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Abstract

In Rao et al. (Comptes Rendus Acad Sci Paris Ser 1(342):191-196, 2006), Rao-
Ruan—Xi solved an open question posed by David and Semmes and gave a complete
Lipschitz classification of self-similar sets on R with touching structure. In this short
note, by applying a matrix rearrangeable condition introduced in Luo (J Lond Math
Soc 99(2):428-446, 2019), we generalize their result onto the self-similar sets with
overlapping structure.
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1 Introduction

Two compact metric spaces (E, d1) and (F, dy) are said to be Lipschitz equivalent,
denote by E ~ F, if there is a bijection f from E onto F and a constant C > 0 such
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that for all x, y € E, we have

Cldi(x,y) £ da(f(x), f() < Cdi(x, ).

From the definition, it is trivial to know that two Lipschitz equivalent spaces must
have the common Hausdorff dimension. But the converse is usually not true in general.
Hence except the Hausdorff dimension, Lipschitz equivalence plays another important
role for the classification of fractal sets.

Around 1990, with different viewpoints, Cooper—Pignataro [2] and Falconer—-Marsh
[5] made an initial attempt on the Lipschitz equivalence of Cantor sets. In 2006, Rao—
Ruan—Xi [16] achieved a breakthrough on self-similar sets with touching structure.
They used a technique of graph directed system to give a solution to an open question
of David and Semmes [3]. The result triggered a lot of interest. Since then, there have
been fruitful researches on this topic [4,10-13,15,17,20,21]. However, very limited
results involved the self-similar sets with overlapping structure (in the absence of the
open set condition). It is known that the topological structure of self-similar sets with
overlaps is quite complicated (see [14]). That may make more difficult to study the
Lipschitz equivalence.

Recently, Guo et al. [7] first constructed a Lipschitz equivalence class of self-similar
sets with complete overlaps on R. Some other sufficient or necessary conditions for the
Lipschitz classification of self-similar sets on R were also concerned in [1,8]. At the
same time, Lau and Luo [10,12] introduced the classical Gromov hyperbolic graph into
the study of Lipschitz equivalence. They developed a new tractable approach on the
problem. In particular, for self-similar sets with overlaps, Luo in [10] provided a very
general sufficient condition (later we will call it the matrix rearrangeable condition
(MRC)) for the Lipschitz equivalence of self-similar sets.

The main purpose of this note is to apply the MRC to classify the collection of
self-similar sets as follows: Let I = [0, 1] be a unit interval, n > 3 be an integer and
let0 < r < 1/n. Denote by C, ¢ the collection of self-similar sets K satisfying:

(1) K = U?:l S; (K) where S;j(x) =rx +b; fori =1,...,n.

2)0=by<by<---<by,=1-r.

3) If Si(I) N Si11(I) # O for some 1 < i < n, then the intersection either is a
one-point set (touching) or satisfies |.S; (1) N S;+1 ()] = r2 (overlapping).

@G e=#ie{l,....n—1}: |S5(DHNSit1 (D] = r2} (the number of overlaps).

We prove that

Theorem 1.1 Any two self-similar sets in C, » ¢ are Lipschitz equivalent.

Note that the self-similar set K € C, , ¢ is always totally disconnected as nr < 1.
Rao—Ruan—Xi [16] proved the case that £ = 0 (i.e., there are no overlaps on K).
LetC,, = Z;é Cn.r.¢ be the collection of self-similar sets K satisfying the above
conditions (1), (2), (3). Then the Lipschitz classification of C, , only depends on the
number of overlaps .

Corollary 1.2 Let K, K' € C . Then K >~ K' if and only if K, K' € C, ¢ for some
L.
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We recall some well established results on Gromov hyperbolic graphs, hyperbolic
boundaries and the definition of MRC in Sect. 2. By verifying the MRC of the hyper-
bolic graph induced by K in the condition (1), we finally prove Theorem 1.1 and
Corollary 1.2 in Sect. 3.

2 Preliminaries

In this section, we follow the standard notation in [10]. Let (X, £) be a graph, where
X is a set of vertices and & is a set of edges, i.e., £ C (X x X) \ {(x,x) : x € X}. By
a path in (X, £) from x to y, means a finite sequence x = xg, X1, ..., X, = y such
that (x;, xij+1) € € fori = 0,1,...,n — 1. Moreover, if the path has the minimal
length among all possible paths from x to y, then we say that the path is a geodesic
and denote by 7 (x, y). Call X a tree if for any two distinct vertices there is a unique
path connecting them. We equip a graph (X, £) with an integer valued metric d(x, y),
which is the length of a geodesic 7 (x, y) from x to y. Let ¥ € X be a fixed vertex
and call it the root (or reference point) of the graph. We use |x| to denote d (9, x), and
say that x belongs to the n-th level of the graph if |x| = n. We always assume that the
graph X is connected, i.e., any two vertices can be joined by a path.

