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Abstract

Niederreiter and Halton sequences are two prominent classes of higher-dimensional
sequences which are widely used in practice for numerical integration methods because
of their excellent distribution qualities. In this paper we show that these sequences—
even though they are uniformly distributed—fail to satisfy the stronger property
of Poissonian pair correlations. This extends already established results for one-
dimensional sequences and confirms a conjecture of Larcher and Stockinger who
hypothesized that the Halton sequences are not Poissonian. The proofs rely on a gen-
eral tool which identifies a specific regularity of a sequence to be sufficient for not
having Poissonian pair correlations.
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1 Introduction

Let || - || denote the distance to the nearest integer. A sequence (x,),>0 of real numbers
in [0, 1) has Poissonian pair correlations if

1
N#[Ofn;élfN—l:||xn—x1||§%}—>2s (1

for every real number s > 0 as N — oo.

The investigation of pair correlations of sequences was originally motivated by
problems in quantum chaos, see e.g. [1] and the references therein. In the last few years
pair correlations have also been studied from a purely mathematical point of view as
the property of Poissonian pair correlations is natural for a sequence of independently
chosen random numbers drawn from the uniform distribution. Extensive research
recently has been done in terms of metrical theory as well as for concrete sequences.
An introduction to this topic and a collection of results is provided by [13].

For example, it is known that any sequence (x,),>0 in [0, 1) which has Poissonian
pair correlations is also uniformly distributed, i.e.

. 1
ngnooﬁ#{OSnEN—l.xne[a,b)}—b—a

for all 0 < a < b < 1 (this was independently proven in [2,7,21]). However, the
converse is not true since for many explicit examples of classical uniformly distributed
sequences, such as the Kronecker sequence ({no}),>0, the van der Corput sequence
and certain digital (¢, 1)-sequences, it has been shown that they do not have Poissonian
pair correlations (see e.g. [14]).

A generalization of Poissonian pair correlations to a higher-dimensional setting has
recently been established in [9] as well as in [22] (see also [16] for a more general
analysis of higher-dimensional pair correlations). In this work, we refer to the concept
in [9]. To this end, let || - ||ooc denote a combination of the supremum-norm of a d-
dimensional vector x = (x1, ..., x@) ¢ R? with the distance to the nearest integer
function || - || defined by

Il := max([lx VY, ..., Jx@|). 2)

A d-dimensional sequence (x,),>0 € [0, l)d has Poissonian pair correlations if
1 . S 26)4
o= AN =1 — 3l = 7| = @9 3)

for every real number s > 0 as N — oo.

The alternative higher-dimensional concept that was introduced in [22] is based
on the Euclidean norm instead of the maximum in (2). The specific form on the left
hand side in (3) can be explained by regarding the one-dimensional case (1) first. For
a regular grid with N points on the one-dimensional torus together with the setting
s = 1, we know that every point counts exactly the two neighboring points in its closed
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Pair Correlations of Halton and Niederreiter Sequences... 791

1/N-neighborhood and therefore the left hand side of (1) equals 2, which equals the
right hand side of (1) for s = 1. Now a one-dimensional sequence with Poissonian
pair correlations has to satisfy for each s that the expected number of points in a
closed s /N-neighborhood equals 2s in the limit. In the higher-dimensional definition
the neighborhood is the closed ball with diameter 2s/N !/ and the expected number
of points in such a closed neighborhood has to be equal to the volume of the ball with
diameter 2s.

Any sequence which fulfills (3) gives the impression of being very evenly distributed
on the torus. In fact, in analogy to the one-dimensional case, it could be shown that
sequences with the Poissonian pair correlation property in the sense of [9] as well
as [22] are uniformly distributed in [0, 1)¢. Again in analogy to the one-dimensional
case, the converse is not true for higher-dimensional sequences. For example, the
d-dimensional Kronecker sequence ({n«}),>0 does not have Poissonian pair corre-
lations in the sense of (3) for any « € R9 (see [9]) in consistency with the fact that
the one-dimensional Kronecker sequence ({na}),>¢ does not have Poissonian pair
correlations for any « € R. However, whether the higher-dimensional analogues of
other well-distributed one-dimensional point sequences—such as Halton or digital
(t, d)-sequences—have Poissonian pair correlations remained unanswered although
it is not so hard to disprove Poissonian pair correlations for their one-dimensional
versions (see e.g. [14]).

One might conjecture that for Poissonian pair correlations in the higher-dimensional
setting it may be a necessary condition that all its component sequences do have
Poissonian pair correlations. In other words, is the fact that a single component
is not Poissonian sufficient to disprove Poissonian pair correlations for the higher-
dimensional sequence? We are not aware of an argument that leads to a transfer of the
non-Poissonian pair correlation property from one or more components to the higher-
dimensional sequence. The higher-dimensional version of uniform distribution that
conditions for a sequence (x,),>¢ in [0, 14,

N—o00

d d
1
lim —#40<n<N-1:x,¢€[[la;.bp)¢=]]®;—ap
j=1 j=1

forall0 <a; <bj <1landj € {1,...,d} includes uniform distribution for every
component sequence.

The motivation behind the present paper was to prove that both the Halton sequences
and the Niederreiter sequences do not have Poissonian pair correlations in the sense
of (3). We emphasize that it is not ad hoc clear whether the two higher-dimensional
concepts of Poissonian pair correlations in [9] and [22] are equivalent or not. Therefore
the first task for the investigation is to choose one of the concepts in higher dimensions.
We use (3), because it has been used for the investigation of the higher-dimensional
Kronecker sequence and it appears more suitable for the investigations of the Halton
as well as digital (¢, d)-sequences, because in the proof we can reduce the study of
the distances between points to one single component.

