Schrodinger
operators with §-potential of type

I/'I\,u = \IJ(_Z) + uéxo,

can be found in [14], where W is some strictly increasing C'-function and 8¢ is the
Dirac’s delta-function supported at 0. Besides the existence of eigenvalues, authors of
[14] classify (embedded) threshold resonances and threshold eigenvalues depending
on the behaviour of W at the edges of the essential spectrum of —A and on the
lattice dimension d. The eigenvalue expansions for the discrete bilaplacian with §-
perturbation have been established in [17] for d = 1 using the complex analytic
methods.

The paper is organized as follows. In Sect. 2 after introducing some preliminaries
we state the main results of the paper. In Theorem 2.2 we establish necessary and
sufficient conditions for non-emptiness of the discrete spectrum of H,, and in case
of existence, we study the location and the uniqueness, analiticity, monotonicity and
convexity properties of eigenvalues e(u) as a function of . In particular, we study the
asymptotics of e(i) as u — w, and u — —pu? as well as © — £o0. As discussed
above in Theorems 2.4 and 2.5 we obtain expansions of e(u) for small and positive
W — to and p + w?. In Sect. 3 we prove the main results. The main idea of the proof
is to obtain a nonlinear equation A(u; z) = 0 with respect to the eigenvalue z = e(u)
of IfI; and then study properties of A(u; z). Finally, in appendix Section A we obtain
the asymptotics of certain integrals related to A (u; z) which will be used in the proofs
of main results.

Data availability statement

We confirm that the current manuscript has no associated data.

2 Preliminary and main results

Let Z? be the d-dimensional lattice and ¢2(Z?) be the Hilbert space of square-
summable functions on Z<. Consider the family

@ Springer



Expansion of eigenvalues of the perturbed discrete bilaplacian 611

of self-adjoint bounded discrete Schrodinger operators in £2(Z¢). Here Ho = AAis
discrete bilaplacian, where

—~ 1
Af) =5 D0 —fa+9l,  fe@),

Is|=1

is the discrete Laplacian, and V is a rank-one operator

Vi =3 Y 70 F ).

yeZd
where 0 € £2(Z4) \ {0} is a given real-valued function.
Let T be the d-dimensional torus equipped with the Haar measure and L?(T%)

be the Hilbert space of square-integrable functions on T¢. By F we denote the the
standard Fourier transform

~ 1 ~ .

. p207d 2 md _ ixp
Fe@h— LX), Fip) = 5= > Fle.

xeZ4

Further we always assume that v and its Fourier image
1 i
v(p) = FOp) = g ) D)e™”
xezd

satisfy the following assumptions:

There exist reals C,a > 0 and nonnegative integersny, n° > 0 such that

Bx)| < Ce ! forall x € 74, (H1)
WO)? = D?[(0)> =...= D 2[p(0)> =0, D u(0)]> #0, (H2)
W@ =D @ =...= D™ 2p@P =0, D™ p@E@??#£0, (H3)

here D/ f(p) is the j-th order differential of f at p, i.e. the j-th order symmetric
tensor

. 97 ) )
D’ f(plw,...,w] = Z &wi‘...wy,
— . — _0lpy...0%py
j—times it tia=j,ik =0
w=(wi,...,wq) eRd,
and 7 = (7, ..., ) € T. Notice that under assumption (H1), v is analytic on T,

Recall that G(Z) = oeSS(Z) = [0, 2d] (see e.g. [1]). Hence, o(ﬁo) = Gess(ﬁO) =
[0, 4d?], and by the compactness of V and Weyl’s Theorem,

Gess(ﬁ/:) = Gess(ﬁO) = [0, 4d2]
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612 S. Yu. Kholmatov et al.

forany u € R.
Before stating the main results let us introduce the constants

. lv(g)|*dg\~1 o._ lv(g)|Pdg \~1
woi= ([ ) = (L) @

2 2
z ::/ lv(g)| dq’ e ::/ [v(g)|“dq 2.3)
Td

e(q)? 1d (4d? — e(q))?’
and
22n0+d 5 ) -1
Cy ;:m /d 1 D7 ()| [w, ..., w]ldH" (w), 2.4
0)- -
92n°+d—1

—__ = 2n° ~N 2 d—1
Cy =B (2] /SZH D" lv(@)|[w, ..., w]dH (w), 2.5)

where S?~! is the unit sphere in R and

2

d
e(q) = (Z(l —cosqi)> :

i=1
Remark 2.1 Under assumptions (H1)-(H3), wo, u° > 0, ¢y, Cy > 0, and ¢, a, €
(0, 4-00]. Moreover, by Propositions A.1 and A.2:
— o = 0 (resp. uﬁ = 0) if and only if 2n, +d < 4 (resp. 2n° +d < 2);
— Ty < o0 (resp. Cy < 00)if2n, +d > 9 (resp. 2n° +d > 5).