A graph (X, &) is called a Gromov hyperbolic graph (with respect to ) if there is
6 > 0 such that

[x Ayl = min{|x Azl, [z A y|} =6 forany x,y,z € X

where [x Ay| := %(d(z‘/‘, x)+d @, y)—d(x, y)) is the Gromov product [6]. We choose
a > 0 withexp(3da) < /2, and define for x, y € X, pa(x,y) = 8x yexp(—alx Ayl),
where 8y, = 0 or I according to x = y or x # y. This is not necessarily a metric
unless X is a tree. However p, is equivalent to a metric, hence we usually regard p,
as a (visual) metric [19]. Let X be the completion of a hyperbolic graph X under p,.
The hyperbolic boundary of X is defined by 3 X := X \ X which is a compact metric
space under the metric p,. A tree is a hyperbolic graph with § = 0 and its hyperbolic
boundary is a Cantor-type set.

Let K = U!_, S;(K) be a self-similar set of Cy, , ¢ as in the introduction. Denote by
¥ ={1,2,...,n}and T* = UkzoZk where =0 = ¢ (as aroot). Forx = ijiz...ix €
>k, write the length |x| = k and the composition of maps Sy = S;; o--- 0 S;,. Say
X,y € X* are equivalent, denote by x ~ y, if Sy = . Trivially, ~ defines an
equivalence relation on £*. Let X; = XX/ ~ be the set of equivalence classes on
level k. Then X = UP2 Xy is the quotient space of X* under the relation ~. For
convenience, we use [x] to express the equivalence class containing x. Occasionally,
we replace [x] by x with no confusion.

There is a natural graph structure on X by the standard concatenation of indices,
we denote the (vertical) edge set by &,. That is, (x, y) € &, if and only if there exist
x" € [x],y" € [y] and some z € T such that y = x'z or x’ = y’z. According to the
geometric structure of K, we need to define a horizontal edge set on X:
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En = Jl(x.y) € X x X 1 x # y and S (1) N Sy (1) # B}
k=1

Let £ = &, U &, then (X, £) resembles Kaimanovich’s augmented tree [9], and is
a Gromov hyperbolic graph (due to Theorem 1.2 of [18]). Moreover, we have

Proposition 2.1 The hyperbolic boundary of (X, ) is Hilder equivalent to K.

Proof According to Theorem 1.3 of [18]. It suffices to prove that the iterated function
system {S;}7_, of K satisfies the condition (H):

There exists a constant ¢ > 0 such that for any integer k > 0 and any x,y € Xy,
either Sy (K) N Sy(K) # @ or |Sx(p) — Sy(@)| = crkforany p,.q €K.

Sincer < % 1 # Ul'.’:1 Si(I).Let Iy, ..., I, be the open intervals from left to right
in I'\U?_, S;(I). Then the shortest length of the open intervals, say ¢ := ming<; < |1/,
is the desired constant in condition (H). m]

For T C X, we say that T is a horizontal component if T C Xj for some k and
T is a maximal connected subset of X} with respect to £,. We remark that if &, = ¢
then the horizontal component 7 is a single vertex. Geometrically, T is a horizontal
component of X if and only if Uyec7 S (/) is a connected component of Uyex, Sy (1).
We use Tp to denote the union of 7 and its all descendants, that is,

Tp={xy: xeT,yeX}

Then Tp, equipped with the edge set £ restricted on Tp, is a subgraph of X. For any
x € X,wedefinexT :={xy:yeT}.

LetT C Xk, T’ C X, be two horizontal components of X. We say that 7 and T’
are equivalent, denote by T ~ T’, if there exists a graph isomorphism g : Tp — T7,,
i.e., the map g and the inverse map g~ ' preserve the vertical and horizontal edges of
Tp and Tp,. Denote by [T'] the equivalence class and F the family of all horizontal
components of X.

Lemma 2.2 For any two horizontal components Ty C Xy, To C Xy, with#T1 = #T>.
If there exists a similitude ¢ (x) = r®>=¥1 Rx + ¢ where R = %1, ¢ € R such that

{poSy:xeT}={S:yel}

then Ty ~ 1.