Before the presentation of our results, let us briefly review the construction of the
considered sequences.
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792 R. Hofer, L. Kaltenbock

1.1 Digital (t, d)-sequences

A widely used class of low-discrepancy sequences for numerical integration methods
are digital (¢, d)-sequences that are generated via the digital method:

Let d € N, let T be a finite field with q elements and characteristic p and let
¢ :Fy — {0,1,...,q9 — 1} be a bijection satisfying ¢(0) = 0. The main ingredi-
ents are the N x Ng generating matrices CV ..., C'D over the finite field F, with
row index range N and column index range No. We construct a sequence (X,)n>0,
X, = (x,(ll), ey x,(ld)), by generating the j-th component of the n-th point, x,(lj),
as follows. We represent n = ng + niq + naq> + -- - in base q, build the vector
(d)_l(no), q‘)_l (n),...)" e FE‘O with infinitely many entries, set

P @ o). d 7 ), )T = )T e Y

and

)
, q'
i>1
Note that the matrix vector multiplication above is well defined, since the vector
(¢>’1 (no), qb*1 (ny), ... YT contains only finitely many nonzero entries.

The distribution properties of the constructed sequence (x,),>0 strongly depend
on the generating matrices C(V, ..., C®_ For the sake of simplicity we assume that
all matrices have finite columns, i.e., each column contains only a finite number of
non-zero entries.

If there exists a number ¢ € Ny such that for every m € N with m > ¢ and for all
riy...,rq € Nowithr; +---+rqy = m — t, the set of row vectors

[ Doskemj el dyret, . )

is linearly independent over F, then (x,),>0 is a (¢, d)-sequence in base ¢, i.e. for
all integers m > t and s € Ny the point set (X,)sqm<n<(s+1)gm has the property that
any elementary interval of order m — ¢, that is an interval of the form

=14 q
withvy, ..., vg € Nosuchthatv;+---+vs =m—randwitha; € {0,1,...,4% —1}
foreveryj € {1, ..., d}, contains exactly ¢" points. For more detailed information on

(z, d)-sequences and their construction we refer to [3,19] and the references therein.

In order to reflect a deeper regularity in the single components the more specific
notion of (u, e, d)-sequences, where u € Ny and e = (e, ...,eq) € Ng, was intro-
duced by Tezukain [24] and analyzed e.g.in [11]. For constructing a (u, e, d)-sequence
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the generating matrices c .., C@ ¢ FqNXNO have to satisfy forallry, ..., rg € Np
such that e;ry + - - - + egrg < m — u, the set of row vectors

{(C£{2)05k<u+2?:1€jr1‘ cje{l, .. dhre {1""’ejrj}}

has to be linearly independent over . Then, for all integers m > u and s € Ny
the point set (x,)sgm<n<(s+1)gm satisfies that for any vy, ..., vy € No with ejvy +
<o+ 4+ eqvg < m — u, the elementary interval /(ejvy, ..., eqvg) contains exactly
qm—(elv1+--~+edvd) pOil’ltS.

It is known that any (u, e, d)-sequence in base g is a (¢, d)-sequence in base g with
t=u+ Z;{:] (ej —1). Tezuka [24] showed that for the Niederreiter sequences [18] an
appropriate choice of e allows smallest possible quality parameter # = 0 and stresses
a deeper regularity of the Niederreiter sequences that will come in handy for the study
of their pair correlations.

It is a non-trivial task to find or construct matrices satisfying such strict conditions
on their rank structure. The known methods are either constructions that determine
the generating matrices row by row (as e.g. the generating matrices of Niederreiter
sequences [18] and of Xing-Niederreiter sequences [26]) or column-by-column con-
struction algorithms (as e.g. the generating matrices introduced in [10,11]).

For the question whether any digital (¢, d)-sequence can have Poissonian pair cor-
relations or not the investigation of both concepts is relevant. In this paper we study
the most prominent example of the row-by-row concept by Niederreiter [18] and the
most basic form of the column-by-column concept [10]. This two classes of digital
sequences are generated by non-singular upper triangular (N U T') matrices and satisfy
u = 0 for appropriate e. Both properties, NUT and u = 0, are used in our method of
proof.

The generating matrices of Niederreiter [18]: for a given dimension d € N
we choose q1(x), ..., qq(x) € Fy[x] to be monic non-constant pairwise co-prime
polynomials over ¥, of degrees e; = degq;(x) > 1 for j € {1,...,d}. Set
e = (e1,...,eq). Now the i-th row of the j-th generating matrix C\)), denoted by
pl.(]), is constructed as follows. We choose s € Nand r € {0, ..., e; — 1} such that
i =ejs —r, consider the expansion

xr

q;j(x)*

= aPs.r x e Fy((x™)

k=0

and set pl-(]) = @V, r, k))k>0-

It is easy to check that these generating matrices are NUT matrices over [F,.
Furthermore, they generate a digital (0, e, d)-sequence over I, (see e.g. [24]).

The analog generating matrices that are constructed column-by-column [10]: for a
given dimension d € N we choose d pairwise co-prime, monic non-constant polyno-
mials q1(x), ..., qq(x) € Fy[x] and denote their degrees, which are all positive, by
el,...,eq. For k € Ny, we construct the k-th column of the j-th generating matrix
CD, denoted by ak(J ) = (a[(’]k)) =1, by using the representation of xK in terms of powers
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794 R. Hofer, L. Kaltenbock

of gj(x),1.e., xk = Zsz() bs(x)qj(x) with by (x) € Fy[x] satisfying deg(by(x)) < e;.
This representation can be computed as follows:

xk = ap(x)g;(x) +bo(x), where ag(x), bo(x) € Fy[x] such that degby(x) < e,
ap(x) = ay(x)gj(x) +bi(x), whereaj(x),bi(x) € Fy[x] such that deg by (x) < e,

Note that there are just finitely many nonzero remainder polynomials bg(x). Now we
consider the representation of the remainder polynomial bg(x) in terms of powers of
x,ie. by(x) =bso+bsix+---+ bsye,.qxe-/_], and set

) ) () —
(UEj.S'+l,k’ O—e.,'s+2,k’ cee Ue.,'s+e_,',k) = (bs,0.bs,1, - .., bs,ej—l)-
The matrices CV, ..., C@ are NUT matrices and generate a (0, e, d)-sequence

in base g (cf. [10, proof of Theorem 1]).