2.1 Main results
First we concern with the existence of the discrete spectrum of FI;

Theorem 2.2 Let w,, n° > 0 be given by (2.2). Then odisc(ﬁ,:) = () for any n €
[—u?, ol and ogisc (H,,) is a :v\ingleton {e(n)} for any ju € R\ [—u?, wol. Moreover,
the associated eigenfunction f, to e(w) is given by f,, = F* f,, where

v(p)

fu(p) = ) — i)’

Furthermore, if @ < —u° (resp. o > [o), then e(n) > 4d? (resp. e(n) < 0).
Moreover, the function i € R\[—u?, uo] — e(u) is real-analytic strictly decreasing,
convex in (—oo, —u?) and concave in (i, +00), and satisfies

lim e(u) =0 and lim e(p) = 44? (2.6)
N\ Mo w/—pe
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Expansion of eigenvalues of the perturbed discrete bilaplacian 613

and

lim €W —f lv(g)|2dg. 2.7
'H‘d

u—>£o0o

Next we study the threshold resonances of Ifl;

Theorem 2.3 Let n,, n° > 0 be given by (H2)—(H3).
(a) Let 2n, +d > 5. Then f:: F*f € co(Z%), ie., f(x) — 0 as |x] = +o0,
where
v(p)
fp)=—=e LT,
e(p)
Moreover, f € co(Z) \ €*(Z%) for 2ny + d € {5.6.7.8}, f € £2(24) for
2n,+d > 9, and f solves the equation H, f = 0.
(b) Let2n° +d > 3. Then g := F*g € £9(Z%), where

(p) = v(p)
8PV =42 ey

Moreover, g € £°(Z%) \Ezg\Zd)for 2n° +d € {3,4}, 3 € £2(Z%) for2n° +d > 5,
and g solves the equation H_ 0 f = 4d> f .

__We recall that in the literature the non-zero solutions of equations HM f = 0 and
H, w8 =4d 2% not belonging to £%(Z%) are called the resonance states [1, 2).
Now we study the rate of the convergences in (2.6).

Theorem 2.4 (E\xpansions of e(u) at u = o) For p > o let e(u) < 0 be the
eigenvalue of Hy, .
(a) Suppose that d is odd:

(al) if2n, +d =1, 3, then u, = 0 and for sufficiently small and positive |,

1/3
(ﬂi‘v) 1/3+ ch Vl/“l‘%v 2n0+d=1’

n>1

ncuM+ ZCS MnJrl 2n,+d =3,

n>1

(—e(u)'* =

where {c1 ,} and {c3 ,} are some real coefficients;
(a2) if2n,+d = 35,7, then u, > 0 and for sufficiently small and positive . — Lo,

(—amﬂ“
o Mz (1 — o) + Y csuli — o)™, 2ny+d =35,
n>1
1/3 il
(nc?#%) (= MO)IB + > el —po) 3, 2no+d =1,

n>1

where {c5 ,} and {c7 ,} are some real coefficients;
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614 S. Yu. Kholmatov et al.

(a3) if2n, +d =9, then u, > 0 and for sufficiently small and positive i — Lo,

(—e(u)'* = () ™ (= )+ o — o),

n>1

where {cy ,} are some real coefficients.

(b) Suppose that d is even:
(bl) if2n, +d = 2,4, then n, = 0 and for sufficiently small and positive 1,

(—e(u)'/?
% n+ Z CZ,nml’L’H—l (—pIn )™, 2n, +d =2,

n+m=>1,n,m>0
__8 1 (1 - m+1
ce WL Y eyt (LeTmE) L 2np+d =4,

n+m>1,n,m=>0

where {c2 nm} and {ca nm} are some real coefficients and ¢ > 0;
(b2) if2n,+d = 6,8, then i1, > 0 and for sufficiently small and positive i — Lo,

1/2
(—e(u))
ncgleZ 12 + Z cé,an2n+29m7 2”0 + d - 6,
ve ntm=1,n,m=0
s )72 a1 mt1 k
(cv,ﬂ) T0 + Z C8,nmkT o n*, 2n,+d =S8,

n+m—+k>1,n,m,k>0

where {c4 nm} and {cg nmi} are some real coefficients and

1 \1/2 Inlnz~!
)" e

T = (M—Mo)l/z, 6:=—7’lnt, o:= (— e

El

Int
2.8)

(b3) if2n, +d > 10, then u, > 0 and for sufficiently small and positive |t — 1o,

(—eu)'? = @) P+ Y ciomt"t0",

n+m=>1,n,m>0

where {c10,nm} are some real coefficients.

Here ¢, > 0 and ¢, > 0 are given by (2.4) and (2.3), respectively.

Theorem 2.5 (Expansions of e(n) at uw = —u°) Forlet p < —u° let e(n) > 4d?
be the eigenvalue of Hy, .