Proof Without loss of generality, we may assume that 71 = {x1,...,x,}and T» =
{V,....,ym}and ¢ o S,, = S,, wherei =1, ..., m. Then for any finite word z € X*,
we have

oSy =¢o08,08, =808, =8, i=1...,m.

It follows that for any z, w € X*, Sy,; = Sy if and only if Sy, = S,,, and
Sxiz(I) N Sy, (I) # Wif and only if Sy, (1) N Sy, (1) # @. That proving Ty ~ 1. O

@ Springer



Lipschitz classification of self-similar sets with overlaps 347

Definition 2.3 We call the graph (X, £) simple if the number of equivalence classes
in F is finite. Let [T1], [T2], ..., [T4] be the equivalence classes, and let a;; denote
the cardinality of the horizontal components of offspring of T € [T;] that belong to
[T}]. We call A = [a;]axa the incidence matrix of (X, £).

Since S, = S, may happen for x # y, the natural graph (X, &) may be not a
tree. In that situation, one vertex of X may have multiparents that destroys the tree
structure. However, we can reduce it into a tree (X, &) in the following way: for a
vertex y € X \ {¢}, let x1, x2, ..., x; be all the parents of y such that |x;| = |y| — 1
and (x;,y) € &y,i = 1,2, ..., k. Suppose x| < x < --- < xi in the lexicographical
order for finite indices. We keep only the edge (x1, y) and remove all other vertical
edges. We denote by &' the set of remained edges. Then (X, £) is the reduced tree.

Similarly, for the tree (X, &), we say two vertices x, y of X are equivalent (write
x ~ ) if the two subtrees {x}p and {y}p are graph isomorphic. (X, &) is called a
simple tree if X has only finitely many non-equivalent vertices. In this sense, we denote
by [#1], [#2], - . ., [#] the equivalence classes of vertices (¢ € [t] for convenience) and
B = [b;jlixk the corresponding incidence matrix. Obviously, if (X, £) is simple then
as a subgraph, (X, &) is also simple. Therefore, any horizontal component of (X, £)
can be represented by the equivalence classes of vertices as follows: For T e [T;],
1 <i < d, suppose that T' consists of u;; vertices belonging to [#;], j = 1,..., k. We
represent it by using a vector w; = [u;1, ..., u;x] (relative to [#1], ..., [#]), and write
u = [uy, ..., uy]. Then the vector u can be regard as a representation of the classes
[T1], ..., [T4] with respect to the classes [#1], ..., [#].

Theorem 2.4 [10] Let (X, &) and (Y, S;*) be two simple trees defined as above. If
they have same incidence matrix B, then they are graph isomorphic.

Definition 2.5 Let B be a k x k non-negative matrix, let u = [uy, ..., uy] where
w = [uig, ..., uix] € Zﬁ. A d x d matrix A is said to be (B, u)-rearrangeable (or to
satisfy the matrix rearrangeable condition) if for each row vector a; of A, there exists
a non-negative matrix C = [c¢;;]pxq Where p = Zﬁ':l u;; such that

d
thi':l C1ju; c
> =1 C2ju; e
a; =1C, Cu* = / ) =1 . |,
d
Zj:lcpjuj p
and #{c, ¢ =bj, t=1,2, ...,p} = u;j, where b; is the j-th row vector of B,

uj
1 =11, ..., 1] such that the involved matrix product is well defined, and u* = |: : :|
ug

The notion of the matrix rearrangeable condition (MRC) is the most important
technical device in constructing the needed bi-Lipschitz map. It was introduced and
systematically studied by Lau and Luo (please see a series of papers [4,10,12]). Many
matrices, such as primitive matrices, satisfy the MRC.
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With the above notion and Proposition 2.1, the main theorems of [10] can be refor-
mulated as follows.

Theorem 2.6 Suppose the graph (X, £) of a self-similar set K is simple and suppose
the incidence matrix A is (B, u)-rearrangeable. Then 3(X, £) ~ 3(X, ).

Moreover, since (X, E)) is a tree, its hyperbolic boundary is a Cantor-type set.
Then the self-similar set K is Lipschitz equivalent to a Cantor-type set.

3 The proof of Theorem 1.1

By Theorem 2.6, to prove Theorem 1.1, we only need to show that the graph (X, &)
induced by any self-similar set K € C, ,  where £ > 1 is simple and the incidence
matrix A is (B, u)-rearrangeable.

Lemma3.1 Let K € C, ¢, £ > 1. Then the hyperbolic graph (X, £) is simple.