For both methods—the Niederreiter construction as well as the column-by-column
construction—we strongly focus on analyzing the left hand side of (3) in order to
obtain our first main result.

Theorem 1 The digital (0, e, d)-sequences with generating matrices chH, . ...c@
obtained via the Niederreiter construction or the alternative column-by-column
approach do not have Poissonian pair correlations.

Note that both methods of constructing generating matrices based on the specific
choice of distinct monic linear polynomials g (x), ..., g4(x) result in the generating
matrices of the Faure sequences [4]. Hence, we know that Faure sequences do not
have Poissonian pair correlations. Moreover, we would like to note that the proof of
Theorem 1 utilizes the NU T property of the generating matrices as well as polynomial
arithmetic over I, . Itis anon trivial task to generalize the method of proof of Theorem 1
to more general not necessarily upper triangular generating matrices, i.e. to cover the
generalized Niederreiter sequences as well as the Sobol sequences, and also the Hofer—
Niederreiter sequences [11] and Xing—Niederreiter sequences [26].

1.2 Halton sequences

Other higher-dimensional point sequences which are of wide interest and which can
be seen as the extension of the van der Corput sequence to higher dimensions are
Halton sequences [8].

Letd € N, by, ..., bg > 2 be pairwise relatively prime integers and for b > 2 let
¢p : Ng — [0, 1) be the b-adic radical inverse function, defined as

dp(n) = 2 + L4
n) = — J—
b b b2
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wheren = ng+n1b+ ... withn; € {0,...,b — 1} for i € Ny is the unique base b
representation of n. The Halton sequence in pairwise relatively prime integer bases
bi,...,bq = 2 is the sequence (x,),>0 in [0, D4 whose elements are given by

Xp = (¢p (), ..., ¢p,(n)).

Again, see e.g. [3] for more details. The question whether Halton sequences have
Poissonian pair correlations or not was posed in [9] and also stated as Problem 5 in
[13], although it was suggested that this is most likely not the case. It turns out that
this conjecture indeed is true.

Theorem 2 The Halton sequence (x,),>0 in pairwise relatively prime integer bases
bi,...,bg >2,d €N, does not have Poissonian pair correlations.

Of course, it typically is expected that higher-dimensional versions of sequences
have similar qualities as their one-dimensional analogues. However, it should be men-
tioned that an exceptional behavior of Halton sequences has been announced for the
instance of the L ,-discrepancy for p < oo by Levin in [15]. In this unpublished
manuscript he claimed that higher-dimensional Halton sequences have optimal order
of L ,-discrepancy, even though the one-dimensional van der Corput sequence does
not satisfy optimal L ,-discrepancy bounds. (For the result on the L ,-discrepancy
of the one-dimensional van der Corput sequence cf. e.g. [20]. The interested reader
is referred to [5], which gives an overview over different generalizations of van der
Corput sequences and some of their properties.)

The rest of the paper is organized as follows. The key ingredient for the proofs of
Theorem 1 and Theorem 2 is a general tool stated as Proposition 1 at the beginning
of the next section. It identifies a specific high regularity for sequences which is
sufficient for failing Poissonian pair correlations. In more detail, if there are too many
points sharing similar distances from each other then the pair correlations cannot
be Poissonian. Verifying such a high regularity for both, Niederreiter and Halton
sequences, is not trivial and therefore takes the majority of Sect. 2. The final Sect. 3
gives an outlook to future research tasks and discusses a problem in algebraic number
theory and Diophantine approximation that occurred during the investigation of Halton
sequences.

2 Proofs

The following proposition, which serves as one of our key tools for the proofs of
Theorems 1 and 2, works out that any sequence that contains a sufficiently large number
of pairs of points with similar distances fails to have Poissonian pair correlations.

Proposition 1 Let (x,),>0 be a sequence in [0, 14, If there exist real numbers
a,b, c > 0 satisfying
c>2h? —2a)? >0, “4)
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796 R. Hofer, L. Kaltenbock

and a strictly increasing sequence of positive integers (Ni)ken such that (X,)o<n<n,

fulfills

a b
O0<n#l<N.—1:|xp—xilloc € —d> id > cNg (5)
Nk Nk

Sfor all k larger than some index ko, then (x,),>0 does not have Poissonian pair
correlation.

Proof Let a, b, ¢ > 0 be real numbers satisfying (4). Let (x,),>0 be a sequences in
[0, l)d and (Np)ken a strictly increasing sequence in Ny such that (5) holds for every
k large enough.

Assume that (x,),>0 has Poissonian pair correlations. We use (3) for s = b and
obtain

1
0 n A= Ne= 1 xn —xilloe = — 7] > @b
Ny Nk/
as k — oo. It holds that
b
#o<n 1= Ne— 1w = xile = —]
Nk
a
=#{0=nEl = Ne— 1 Ix —xille = —17 )
Nk

a b
#{Osn#lka—I:Hx — x| e(——]}
=: Ay + By.

Therefore, for any €1 > 0 there exists an index k(e1) such that for all k > k(g1) we
have

Ak d
+ = < 2ht+
Nk (25) el

For sufficiently large k we can use the assumption (5) and obtain

Ay d By, d
— < (2b —— < (2b —c.
Nk_( )+ e Nk_( ) ' +e1—c

Now consider Ay /Ny which tends to (2a)? ask — oo by the property of Poissonian
pair correlations for s = a. Again this implies that for any &> > 0 there is an index
k(&) such that for all k > k(&3) it holds that

ZE > 2a)! —
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By assumption (4), there exists k > 0 such that
c=2h? - 2a)! +«.

