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Abstract

In this paper we investigate the structure of the set of maximal ideals of G(2). The
method of investigation passes through the use of the m—reduction and the ideas are
analoguous to those in Gillman and Jerison (Rings of Continuous Functions, N.J.
Van Nostrand, Princeton, 1960) for the investigation of maximal ideals of continuous
functions on a Hausdorff space K.
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Introduction

The algebra of Colombeau generalized functions has been used for non linear P.D.E.
(see for example [4,6-8,22,24]) as well as for linear P.D.E. with irregular coefficients
[21]. Much work has been done on this field from the point view of Analysis. However
the Algebraic properties of this Algebra are still a largely open field of investigation.

In the case of continuous functions (with complex or real values over a compact set
K itis known that the set of points are in one-one correspondence with the set of max-
imal ideals. While in the more general case of the algebra of continuous functions on a
Hausdorff regular space A, the set of maximal ideals is in a one to one correspondence
with the Cech-compactiﬁcation (B(A)) (see [16]).

It is known that generalized functions G(£2) have a double structure:

(a) They constitute a sheaf of algebras (see [4,6]) and
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(b) They are continuous mappings of Q. (the set of compactly supported generalized
points) into the ring K of generalized constants. (This result follows immediately
from definitions.)

This leads to the notion of ‘localisation’ of ideals, the notion of ‘support’ of an
ideal and to the notion of generalized trace of ideals (see [2]).

Trying to obtain a better knowledge of prime and maximal ideals of G(£2) we make
an extensive use of the results concerning the algebraic and topological properties
of the ring of generalized constants [3]. In order to use ideas analogous to those in
[16], we first use the m —reduction procedure [27] which gives a canonical surjective
mapping of G(£2) onto G, (2), but G,,(2) is a topological algebra on the field of
m—reduced generalized constants K,, = K/m where m is maximal ideal of K. We
now consider a very large class of maximal ideals called regular maximal ideals. The
set of regular maximal ideals is proved to contain all closed maximal ideals (closed
for the natural Hausdorff topology of G(£2)).

Our main result is the following: the set of regular maximal ideals is in one to one
correspondence with (m, d) where m is an maximal ideal of K and d € y (Qm c) where
y (Qm ¢) is a special compactification of Qm ¢ called the g—compactification of Qm -

In Sect. 1. in order to make the paper almost self contained we give the main
definitions and results that we will use.

In Sect. 2. we give some results and examples and counterexamples concerning the
properties of ideals of G(£2).

In Sect. 3. with the help of the concept of m—reduction we investigate the set of
maximal ideals of the algebra G,, (£2) and show how to transfer these results by pull
back on G(2).

In the appendix we present the technique of compactification with the help of special
families of closed sets called compactifying families.

1 Definitions and main results
In order to make this paper almost self contained and accessible to non specialists
we remind the main definition and the main algebraic results. In order to enlighten

the functoriality of Colombeau constructions we will follow the presentation given in
[26].

1.1 Colombeau extension

Definition 1.1 Let (E, (t,,),) be a Hausdorff topological vector space whose uniform
structure is given by an increasing sequence (i), of seminorms.

A net (f.)e € E'%!is said to be moderate if
Vn eN, Ja, € R s.t. w,(fe) = o(e™)
The vector space of moderate nets will be denoted Ey/[E].
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Maximal closed ideals of the Colombeau Algebra... 121

A net (h,) € EI%! will be said to be negligible if
VneN, Vb e R, u,(hy) = o0(s?).

The subspace of all negligible nets will be denoted N'[E].

The factor space G[E] = Ey[E]/nE) Will be called the Colombeau extension of
E.

The class of a moderate net (f). will be denoted [( f:).]. Notice that the above
construction depends only on the uniform structure of £ and not of the precise sequence
() chosen to express it.

Definition 1.2 If (f;). € Ep[E] we define the valuations

vn(fe) :=supfa € Rs.t. up(fe) = o(e”)}

Clearly (f.)e € N[E]if and only if Vi , v, (fe) = +00. We also define a family of
pseudodistances by:

Su((fe). (ge)) = e "n(Uemse)e)
as f. — g € N[E]if and only if

Vn 8, ((fe), (8¢)) =0

Those notions pass to the factor space G[E] = Ey[E] A1) and define on it acomplete
Hausdorff ultrametric uniform structure. The topology they define on G[E] is called
the sharp topology (see [14,15,21,25,26]). This notion has been extended to many
analogous constructions (see [9,10,12,13]).

The above extension procedure is functorial in the sense thatif L : £ — Fisa
continuous linear mapping, then L defines in an obvious way a mapping L, : G[E] —
G[ F] which is continuous for respective sharp topologies. This property holds also for
a larger class of mappings the so called ‘continuously tempered’ mappings ([9,26]).
This class contains bilinear and quadratic mappings; thus if E is a topological algebra
on K, then G[E] is a topological algebra on the Colombeau extension of K that we
will denote K .

1.2 Generalized constants

Definition 1.3 The Colombeau extension of the field K (K = R or C) endowed with
its absolute value will be denoted by K, the ring of generalized constants.

The trivial embedding (x — [(x¢)], x, = x, Ve €]0, 1]) of K into K is discrete
(the same holds generally for all trivial embeddings E — G[E]).

The ring K of generalized constants is not a field. Its main algebraic and topological
properties have been studied in [3], and later in [5,8,28]. Let us cite the main results
we will use in this paper:
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122 A. Khelif, D. Scarpalezos

1) C=R+ iR andifa is an ideal of C then @ = (a NR) + i(a N R).

2) If p is a prime ideal of K then its closure p (closure for the sharp topology) is a
maximal ideal of K.

3) If in R we define x < y by the fact that

there exist respective representatives (x;)s and (yg)s S.t. Ve (xg) < (¥e)

then we define an order on R (but not a total order). o
4) Let us denote by |x| the class of (|xg|)e. If U is an ideal of K, |y| € U and
|x] < |yl|, thenx € U.

1.3 Generalized functions

Let us consider the space E = C°°(2) where € is an open subset of R?. Let us
remind first how we can define the uniform structure of E by an increasing sequence
of seminorms.

Let (£2;,),, be an exhaustive sequence of relatively compact subsets of 2 (i.e. 2, CC
Quy1, UQ, =Q). If f € C®(Q), we put

pa(f) = sup{|d® f ()] 1 1 € Qu, || < n}.

The ring of moderate nets of C°°(£2) will be denoted £y (£2).

The ideal of negligible nets will be denoted A/ (2). The Colombeau extension
G[C*(2)] will be denoted G(£2) and will be called the algebra of Colombeau gen-
eralized functions on 2. By the functoriality properties of Colombeau constructions,
one immediately proves that

Proposition 1.4 G(Q) is adifferential topological algebra on K and all differentiations
are continuous mappings.

One defines in an obvious way the restriction of a generalized function on an open
subset Q' of Q.

In fact we define a sheaf of topological algebras on K which can be proved to be
fine [15].

The support of a generalized function f is the complement of the largest open
subset ' such that f,o = 0.

Clearly K is trivially embedded in a subring of G(£2), the subring of ‘constant
generalized functions’.

A very important property of G(£2) is the fact that there exist embeddings of D’'(2)
into G(2) :

Let ¢ € S(R") (Schwartz functions) be such that [ ¢dx = 1 and V o, |a| < 1

1
[ x%¢p(x)dx = 0. For any ¢ €10, 1], define the function ¢, (x) := — ¢()—C). IfT e
e e

D'(2) has compact support, consider ip(T) = [(T * ¢¢)e]. By sheaf considerations
and partition of unity this mapping can be extended on all D'(£2). Such mappings
respect derivations and products of C*° functions but not the products of continuous
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Maximal closed ideals of the Colombeau Algebra... 123

functions (this would be impossible as is stated by a well known impossibility Theorem
of L. Schwartz).

However the situation is not completely hopeless because we have in Colombeau
theory some useful ‘weak-equalities’ (which are not stable under products):

@If F =[(f.)]and G = [(g.)], F and G are said to be associated if

Yo e D) lim / (fi — g)pdx =0
e

(we denote F ~ G).
(b) F and G are said to be strongly associated (see [21,25]) which we denote
(F ~5 G)if

Vp € D(R2), Ja > 0s.t. /(fg — ge)pdx = o(e%)

(c) F and G are said to be ‘equal in distribution sense’ (F o G) if

Yo e D) / L — gelpdx = 0.

Oberguggenberger investigated many cases where, when the product of distribu-
tions 7', S is defined in some sense, then iy (T - S) is ‘weakly equal’ to i (T )ig(S) in
the sense of one of the above equivalence relations (see [23]).