Proof Obviously,0, 1 € K and K C I.Let X = U2 Xy and & = &, U &, be defined
as in Sect. 2. From the conditions (1), (2), (3) of K, it can be seen that any horizontal
component of X is generated by either one vertex (see Fig. 1b where 17y is generated
by the vertex 1) or two vertices that are joined by one horizontal edge in the previous
level (see Fig. 1b where T3 is generated by the two vertices {1, 2}). In the later case,
there are only two types according to the condition (3): Let (x, y) € &, be a horizontal
edge with x < y. Then either

1S:(1) N Sy(D] = rX*! - (Type A)
or  Sy(I)NSy(I)is aone-point set  (Type B).

Write

Vi={xe X:3y e Xst (x,y)is of Type A},
Vo={x e X:3y € Xs.t (x,y)is of Type B}.

From the condition (2) of K, there are at least two components in the first iteration
Uiex Si (I) (see Fig. 1a). Hence there are at least two horizontal components in the first
level X of the hyperbolic graph (X, £). We denote them by Ty, T1, ..., Ty, where
k > 1. Without loss of generality, we may assume that 1 € Ty and n € T7.

Let m; = #(T; N'Vy) and ¢; = #(T; N V,), then #T; = m; + ¢; + 1 where
i=0,1,..., k. Moreover, we have

mo+my+---+my=4£ and Lo+ +...+lr=n—€—k—1. 3.1

For any two vertices x, y € T; withx < y, if (x, y) € &, then we need to consider
the following two cases:

(i) theedge (x, y)isof Type A. Since Sy, = Sy1, the offsprings of vertices {x, y} arise
anew horizontal component, say Ty := xT1 U yTo with #Tj+1 = #To +#T1 — 1
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Si(I) Sa(I) Si(I) Ss(I) 1 3
. . . .
5l 7 T, 7

17 17, Ty = 1T, U 2T, 21, o1y

(¢) The iteration of Type B.

Fig. 1 An illustration of the structure of the graph (X, &)

(see Fig. 1b). All the horizontal components generated by {x, y} are
xTo,xD, ..., xTk, Tiy1, y1o, ..., YTk, yTh.

It can be seen that #T41 = mgy1 + €r+1 + 1 where myy1 := #(T+1 N V) and
Li+1 :=#(Tk41 N V2). Hence

mp1 =mo+my, Lrrp =L+ L. (3.2)

(ii) theedge (x, y) is of Type B. In the offsprings of {x, y}, we can find a new horizontal
component Ty 1= xT U yTy with #Ty» = #To +#77 (see Figure 1(c)). All the
horizontal components generated by {x, y} are

xTo,xTo, ..., xTy, Tiyo, yTo, ..., YTy, yT1.

Ifwelet miio = #(Tr42 N VY) and €40 = #(Tiy2 N Vo). Then #Tj 40 = mypy2 +
Lr+2 + 1. Hence

M2 =mo+my, Lo =4Lo+ €+ 1L (3.3)

By similarity and Lemma 2.2, it is easy to check that yT; ~ T; fori =0, ..., k.
We mention that it is possible that [T;] = [T}] fori # j € {0, 1, ..., k + 2}, but that
will not affect the finiteness of the equivalence classes.

In the third level X3, fori = 0,1, ...,k + 2, we have #T; = m; + £; + 1 with
m; = #(T; N Vq) and ¢; = #(T; N V,). It follows that, in 7;, there are m; pairs of
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{x, ¥} so that (x, y) is of Type A and ¢; pairs of {x, y} so that (x, y) is of Type B.
By using the similar arguments as above and Lemma 2.2, the offsprings of vertices in
T; give rise to one class [Tp], one class [T1], m; classes [Ti+1], £; classes [Ti42] and
m; +¢; + 1 classes [T;] fori = 2, ..., k. Hence we find out all the equivalence classes
of horizontal components in the first three levels of X which are [Tp], [T1], . . ., [Tk+2].