However, if £1 and ¢; are chosen such that e1 &2 < « and provided that & is sufficiently
large we have

A
QaY! — e <X < byl 46—
N

and
c< @b —Qa)! +e146 < 2h) — Qa)! +k=c,

which yields the desired contradiction to our assumption that (x,),>0 has Poissonian
pair correlations. O

In the light of Proposition 1, the key ingredient for proving that Niederreiter and
Halton sequences do not have Poissonian pair correlations therefore is to find enough
pairs of points for which the distances between those points can be suitably well
calculated and lie in a rather small interval. Note that the larger [0 — a, the larger ¢ in
(4) and the more pairs of points (x,, x;) satisfying the counting condition in (5) have
to be identified.

2.1 Application to digital sequences

For the proof of Theorem 1 we need some preliminary results.

Lemma 1 [6, Prop.1] Let CV, ..., CD be the generating matrices of a digital
(u, e, d)-sequence overFy and S bea NUT matrixin IFEIOXNO. ThenCVs, ..., c@Ds
are generating matrices of a digital (u, e, d)-sequence over IF,.

In the following the quantity L ; denotes the maximal row length considering the first
f rows of all generating matrices. More precisely, taking the matrix consisting of the
first f rows of each of the generating matrices, L y — 1 is the index of the last non-zero
column (or oo, if none exists).

Lemma2 Let CV, ..., CD pe the generating matrices associated to the distinct
monic non-constant pairwise co-prime polynomials q1(x), ..., qq(x) with degrees
el,...,eq using one of the two constructions given in Sect. 1.1. We set v =
Icm(ey, ..., eq) and define the matrix S € F?IOXNO as follows. For k € Ny, the
k-th column oy of S, is given by or = (by, b1, ...,bx—1, b, .. )T where the by,
0 < n <k, are the coefficients of the following monic polynomial of degree k,

d
pr(x) = x| [ i) Sitsimtotsav/es = N " p, o,

i=1 n>0
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798 R. Hofer, L. Kaltenbock

Here the s; and r; are defined as follows

k =dvsg +rq, rqg €{0,...,vd — 1}
rg = — Duvsg_1 +r4_1, rga—1 €{0,...,v(d—1) -1}
rp = vsy +rq, ri€ef0,...,v—1}
Then the matrices CVS, ..., C@§ generate a digital (0, e, d)-sequence and satisfy

Ly < df provided that v| f.

Proof For the Niederreiter construction see [ 12, Theorem 1]. For the column by column
construction note the linearity of the construction algorithm and the fact that the set of
polynomials (1, p1(x), p2(x), ..., px(x)) forms abasis of {p € F,[x] : deg(p) < k}.
Moreover, note that ql.(si HierbeEsOv/e () divides pr(x) and that for k > df we have
vsg > f.Thus forsuch k at least df zero entries in the k-th columns of cH ..., c@
are guaranteed. O

The matrix S, which was introduced in Lemma 2, will prove to be extremely use-
ful for the sharp estimating of the distances between specific pairs of points in the
following proof of Theorem 1.

Proof of Theorem 1 We may assume d > 2 as the one-dimensional case was treated
already in [14]. Let ¢ (x), j € {1, ..., d} be monic non-constant pairwise co-prime
polynomials over [F; of degrees e; > 1 and let C () denote the corresponding gener-
ating matrices constructed via the Niederreiter or the alternative column by column
approach. Moreover, let m be a multiple of v = Icm(ey, . .., e4) times d, i.e.m = kvd
with k € N,.

The sequence (x,),>0 constructed via the digital method is a (0, e, d)-sequence,

therefore any elementary interval with volume ¢ =" of the form
d
. aj aj+ 1
1(vk, ..., vk) = ]_[ [W, p
j=1
where 0 < a; < q”k, contains exactly one point x,, withn € {0, 1,...,¢™ — 1} and

one point x; withl € {¢", ¢™ + 1, ...,2¢q™ — 1}. The idea of the proof then is to find
infinitely many suitable values of m such that the distances between the elements x,,
and x; are similar for many n and [, respectively, in order to apply Proposition 1.

To begin with, for arbitrary n = ng +ni1q + ... andl =1lp +I1q + ... we define

Ang = 0 ¢ D 6T )T = @7 (o) 0T ), T ) T e T

Note that n,, =0 and [,, = 1.
The elements x,, and x; lie in the same elementary interval I (vk, ..., vk) if

DiscmanyDng = (0,...,0)7, (©6)
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where Dyyxmt1) € Fy'™ M+ s the im x (m + 1))-matrix whose rows consist of

the rows of each upper left (kv x (m + 1))-submatrix of /), j € {1, ..., d}. Note
using the fact that both the Niederreiter construction as well as the column by column
approach yield digital (0, e, d)-sequences, we easily derive from the definition of a
digital (u, e, d)-sequences that the matrix D, x (5,+1) has rank m.

Furthermore, let S,,+1 be the upper left ((m + 1) x (m + 1))-submatrix of S defined
in Lemma 2. Since S,,+1 is non-singular we can rewrite

Dmx(m+l)A11,l = Dm><(m+1)Sm+ISm+1 A

Since 0 <n < g™, q"™ <1 <2q" and both, S,,11 and S, 1 are NUT matrices with
ones in the diagonal, we have

_ d
Sm-li-lA"l = <¢—1(1)>

with d € F7' and where ¢ is the bijection from the construction of digital (¢, d)-
sequences (cf. Sect. 1.1). Moreover, from Lemma 2 with f = kv it follows that the
last column of the product D, x (m+1)Sm+1 consists of zeros exclusively. From (6) it
therefore follows that d is the zero vector in IFZK ie.