(a) Suppose that d is odd:
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Expansion of eigenvalues of the perturbed discrete bilaplacian 615

(al) if2n° +d = 1, then u° = 0 and for sufficiently small and negative 1,

(e(w) —4d)'? = —wCy 4+ Croap™,

n>1

where {C1 ,} are some real coefficients;
(a2) if2n° +d = 3, then n° > 0 and for sufficiently small and positive  + u°,

(e(u) —4d)'? = (rCuu) ™ (w+ ) + Y Caalu + uoy"*,

n>1

where {C3 ,} and {C7 ,} are some real coefficients;
(a3) if2n° +d = 5, then u° > 0 and for sufficiently small and positive . + °,

(e(u) — 4d>)V? = ([T~ V2 (u + u)\/? + ZCS,n(M 4 p0)n+b/2,

n>1

where {Cs_,} are some real coefficients.
(b) Suppose that d is even:
(b1) if2n, +d = 2, then n, = 0 and for sufficiently small and negative |1,

1 1\
e(w) —4d> = Ce@i + Y Coppu""! (——ew) :
n+m>1,n,m>0 H

where {C2 ,m} are some real coefficients and C > 0;
(b2) if2n, +d = 4, then u° > 0 and for sufficiently small and positive u + u°,

2 _
e(u) —4d* = (Cop°) ™ po + > Ca " o™k,
n+m+k>1,n,m k>0

where {C4 nm} are some real coefficients and

0 1 lflll’l‘L’_1
T::M+H, g = ——, ni=-———-—;
Int Int

(b3) if2n, +d > 6, then u° > 0 and for sufficiently small and positive p + u°,

e(w) —4d” = (Copn® ™" (u + 1)
+ D Commue+ )" M =(u+ u”) In(u + u)",

n+m>1,n,m>0

where {C¢ ,m} are some real coefficients.

Here C, and 6v are given by (2.5) and (2.3), respectively.
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616 S. Yu. Kholmatov et al.

Remark 2.6 Few comments on the main results are in order.

1. The assertions of Theorem 2.2 hold in fact for any v € £2(Z%) (see Remark 3.2);

2. Similar expansions of e(u) in Theorems 2.4 and 2.5 at © = u, and u = —pu°,
respectively, still hold for any exponentially decaying v : Z¢ — C (see
Remark 3.3);

3. If v decays at most polynomially at infinity, i.e. D(x) = O(|x|~%) for some o > 0,
then instead of the expansions in Theorem 2.4 and 2.5 we obtain only asymptotics
of e(i) (see Remark 3.4).

3 Proof of main results

In this section we prove the main results. By the Birman-Schwinger principle and the
Fredholm Theorem we have

Lemma 3.1 A complex number z € C\ [0, 4d?] is an eigenvalue ofI-/I; if and only if

2
A(u;z)::l—u./ lv(g)I"dg _
Td e(q) —z

Proof of Theorem 2.2 By the definition of p,, for any u < —u? :
lim A =1+ <0, lim AQuz)=1.
2/ —u° ne z—>+00

Since A(u;z) > 1forz < 0and u > —p?, in view of the strict monotonicity
A(u; -) in (4d?, 00), for any u < —u° there exists a unique e(u) € (4d?, +00) such
that A(u; e()) = 0. Analogously, for any u > p, there exists a unique e(u) €
(—o00, 0) such that A(u; e(t)) = 0. By the Implicit Function Theorem the function
w € R\ [—u?, uo] — e(w) is real-analytic. Moreover, computing the derivatives of
the implicit function e(u) we find:

) 1 lv(q)|*dq / lu(g)|Pdg !
= —— , 0, 3.1
e == /T e(q)—euo( - (e(q)—ew))z) w0 G

thus, using w(e(g) — e(un)) > 0 we get ¢’(u) < 0, i.e. e(:) is strictly decreasing in
R\ {0}. Differentiating (3.1) one more time we get

=29 (1 e |v(q)*dg ( / lv(q)dg )1
a 1 (e(g) = e(u) \Jpa (e(g) —e)?) )

Therefore, ¢’ (1) > 0 (i.e. e() is strictly convex) for u < 0 and ¢”(u) < 0 (i.e. e(-)
is strictly concave) for u > 0.
To prove (2.7), first we let u — £00 in

v(g)dg
1= _— 3.2
o /w e(q) — e() 52
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Expansion of eigenvalues of the perturbed discrete bilaplacian 617

and find lim e(u) = Foo. In particular, if || is sufficiently large, |M| < Land
pu—>+oo e(p) 2
hence, by (3.2) and the Dominated Convergence Theorem,
2
d
fim <Y~ im / lv@)l*dg. _ —/ lv(g)Pdg.
p—xoo [ pu—>x00 Jrd 1_% Td
e(p)
To _prove that fu solves HM fu = e(un) fu we consider the equivalent equality
.7-'H F*fu = e(w) fu, which is easily reduced to the equality A(u;e(u)) = 0.
O

Remark 3.2 In view of Lemma 3.1 and the proof of Theorem 2.2, their assertions still
hold for any v € 2(Z9).

Proof of Theorem 2.3 We prove only (a), the proof of (b) being similar. Repeating the
proof of the continuity (resp. differentiability) of [ at z = 0 in Proposition A.1 one
can show that f € L'(T9) \ L*(T) for 2n, +d € {5.6,7,8} and f € L*(T?) for
2n, +d = 9. Thus, by the Riemann-Lebesgue Lemma, f e £%(Z%). To show that
H,, f = 0 it suffices to observe that FH,, F* f = 0. ]

Proof of Theorem 2.4 Since
2 2

)P =0 Y dwecosp-x| +@n) | DY v@)sinp-x|
xezd xezd

(3.3)

the function p € T¢ [v( p)|2 is nonnegative even real-analytic function. Notice
also that if n, > 1, then by the nonnegativity of |v|?, p = 0 is a global minimum for

[v|?. Therefore, the tensor D" |v(0)|? is positively definite and

22n(;+d
Cy = / DY |v(0))*[w, ..., wldH™" >0
(2n,)! Jsant

Note that

[ o@)Pdg
o=t = [ RO

where [ is defined in (A.1). By Proposition A.1, f(p) = vgg € L*(T9) if and only
if 2n, +d > 9. Moreover, by definition, u, > 0 and A(u,; 0) = 0 for 2n, +d > 5,
and hence, as in the proof of Lemma 3.1 for such d one can show that H,,, f = 0.