Based on the previous arguments, there will be no new classes appearing in the
offsprings of any component 7' € [T;] fori = 0, 1, ..., k 4+ 2. Therefore, (X, &) is
simple and the incidence matrix A is of the form

L1 mo +£o + 1 mo + £ + 1 mo Lo
1 1 my+4€1+1 my+4£€1+1 mi A
A= . . . . .
I 1T mggo+lpr+1 - mppo+L2+1 mpypn Lryo
(3.4)
]

Lemma3.2 Let K € Cy ¢, £ > 1. Then the reduced tree (X, &) is simple with

incidence matrix
n—~¢ ¢
B=|:n—ﬁ—1£i|' 3.5)

Proof By using the similar arguments as in the proof of Lemma 3.1, we shall find the
incidence matrix B. For any pair of indices x, y € X£* withx < y. If [Sc(/)NS,(])]| =
r*1*1 then we must have Sy, = y1 and xn, yl € ¥* are equivalent (i.e., xn ~ yl),
hence {xn, y1} forms an identifying vertex of X (= £*/ ~). On the other hand, from
the conditions (1), (2), (3) of the self-similar set K, we can see that any identifying
vertex of X has at most two members of the form {xn, y1}.

Let 1 = ¢ be the root of X and [#1] be the equivalence class containing . Due to

condition (4) of K, we may assume that iy, ..., iy are the indices in the first level X
such that |S,-j (nHn Sij +1(DH] = r2, Jj =1,..., £.Hence there are £ identifying vertices
in the second level Xy, say x; := {i;n, (i; + D1}, j =1, ..., £. By the construction

of the reduced tree (X, &), we need to remove the vertical edges (i; + 1, x;) and keep
(ij, x;) in the graph (X, &) asi; < i; + 1. Then the number of offsprings of vertex
ij + 1isn — 1 for each j. We denote by [;] the equivalence class containing i; + 1.
If we continue this progress until the third level X3, it can be seen that there are only
two classes of vertices in (X, &), say [#1], [2], and the incidence matrix follows. O

Lemma 3.3 Ais (B, u)-rearrangeable, where u is the representation defined in Sect. 2.
Proof Matrices A and B have been determined by Lemmas 3.1 and 3.2. We still need
to get the vector u. Fori = 0,1,...,k + 2, we have #T; = m; + {; + 1 where

m; = #(T; N'Vy) and ¢; = #(T; N V,). Hence there are m; vertices in 7; that belong
to the class [#2]. The remaining ¢; + 1 vertices belong to [#1]. We can write u as

u=[ug,uy,..., 2], wherew; =[¢; +1,m;], i=0,1,...,k+2.
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Let a; be the i-th row vector of the matrix A in (3.4) and let p = 1 + ¢; + m;. By
(3.1), (3.2) and (3.3), we obtain that 1C = a; and

n—4¢ 1 1 1 1 1 00
n—2¢ 14 0o 01 -~ 1 0 1
Cu* = n—4¢ 1 where C=[(0 0 1 --- 1 0 1
n—0—1 ¢ o o0 1 -~ 11
| n—€—1 E—pXZ |10 01 -~ 11 O_px(k+3)
Consequently, A is (B, u)-rearrangeable by Definition 2.5. O

Proof of Theorem 1.1 Let K, K’ € Cp, 4, and let X, Y be their hyperbolic graphs,
respectively. By Lemma 3.2, their reduced trees are both simple with the common
incidence matrix B asin (3.5), hence are graph isomorphic by Theorem 2.4. Lemma 3.1
implies that both X and Y are simple. We denote their incidence matrices by A and A’,
respectively. According to Lemma 3.3, A is (B, u)-rearrangeable and A’ is (B, u’)-
rearrangeable where u, u’ are the corresponding representations. Then K and K’ are
Lipschitz equivalent to the common Cantor-type set by Theorem 2.6. Therefore K ~
K’ o

Proof of Corollary 1.2 If K € C,,, for £ > 1. Let (X, &) be the hyperbolic graph
induced by K. Lemma 3.2 implies that the reduced tree (X, &) is simple with the

incidence matrix B as in (3.5). The spectral radius of B is p := ”+—V’2’2_4£. Let
e; = [1,0],1 = [1,1] and 1’ be the transpose of 1. Then the number of ver-
tices of k-th level can be calculated by #X; = e B¥1" and limk%oo(elBkll)l/k =
limg— 00 (|| B¥||00) /¥ = p by Gelfand’s formula. Moreover, #X also counts the num-
ber of different pieces of K in the k-th iteration. Since the corresponding IFS {S;}7_,
of K satisfies the weak separation property [18], by Theorem 2 in [22], we obtain

log(#X 1
dimpy K = lim 28#XK) _ logp
k—oo —klogr —logr

logn
—logr

Cnr(= U'g;é Cn.re) and K >~ K’, then they have the same Hausdorff dimension.
Thus, K, K’ belong to the common collection C,, » ¢ for some £. The converse follows
from Theorem 1.1. O

If K € Cy,r 0, there are no overlaps, then dimy K = . Suppose K, K’ €
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