_ 0
Sm—lHA”l = (¢—1(1)> ’

or equivalently after multiplying with S,,+; from the left, and hence the m + 1-st
component of A, ; equals ¢_1(1) times the (m + 1)-st column of S,,+1, which is
determined by the representation of the polynomial

d
k/e;
pm) =[] @)
i=1
in terms of powers of x.

We now have to find specific choices of m or k, respectively, such that we obtain
special A, ; in order to apply Proposition 1. Therefore, let

7; ;= min {r eN: ql.rv/ei x)=1 (mod q;.)/ej (x)) for every j # i] )
Then we use the characteristic p of the finite field F; and the fact that for all k € N and
1<l < pk we have (”lk) =0 (mod p).So whenever u is a power of the characteristic

of I, we have for all f(x), g(x) € F,[x] that

(f () + ()" = f“(x) + 8" ().
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800 R. Hofer, L. Kaltenbock

If we set 6 := lem(ty, ..., t4), we therefore have

q?v/ez' (x)=1 (mod q})/ej (x))

and y
[Ta"""“@ =1 (mod q;"* o). )
i
i)

Then let m = uv6d and consider C(m+l)><(m+l)A

1. If the matrix C'/) is constructed via the Niederreiter approach, then the k-th entry

of C((m> 1) x(m +1)An,1 is the coefficient of x ! in the Laurent series expansion of
x" d
— 0/e;
o ——]]a""" ),
q;(x) D ’
withk =ejs —randr € {0,1,...,e; — 1}. Fors < uv6/e; and any admissible

value of r, the expression above is a polynomial and therefore the coefficient of
x~ ! in its Laurent series expansion is 0. For uvl/e; <s <uvb/ej +uvje; we
use (7) to get

0/e; x"
uv /e (x) = x"b(x) + W/ej(x)’

= q;

:|&

q,(x

—(s—uvb/ej)

for some polynomial b(x) € F,[x]. Remember that x” q; (x) exactly

determines row e (s —uvf/e;) —r of C (/) and that the coefﬁcient of x~! of this
expression is the entry in the first column. Since C/) is a NU T matrix with 1s in
the diagonal we obtain

T

Apr=1(0,...,0,¢071(1),0,....0,a,... | .
N— N—

uv uv—1

witha € F,.
2. Incase that the matrix C/) is constructed via the column by column approach, the

entries of C/ Ay, are given by the coefficients of the representation of

(m+1)><(m+l)
¢~ 1(1) p;u (x) in terms of powers of qj(x). Using (7) we get

d
pn) =g @)
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d
0/e; 0/e;
=4 | TTa"" )
i=1

i#]
_ q?ve/ej(x)(l + b(x)q;m/ej (x))

for some polynomial b(x) € Fy[x]. Thus, here we also have

.
cW Avi=10,...,0,671(1),0,....0,a,... | ,
(m+1)x(m+1) > ) ~—
uvd uv—1
witha € F,.

Assume now that the (uv6 + 1)-st entry y;:})eﬂ of cD . (qb_](no), ¢>‘1(n1), o7
fulfills

O+ M) — )
=max{|p(a+ ¢ (1) —p()|: fora e Fy} = w > 1,

which is the case for at least q’"—1 many values of n € {0, 1, ..., g™ — 1}. Then, for
such n it holds that
w 1 w 1
1Xn = Xilloo € I:quv9+1 B quubFuv’ quvo+l + quv9+uv)’ ®)

Finally, let ¢ > 0 and set

a=21Y _ o o .
q

Thus, for m = uv6d, where u is a power of the characteristic of IF;, we have

#{o< 1<2¢" —1: ||x, — 1l ( a b ]}> 24"
_n 7& — q . xl’l xl o S (2qm)1/d’ (qu)l/d —C q

provided that u is chosen large enough. However, since ¢ can be chosen such that

d d
@by — Qa)! =2 (2‘/(13 +€> _ (z'/dﬂ _g) SR
q q q

the assumptions of Proposition 1 are fulfilled and the considered sequences therefore
do not have Poissonian pair correlations. O
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2.2 Application to Halton sequences

In order to be able to apply Proposition 1 to Halton sequences, we need a preliminary
result, formulated as Lemma 3 below.

However, this lemma makes use of Minkowski’s Theorem (see [17]) that states that
if C € R? is a convex set that is symmetric about the origin (i.e., x € C if and only if
—x € C) and with vol(C) > 2¢m, then there are at least m different points Zg, ..., Zm
such that +z, ..., +z,, € C N Z4\{0}.

Lemma3 Letd € Nand ay, ..., oq be irrational. Then the sequence ({not}),>o in
[0, 1)‘1 with {na} = ({na1}, ..., {nag}) has an accumulation point in

D :={(1,...,84):6; €{0,1}, j e{l,...,d}}.
Proof For N € N and arbitrary ¢; > 0, j € {1, ..., d}, define Cy € RA+1
Cw = {(x0, %1, ..., x0) € R i ajxo — x| < g5, j € {1,....d}, |xo| < N}.

The set C is convex and symmetric about the origin with

d
vol(C) =2 N [ e;.
j=1

Therefore, if N > m/(]—[‘;=1 €j), we have vol(C) > 2441 and, by Minkowski’s

Theorem, there exist m different elements z; = (zfo), z}l), o, zl@), ief{l,...,m}

withz; € C N Zd+1\{0} and ZEO) > 0. Moreover, for those elements it holds that

oz =27 < e, thus {a;z2 V) € (0, ;1U[1 — ¢, 1) forall j € {1, ..., d}. Note
)

that, if &; are chosen small enough the integers z;~ will be distinct. O

Proof of Theorem 2 For d = 1 we have to consider the van der Corput sequence for
which it is well-known that it does not have Poissonian pair correlations. Hence we

assume d > 2inthe following. Let by, ..., by be pairwise relatively prime integers and
let (x,),>0 denote the Halton sequence in bases b1, . . ., bg. Without loss of generality
we assume by < bj forall j € {2,...,d}.