In view of the strict monotonicity and (2.6) there exists a unique | > 0 such that

e(n) € (— 128, 0) for any u € (0, ). Since
1= e, (3.4)
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618 S. Yu. Kholmatov et al.

we can use Proposition A.1 with f = [v|? and e := e(w), to find the expansions of
the inverse function p := pu(e). Then applying the appropriate versions of the Implicit
Function Theorem in analytical case we get the expansions of e = e(u). Notice that
from (A.3) and (A.4) as well as (3.5) it follows that u, = 0 for 2n, +d < 4 and
Ho = (fﬂ.d %) : > 0 for2n, +d > 5.

(a) Suppose that d is odd. In view of the expansions (A.3) of [, in this case, (3.4)

is reduced to the inverting the equation

n =g, (3.5

where « ;= (—e)V/ 4 and g is an analytic function around o = 0.
Case 2n, + d = 1. In this case by (A.3),

where {a,} C Rand ¢ := (¢, /4)1/ 3 and (3.5) is equivalently represented as

1/3
a=pul|c+ Zana" , (3.6)
n>1
where = pu'/3. Now setting
o = p(cr +u), (3.7)

and using the Taylor series of (cf + x)!/3, for j1 and u sufficiently small we rewrite
(3.6) as

Flu, ) :=u—Y adnpu"(c1 +u)" =0, (3.8)

n>1

where F (-, -) is analytic at (#, n) = (0, 0), F(0,0) = 0 and F, (0, 0) = 1. Hence, by
the Implicit Function Theorem, there exists y; > 0 such that for || < y1, (3.8) has
a unique real-analytic solution # = u(u) which can be represented as an absolutely
convergent series u = ), | b,u". Putting this in (3.7) and recalling the definitions

of @ and u we get the expansion of (—e(u))'/4 for > 0 small.
Case 2n, +d = 3. By (A.3),

-1

gla)=a|c+ Zana” , (3.9)

n>1
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Expansion of eigenvalues of the perturbed discrete bilaplacian 619

where {a,} C R and ¢3 := mc,/8, and hence, (3.5) is represented as

a=u 63—|—Zana"

n>1

Then setting @ = pu(c3 + u) we rewrite (3.9) in the form (3.8), and as in the case of
2n, +d = 1, we get the expansion of (—e(u))'/4.
Case 2n, + d = 5. In this case by (A.3)

-1
1 T Cytt
gy =|———=[14+) a" ,

Mo 8 P
where {a,} C R, and hence, by (3.5),
K= Ho _ OOy > ana | (3.10)
Hllo 8 -~

Note that if |t — o] < o, then

n
"= o _ i W= Ko _ M ;LOZ(M /Lo) ’ G.11)
Hllo o™ + to( — [ho) Mo™ =\ Mo

thus from (3.10) we get

-1

0= (= o) | estes Y iy = po)" | |1+ ) ana”

n>1 n>1

and ¢5 := 8/(mcy ,ug). Now setting o = (i — o) (c5 + u) for sufficiently small and
positive u — w, we get

w= Y Gump — o) (cs +u)",

n,m>1

where ¢, » C R. By the Implicit Function Theorem, for sufficiently small © — e, there
exists a unique real-analytic function ¥ = u(u) given by the absolutely convergent
series u() = > b, (u — wo)". By the definition of «, this implies the expansion of

n>1

(—e(u)/4.
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Case 2n, +d = 7. As the previous case, by (A.3) and (3.11), the equation (3.5) is
represented as

n=wo) [+ " w—po)" | =’ [ 14D an |, (3.12)

n>1 n>1

where {a,} C R and ¢7 := [8/(ncvug)]l/3. When u — o > 0 is small enough, by
the Taylor series of (1 +x)*!/3 at x = 0, (3.12) is equivalently rewritten as

a=@—p)' P e+ e —po)" | |1+ ana" |, (3.13)

n>1 n>1

Thus, for p = (u — uo)l/?’, setting @ = p (¢7 + u) in (3.13), for sufficiently small
and positive p we get

u= Z 5n,mpn(c7 + u)m.