The functorial structure of Colombeau constructions allows to define the value of a
generalized function f on a point xq of €2 as well as the integral of f over a compact
set K. Moreover it is clear that the mappings f — f(xp) and f — fK fdx are
continuous K linear mappings for the respective sharp topologies.

Let us remind an important result proved using Landau inequality in [17].

Proposition 1.5 A net (h,) € Ey () is negligible ((he) € N()) if and only if
VK CC @, Ya >0, supg |he| = o(e?).

Thus in this case we have to verify the rapid vanishing only of supremum seminorms
and we need not evaluate the behaviour of derivatives.

The definition of negligible nets only by the evaluation of the supremum seminorms
on relatively compact subsets allows us to prove easily the following.

Proposition 1.6 Let Ex = CK(Q) (k = 1, ..., 00).
There exist canonical mappings ji: G[Ex+1] — GlEx].
We denote G'[EL] := ji(G[Er+1]), with the relative topology of G[E].
Then G(Q2) = G[C*®(Q)] is embedded into a dense subset of G'[E].

Proof The mappings are defined as the identity map on representatives. As Ey[Ex+1] C
EmIEr] and N[Egy1] C N[Ey], the mapping ji is well-defined.
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124 A. Khelif, D. Scarpalezos

Injectivity of the mapping G(2) — G'[E] is easily deduced by the fact that
N(Q) = Ey(Q) N NEL].

In fact, by Proposition 1.5, the negligibility of the supremums on compact sets implies
the negligibility of the supremums of all derivatives on the same sets. As for density,

1
consider the modified nets 6, , = W(ﬁ(iﬂ), where ¢ is a function whose fourier
& &
transform is a C*° compactly supported function with value 1 on a neighbourhood of
0. Let us now consider (g¢) € Ep . (Ex+1) and he = g¢ — 8¢ * Snc -
One can easily verify that g 8, o € E4(2) and that VK CC Q, Vo € N, |a| <

k,Ya >0

Ang s.t.n > np = sup [0%(ge — ge * Sn.e)| = 0(%).
K

1.4 Generalized points

J.F. Colombeau noticed that there exist non zero elements of G(£2) which take zero
value on all points of 2. This led M. Kunzinger and M. Oberguggenberger to define
the notions of ‘generalized points’ and ‘compactly supported generalized points’ (see

[19D).

Definition 1.7 A net (x;) € 1% is said to be moderate if there exists a €
R s.t. ||xe || = o(e%). Two such nets are said to be equivalent if

Va > 0, [xe — yell = o(e).

The set of equivalence classes is called the set of generalized points and is denoted Q
and the class of such a net (x,) is denoted as usually by [(x;)]. A generalized point
x = [(xg)] is said to be supported in a compact subset K if there exists a representative
(x}) of x such that Ve x[ € K. The set of compactly supported generalized points is
denoted ﬁc.

Notice that if we put §(x, y) = e~ ?UXe=:ID (where v is the valuation on K) then
Qe acquires a complete ultrametric uniform structure. The topology thus defined is
called the sharp topology of Q.. Clearly €2 is embedded on a discrete subset of Q..

In some sense £2 is the ‘Colombeau extension’ of 2. By putting for x € Q.
and f € G(R), f(x) = [(fe(xs))] we define the value of the generalized function
f(=[(fe)]) on the compactly supported generalized point x = [(x,)].

One can easily verify that the mappings

x — f(x) and f — f(x)

are continuous for the respective sharp topologies.
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Maximal closed ideals of the Colombeau Algebra... 125

Remark If x € Q but x ¢ Q. then f (x) cannot always be defined. M. Kunzinger and
M. Oberguggenberger proved in [19] that

Proposition 1.8 if f € G(R2) and V& € ﬁc, f(&)=0then f =0.

The notion of compactly supported generalized point allows us to obtain some
properties analogous to those of continuous functions on 2.

Proposition 1.9 (Maximum theorem) Let K bea compact subset of Q and f € G(R2)
then there exists a generalized point xo € Q.. s.t. Yy € Q., supportedin K | f(y)| <

| f (x0)].
Proof Let (x.) € K be such that Ve, | fe(xc)| = sup | fel.
K

Clearly [(x.)] satisfies the requirements of the proposition. O

Proposition 1.10 Let f be a ‘real valued’ generalized function on 2 (i.e. an element
of GLE] where E is the family of real valued C* functions). Let us suppose that
is arcwise connected and that x and y are two elements of Q. and ¢ € R such that
f(x) < c < f(y). Then there exists z = [(z¢)] € @c such that f(z) = c. (This
proposition will be called the intermediate value theorem for generalized functions).

Proof Let Q' be a relatively compact connected subset of € such that both x and y
are supported on some compact subset of €. For ¢ small enough, we have

Je(xe) < ce < fe(ye).

Let z. be such that f(z.) = ¢, and z. € €' (this is possible because ' is connected
and f; is continuous). Clearly z = [(z,)] satisfies the requirements of our proposition.
(]

This simple property has important consequences concerning the set of maximal
ideals of G(£2).

The notion of compactly supported generalized points allows us to have a ‘gener-
alized pointwise’ criterium for invertibility (see also in [19]).

Proposition 1.11 A generalized function f € G(S2) is invertible (as an element of the
algebra G(R2)) if and only if

Vée QC, f (&) is invertible.

Let us remind a proof:

Proof Let us first remind that x € K is invertible if and only if there exists @ > 0 such
that |x| > [(¢%)]. Let f be a generalized function.

Consider now a locally finite covering of €2 by relatively compact open subsets
(wj, i € I) and consider a C* partition of unity (¢;) adapted to this covering. On w;
consider z. s.t. | fz (z)| = inf | fz(¢)|. By hypothesis if z; = [(z])], f(z) is invertible,

[
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126 A. Khelif, D. Scarpalezos

thus inf | f; ()| > &% where a is some positive constant. Clearly sup <e
w; o 18]
1
thus g; € G(w;) defined by g; = m Vt € w; is such that f),, g = 1. Consider

now G = Y ¢; g;. Clearly ¢; g; define also an element of G(2) and G is well defined
because the above sum is locally finite.
One verifies immediately that G - f = 1. O

1.5 Sequence model of Colombeau theory

Another version of Colombeau extension is the sequence model where we simply
replace a net ( f;) by a sequence ( f,). The definition of moderateness or negligibility

1
is simply what is obtained when we replace ‘e’ by —. Clearly the notions of ‘n-

valuations’ and ‘sharp’ topology have obvious counterparts in the sequence model.
This model was first used by the bielorussian group of Mathematicians around Radyno
and Antonevich ([1]).

The sequence presentation was also used in [12] when authors introduced general-
isations of the classical Colombeau constructions.

In some circumstances the sequence model allows a better understanding of the
main points of a proof.

Such proofs can be translated in the net model in the following way. If the proposi-
tion is false there would exist a sequence ( fz, ) satisfying the negation of the proposition
and this would give a counterexample in the sequence model.

We will also use the sequence model to present complicated counterexamples where
the translation in the net model would just add useless difficulties of comprehension.
Since our purpose here is to allow the reader to grasp the main ideas of our work we
will freely pass from one model to the other.

Remark However arguments using cardinality must be treated with great caution
because the two models don’t have the same cardinal as sets.

1.6 m—reduction

In usual Colombeau theory the set of generalized constants is not a field but only a
ring (contrary to what happens in the ‘non standard’ version of Colombeau theory (see
[20,23], ...).

However there is a shortcut to obtain in the frame of standard analysis algebras
where the ring of constants is a field.

This procedure is the ‘m—reduction’ (see [27]) where m is a maximal ideal of K.
Those ‘m—reduced’ constructions are closely analogous to the non standard version
of the theory see [20,23,28] and are a direct rough way to construct something similar
to PE(L2).

Definition 1.12 Let m be a maximal ideal of K. The quotient field K,, = K/m will be
called the field of m —reduced generalized K-constants. The class of x will be denoted
[x]»and if x is represented by x,, it will be denoted [(x¢)],-
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Maximal closed ideals of the Colombeau Algebra... 127

In [2], the authors proved that any maximal ideal m of K is always closed for the
sharp topology of K. Thus K, can be endowed with a quotient Hausdorff topology
also called the sharp topology of K,,,.

More precisely

Definition 1.13 If x = [(x,)]lm» € K, we define its valuation v(x) by v(x) =
sup{v(ye) : [(ye — x¢)] € m} and we define a distance d(x, y) := e =Y) which is
an ultrametric distance on K.

The topology and uniform structure thus defined are called the ‘sharp’ topology
and uniform structure of K,,.

K, with its sharp uniform structure satisfies the following properties (see [27]).

Proposition 1.14 (a) Ifm = R N'm then C,, = Ri + iRy

(b) v is a valuation i.e. v satisfies also v(x.y) = v(x) + v(y) (while in the case of K
we have only an inequality). K,, is a complete ultrametric space.