Letu € N\ {1} and define

d d
o 2 o 2
po=[]03.  P=by|]]b].
j=2 j=2
J#
ti=min{l </ < P :b¥' =1 (mod Py)},

i :=min{l <[ < P; :biZI =1 (mod P)}

foralli € {2,...,d}. Such 11, 7; exist as gcd(Py, b1) = ged(P;, b;) = 1 and d > 2.
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Similar as in the proof of Theorem 1 we define for k = (ky, ..., kq) € Ng numbers
N € N and corresponding subintervals

d
ay ar +1 j ai +1
I = I(utik1,20ky, ..., 2t0kq) = |: TR urlkl ) X | | 21/ , ]2r,-k,-
bl /:2 b/

2tk .
where 0 < a; < b'l”'k’ and 0 < a; < bjr" ! for j € {2,...,d}, and study the
distances between the points x,, that lie in the same subinterval 7.
Now let

d
k 2tk
M =M@ :=b"" [ []6;"" |

d
. ky+1 2tjkj+1
L=L(k):=by""" [ []6;,""
j=2

By a special regularity of the sequence, which is an easy consequence of the Chinese
Remainder Theorem, we have that exactly ]_[‘;=1 b points of the first L points and
exactly one point of the subsequent M points of the sequence lie in /. Moreover,
Xu+m € Iifandonlyifx, € I.

We set N := L + M and study ||x,, — X, +mloco for0 <n < L.

By (n)p; we denote the digit representation of n in base b, i.e. for n = ng +

nibj + n2b§ + ... we have (n)p; = (n, n1,n2, ...). Note that obviously bi”‘k‘ M

and b?rj ki |M. By the choice of 7 and 7; we have
b =1 (mod b})
and also for i # j,
b =1 (mod b?) and b =1 (mod bY).

1

Therefore,

d d
l_[biZTiki =1 (mOd bzit) and blllflkl 1_[ bizriki =1 (mod b?)
i=2,i#j
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Hence,
(M)blz 07-"7051705"'707m141'1k1+147"' 3
~——— ——
utiky u—1
©)
(M)p; =10,...,0,1,0,mor k42, ... |, J €2, ....d}.
2tk
Now consider [1x, — Xysalloo = Sup i ay 08 — 1,11 If for (), it holds
that if n,,r,x, 7 b1 — 1 then by (9) the first ut1k; + u entries except of (ut1ky + 1)-st
entry of (n + M), and (n);Jl coincide. As Z 1 b‘b, L — hL’" we have in the case
1

where nyx, # b1 —

“x(l) (I)M” € ( urllk]—H o ur$q+u’ utllk]+1 + urjq+u>'
bl bl bl bl

Similarly, for the other coordinates j € {2,...,d} we obtain in the case where in
(n);,j we have n2tik; #b;—1,
() _ ) 1 1 1 1
i = 50l € (e — s + )
ikj Tikj+2 2tikj+1 2tikj+2
bj bj bj bj
Next, we want to find constants §; > 1, j € {2, ..., d}, such that
b2“[jk_,'+1
J
&; SWSij(u) (10)
with
l—u\ 75T
L+b7"\"
fu) = <—1)
1—b"
is simultaneously fulfilled for infinitely many k = (ky, k2, ..., kg) € Ng and thus also
for infinitely many Ny = M + L. Therefore, we define 8 := 19'1”1 and B; := b?rj for
j €{2,...,d}. The inequalities in (10) are then equivalent to

b1 bl
togy, (&15,) + k1 log, (B1) = &y = Togs, (5,7 @31 ) +kalogy, (B (11

Moreover, we consider the sequence ({ne}),>0 € [0, D4 with {na} = ({nan}, ..., {nag))
and aj = logﬁj (B1) € R\Q. Let now (83, ...,8q) € {0, l}d’1 denote an accumula-
tion point of this sequence which exists by Lemma 3.
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We want to distinguish two cases: If §; = 0 we set

b 1
E] J

= b ) and  kj = |k 103,3‘,- (B

Note that &§; > 1if u is large enough. The inequalities (11) are then equivalent to

{kilogg, (B1)} — logg, (f(w)) < 0 < {ki logg, (A1)},

which is fulfilled if
{kilogg, (B1)} € [0, logg (f ()], (12)

If 6; = 1 we set

b.
é:j' J

= E and kj = ki logﬂj B + 1.

Again, &; > 1 and (11) is equivalent to

{kilogg, (B} = 1 =< {kilogg, (B} + logg, (f (),

which is fulfilled if

{kilogg (BD} € [1 —logg (f ), 1]. 13)

By the fact that (62, ...,84) is an accumulation point of ({na}),>0 with & =
(logg, (B1), ..., logg, (B1)), conditions (12) and (13), respectively, are fulfilled simul-
taneously for each j = 2,...,d for infinitely many k. Since k; > 0 for all
j € {2,...,d}, we know that there are also infinitely many Nj such that (10) is
fulfilled.