n,m>1

By the Implicit Function Theorem, this equation has a unique real-analytic solution
u = u(p) given by the absolutely convergent series u = ) b, p". This, definitions

n>1
of @ and p imply the expansion of (—e(,u))l/“.
Case 2n, + d = 9. In this case by (A.3) and (3.11)
=no) [ +e3 Y w" =) | =a* [ 14 a |, (3.14)
n=1 n>1

where {a,} C Randcg := (Mga)—l/ 4. Thus, for sufficiently small and positive pt — ¢,
using the Taylor series of (1 + x)*!/4 at x = 0, this equation can also be represented
as

o =p C9+Z[;n:04n 1"1‘2&)10[” s
n>1 n>1

1/4

where p := (u — o) '/". Now setting @ = p(cg + u) in (3.14) we get

u = Z En,mp”(c‘) + u)m’

n,m>1
and the expansion of (—e(u))l/ 4 follows as in the case of 2n, +d = 7.
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(b) Suppose that d is even. In view of the expansion (A.3) of [, in this case, (3.4)
is reduced to the inverting the equation

o

H= gl@)+h(@hna’ (3-15)
where o := (—e)!/2, 1 € Ny, and g and & are analytic around o = 0. Presence of
In o implies that unlike the case of odd dimensions, « is not necessarily analytic with
respect to u®. Therefore, we need to introduce new variables dependent on In p to
reduce the problem to the Implicit Function Theorem.

Case 2n, +d = 2. By (A.4), in this case for ¢; := mc,/8

=1, gla) =cr + Zana”, hio) = anazn.

n=1 n>1
Hence, setting
a = pu(c2 +u) (3.16)
and T = —u In u we represent (3.15) as

Fu, p,7) :=u— Za”un(cz +uw)"  +lIn(cr +u) Zb"u"(cz +u)"
n=1 n>1

-7 Zb"u"il(cz +u)" =0,

n>1

where F is analytic around (0, 0, 0), F(0,0,0) = 0, F,(0,0,0) = 1. Hence, by the
Implicit Function Theorem, there exists a unique real-analytic function u = u(u, 7)
given by the convergent series u(i, T) = Y, 11 5 =0 Cnmi" T for sufficiently
small || and |t|, which satisfies F(u(u, ), i, ) = 0. Inserting u in (3.16) we get
the expansion of ¢ = (—e)l/2,

Case 2n, + d = 4. In this case, by (A.4) for ¢4 := 8/cy

1=0, gl)=) anay, h(@)=—cs+y by,

n>0 n>1

1
Letting @ = e “* (¢ + u), where ¢ = e/ > 0, we represent (3.15) as

1 _n—1
In(c +u) —by=—e <r Za"e ar (¢ +u)"
"

n>1
+1In(c +u) Zb"e_fﬁ(c +u)" — Za"e_fﬁ(c +u)* =0.
n>1 n>1

(3.17)
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_L _L
Writing 7 := ﬁe cr sothate < = urt, (3.17) is represented as

F(u,u,7):=In(c+u) —by— Za”u"‘lr”_l(c +u)"
n>1
—In(c +u) Zb"u" e+ u)" + Za"u”t"(c +u)'=0

n>1 n>1

where F is analytic around (0, 0,0), F(0,0,0) = 0, and F,(0,0,0) = % > 0.

Thus, by the Implicit Function Theorem, for |u|, |t| and |u#| small there exists a

unique real analytic function u = u(u, v) given by the convergent series u =
1

> Cn.mi"T™ such that F(u(p, 7), u,7) = 0. Since 7 = ﬁe_“T/*, this
n+m=>1,n,m>0
implies

! | 1\ m+l
— , C — T ~ n+l T
a=e¢ % (cH+u)=-ce “"*+ Cn.m M —e Gk .
1%

n+m=>1,n,m=>0

Case 2n, + d = 6. In this case, by (A.4), for cg := 8/ (e, u?)

1 1
l = 03 g(Ol) = 2 o + Zan ’ h(a) = 2 anazns

C
Ho n>2 6Ho n>1

and hence, (3.15) is represented as

1 1 1
—— — = o+ aa" +Ina bya® |,
L Mo  CoMl ; " ; !

or equivalently, by (3.11),

o =ce(p — 'U“")Z<M MO) Zan —lnaanazn. (3.18)

n=>0 ® n>2 n>1

Recalling the definitions of t and 6 in (2.8), setting o = 12 (ce + u), we represent
(3.18) as

F(u,t,0) —M—CGZ__Zan 2 (c6 +u)"

n>1 ,LLO n>2

—In(ce + u) Z bt (co + u)* — 6 Z bat *(c6 +u)** =0

n>1 n>1
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where F is real-analytic around (0, 0, 0), F(0,0,0) =0 and F,(0,0,0) =1, and F
is even in 7. Thus, by the Implicit Function Theorem, for |«|, |7| and |0| small there
exists a unique real analytic function u = u(t, 6), even in 7, given by the convergent
series u = > 5,1,,,,1:2”9”' such that F(u(z, 0), t,0) = 0. Thus,

n+m=>1,n,m>0

o =12 (c6 +u) = ce0 + Z En’mt2"+29m.

