Monatshefte fiir Mathematik (2019) 189:157-178
https://doi.org/10.1007/s00605-018-1241-4

@ CrossMark

Lusin area integrals related to Jacobi expansions

Tomasz Z. Szarek’

Received: 13 February 2018 / Accepted: 23 November 2018 / Published online: 1 December 2018
© The Author(s) 2018

Abstract

We investigate mixed Lusin area integrals associated with Jacobi trigonometric poly-
nomial expansions. We prove that these operators can be viewed as vector-valued
Calderén—Zygmund operators in the sense of the associated space of homogeneous
type. Consequently, their various mapping properties, in particular on weighted L”
spaces, follow from the general theory.
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1 Introduction

One of the principal aims of the papers [11,13] was to prove that several fundamen-
tal harmonic analysis operators in Jacobi trigonometric polynomial expansions are
(vector-valued) Calderén—Zygmund operators. That research included such operators
as higher order Riesz transforms, multipliers of Laplace and Laplace—Stieltjes trans-
form types, Jacobi—Poisson semigroup maximal operator and Littlewood—Paley—Stein
type mixed g-functions. This article is a continuation and completion of the research
performed in [11,13]. Motivated by the comment in [13, p. 187] in the present paper,
we study mixed Lusin area integrals from a similar perspective. These objects have
more complex structure than those mentioned above, therefore their treatment is con-
siderably more involved and demands more effort and additional technical tools. We
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158 T.Z. Szarek

point out that analysis in various Jacobi settings received a considerable attention in
recent years, see for instance [4,9,11-13] as well as numerous other references given
there.

In the last years Lusin area type integrals attracted attention of many mathemati-
cians. These operators, sometimes called conical square functions, were also studied
in some contexts of orthogonal expansions, see e.g. [1-3,5,8,10,15,16,21]. In the clas-
sical situation these objects turn out to be not only interesting on their own right, but
also have significant applications. For instance, a variant of Lusin area integral was
used by Segovia and Wheeden [19] to characterize potential spaces on R, d > 1.
Inspired by that paper, the authors of [2] showed, among other things, that a similar
characterization is also possible in case of some Schrodinger operators’ frameworks.
We point out that quite recently some variant of Lusin area integral was investigated in
the Ornstein—Uhlenbeck context in [8,10,16] in connection with the Gaussian Hardy
space theory point of view. Thus our motivation to study mixed Lusin area integrals
in Jacobi expansions comes also from their potential applications in further research.

In this article we study two kinds of mixed Lusin area integrals Sff,[ﬂ  and S;f,[ﬂ N
(see Sect. 2 for the definitions), which come from two different notions of higher order
derivatives. The first one is simply a composition of the first order derivative and was
for instance implemented in [11,13]. The second one was used in [9] and has its roots
in the so-called symmetrization procedure proposed by Nowak and Stempak in [14].
We note that, in some aspects, the latter notion seems to be closer to the classical
theory on the Euclidean spaces. To see this compare for example [4, Proposition 2.5]
with [4, Remark 3.8], where two kinds of higher order Riesz transforms are studied
in the Jacobi context.

Our main result, see Theorem 2.1 below, says that the mixed Lusin area integrals of
both kinds can be viewed as vector-valued Calderén—Zygmund operators in the sense
of the associated space of homogeneous type. Consequently, their mapping properties
follow from the general theory. The main difficulty connected with the Calderén—
Zygmund theory approach is showing the related kernel estimates. Here the starting
point is the method of proving standard estimates established in [11] fora, 8 > —1/2
and extended in [13] to all admissible «, 8 > —1. We point out that the crucial
role in that method plays a convenient integral representation for the Jacobi—Poisson
kernel obtained in [13]. Nevertheless, to treat Lusin area integrals, which have more
complex nature than the operators considered in the above mentioned papers, some
generalization of this technique is needed. The latter is of independent interest and is
inspired by similar tools elaborated recently in other settings of orthogonal expansions,
see [5,15,21].