Now we can use (10) to deduce that

1 1 1 1
j— > +
ut ki +1 ut ki +u 2tikj+1 2tjkj+2
blll blll bj/j bj]/
forall j € {2,...,d} and u large enough. This can be seen since
2tjkj+1

Z%qk1+1 (1 - blill—l) = 51'(1 - b’l‘l_l)
1 1
= 5 7w (L~ 5)

1
1+_)7
J

S

>

/N
S
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whereinthelaststepweusedthat(l—l/b‘f_l)/f(u) — lasu — oo,andb;—1 > by.
Therefore, if in (n),, we have that n,r, # b1 — 1 and in (n)hj, jef2,...,d} we
have that N2k, # bj — 1, then

1 _ b] u 1 + blfu
_ — 1M _ (l) 1 1
n — Xnsalloo = Il wull € (bﬁ,,lkﬁl, e ). (14)

As next step, we want to establish suitable bounds for ||x,, — X, ||co in order to
be able to apply Proposition 1, i.e. we want to show that there exist @ and b such that

a B R b
L+ M)/ = prakis = PR = (L A

which is equivalent to

e (1= b UL+ M) - (1 + b7 + M)

d
(blft1k1+1)d (bliﬂ']k1+1)d < b“. (15)
Note that
d 27k j+1 d
_ qutki+1 TjKj -1 _ d
L+ M =b) [15; 1+ ]]e" | =L
j=2 i
=yd

Using the estimate (10) we find that (15) is fulfilled if we choose

d
at ==t T8 | "

j=2

p? = ||5 re.
]u J
(1 —b7d \

Hence we have shown that

a b
|5 —xn-i-M“oo S ((L—i—M)l/d’ (L—I—M)l/d>

forn € {0, ..., L — 1} whenever in (n)p, we have n,r, # b1 — 1 and in (n);,j,j €
{2,...,d} wehave nork; # b; — 1. Since this is the case for exactly (]_[j?:1 b’;l)L
ik, ;

values of n and each pair has to be counted twice in the pair correlation function, we
obtain
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a b
#{0§n;él§L+M—l.||xn—x1||ooe((L+M)]/d,(L+M)l/d]}

a b
z#[OSn <L—-1:|x,—Xpimlloo € ((L+M)1/d’ (L+M)1/d]]

-1
) (L+ M)
L+ M

Y
[\S]
.
=
S
<
S
<

<
I
=

i1
bj

I
)
—~
—=~
S

)id(LJrM) — ¢ (L+M).
y

~.
I
-

In order to apply Proposition 1 it therefore has to hold that

d
ebh? — o) <2[]] b’b__ ! y—ld —c. (16)
J

j=1

Using the definition of a and b and the fact that £; < b;/b; we obtain

d 1—u\2d
1+b »
by — 2a)? =24 1_[ §j Vd(% —(1—b )d>
j=2 ( | )
d 1—u\2d 1—u\2d
b; (I+b,7 =0 —=b")
2d i) . a 1 1 '
=I5 ) )

tends to O for u— oo

Thus, if u is chosen large enough, condition (16) is true and the Halton sequence in
bases by, ..., bg does not have Poissonian pair correlations. O

3 Discussion and further research

It is an interesting task for future research to figure out whether the Halton and the
Niederreiter sequence do have Poissonian pair correlations in the sense of [22] or not.
Of course we conjecture that both do not have this type of Poissonian pair correlations.
Both proofs of our Theorems 1 and 2 use specific pairs of points (x,, x;) such that
X, — x7]lco can be estimated very well (cf. (8) and (14)). A possible generalization
of our Theorems 1 and 2 to the notion of Poissonian pair correlation in [22], based on
our method of proof will rely on sharp estimates of ||x;, — x;||» on a sufficiently large
number of pairs (x,, x;).

However, we suggest the following alternative general approach that is to answer
the basic question whether Poissonian pair correlation based on the supremum norm
implies Poissonian pair correlation based on the Euclidean norm and vice versa.

Theorem 1 of the present paper deals with very prominent classes of (¢, s)-
sequences, as a consequence of this result, of course a further research question is,
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whether other classes of (z, s)-sequences, as for example generalized Niederreiter
sequences [23], Niederreiter—Xing sequences [26] or any digital or even non-digital
(¢, s)-sequences in general, have the property of Poissonian pair correlation or not.

Furthermore, we would like to note an interesting relation of our method of proof
to a conjecture in algebraic and transcendental number theory. During the search for
a proof of Theorem 2 we faced the problem to simultaneously satisfy the inequalities
(11) with &; > 1 for infinitely many (k1 k2, ..., ks) € Nd.

Note that if 1, logg, Bi, ..., logg, i were linearly independent over Q then the
sequence ({n(logﬂ2 B, ...,logﬁd BPn=0 € [0, D41 would be uniformly dis-
tributed in [0, 1)4~'. Such a statement would considerably shorten the proof of
Theorem 2. Unfortunately, it is not known whether for example the three numbers
1/1log2,1/log3, 1/log5 are linearly independent over Q or not. The algebraic inde-
pendence of the logarithm of the prime numbers would be one consequence of the
so-called Schanuel’s conjecture in algebraic and transcendental number theory. We
refer the interested reader to [25] for more details on this conjecture and its related
problems.

Acknowledgements We would like to thank Michel Waldschmidt for his e-mail correspondence concerning
Schanuel’s conjecture and the reciprocal of the logarithm of prime numbers. Furthermore, we appreciate
several comments of the anonymous referees that considerably improved our manuscript.