n+m>1,n,m=>0

Case 2n, +d = 8. By (A.4), for cg := [8/c,u2]~1/2,

1 1
=0, o) = a,a”, h(a) = o + bya® |,
g(@) Mzczz . (@) 2 > ba

n>2

thus, as in the case of 2n, + d = 6, (3.15) is represented as

_ n
c%(u—m)Z(u) =a21na+lnaana2”+Zana”. (3.19)

n=0 ¢ n>2 n>2

For 7, o and n given in (2.8) set @« = to (cg + u) and represent (3.19) as

2n
T _
2C8M + M2 =C§ 2 . + E ant" 1o,n+1(c8 + u)n+2

n>1 "0 n>2
n>2

T (02 In(cg + u) — g) (cs + ) + Y bu(t0)*" (s +u)>"+?

n>2

This equation is represented as F(u, t,0,7n) = 0, where F is real-analytic in a
neighborhood of (0,0, 0,0), F(0,0,0,0) = 0 and F,(0,0,0,0) = 2¢cg > 0.
Hence, for |u|, |t|, |o| and |n| small, by the Implicit Function Theorem, there
exists a unique real-analytic function u = u(t, o, n) given by the convergent series
u= > En,m,kr"amuk such that F(u(z, o, n), t, 0, n) = 0. Thus,
n+m+k>1,n,m,k>0

o =7t0(cg +u) =cgto + Z E,,)m,kr”Hcrman.

n+m+k>1,n,m,k>0

Case 2n, +d > 10. By (A.4) for c1o := (u2¢,)~1/2,

L
=0, g(a) = ’u_ + CUCKZ 4 Zan(xn+2’ h(a) = anoﬂn’
0

n>2 n>2
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and as in the case of 2n, + d = 6, (3.15) is represented as

n
e 2’““’2(“ “") =50’ + Y a2 +na Y b, (3.20)

Ko =0 o n>2 n>2

Recalling the definitions of T and 6 in (2.8), we set « = t(c19 + u). Then (3.20) is
represented as

2n
T
F(u,t,0) :=2ciou +u> — C%o Z —+ Z ant"(c1o + u)" 2

n>1 "0 n>2

=0 byt Mg+ uw) +1In(cro +u) Y byt ey + u)* =0,

n>2 n>2

where F is analytic at (0,0,0), F(0,0,0) = 0 and F,(0,0,0) = 2c19 > O.

Thus, by the Implicit Function Theorem, for |u|, |t| and |f#| small there exists

a unique real-analytic function u = u(t, ) given by the convergent series u =
> En.mT"0" such that F(u(z, 0), t,0) = 0. Then

n+m=>1,n,m>0

a = pu(co +u) = crop + Z Enmu"tlo".

n+m>1,n,m=>0
Theorem is proved. O

Proof of Theorem 2.5 From (3.3) it follows that the map p € T¢ — |v|>(7 + p) is
even. Now the expansions of e(u) at © = —u° can be proven along the same lines of
Theorem 2.4 using Proposition A.2 with f = |v|>. O

Remark 3.3 Let v : Z¢ — C satisfy (H1). Since e(-) is even,

/ v(p)Pdp 1 f(p)dp
1 e(p)—z Q) Jpae(p) =2
where
2 2
f(p):= Zﬁl(x)cosp-x + Zﬁz(x)cosp-x
xezd xezd
2 2
+ Z’ﬁl(x)sinp-x + Z’v\z(x)sinpqc
xezZd xeZd
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and U = 0y + i, for some Dy, D> : Z¢ — R. By Lemma 3.1, the unique eigenvalue
e(u) of Hy, solves

! f f(pydp
R A i -
Td e(p) — e(u)

Since both p € T? - f(p) and p € T? > f(7 + p) are even analytic functions,
we can still apply Propositions A.1 and A.2 to find the expansions of z +— de { ((1177 ))‘_11;
and thus, repeating the same arguments of the proofs of Theorems 2.4 and 2.5 one can

obtain the corresponding expansions of e(it).

Remark 3.4 When
D) = O(x [>T as x| — oo

for some ng > 1, in view of Remark A.3, we need to solve equation (3.4) with respect
to  using only that left-hand side is an asymptotic sum (not a convergent series). This
still can be done using appropriate modification of the Implicit Function Theorem for
differentiable functions. As a result, we obtain only (Taylor-type) asymptotics of e(u).
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Appendix A. Asymptotics of some integrals

In this section we study the behaviour of the integral

flg@)dq

@) =2 z € C\ [0,4d%], (A1)

lr(z) =

as z — 0 and z — 4d?, where f : T — R is a real-analytic even function on T¢.
Further we denote by W, (§) C C the complex disc of radius r > 0 centered at £ € C.

Proposition A.1 Ler f : T — R be a real-analytic even function such that
fO) =D*f(0)=...=D"2f(0)=0, D>(0)#0 (A2)
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for some n, > 0. Then:

— |y is continuous at 0 if and only if 2n, +d > 5;
— |y is continuously differentiable at 0 if and only if 2n +d > 9, in this case,

(0) = f(@dqg lim/ f(q)dg
: Z\0

e (e(9)? ¢ (e(q) — 2)%

Moreover, for any z € (—é, 0):