The paper is organized as follows. In Sect. 2 we introduce the context of Jacobi
expansions and define the mixed Lusin area integrals. Further, we state the main result
(Theorem 2.1) and reduce its proof to showing the standard estimates for the related
kernels (Theorem 2.3). We conclude this section by giving comments connected with
our main result. Section 3 contains preparatory facts and lemmas, which finally allows
us to prove the relevant kernel estimates. This is the largest and the most technical part
of the paper.
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Lusin area integrals related to Jacobi expansions 159

Throughout the paper we use a fairly standard notation with essentially all symbols
referring to the space of homogeneous type ((0, ), pa g, | - |), where | - | is the
Euclidean norm and (g, is a measure on (0, ) defined below. In particular, for
0 € (0, ) and r > O the ball B(9, r) is simply the interval (6 —r, 0 +r) N (0, 7).
By (f, &)dj, s We mean f(o, ) f8dq, g whenever the integral makes sense. Further,
by L (wd g, p) = LP((0, ), wdiLe,g) we understand the weighted L? space with
w being a non-negative weight on (0, 7). Furthermore, for 1 < p < oo we denote by
A%’ﬂ the Muckenhoupt class of A, weights connected with the space ((0, ), g, |-

|, for the definition of A%’ﬂ see for instance [11, p.720].

When writing estimates, we will frequently use the notation X < Y to indicate that
X < CY with a positive constant C independent of significant quantities. We shall
write X =~ Y when simultaneously X < Y and ¥ < X.

2 Preliminaries and statement of main result

As in [11,13], we consider expansions into Jacobi trigonometric polynomials. For
parameters «, f > —1 the normalized Jacobi trigonometric polynomials are given by

P 0) = P P¥P(cosh), 6 e (0,7), n=>0,

where cg’ﬂ are suitable normalizing constants, and P, P are the classical Jacobi poly-

nomials defined on the interval (—1, 1), see Szeg6’s monograph [20] or [11,13]. It is
well known that the system {P%? : n > 0} is an orthonormal basis in L*(dpa.p)s
where (14, g is a measure on the interval (0, ) defined by the density

9\ 21 9\ 2A+1
dig,p0) = <sin 5) <cos E) do, 60 e€(0,m).

Further, P, P are eigenfunctions of the Jacobi differential operator

d> o—B+(@+B+1cost d 0p
TP = — g o T} +29", where
a.p a+p+1 2
)\,0 = T .
More precisely,
1 2
JePpel = yabprb - peb = <n Lorrr 5 ha ) ., n=0.
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We denote by the same symbol 7% # the natural self-adjoint and non-negative exten-
sion in L2(dj1q,p) given by

JeBf =" aeb(f, PrF)

n=0

a,
dua,ﬁ Pn

on the domain consisting of all f € L?(d g, ) for which the above series converges
in L2(d e, p)-

The Jacobi—Poisson semigroup generated by —+/ 78 is expressible via the spectral
series

00
H;%ﬂf — Ze—tm<f’ zpa,ﬂ
n=0

n >d”mﬁzprolt,ﬂ’ t>0, fe Lz(d,ua‘ﬁ).

Further, it has the integral representation

HP £ (0) = /0 HP(0,0) (@) dpap@), 0€©.1), feLl dpap),

o0
a,pB
H*P 0, 9) = > eV PEEO)PEE (), >0, 6.9 €0 7).
n=0

It is worth noting that the series/integral defining Hf”ﬂ f(6) converges pointwise and
produces a smooth function of (¢,0) € (0,00) x (0, ) for any f € LP(wdiq,p),
w e A‘;,’ﬁ , 1 < p < oo; for details see [11, Sect. 2]. Furthermore, the series defining
the so-called Jacobi—Poisson kernel H,a b (6, @) is well defined in a pointwise sense for
allt > 0,60, ¢ € (0, ) and produces a smooth function of (¢, 6, ¢) € (0, c0) x (0, )2
We point out that the exact behavior of this kernel, as well as its various derivatives with
respect to ¢, 0 and ¢, is hidden behind subtle oscillations. To overcome this problem
we will use a convenient method of estimating various kernels defined via H,D"’3 @, @)
established recently in [11] under a restriction o, § > —1/2 and then extended in [13]
to all admissible o, § > —1.