(c) Ry, is totally ordered by the following relation X > y which means by definition
that there exist respective representing nets (x¢), (ye) s.t. Xg > yo. The order
topology coincides with the sharp topology.

(d) R,y is a non archimedian, real closed field

(e) K is naturally embedded on a discrete subfield of K,,.

(f) R,y is complete but not Dedekind complete (i.e. a bounded (for order) subset does
not always admit an upper bound) .

(g) If x € Rm is limited i.e. AN € N such that —N < x < N. Then there exists a
unique element xo of R such that |x — xg| is smaller than every positive standard
real number, xo will be called the shadow of x and we will say that x belongs to
the ‘halo’ of xo.

h) Then the halo of zero is a subring of R,,,, both closed and open for sharp topology.

Here we will remind only the proof of g). As R,, is totally ordered, let A be the set
of classical reals bigger than x. A is non empty and bounded since x is limited. Let
xo be the infimum of A. Foranyn € N, |x — xg| < %

Notice that on C,, we can define an ‘absolute value’ with value in Rjn_ in the
following way.

If x = [(x¢)]m, then |x| := [(|x¢])]m. This absolute value satisfies all classical
properties.

We can now easily give the definition of the m—reduced Colombeau extension of

(E, (ttn)n) (see [27]).

Definition 1.15 Let (E, (11,,)) be a topological vector space topologized by an increas-
ing sequence of seminorms ().
An element f = [(fe)] of G[E] is said to be m—negligible if and only if

Vn e N[, (fe))lem

The subspace of m—negligible elements of G[E] will be denoted J,[E]. The
m—reduced Colombeau extension G,,[E] is defined as the factor space G, [E] =
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128 A. Khelif, D. Scarpalezos

GLE1/Jnm[E] by putting v, (f) := sup{v,(g) : g represents f} and
5u(f. ) = e /¥

We define on G,,[E] a complete ultrametric Hausdorff uniform structure called the
sharp uniform structure and a Hausdorff topology called the sharp topology of G,,[ E].

Using the definitions we can prove the following results (the proof is cumbersome but
straightforward)

Proposition 1.16 G,,[E] is a topological vector space on the topological field K,, (K
being the field of real or complex numbers according to the case we are dealing with);
and when E is a topological algebra over K, then G, [E] is a topological algebra
over K,,. More generally, if L is a continuous linear mapping from E to F then it
defines canonically a K, -linear continuous mapping (also denoted L) from G,,[E] to
Gl F1. If ¢ is a continuously tempered mapping (see [9] and [27]) from E to F, then
it defines a continuous mapping from G,,[E] to Gy [F].

Thus the m—reduction is also a ‘Functorial’ procedure (see [27]).

1.7 m—reduced generalized points

The above ‘m—reduction’ procedure can also be applied on the case of the set of
generalized points:

Definition 1.17 Two generalized points (x,y) = ([(x¢)], [(ye)]) are said to be
m—equivalent if [(||x; — ye||)] € m. The set of equivalence classes thus obtained
is denoted €,,. The set of classes admitting a compactly supported representative will
be denoted ﬁm,c and will be called the set of compactly supported m —reduced gener-
alized points. The sharp topology is defined also on ﬁm,c by the same procedures as
previously.

An important property of ﬁm’c (whose counterpart is not valid for Q) is the
following.

Proposition 1.18 Ifx € ﬁm,C then there exists a unique element xo of Q2 s.1. |[X —xg|| <
1/n, ¥n € N. Such a point will be called the shadow of X.
The set of elements of Q2 . admitting xo as a shadow is called the halo of x.

Proof If ﬁm,C C (R;,)" the sentence can be easily proved using proposition 1.14 g)
for any given coordinate thus for the whole space (R,,)", i.e. one can prove that all
limited elements of (IR,,)"” admit such a shadow and all elements of ﬁm,c are limited.
More over it is obvious that their shadow lies in €2. O

In some sense @m,c is some kind of a ‘nonstandard’ extension of 2.
As in the case of G,,[ E] we can define on €2, . a ‘sharp’ topology which coincides

with the topology given by the ﬁ;—valued ‘norm’ ||x — y|| = [(llxe — YelDIm-
This topology can be given also by an ultrametric distance (see [27]).
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1.8 The algebra G, ()

Starting from E = C°°(2) with its set of seminorms p,, we obtain the algebra G, (€2)
of m—reduced generalized functions (for details see [27]). In this case the subspace
of m—negligible elements will be denoted 7, (£2).

Using the same method as M. Kunzinger and M. Oberguggenberger in [19] and the
fact that all ideals of K are convex (i.e. if |x| < |y| and |y] belongs to the ideal, so
does x) we obtain the following important remark.

Proposition 1.19 f = [(f:)] belongs to J,,,(R2) if and only if for any compact subset
K of 2, [sup|fell € m.
K

We give the proof in the simplified case of one variable. By multiplying f, by a
C°° compactly supported generalized function ¢, we can without loss of generality
(evaluation been always done on compact spaces) suppose that f.¢ = g. has moderate
uniform evaluations for all derivatives. Let us remind the Landau inequalities : if M
is the maximum of a function f, M; the maximum of its derivatives and M, the
maximum of its second derivatives, then M| < /2M.M,. Let Mo ¢ ; My ¢ ; My .
be the corresponding maximums for the function g, , then we will prove that if
[(Mo.e)] € m, then also [(M; )] € m. The above mentioned inequality implies that
M}, <2My. M and as [(Mo.)] € m and [(My,)] € R,, we have that [(M] ¢)*]
belongs to m. But as m is a maximal ideal, we can conclude that also [(M ()] belongs
tom sinceitis a prime ideal. By induction we can prove that, for all orders, the bounds
of derivatives belong to m, which implies that (f;) € J, (2).

One can easily verify that, as in the case of G(£2), we define by this procedure a
sheaf of algebras and a notion of restriction to open subsets.

Let 19 be an embedding of D’ (£2) into G(R2). If for any T € D’(2) we associate its
image [19(T)],, into G, (2), we obtain an embedding of distributions into the algebra
Gm (2) respecting derivations of distributions and products of C* functions. But this
time the ‘constants’ of our algebra form a field and not just a ring as in the case of
g@.

Clearly K,, is embedded in an obvious way into G,,(€2) and its elements can be
considered ‘constant’ generalized m —reduced functions.

As in the case of G(2) we can evaluate m—reduced generalized functions on
m—reduced compactly supported generalized points.

Proposition-definition If f = [(fe)ln € Gu(2) and x = [(x¢)]n € ﬁm,c then
[(fe(x))]m does not depend on the choice of representatives (fe) and (x.). This
m—reduced generalized constant will be called the value of f on x, (f (x)). Moreover
the mappings f — f(x) and x — f(x) are continuous for the respective sharp
topologies.

The proof of this proposition is straightforward (see [25]) and is an easy conse-
quence of the ‘functoriality’ of m—reduction. One can also easily prove that G, (£2)
is a topological differential algebra for a fixed K, where K =R or C.

If ¢ : C — Cis an element of Oy (C) and if g € G,,,(2), we can define p o g :

Proposition 1.20 If g € G, (), g = [(ge)]m and ¢ € Opy. Then [(H(ge))]m does
not depend on the choice of representatives. It will be denoted ¢ (g) or ¢ o g.
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130 A. Khelif, D. Scarpalezos

Proof Let (g.) be another representative. For any convex compact subset K of €2,

C
there exists a temperate mapping ¢ — R, < — (N, C, being adequate constants)
such that for any ¢ and any x € K both g.(x) and g, (x) belong to B(0, R,). Thus

sup (|9 (gs(x)) — P (8:(x)))) = sup |V¢>|S;p|gs—§a|

xekK B(0,Re)

and by hypothesis, as ¢ is in Oy, and the increase of (R,) is moderate, and [(|g. —g¢|)]
belongs to 7, (£2),we can conclude that [sup |g. — g¢|] € m. Thus this is also the case
K

for

[Sl;p ¢ (82 (x)) — 8(8e (X)) [1m

hence [¢(g:) — ¢(8:)] € Tm(S2). As any compact set is included in a finite union of
balls, the proof is complete. O

Proposition 1.21 Maximum theorem.
If [ € G () and Q' CC Q is a relatively compact subset of 2 then there exists
X0 € Qm ¢, supported in Q st

Vy € Que, y supported in ¥ then | f(y)| < | f(x0)].