(a) ifd is odd, then

4(_Z)3/4 (Cf + Y af (—z)”/4> , 2n, +d =1,
’ n>1

- <Cf + ) af (—z)"/4> : 2y +d =3,
n>1

. 2n,+d =5, (A3)

n>1

(=24 n
[r(2) = {17 (0) — 22— <cf + Y al (=4

(0 — 52 (Cf + 3 a (—z)”“) , 2 +d =1,

n>1
[y (0) +2 (I}(O) + 3 ay (—z)”/“) . 2m,4d =09,
n>1
(b) ifd is even, then
8(—HW (Cf + 3 b (—z)”/z) - 11—6 In(—2z) Y ¢4z, 2n, +d =2,
- n>1 n>0
— i In(—2) <Cf +3 cgz"> + 3 b (=2, 2ny,+d =4,
n>1 n>0
(1) = {1;(0) — 2222 (cf + 3w (—z)"/2> Fzln(=2) X ez, 2np+d =6,
nx1 n=0
[£(0) — & In(—2) <cf + Zl c;fz") + Zzbff (=22, 2n,+d =8,
[r(0)+z (vf(O) + 3 bl (—z)”/2> +22In(=2) Y. cd 7", 2n,+d > 10,
n>1 n>0
(A4
where {a;‘f}, {bﬁf} and {cg} are some real coefficients,
22n0+d - Jo1
cpi= D7 f(O)[w, ..., wldH*™"; (A5)
(2no)! Jga-1

and all series in (A.3) and (A.4) converge absolutely for z € W164(0) C C.
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Proof Given y € (0, %1, letg : B,(0) C RY - ¢(B,(0)) C R? be the smooth
diffeomorphism

@i (y) = 2arcsin y;, i=1,...,d.

Note that

2 2

d d
e(p(y)) = (Z(l — cos(2 arcsin(y,-»)) =4 (Z y?) =4y*,  (A6)
i=1

i=1
therefore,
e(q) > 4y*  forany g € T?\ (B,). (A7)

We rewrite [(z) as

@i= [ T ] DG pigy 11+,
o(B,0) (@) =2 Jrd\g(B,(0)) ¢(@) — 2

By virtue of (A.7),
" /(@) ( z )‘1 . / f(q)dq
[ (2) = LD (- =) ag= AL iy
@ A‘d\w(gy(O)) e(q) e(q) 1 ;Z Td\(B, (0)) (e(g))"+!
(A.8)

i.e. [**(-) is analytic in W,,,4(0). In [* making the change of variables ¢ = ¢(y) and
using (A.6) we get

J d
() = / f(w(yi)4 O dy (A9)
B, (0) Y=z
where y* := (y2)? with y? := Zf-l:l yl.z, and
d
T =[] (A.10)

2
i=1 ‘/l—yiz

is the Jacobian of ¢. Since f is an even analytic function satisfying (A.2), even each
coordinate, from the Taylor series for f it follows that

1
fp=7y sz"f(O)[p, .t (A.11)
nzho 2n-times
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and by the analyticity of f in B;(0) C R?, the series converges absolutely in
p € Bz(0). By the definition of ¢, ¢(rw) C Bz(0) for any r € (0,y) and
w = (wy,...,wg) € S9!, where S?"! is the unit sphere in R¢. Then letting
p = ¢(rw) and using the Taylor series

3 3
@ (rw) =2rw; + —3 + Zc r wlz" !
n>3

of 2 arcsin(-), which is absolutely convergent for [rw;| < 1, from (A.11) we obtain

fptrw) =Y Colw)r™, (A.12)

n=ne

where C,, : SY~! — R is a homogeneous polynomial of w € S?~! of degree 2n, and

~ 22”0 2n
Cy, (W) = (2 0)' fO|w,...,w

2n, - times

Next consider J(¢(y)). Inserting the Taylor series of (1 — 1)~12 into (A.10) we
obtain

Tprw)) =29 14" Cow)r™ |, (A.13)

n>1

where C, : S*! - Risa homogeneous symmetric polynomial of w € S?~! of
degree 2n, and the series converges absolutely.

Now passing to polar coordinates by y = rw in (A.9) and using (A.12) and (A.13)
as well as the absolute convergence of the series we get

y p2n+d—1g
(Z/ C, (u))r2”> dH dr = ch/ 4 r,
n>=n

n>=n,
(A.14)

[*(Z) =2d
0

where C,, : SY~! — R is a homogeneous polynomial of w € S~ of degree 2n and
Gy =24 f Cp(w)dH™1.
§d—1

Note that¢,,, = ¢, where c s is given by (A.5) and the last series in (A.14) uniformly
converges in any compact subset of C \ [0, 4] since [* and

v p2ntd=1g,

2 € CA 04T anat@) = [
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are analytic functions in C \ [0, 4] and all series in (A.14) converge pointwise!. Note
that for any m > 0, there exist ¢;;, € R and an analytic function f;, in the ball
W,4(0) C C such that for any z € (—y*, 0),

im(2) = 2" §0(2) + cm + 2" fu((—2)'/?), (A.15)

where n = [%],l::m—4n € {0,1,2,3}, v =%form = 0,2 and v = 1 for
m=1,3o0orm >4, and

I (-3 if 1=0,
T N—1/2 : —
. (=2) if 1=1,
i@ =132 —1/4 :
2 it 1=2,
— i In(—2) if 1=3.