Now we introduce the notion of (higher order) derivatives associated with our
setting. The natural first order derivative § emerges from the factorization

B a.p
TP = 5% +a5",
where

d (% %
§=—, &§=——— 1/2) cot — 1/2)tan —;
76 20 (a+/)002+(ﬂ+/)an2

notice that §* is the formal adjoint of § in Lz(dua, ). The choice of § as the first
order derivative is motivated by mapping properties of fundamental harmonic analysis
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Lusin area integrals related to Jacobi expansions 161

operators in the Jacobi framework; see [11, Remark 2.6] where it is shown that the
choice of §* would be inappropriate. On the other hand, the proper choice of higher
order derivatives is a much more subtle matter. In the sequel we will consider two
choices. Precisely, we can iterate § or interlace § with §*, which leads to 8N and

DN = ... 88%88%s, N >0

N components

(by convention, §° = D® = 1d), respectively. We point out that the derivative 8V
is used in [4,11,13] whereas DV appears in [4,9] and have its roots in the so-called
symmetrization procedure proposed in [14].

Now we are ready to introduce the central objects of our study in this paper. We
define the mixed Lusin area integrals as follows

12

, _ : 2 dua,p(n)dt

Syitn f(6) = f PMRN M SNHEP F ) Xppeomn ——L—) . 6 € ©,7),
r'®) V,oh(0)

172

) _ : 2 dua,p(n)dt

S4B £ ) = f NG DNGEP F )2 0.y Tt ) g e (0,m),
r'®) Vih (o)

where M, N € Nare suchthat M+ N > 0, I'(9) is the cone with vertex at9 € (0, ),
F@) =©.004+T, T'={@#n1ecRx(0,00):|n <t}

(note that the exact aperture of this cone is insignificant for our developments and that
we may replace I" by F=rn (—m, ) x (0, 00)) and v,"‘*ﬂ(e) is the (4, g measure
of the ball (interval) centered at 6 and of radius ¢, restricted to (0, 7). More precisely,

VP 0) = 11a p(B@,1), 1>0, 6€(0,m).

Observe that the formulas defining S;T/}FN f and Sf(/; n > understood in a pointwise
sense, are valid for any f € LP(wduq,g), w € A‘;,’ﬁ, 1 < p < oo; see the comment

concerning the smoothness of H(f’ﬂ f(6) above.

To obtain the boundedness result for the mixed Lusin area integrals in question
we will prove that they can be viewed as vector-valued Calderén—Zygmund operators
in the sense of the space of homogeneous type ((0, ), e g, | - |). We will need a
slightly more general definition of the standard kernel, or rather standard estimates,
than the one used in [11,13]. More precisely, we will allow slightly weaker smoothness
estimates as indicated below, see for instance [5,15,21] where the Lusin area integrals
were treated in some other orthogonal expansions settings.

Let B be a Banach space and let K (6, ¢) be a kernel defined on (0, 7) X
0, mH\{(@, ¢) : 6 = ¢} and taking values in B. We say that K (0, ¢) is a standard
kernel in the sense of the space of homogeneous type ((0, ), fta, g, | - |) if it satisfies
the so-called standard estimates, i.e., the growth estimate
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162 T.Z. Szarek

1K@, o)l < ., 0 F09, (1
Ha, (B0, 10 — ¢l))
and the smoothness estimates
IK©.9)—K© 9 <<'0_9/'>y ! 10 — | > 2|6 — 6]
¢ B~ 10=0l) 1tapBO, 10 —g))’ v ’
(2)

10— ¢l >2lp—¢l,
(3)

|w—¢/|>y 1

K. — K@, / < s
1K, 9) = K( w)IIBN(|9_¢| e, g(B(O, 10 — ¢)))

for some fixed y > 0. Notice that the right-hand side of (1) is always larger than the
constant 1/uq (0, ), which will be used frequently in the sequel without further
mention. Further, notice that the bounds (2) and (3) imply analogous estimates with
any 0 < y’ < y instead of y. Moreover, observe that in these formulas the ball
(interval) B(0, |0 — ¢|) can be replaced by B(g, |¢ — 0]), in view of the doubling
property of fLy, 8.

A linear operator 7 assigning to each f € Lz(d,uga,,g) a strongly measurable
B-valued function Tf on (0, 7). Then T is said to be a (vector-valued) Calderén—
Zygmund operator in the sense of the space ((0, ), ia,g, | - |) associated with B
if

(A) T is bounded from L*(dta,g) to L3 (dpap),
(B) there exists a standard B-valued kernel K (6, ¢) such that

TF(O) = /0 KO, 9)f (@) duas), aa.0¢supp f.

forevery f € L*°((0, m)).