Proof Let [(f2)] represent f and let x, be a point on which is attained the maximum
of the function f; on €'. The class of the net (x) is supported in €'. Let y be any
m—reduced generalized point supported in €. By definition it admits a representa-
tive (yg) supported in €', and hence | fe(¥e)| < | fe(xc)| which implies, passing to
m—reduction, that | f(y)] < | f(x)]. O

Now we can easily establish the characterization of m —reduced generalized func-
tions by their values on m —reduced generalized points, which amounts to the following
proposition:

Proposition 1.22 IfVx € Q.. f(x) =0, then f = 0.
This is an easy consequence of the previous proposition.

Proposition 1.23 (Intermediate value theorem) Let Q2 be an open connected subset of
R" and f a ‘real’ m—reduced generalized function. Let us suppose that x and y are
two elements of Qm candc € Ky s.t. f(x) < ¢ < f(y). Then there exists z € Qm ¢

s.t. f(z) =c.

Proof For simplicity without loss of generality we suppose that €2 is convex (going to
the general case is straightforward but cumbersome). The hypothesis implies that there
existrepresenting nets (f1,¢) and (f2 ) of f, (x) representing x and (y,) representing
y and (c.) representing c S.t.

S1,6(xe) < ¢ < f2,6(ye) for & small enough.
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Since |y — x| is a non zero element of KK,,, it is an invertible element of K,,. Thus
|y — x| has a positive inverse which is majorated by ¢ ™%, where a is some positive real
constant. We can conclude that |y — x| is minorated by ¢4 which implies that it has an
invertible representative. For fixed representatives of x and y, we can freely choose
f1.e and f> . satisfying the above conditions. Let €’ be a convex relatively compact
subset of 2 s.t. (x¢) and (y,) are both supported in it. Consider now a net (£, ) of affine
functions s.t.

Le(xe) =0, Le(ye) = f2,£(y£) - fl,s(y.s)a

By invertibility of | (y. —x.).| the slope of £ is clearly bounded by a moderate multiple
of

sup | f2.e — fiel-
Q/

Thus [(£¢)] belongs to J;, (£2); hence (f1.. + ) = ( fe) is another net representing
f. This net satisfies

fs(xa) <ce < f;(ya)

and hence Q' being convex there exists z, € Q' s.t. f(ze) = ce. Clearly z = [(z¢)]m
satisfies the requirements of the proposition. O

When an m—reduced generalized function takes non zero values on all elements
of (£2,,,¢), it turns out that it is invertible (contrarily to what happens in the non
m—reduced setting where we have to suppose that all values are invertible).

Proposition 1.24 f € G, () is invertible if and only if
Vx € Qe f(x) #0.

Proof Necessity is obvious. Let us now suppose that Vx € Qm,c, S(x) # 0. Let

Q' CcC Q be arelatively compact open  subset of 2 and (f;). be a net representing f.

There exists for any € an element x, of " such that f; (x;) = inf | fz|. Our hypothesis
Q/

amounts to saying that there exists b > 0 and [a.] € m s.t. | fz + a; |2 > 20 on Q.
Notice that f1. = (fe + ac)/q is another representative of f. Consider now

|f]—cil——’i1|2' The net (h,) is moderate on '; moreover f] . - h, = 1. Hence if
& £
h e Gn(R), h =[(he)]n, it is clear that fro-h=1

Let us now consider a locally finite covering of €’ by relatively compact open
subsets (w; jer) and construct h; € G, (w;) as above. Consider also a C° — partition
of unity (¢;)ic; adapted to the covering (w;);cs. Then @;h; has a compact support
included in w; and thus defines also an element of G,,, (€2). The partition being locally

finite we can define H = Y ¢;h; € G, (2). Now we clearly have: fH = > ¢;jh; f =
Yei =1 o

e =
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2 Preliminaries on ideals of G(Q)
2.1 ‘Localization’ of ideals

We saw that the structure of generalized function has two aspects: they are a sheaf
of algebras and they define continuous mapping from the set of compactly supported
generalized points into the ring of generalized constants. Let us first give a notion
linked to the ‘sheaf theoretic’ aspect of the theory.

Let 7 C G(R2) be an ideal of G(2). If Q' C € is an open subset of & it might
happen that 7, ¢ contains all generalized constants in which case it spans G(2'), i.e.
it is locally ‘irrelevant’.

Thus studying an ideal 7 it is relevant to know ‘where’ it does not span everything.
This leads to the following notion already investigated in [2].

Definition 2.1 A point xg € Q is said to be ‘regular’ for an ideal J of G(2) if there
exists an open neighborhood @ of xp in €2 such that J, spans G(w). Clearly the
set of all points of €2 which are ‘regular’ for the ideal .7 is an open subset of Q2. Its
complement is called the support of 7 (or the irregular support of 7).

Example The ideal spanned by [(x — ¢)] in G(R) has {0} as support. Because if
xo # 0 there is a neighborhood w of xo on which [(x — ¢)] is invertible; while it is
not invertible on any neighborhood of 0. Concerning support of ideals we have the
following properties, already proved in [2].

Proposition 2.2 (a) If J1 C J» are two proper ideals of G(S2), then

supp(J2) C supp(J1).

(b) If J is aproperideal of G(R2), then J is dense in G(2) if and only if supp(J) = .
(c) If J is a prime ideal of G(2) then card(supp(J)) < 1.

We will give a rapid sketch of the proof (for more details see [2]).

Proof (a) If 71/, contains 1, so does J2/.
(b) J is dense if and only if for any relatively compact open subset w there exists

1
f € J f = [(fe)] such that for ¢ small enough sup |1 — f| < R Thus
w

1
f /o 1s invertible (because | fo| > =) and hence no point is irregular. Conversely.

Let us suppose that supp(J) = . By hypothesis for any x € € there exists
an open neighborhood w, and f; € J such that fy/, = 1. Let Q' be an open
relatively compact subset of . € being compact there exists a finite subcovering
(wq,) of Q" and a C® partition of unity ¢, adapted to this subcovering. Clearly
> @nfn/ = 1. Thus J is dense.
(c) Letus suppose that card(supp(7)) > 1. Then there would exist two points x| and
x7 of 2, both belonging to supp(J) and x| # x>.
Let ¢1, ¢ be two elements of G(£2) such that supp(p;) N supp(p2) = @ and such
that there exist neighborhoods w1 and w» of x1 and x» respectively such that 91 /w1 = 1
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and g2 /wr = 1. Since ¢ - 2 =0 € J, @1 or ¢ hastobe in J (J is prime). Thus
x1 or xp has to be regular for 7 . O

Remark The proof of (b) has the following consequence (see [2]).

Corollary 2.3 Let G.(R2) be the set of the compactly supported elements of G(2). G.(S2)
is the smallest dense ideal of G(S2).

Remark Clearly different ideals can have the same support. For example, the ideal 7
spanned by [(x — €)] and the ideal 7, spanned by [(x)] have both {0} as support.

2.2 Generalized trace of ideals

As generalized functions define continuous mappings of ﬁc into K, we can define

JE) ={f&): feT}for§ e ﬁc and J an ideal of G(£2). It is clear that 7 (£) is
an ideal of K. R
Thus it is relevant to know on which & € Q., J(§) is a proper ideal:

Definition 2.4 If 7 is a proper ideal of G(£2) we define the generalized trace of
J (Tr(J)) by

Tr(J) == (£ € Qe s.t. T (€) #K).

1
Example The ideal J of G(R) spanned by [(x — —)] is such that Tr(J) =
&

1
{x such that [(x; — —).] is not invertible}
&

Remark One might be led to suppose thatif & € Tr(7), then there exists x € supp(J)

s.t. (§.) — x.Thisis notalways the case. For example, if 7 is spanned by [(x —sin(—)],
&

. . 1 1 . -
its generalized trace contains & = [(sin —)] but sin — admits no limit when ¢ tends to
&

zero. In this example it is easy to show that the support consists in the whole interval

[—1,1].

However it is clear that when supp(J) = @, then Tr(J) = .
An easy way of making ideals is the following.

Definition 2.5 Let A C ﬁc and a be a proper ideal of K.
Ga.4(R2) is the ideal constituted of all elements f € G(2) s.t.

VEeA f(§)ea
(see [2]).
Generalized traces have the following properties (see [2]):

Proposition 2.6 (a) If J1 € J» are two proper ideals of G(R2), then Tr(J2) < Tr(J1).
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(b) Let Q be convex. If |x — xo| € a, then x € Tr(Gy,,4(S2)). More generally the trace
of Ga.q consists of all elements y € Q. s.t. there exists € € A s.t. |y —&| € a.

Proof (a) It is straightforward using the definition of generalized trace.
(b) Let K be a convex compact subset of 2 in which both y and & are compactly
supported then

| fe(Ye) = fe(Ge)l = sup Lol 1ye — &ll

thus there exists a positive generalized constant R s.t.