Funding Open access funding provided by Johannes Kepler University Linz.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Aichinger, L., Aistleitner, C., Larcher, G.: On Quasi-Energy-Spectra, Pair Correlations of Sequences
and Additive Combinatorics. In: Contemporary Computational Mathematics—A Celebration of the
80th Birthday of Ian Sloan, pp. 1-16. Springer International Publishing, Cham (2018)

2. Aistleitner, C., Lachmann, T., Pausinger, F.: Pair correlations and equidistribution. J. Number Theory
182, 206220 (2018). https://doi.org/10.1016/.jnt.2017.06.009

3. Dick, J., Pillichshammer, F.: Digital Nets and Sequences: Discrepancy Theory and Quasi-Monte Carlo
Integration. Cambridge University Press, New York (2010)

4. Faure, H.: Discrépance de suites associées a un systeme de numération (en dimension s). Acta Arith.
41, 337-351 (1982)

5. Faure, H., Kritzer, P, Pillichshammer, F.: From van der Corput to modern constructions of sequences
for quasi-Monte Carlo rules. Indag. Math. New Ser. 26(5), 760-822 (2015)

6. Faure, H., Tezuka, S.: Another random scrambling of digital (t, s)-sequences. In: Fang, K.T., Nieder-
reiter, H., Hickernell, FJ. (eds.) Monte Carlo and Quasi-Monte Carlo Methods 2000, pp. 242-256.
Springer, Berlin (2002)

7. Grepstad, S., Larcher, G.: On pair correlation and discrepancy. Archiv der Mathematik 109(2), 143-149
(2017). https://doi.org/10.1007/s00013-017-1060- 1

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.jnt.2017.06.009
https://doi.org/10.1007/s00013-017-1060-1

Pair Correlations of Halton and Niederreiter Sequences... 809

8.

10.

11.

12.

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.

25.

26.

Halton, J.H.: On the efficiency of certain quasi-random sequences of points in evaluating
multi-dimensional integrals. Numerische Mathematik 2(1), 84-90 (1960). https://doi.org/10.1007/
BF01386213

. Hinrichs, A., Kaltenbock, L., Larcher, G., Stockinger, W., Ullrich, M.: On a multi-dimensional Poisso-

nian pair correlation concept and uniform distribution. Monatshefte fiir Mathematik 190(2), 333-352
(2019). https://doi.org/10.1007/s00605-019-01267-9

Hofer, R.: A construction of low-discrepancy sequences involving finite-row digital (¢, s)-sequences.
Monatshefte fiir Mathematik 171(1), 77-89 (2013). https://doi.org/10.1007/s00605-012-0439-0
Hofer, R., Niederreiter, H.: A construction of (t, s)-sequences with finite-row generating matrices using
global function fields. Finite Fields Appl. 21, 97-110 (2013). https://doi.org/10.1016/j.ffa.2012.11.004
Hofer, R., Pirsic, G.: A finite-row scrambling of Niederreiter sequences. In: Dick, J., Kuo, EY., Peters,
G.W.,, Sloan, I.H. (eds.) Monte Carlo and Quasi-Monte Carlo Methods 2012, pp. 427-437. Springer,
Berlin (2013)

Larcher, G., Stockinger, W.: On pair correlation of sequences. In: Discrepancy theory, pp. 133-145.
Berlin: De Gruyter (2020)

Larcher, G., Stockinger, W.: Some negative results related to Poissonian pair correlation problems.
Discrete Math. 343(2), 11 (2020)

Levin, M.B.: On the upper bound of the L discrepancy of Halton’s sequence and the Central Limit
Theorem for Hammersley’s net (2018). arXiv:1806.11498

Marklof, J.: Pair correlation and equidistribution on manifolds. Monatsh. Math. 191(2), 279-294 (2020)
Minkowski, H.: Geometrie der Zahlen. Chelsea Publishing Company, New York (1953)

Niederreiter, H.: Low-discrepancy and low-dispersion sequences. J. Number Theory 30(1), 51-70
(1988). https://doi.org/10.1016/0022-314X(88)90025-X

Niederreiter, H.: Random Number Generation and Quasi-Monte Carlo Methods. SIAM, Philadelphia
(1992)

Pillichshammer, F.: On the discrepancy of (0, 1)-sequences. J. Number Theory 104, 301-314 (2004).
https://doi.org/10.1016/.jnt.2003.08.002

Steinerberger, S.: Localized quantitative criteria for equidistribution. Acta Arithmetica 180, 183-199
(2017). https://doi.org/10.4064/aa170410-22-5

Steinerberger, S.: Poissonian pair correlation in higher dimensions. J. Number Theory 208, 47-58
(2020)

Tezuka, S.: Polynomial Arithmetic Analogue of Halton Sequences. ACM Trans. Model. Comput.
Simul. 3(2), 99-107 (1993). https://doi.org/10.1145/169702.169694

Tezuka, S.: On the discrepancy of generalized Niederreiter sequences. J. Complex. 29(3), 240-247
(2013). https://doi.org/10.1016/j.jc0.2013.02.001

Waldschmidt, M.: Diophantine Approximation on Linear Algebraic Groups: Transcendence Properties
of the Exponential Function in Several Variables, Grundlehren der mathematischen Wissenschaften,
vol. 326. Springer, Berlin, Heidelberg (2000) https://doi.org/10.1007/978-3-662-11569-5

Xing, C., Niederreiter, H.: A construction of low-discrepancy sequences using global function fields.
Acta Arithmetica 73(1), 87-102 (1995). https://doi.org/10.4064/aa-73-1-87-102

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/BF01386213
https://doi.org/10.1007/BF01386213
https://doi.org/10.1007/s00605-019-01267-9
https://doi.org/10.1007/s00605-012-0439-0
https://doi.org/10.1016/j.ffa.2012.11.004
http://arxiv.org/abs/1806.11498
https://doi.org/10.1016/0022-314X(88)90025-X
https://doi.org/10.1016/j.jnt.2003.08.002
https://doi.org/10.4064/aa170410-22-5
https://doi.org/10.1145/169702.169694
https://doi.org/10.1016/j.jco.2013.02.001
https://doi.org/10.1007/978-3-662-11569-5
https://doi.org/10.4064/aa-73-1-87-102

	Pair correlations of Halton and Niederreiter Sequences are not Poissonian
	Abstract
	1 Introduction
	1.1 Digital (t,d)-sequences
	1.2 Halton sequences

	2 Proofs
	2.1 Application to digital sequences
	2.2 Application to Halton sequences

	3 Discussion and further research
	Acknowledgements
	References