Inserting (A.15) into (A.14) we obtain

" _ —~ [2n+d—l] .
Fo=) 4 (Z b a1 g1y

nzn,

Heomtd—1 + e (=2)" fzmq((—z)”)) :

where {c2p4+d—1} C R and {fop+a—1} is a sequence of analytic functions in W,,4(0)
and

3, 2n+d=1.3,
Yy = )
1, otherwise.

Since (A.14) converges locally uniformly in C\ [0, 4], C := Y_ ¢,c2n4q—1 is finite
n>ng,
and

Y E =D farra1 (=) = (=2) g (=)',

n=no

where g is analytic in W,,2(0) and v = % for 2n, +d = 1,3 and v = 1 otherwise.
Hence,

2ntd—1
]s0
)2n+d7174[2n+4d—1 ] (2),

(@) =C+ (-2 + ) &

n>n,

(A.16)

UIf {hy} is an equi-bounded sequence of analytic functions in a connected open set £ C C converging
pointwise to a function 4 : Q@ — C, then £ is analytic and &, converges uniformly to / in compact subsets
of Q.
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If0 <2n,+d — 1 < 3, then by (A.16),

F2) = C+ (=) 8((=)"*) + G0, 1%, 1412
2n+d 1
D DN SINNEVEN O} (A17)

n>ny+1

In view of (A.8) and the definition of j7, from (A.17) we obtain the expansions (A.3)
and (A.4) of [ for 2n, +d < 4. In particular, since [%] >1forn>n,+1,
letting z — 0 in (A.17) we get

lin(l) I*(z) = +o0. (A.18)
>

If 2n, +d — 1 > 4, then [2£4=1] > | for any n > n,. Therefore, by (A.16),
[*(0) := lin}) [*(z) exists and equals to C. In particular, for 2n, +d — 1 < 7, one has
—>

(*(2) = I(0) — 28((=)""?) + G, 235, 11 ()

[2n+d l] .0
+ Y Tz B 1—aggn (s (A.19)
n>ny+1

from which and (A.8) we deduce the expansions (A.3) and (A.4) of [ for5 < 2n,+d <
8. In particular, by virtue of (A.18) and analyticity of [** at z = 0, [ is continous at
0 if and only if 2n, + d > 5. Notice also by (A.19)

[*(2) — [*(0
fim 2 ="O _ (A.20)
z—0 Z

i.e. [* (and hence () is not differentiable at z = 0.
Finally, if 2n, +d — 1 > 8, then [Q”JFT”H] > 2 for any n > n,. Therefore, by
(A.16) there exists
*(z) — I*(0
[*/(0) -— lim M = —g(0).
Z

z—0

Now using the Taylor series of g at 0 we get

™0
28(=2)"?) =1 (0)z +z Zg O oy,

n>1

Inserting this in (A.16), using the definition of j7 and the analyticity of [** we get the
expansions (A.3) and (A.4) of [/ for 2n, +d > 9.
By (A.18) and (A.20), [ f is continously differentiable at O if and only if 2n,4d > 9.
Now the choice y = ﬁ completes the proof. O
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Proposition A.2 Let f : T — R be a real-analytic function such that g € T?
f@@ + q) is even and

f@ =D*f(@)=...=D" 2f(7)=0, D™ (@) #0

for some n, € Ng. Then:

— |y is continuous at z = 4d? if and only if for 2n, +d > 3,

— |y is continuously differentiable at z = 4d? if and only if for 2n, +d > 5, in this
case

d d
1 (e(g) —4d*)"  N4a? Jpa (e(g) —2)
exists.
Moreover, if 7 — 4d? € (0, 11—6), l£(2) is represented as:

(a) ifd is odd, then

% d(y _ 402\k/2 .
ﬁz_4d2+k§)ak(z 4d>)k/?, 2y +d=1,
() = | @) +7Cp Ve =42 + 3 afl c = 4>, 2np+d =3,
’ k>2
[f(4d%) + U (4d%) (z — 4d®) + 3 af(z — 4d®)*?, 2n,4+d = 5;
k>3
(A21)
(b) ifd is even, then
Crlna+Ina Y blak+ 3 clak, 2n,+d =2,
k>1 k>0
[;(z) = | r@4d®) — Cralne +Ina 3 blak + 3 cle’, 2n,+d =4,
' k>2 k>1
[y (4d®) + U, (4d) a +Ina Y blak + Y cdak, 2n,+d > 6,
k>2 k>2
(A.22)

where o := z — 4d*, {al'}, {b{}, (¢!} C Rand

22n,+d—1

Cpi= e ——
= By tIZ (2my)

/ Do f (i) [w, ..., wldH
§d—1

Proof Since 4d* — e(-) has a unique non-degenerate minimum at 77, the asymptotics
of [r(z) as z ™\ 4d? can be done along the lines of, for instance, [22,Lemma 4.1],
hence, we skip the proof. O
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Remark A.3 When

[0(x)] = O(Ix[*™+y  as x| — oo

for some np > 1, one has v € C 2Zno (Td ). In this case the Taylor series of f becomes
only asymptotics of order 2ny — 1 and thus, instead of expansions (A.3)-(A.4) and
(A.21)-(A.22) of I one has only asymptotics up to order 2ny — 1.
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