UCfe(e) = fe (Il = Rlllye — &l = RIly —&ll

As ideals of K are convex this implies that [(fz(y) — f:(§:))] € a and hence
f(y) €a. |

One can also easily verify the following (see [2]):

Proposition 2.7 (a) If a is a prime ideal ofK and & € ﬁc, then Ge ,(2) is a prime
ideal of G(2). -
(b) If m is a maximal ideal of K, then Gg ,,,(2) is a maximal ideal of G(2) and

Tr(Gem(Q) = {§' € Qe 518" — & € m).

If an ideal M of G(£2) is a maximal ideal then either it is dense, in which case its
support and trace are void, or it is closed, in which case its support is exactly one point
of Q2.

One might hope that all closed maximal ideals of G(£2) are of the form Gg ,, ()
where & € ﬁc and m is a maximal ideal of K.

If all closed maximal ideals were of this form, we would at least have finished with
the characterisation of closed maximal ideals of Q(Q) (they would be in a one to one
correspondence with couples (£, m) where & € Q. and m maximal ideal of KK more
or less in the same way that the maximal ideals of C(K) where K is compact are in
correspondence with elements of K).

Unfortunately this is not the case (see [2]).

Proposition 2.8 There exist closed maximal ideals which are not of the form Gg ,, ().

Proof Let xy be an element of 2 and 7; the set of all generalized functions f such
that xo ¢ supp(f).

Let 7> be the ideal spanned by 7] and the following subset A of G(2)

A={p € G(Q) : Jt € QC, dp > 0 s.t. there exists (¢,) representative of ¢ and
(&¢) representative of £ such that for any fixed ¢, ¢ (§:) = 1, supp(¢:) C B(&, €P)}.

J1 is a proper ideal. Let us now prove that 7 is also a proper ideal of G(€2). If this
was not the case it would be possible to write 1 = f + Y }_, gkgx Where f € J; and
all gy are elements of A. But as xo ¢ supp(f), there exists a neighbourhood w of xg
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s.t. f/w = 0, thus inside @ we would have 1 = Y} 8k/w * ¥k/w- BUt Y _ 8k%k/w
takes non zero values only on a finite union of sets of the form

{xi(e) s.t. [xi(e) —xk| = &”, p >0}

the number of these sets and the p being independent of €. Since for ¢ small enough,
the measure of this union is less than the measure of w, this sum cannot take value 1
on all points of @,.

Consider now M a maximal ideal containing 2. We will prove that M cannot be
dense. If it was dense its support would be void, thus there would exist a neighbourhood
v of xo and an element v of M s.t. ¥/, = 1. Let now v/ CC v be a smaller
neighbourhood of xp. One can construct a partition of unity (¢1, ¢2) on €2 adjusted to
the covering (v, “v') i.e. suppg1 C v, suppgs C “v’ (where ¢ denotes the complement)
and @1 + ¢p = 1. But by definition ¢, belongs to 7 and hence to M, hence 1 =
01 + 92 = p1¥ + @2 € M which is impossible since M is a proper ideal. O

Concerning maximal ideals of G(£2) we also have the following property.

Proposition 2.9 If M is a maximal ideal and is stable under locally finite sums, then
M is closed.

Proof 1If M was not closed it would be dense hence M would contain the ideal G.(2)
(see Corollary 2.3). But if {w,, n € N} is a countable locally finite covering of 2
where w,, are relatively compact open subsets of €2 and ¢, is a C* partition of unity
in © adapted to this covering then all (¢,) would belong to G.(€2) and hence to M
and 1 would also belong to M since M is supposed to be stable under locally finite
sums. O

Proposition 2.10 If M is a maximal closed ideal of G(S2) then M N K=misa
maximal ideal of K.

Proof M NKisa prime ideal of K. But K is a topological subspace of G(2) (here
we identify elements of K with the generalized constant functions they define). Thus
M N Kis a closed prime ideal of K, hence a maximal ideal (see [2]). O

A natural question is the following: is it always true that if M is a maximal ideal
(dense or closed) then M N K is a maximal ideal of K?
Unfortunately this is not true as we will see by the following counter example.

Proposition 2.11 There exist dense maximal ideals M of G(2) such that M N K is
not a maximal ideal of K.

Proof Our counterexample will be given in G(R?), the passage to a counterexample
in G(R2) for a general 2 is straightforward but cumbersome. Also for the convenience
of the reader, the example will be presented in the sequence model of the theory. (In
order to translate the example into the net model, wherever we refer to a representative

1 -
_] ) fs = fn)
n

(fn)n» consider the moderate net fs defined by V¢ €] T
n
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Consider now a disjoint family A, of subsets of N such that each .4, is infinite
and (J A, =N.

Let (u,,) be a sequence of open subsets of R4 such thatu, c B(0,n+1)— B(0, n)
and for each u; consider a relatively compact open subset u; of u;. Let (¢,) be a
countable family of C* functions such that 0 < ¢, < 1 ¢,/,7 = 1 and supp(¢,) is
a compact subset of u,. !

We also choose u,, u), and ¢, in such a way that all derivatives of all ¢, are
bounded by constants independent of .

Consider now the sequence (g,) defined by g, := ¢ whenn € Ay.

Clearly as all Ay are infinite the sequence is not negligible and as all derivatives
are bounded the sequence is moderate, so ¢ = [(g,)] € G (RY).

Consider now the following generalized constants (considered as generalized func-
tions on RY).

Xk = [(Xk.n)n] where X, = lifn € Ay

(i.e. Xy is the class of the characteristic function of the subset Ay).
Let I be the ideal of G(RY) generated by (1 — g) and the family Xj.

Lemma 2.12 [ does not belong to 1.

Proof Suppose the contrary and let 1 = lec\]:l Y X + h(1 — g), for some Y and &

in G(R?). Now (Z,iv:o Ui Xi + h(1 — g))(x) # 1 forall x € uy, | because this is
represented by

N
Zn = (Z Yin Xk + ha(1 — gn>) (x)

k=0

and when n € Ay, all Xi , in the above expression are zero and g, = ¢y which
implies that (1 — g,)(x) = (1 — gn+1)(x) with x € )y, thus (1 — g,)(x) = 0.
As Ay is infinite, the above sequence z, cannot be equivalent to 1 in the quotient
space K. Thus 1 does not belong to 1. O

Lemma 2.13 The closure of I contains 1.

Proof Consider

o] 1 k o]
A=[A]=) [(;) Xk,n} and 0 = [0,] = ) _[n* ot Xs.n]

k=0 k=0
Both make sense because the sum in the expression of A, converges in K (and thus

in G(RY ) and for the expression of [6,] the sum is locally finite).
Now we have

[An][0n] = [(Anbn)] = Zqﬂka =g
k=0
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(because X, - Xk.n = Xin).

1
A is the limit of [Z,]CV:O(—)]‘X;(,”] which belongs to 7. Thus A belongs to the closure
n

of I.
Thus g also belongs to the closure 1 of I because 7 is an ideal. But by definition
(1 — g) belongs to I and hence to /; thus 1 = g 4+ (1 — g) belongs to /. O

Let now M be a proper maximal ideal containing /. Note now that A does not
belong to M. Otherwise, 1 would also belong to M and M would not be proper ideal
but M does contain all the generalized constants

[

k=0

(they belong also to I € M), but the sequence (Ay)y converges to A thus M N K
is not closed. This implies that it is not maximal, because all maximal ideals of K are
closed. O

A natural question is now the following: do there exist dense maximal ideals of
G(R2) whose constants are a maximal ideal?

The answer is yes, as can be seen by the following example.

Let 7 be the ideal spanned in G(2) by a given maximal ideal m of K and G.(2).
Clearly I is a proper ideal and any maximal ideal M of G(£2) containing / would
verify M NK = m.

This remark justifies the following definition.

Deﬁnit_ion 2.14 A maximal ideal M of G(£2) is called a regular maximal ideal if
M N K is a maximal ideal of K.

In a heuristic sense the problems in the structure of a non regular maximal ideal are
concentrated near the border of €2 and such maximal ideals are not relevant for most
natural problems in Analysis.

Proposition 2.15 Let m be a maximal ideal of K. Then J,, () is the ideal of G(S2)
spanned by m (the elements of m being considered as constant generalized functions).

Proof Let (¢,) be a partition of unity of 2, where ¢, are elements of D(2) for
which the supports are a locally finite covering of 2. Let f be an element of 7, (€2),
f = @nf.Lethy, be the derivatives of all orders (including 0) of ¢, f. As ¢, f has
compact support and f belongs to J,,(£2), o,k = sup |k, k| belongs to m. For any
n,k € N, consider g, x such that o, k= [(e9 )]y k< [(€"T5)]. As the valuation
of o o« tends to infinity when n + k tends to infinity, the series Y_ &/ .k converges to
an element a of m (the maximal ideal m being closed). It is clear that there exists
gn € G¢(2) such that ¢, f = ag, with support of g, included in support of ¢,,. Thus

f=Ynf =Y agn=0a) g, € mG(Q). o

Corollary 2.16 Let M be a maximal ideal of G(2) and m be a maximal ideal of K.
Then the conditions [J,,(2) C M and M NK = m are equivalent.
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Our next step will be the characterisation of the family of all regular maximal ideals
of G(R).

Let us now notice that given a maximal ideal m of K, if 7,, is the canonical map of
G(L2) into G,, (£2), then 1, is continuous and surjective.

Thus if M is a maximal ideal of G(2) s.t. M NK = m, then 7, (M) is a maximal
ideal of G, (€2) (since M contains the kernel 7y, (€2) of 7).

Likewise if M is a maximal ideal of G,, () then 71’1 (M) is a maximal ideal of
G(8) such that 7, ' (M) N K = m.

Our main result in this paper will be to prove that the family I, of all regular ideals
of G(R2) is in a one to one correspondence with the set of couples (m, E) where m is
a maximal ideal of K and f;‘ an element of a special compactification of Qo m,c called
the g—compactification of Qm,c and will be noted y(Qm,C). This compactification is
‘smaller’ than the Cech compactification of ﬁm,c.

We are thus led to the study of ideals and maximal ideals of G, (€2).

3 ldeals of G (RQ)
3.1 Generalities

In the case of G, (2) the study of ideals is greatly simplified by the fact that the ring
of generalized constants is a field and thus {0} is the only proper ideal of the ring K,,.

As G, (2) has both sheaf properties and continuity properties as a subset of contin-
uous maps from ﬁm,c into K,, we have notions of ‘support’ and ‘generalized trace’:

Definition 3.1 If 7 is an ideal of G,,(2) and x¢p € Q we say that xq is regular for J
if there exists an open neighbourhood U/ of xg s.t. 7 /U contains 1 or equivalently s.t.

J /U spans G, (U).

Definition 3.2 An m—reduced generalized point & in ﬁm,c is said to belong to the
generalized trace of an ideal 7 if 7(§) =0(@.e.Vf € J, f(§) =0).

Repeating the proof of Proposition 2.2, one can easily prove:
Proposition 3.3 If J is a prime ideal then card(supp(J)) < 1.

Proposition 3.4 An ideal J of G (R2) is dense if and only if it contains Gy, (2), i.e.
the ideal of compactly supported m—reduced generalized functions is the smallest
dense ideal of G, (2). This implies that an ideal is dense if and only if its support is
void.

Corollary 3.5 A maximal ideal M of G, (R2) is closed if and only if
card(supp(M)) = 1.

Concerning generalized trace we can have some more precise properties than in the
case of G(R2).
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Proposition 3.6 If a is a prime ideal of G, (S2), then the generalized trace of a has at
most one element.

Proof Let us suppose that & and & are two distinct m—reduced generalized points.
This implies that there exist p > 0 and nets (£ ¢), (§2,¢) representing respectively
&1 and & and their distance net not belonging to m, such that for ¢ small enough
lE1. — &2.¢ll > &P. But in this case it is possible to construct two nets ¢ and
©2.¢, both belonging to £y7(€2) such that supp(¢; ) N supp(gz..) = ¥ for & small
enough and ¢; (&) = 1. Let o1 = [(¢1.¢)]m, 2 = [(¢2.¢)]n. We clearly have
@1 - 92 = 0 € a, thus ¢; or ¢, has to belong to a. But ¢; (&;) = 1 thus & or & does
not belong to the generalized trace of a. O

Proposition 3.7 If M is a maximal ideal and {&} is the trace of M, then the shadow
of & is the support of M.

Proof Let xy be the shadow of &. As {£} is the generalized trace of M, for any
feM, f() =0.If {xo} was not the support of M, there would exist f € M
and a neighbourhood V of x¢ such that f/V = 1 but as |§ — xo| < %, vn € N, the
m—reduced generalized point & is compactly supported in V thus f(§) = 1 which is
impossible. O

The existence of maximal closed ideals of G, (€2) with void trace is proved exactly
as in the case of G(£2) (the same construction gives a counterexample).

In order to characterize maximal ideals, we will now exhibit important relations
between ideals and their ‘zero sets’. This will follow the ideas used in [16] when they
study ideals of the algebra of real valued continuous functions on a completely regular
Hausdorff space.

3.2 Generalized zero sets of ﬁm,c

Definition 3.8 A subset A of SZm ¢ 18 a generalized zero set (Z) if there exists f €
On(Q)st. A = {€ € ch s.t. f(§) = 0}. In this case we note A = Z,(f). More
generally if B is any subset of G,,(2), Z.(B) will be the family of all Z,(f) for
f eB.

Clearly, as m—reduced generalized functions define continuous mappings from
Q¢ into K, it is clear that all generalized zero sets are closed subsets of Qm c-

A natural question is the following: is any given closed subset of Qm ¢ ageneralized
zero set? The answer is no.
Proposition 3.9 There exist closed subsets of ﬁm,c which are not Z,—sets.

The proof is based on the following lemma.

Lemma 3.10 [f 2 is connected and A and B are two complementary subsets of ﬁm,c,
they cannot both be Z ,—sets.
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Proof Let f be such that Z,(f) = A and g such that Z,(g) = B. Clearly Z,(f) =
Zo(|1f1?) and Z,(g) = Z,(|g|*). Notice that

Zo(If 1>+ 1215 = Z, (11D N Zg (1817 = 0.

Thus V € € Q. (1817 + | f1))(€) #0.
This implies that |g|?> + | f|? is invertible (Proposition 1.24). Consider now the
reduced generalized function

_ P
P+ g

Clearly, V& € Ah(§) =0and V& € B h(§) = 1. As A and B are complementary, &
takes only the values 0 and 1. This is contradictory to the intermediate value property
for m—reduced generalized functions on a connected open set. O

Now notice that in ﬁm,c there exist couples of complementary closed subsets, for
example:

let A be the halo of zero and B be the complement of A. Then one can easily verify
that A and B are both closed.

Proposition 3.11 The family of Z,—sets is stable under countable intersection.

Proof For each Z,—set Z,(f), notice that Z,(f) = Zg([(z;"”)]|f|2).

Let (Z,(f4)) be a sequence of Z,—sets. Let (u,) be an increasing sequence of
seminorms defining the topology of C*°(2). Then we can find positive integers m,
such that 1, ([(e™)]| fu|*) < [(¢™)], ¥n. Then

M Ze ) =2 (D1ENA1P)

Hence a countable intersection of generalized zero sets is a generalized zero set, too.
O

Proposition 3.12 The family of Z,—sets is a base for the family of closed subsets of
Q¢ .. every closed subset is an intersection of Zg—sets.

This is an easy consequence of the following lemma:

Lemma 3.13 If A is a closed subset ofﬁm,c and & ¢ A, then there exists f € G, (2)
st. f&)=1andVr e A f(r)=0/(ie, Zs(f) D A).

Proof A being closed, there exists a positive constant p such that B(&, [(¢P)])NA = @.

Consider now a net (&;) representing £. Let 9 € DR") s.t. 0 < ¢ < 1, ¢(0) =1
x—§&
p

and supp(¢) C B(0, 1). Consider the net ¢, (x) = (p( ) Clearly this net is

moderate and for & small enough, its support is included in a relatively compact subset
of Q. Thus we can define [(¢:)],, = f. One can now easily verify that f satisfies the
requirements of the lemma. O
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3.3 Z;—sets, Z,—filters

As we already saw, a Z,—set is a subset of Qm,c s.t. there exists an m— reduced
generalized function f s.t. f takes zero values on all elements of this subset and only
there.

These sets will play a role analogous to z—sets in [16] for the investigation of
properties of ideals and the study of the family of maximal ideals.

Definition 3.14 A Z,—filter F is a family of Z,—sets such that

(a) if AisaZ,—set, AD Band B € F,then A € F.
(b) if (An)n<n is a finite family of elements of Z, then ﬂnEN A, e F.
(c) ¥ does not belong to F.

Proposition 3.15 Givena Z,—filter F, the family J (F) of allm—reduced generalized
Jfunctions on 2 whose generalized zero set belong to F is a proper ideal.

Proof If f € G,y(2) and g € J(F), then Zy(fg) D Z4(g) € F. Thus Zy(fg) € F
and fg € J(F).
If feJ(F)and g € J(F), then

Zo(f+8) D Zg(f)NZg(g) € F.

Thus f+ge€ J(f). O

This leads to the following definition.

Definition 3.16 An ideal J is called a Z,—ideal if it is of the form [J(F) for some
Zq—filter F.

Example Let A be anonempty subset of ﬁm,C and consider the ideal 7 of all elements
of G, (2) which take the value zero on all elements of A. Then J = J(F), where
JF is the family of all Z,—sets which contain A. One can easily verify that F is a
Z,—filter.

There exist ideals which are not of this type: consider the ideal 7| of G, (R) spanned
by x and consider the ideal 7> spanned by x?. Those ideals have the same family of
Z,—sets, but they are not the same.

Definition 3.17 Given an ideal [J, we denote F(J) the family of all Z,—sets of
elements of 7.

Proposition 3.18 If J is a proper ideal of G, (R2), then F(J) is a Z,—filter.

Proof Let A = Z,(f), and B = Z,(g) where g € J. Let us suppose that A D B.
In this case Zg(f) = Z,(fg), because fg(§) = f(§)g(§) = 0if and only if f(§) is
zero or g (&) is zero (K is a field). But as Zo(f) D Zg(g), we see that f(x) is zero if
and only if fg(x) is zero. Butas fg € J, we have proved that A = Z,(f) = Z,(fg)
belongs to F (7).
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Let now A and B belong to F(J) (A = Zg(f), B = Zg(g) with (f, g) € T?).
Thenas Zg (f) = Zg(1f1*) and Zy (g) = Z,(1g]*), wehave ANB = Zo (| f > +gI?).
But|f|>+|g|> € J, thus AN B € F(J).

Finally, ¥ ¢ F(J) because of Proposition 1.24. O

Proposition 3.19 If J is a Z,—ideal, and if f € G, () is such that |fI> € T, then
fedJd.

Proof This is a direct consequence of the fact that Z,(f) = Zg(| f ). O

Proposition 3.20 If 7\ C J> and J\ and > are properideals of G, (S2), then F (J1) C
F(R). If Fi and F are two Zg—filters, Fy C JF, then J(F1) C J(F2). If Pisa
Zg—ideal, then P = J(F(P)) and if F is a Zg—filter, then F(J(F)) = F. If P is
any proper ideal of G, (2), then P C J (F(P)).

The proof is a direct consequence of the definitions.
By Zorn’s theorem, one can easily verify that any Z,—filter is included is some
maximal Z,—filter.

Definition 3.21 Maximal Z, —filters will be called Z, —ultrafilters.
There is a correspondence between maximal ideals and maximal Z,— ultrafilters:

Proposition 3.22 If M is a maximal ideal of G,y (2), then F (M) is a Zgy— ultrafilter
and conversely, if F is a Z,—ultrafilter; then J (F) is a maximal ideal of G, ().

Proof If F(M) = F; was not maximal there would exist a Z, —ultrafilter 7 strictly
larger than F; and thus there would exist f € J(F2) s.t. Zg(f) ¢ F(M). Hence
J (F2) would be a proper ideal strictly larger than M.

Likewise, let us suppose that 7 (F) is not maximal. Then there would exist a proper
ideal P strictly larger than 7 (F). It would thus have an element f s.t. Z,(f) ¢ F;
thus F(P) would be a Z, —filter larger than . Hence F would not be an ultrafilter. O

It is now clear that maximal ideals are in a one to one correspondence with
Zg—ultrafilters. This will allow us to consider the set of all Z, —ultrafilters and prove
later that it gives a compactification of ﬁm,c.

But let us first give some more properties of Z,—filters and their associated ideals.
As in the case of ideals we have a notion of ‘support’ of Z, —filters.

Definition 3.23 A point xo € € is said to be regular for a Z,—filter F if there exists
a neighbourhood V of x s.t. there exist A € F s.t. the shadow of every element of A
is in the complement of V.

The support of a Z, —filter F is the complement of the open set of all regular points
for F. It will be denoted supp(F). There is a natural relation between supports of
Z,—filters and supports of associated ideals.

Proposition 3.24 If F is a Z,—filter, then supp(F) = supp(J (F)).
Likewise, if P is an ideal of G, (2), then supp(P) = supp(F(P)).
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Proof If xy ¢ supp(F), then there exists a ball B(xg, p) C 2 s.t. there exists A C
Qm.c. A € Fs.t. B(xg, p) does not contain any shadow of an element of A. Consider
¢ € D(Q) s.t. supp(p) C B(xp, p) and go/B(xo,g) = 1. Z4(gp) is in the complement

of BGE),\,O) (considered as a part of ﬁm,c). Thus Z,(¢) D A, thus Z,(¢) € F, thus
¢ € J(F) and ¢ = 1 on a neighbourhood V of xq, hence xq is regular for 7 (F).
There exists a neighbourhood V of xg and fo € J(F) s.t. fo/V = 1. Thus the zero
set of Fo has a shadow that does not intersect V. An analogous argument holds for
regular points of P and F(P). O

Definition 3.25 A Z,—filter F is said to be prime if, whenever the union A U B of
two Z,—sets A and B belongsto 7, then A € For B € F.

In the case of Zg—ideals, there is a natural relation between the notion of prime
ideal and prime Z, —filter.

Proposition 3.26 Let P = [J(F). Then P is prime if and only if F is prime.

Proof
f-8€P & Zg(f)UZy(g) =Zo(f-8) e F.

Let Zy(f) U Zy(g) € F. If P is prime, then Z,(f) € F or Zg(g) € F, thus F is
prime. The converse argument is of the same kind. O

3.4 The compact set y(Qp.c)

Following the ideas of the Cech-compactification, we will now see how the family
of Z,—ultrafilters constitutes a compact space into which ﬁm,c is densely embedded.
The main idea will be to show that the family of Z,—sets is a compactifying family
for @, . (see Appendix).

Proposition 3.27 The family Z, of Z,—sets satisfies the following properties:

(1) Qe € Zg. R

(2) For any closed subset F of Q, - and x € °F, there exists F' € Zg s.t. x ¢ F' and
F' DF.

(3) For any couple Fy, I, of elements of Zy s.t. Fi N F, = (), there exist Fl/, F2’
elements of Zg s.t.

FICF, ,CF, FiNF,=FNF =@ F UF})= Q..

(4) Zg is stable under countable intersections and under finite unions.
5) If x € Qun,c, then {x} € Zg.

Proof (1) Q.. = Z,(0).
(2) Itis exactly the content of Lemma 3.13.
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(3) Let us suppose Fi = Z(1f]) = Zg(|fP). Fa = Zg(8) = Zy(|g[?). Consider
A 1

——a g [ —
} |f12+1gI? |f12+1g1?
and Z,(g) = F>. Moreover

now the functions f = . Clearly, Z4( =F

Fy={§ € Que st f(§) =1},
We will use the following lemma:

Lemma3.28 Letr f € G, (2) and let a be a positive real number. Then there exists
g € Gu(Q) st {x, | f(X)> < a} C Zg(g) C {x, [f(X)> < a+ n} for each real
number n > 0.

Proof Let ¢ be a C* increasing function on R s.t. ¢(x) = 0 iff x < a, and s.t. for
x > 2a,¢(x) = 1.Clearly ¢ is abounded smooth function and ¢’ has compact support,
thus g = ¢ (| f1%) € Gn(RQ). Clearly g takes value zero on all compactly supported
generalized points x such that | £ (x)|? < a.Thus Z,(g) D {x, | f(x)|* < a}. Likewise,
if |f(x)|2 > a + n, then clearly ¢>(|f|2) > 0, thus

fx 1R <atn} 5 20 > {x 17 @F < af.

Consider now /1 € G, (2) s.t. for any real n > 0

{x,f(x) =< %} C Zg(h]) C {x,f(x) < %_i_n}
and hZ € gm(gz) S.t.

[ f@ 2 5 —n} 5 20 5 [x, Fo = 5}

The existence of 41 and hy can easily be deduced by the previous lemma. Put now
F{ = Z4(hy) and Fy = Z4(hy). Clearly,

FlUF=Que, FIDF, F50F, FINF,=0, RFOF =0.

(4) By Proposition 3.11 and because Z,(f) U Z,(g) = Z,(fg).
(5) Let (x¢) be a net representing x and consider f.(¢) = (r — x.)/ Q2. Clearly,
(fs)]m = {[(xe)]m} = {x}. o
Now we can conclude using Theorem A.2 of Appendix that Zg—sets constitute a
compactifying family and thus that the family y (Qm e)of Zg— ultraﬁlters constitutes
a compactification of Qm - (Recall that Qm ¢ is metrizable, hence normal )
A natural question now is if y (Qm o) is the Cech- compactification of Qm ¢ (denoted

B Q).
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This is not the case. To prove it, we will use Theorem B.1 of Appendix and thus we
only have to prove that the there exists a pair (F, F3) of disjoint closed subsets of Qm c
such that there does not exist a pair F], F2 of Zg—sets s.t. F1 C F], F, C F2 and
FINF, = 0. This is obvious because we saw that there exist pairs of complementary
closed subsets of Qm,c, but there does not exist a pair of complementary Z, —sets.

We have at last proved the main theorem of this section.

Theorem 3.29 The family of maximal ideals of Gm () is in a one to one corre-
spondence with )/(Qm ) v which is a compactification of Qm ¢ different from the
Cech-compactification of Qm c

By pull back we obtain the following:

Theorem 3.30 The family of regular maximal ideals M of G(R2) is in a one to one
correspondence with couples (m, &) where m = M NK is a maximal ideal of K and
& is an element ofy(Qm,C)

We have thus classified all regular maximal ideals, but we still have no idea con-
cerning the family of non-regular maximal ideals (i.e., the dense maximal ideals M
s.t. M N K is not a maximal ideal of K).

There is also another field of analogous investigations. In [5], the authors investi-
gated the behaviour of objects of the theory under the additional hypothesis that we
impose parametrizations by ¢ to be continuous on ¢. Which results of this paper are still
valid under this condition? For the case of generalized constants, a first investigation
has been done in [18].
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A Compactifying families of closed subsets

Let us first remind the definition of a normal topological space E. A Hausdorff topo-
logical space E is said to be normal if for any couple Fp, F» of disjoint closed subsets
there exists a couple (Uj, Us) of disjoint open subsets such that F; C Uy, F, C Us.

In this appendix we will show that some families of closed subsets of a normal
space E allow us to define a compactification E of E.

Definition A.1 A family S of closed subsets of a normal topological space E is a
compactifying family of closed subsets if the following conditions hold:

(1) E€S.
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(2) For any closed subset F of E and every element x in the complement ¢ F of F
there exists F/ € Ss.t. F' D Fandx € °F’.

(3) For any couple Fi, F> of elements of S s.t. Fj N F, = { There exist F|, F,
elements of S s.t.

FI\CF, hCF),, FFUF,=E, FiINF,=FRLNF =0.
(ie. I C°Fy, F, CF|,and “F| NF, = 0)

(4) S is stable under finite intersections and under finite unions.
O) IfxeE, {x}eS8.

Theorem A.2 Let E be a normal topological space and H a compactifying family of
closed subsets of E.

Let 'H be the set of all H—filters (i.e., filters of elements of H). Let EH be the set of
H—ultrafilters, i.e. the set of maximal H—filters. Consider now the following family
of subsets of EH

O ={EN}U{OF : F € H}
where
Op:={GeEy, F¢ G} (F¢eH).

Then (a) O is a basis of open sets for some topology on EH.
(b) The mapping u : E — E4 defined by

u(x) ={F € Hs.t.x € F} (this is clearly a H—ultrafilter)

is injective and continuous.

(c) EH is a compact Hausdorff space and E is embedded by u into a dense subset
of EH.

EH will be called the H—compactification of E.

Proof (a) The family O defines a basis of a topology:

¥ e O, since ¥ = Oy,.

EH €0 by definition.

If {O;,i € I} is a family of elements of 6, then either O; = EH for some i (in
which case trivially | O; € @) or O; = O, Vi. Then if | JO; # EH, we have
\JO; = Op, where F is the smallest H—filter containing all F;. This is possible
because if | J O; # E7, there exists a H—ultrafilter B such that B does not belong
to any ;. This means by definition that all F; are included in B. Thus there exists a
minimal H—filter F' containing all F;.

This means that | O; = {G € EH, F ¢ G},ie. | JO; € 0.

As 'H is stable under finite unions, and every H —ultrafilter is prime (by the same
argument as [16, 2.13]), we have that Or, NOF, = Ofnp,.

Thus O satisfies the condition to be the family of open subsets of some topology.
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(b) Clearly, {F € H, x € F}is a well defined H—ultrafilter, £ being a normal
Hausdorff space. Since an H—ultrafilter contains at most one singleton (property of
non empty intersection), and since for every x of E the only singleton of u(x) is {x},
the mapping u is injective. We will now show the continuity of u. i.e., if O € 6,
u~1(O) is an open subset of E.

IfO = Ey, u'(O) = E. If now O = Op, then

u N O)={xst. F ¢ ux)}={xst.3ID € Fs.t.x ¢ D}

which is clearly an open set.

Let now W be an open subset of E and D = E — W. Let F be the H—filter of all
elements of H containing D. It is now easy to verify that W = u~'(OF). Thus the
trace of our topology on u(E) ‘coincides’ with the topology on E.

(c) To see that u(E) is dense in EH, we only have to show that if O is a non void
open subset of EH, then u—1(OF) is a non void subset of E. But this is obvious, since

u ' (Op)={xst.ADe Fst.x ¢ D} £ 0.

Let us now prove that E.  is Hausdorff. Let 7 and X, be two distinct H —ultrafilters.
Then there exist D; € x1 and Dy € X3 s.t. D1 N D> = @. (Indeed, if D € X is such
that Dy N D, # @, for each Dy € X3, then there exists an H—filter generated by x;
and D;. By maximality, this H—filter coincides with x;. Thus D; € X;.) Then by
property 3 of Definition A.1, there exist D}, D} elements of H s.t.

Dy C Dy, D, C D5, Dy C D), D, C Dy, DiUD; =E.

Let F! be the H—filter of all elements of  containing D;. Since D} U D = E,
a maximal H —filter either contains Di or contains D’2 (or both). Thus, using the
definitions we showed that

OF{HOFZ/ =(/)

This establishes that our topology is Hausdorff.

Letnow |J OF, = EH be an open covering of EH We will prove that there exists
iel
a finite open subcovering.

If EH = |J Op, then there is no H—filter containing all F;, which implies that
there exist iy, i, ...,i, €

D; € F,, Dy, € F;,, D;, € F;, s.t.

In

D,ND,N---ND;, =0
(if it would not, the H —filter generated by all F; would exist and satisfy the non empty
intersection property.) The above property implies by definition that U;=1 OFfj =
EH. a
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B Comparison of compactifications

An interesting question is the following: if F and G are two compactifying families
such that G C F, under which conditions do G and F give the same compactification?
This is investigated in the following theorem.

Theorem B.1 Let E be a normal topological space and let F and G be two compacti-
fying families such that G C F. Then G and F yield the same compactification if and
only if for any couple (F1, F») of elements of F such that F1 N F» = (, there exists a
couple (G1, G2) of elements of G such that F\ C Gy, F» C Goand Gi NGy = 0.

Proof Let us first prove the necessity: Let (F1, F2) be a couple of elements of F such
that F| N F, = ¥ and such that there does not exist a couple (G, G7) of elements of
G suchthat: Fi C Gy, F» C G, Gi1 NGy = 0.

Let G be the set of all elements of G containing F; and let G, be the set of all
elements of G containing F>.

By hypothesis we know that if A € Gy and B € G, then AN B # (. Let U be
a G—ultrafilter containing all such intersections. Let us first prove that there is no
element of U/ which is disjoint from Fj (respectively F>).

If there existed & € U s.t. F1 Nh =, then by property 3 of compactifying families
there would exist i1 € G, h; D Fj such that Ay N h = (. But by hypothesis since
hy € G, hpisalsoinl and hy N h = @, which is impossible (by construction of
U), thus all elements of U/ intersect F (respectively F3). Let K1 be an F—ultrafilter
containing F; and U and KCp an F—ultrafilter containing F, and U. Since F)y N F, =
#, K1 and C; are distinct ultrafilters.

Let us now prove that the condition is sufficient:

Let U/ be an ultrafilter of elements of G and IC; and /C; be two F ultrafilters both
containing Y. We will prove K = ;.

Let us suppose this is not the case. Then there would exist F; € Ky, Fr € K3
such that F; N F»> = ¥ and by hypothesis, there would exist G| and G, elements of G
suchthat G| D Fi, Gy D Fb, GiNGy =@ but G; € K;. Thus Gy € £1 NG and
G, € KoNG.Both K1 NG and Ky NG are filters containing I/, which is an ultrafilter.
Thus X1NG =U =K,NG and G| N Gy = ¥ which is impossible. Thus I} = C5.

Conversely, let IC be an F ultrafilter. Let us consider X N G. K N G is clearly a
G —filter.

Let G € G such that G ¢ K N G. This implies that there exists F € K s.t.
GNF =¢ (KisaF—ultrafilter). Then if G and G, are two elements of G such that
Gy DGandGy, D FandG NGy =0, Gy € K. ThusGNG, = PwithG, € GNK.
Thus £ N G is a G—ultrafilter. We thus have a one to one correspondence between
G—ultrafilters and F—ultrafilters. The continuity of this correspondence comes from
the density of E into both compactifications. O
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