Here integration of B-valued functions is understood in Bochner’s sense, and
L]% (dire,p) is the Bochner—Lebesgue space of all B-valued d iy, g-square integrable
functions on (0, ).

It is well known that a large part of the classical theory of Calder6n—Zygmund
operators remains valid, with appropriate adjustments, when the underlying space is
of homogeneous type and the associated kernels are vector-valued, see for instance [17,
18]. In particular, if 7' is a Calderén—Zygmund operator in the sense of ((0, ), a8, |-
|) associated with a Banach space B, then its mapping properties in weighted L? spaces
follow from the general theory.
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Lusin area integrals related to Jacobi expansions 163

Obviously, the mixed Lusin area integrals Sff,} and S; M. N are nonlinear. However,
they can be written as

WP ©) = [0V HE £ + 1) 0 4ne0.m01y Qs 0. 1.1

L2(T,122M+2N =1 4ndr) ?

6 e (0, n),
B M )N 4.
i @) = |0 DY 160 4+ ) xigsneomiy Qs @m0 L
0 € (0,m),

where the function 24 g is given by

(sin 22 (cos 242!

Qg pO,n,1) = , neR, r>0, 0,0+ne0,n).

v )

This, in turn, shows that these operators can be viewed as vector-valued linear operators
taking valuesinB = L2(T, t*M+2N=14ndr). Further note that the formal computation

suggests that the kernels associated with S  and S N are given by

B B
mn@ 0 ={ Man(Q (p)}(n el 37(4,N(9"P) ={s MNr]t(e ‘p)}(n el

where M, N € N are such that M + N > 0, and

SN @ @) = MY HIP (W, 0)| |,y X0 1ne.m0) Qs 0,0, 1),
Syt @ 0) = DY H (W, 9],y Xio4ne0.00) / Qp @1, 1),

The main result of the paper reads as follows.

Theorem 2.1 Let o, 8 > —1 and M, N € N be such that M + N > 0. Then the
mixed Lusin area integrals S P M.y and S M. n can be viewed as vector-valued Calderon—

Zygmund operators in the sense of ((0, ), (ta,g, | - |) associated with the Banach
spaces B = L*>(T, ?MT2N=1gndr).

The proof of Theorem 2.1 splits naturally into the following two results.

Proposition2.2 Let o, B > —1 and M, N € N be such that M + N > 0. Then the
mixed Lusin area integrals S '8 and S ﬁ are bounded on Lz(duaglg). Moreover,
Sf(,lﬂ v and s M’ N> viewed as vector-valued operators, are associated in the Calderon—

Zygmund theory sense with the kernels Si‘,[’ﬂ N0, 9) and S;‘,[’ﬂ ~ (0, @), respectively.

Proof By Lemma 3.6 below we see that proving the L2 (d g, p)-boundedness of S, a’ﬂ

and S}, M. N is equivalent to showing an analogous property for the related g- functlons
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164 T.Z. Szarek

gg,lﬁ v and (G‘;f/3 )" investigated in [13] and [9], respectively. This, however, was
recently established, even on weighted L?, 1 < p < o0, spaces, in [13, Corollary 5.2]
and [9, Theorem 3.2 and Proposition 3.9], respectively.

To prove the kernel associations one can proceed as in [21, Proposition 2.5 on
pp. 1528-1529], where similar fact was proved for the first order Lusin area integrals
in the Laguerre-Dunkl context. The crucial ingredients needed in the reasoning are the
just explained L?(d Ma,p)-boundedness of the operators in question and the standard

estimates for the kernels S "N, ) and Sy I N(9 ¢). The latter fact is justified in
Theorem 2.3 below. The detalls are fairly standard and thus left to the reader. O

Theorem 2.3 Assume that a, 8 > —1, and let M, N € N be such that M + N > 0.
Then the kernels S:,}?N 0, @) and SX‘,,’FN (0, @) satisfy the standard estimates with the
Banach spaces B = L*(T', t*M+2N=1gndt) and with any y € (0, 1/2] satisfying
y<anp+1

The proof of Theorem 2.3, which is the most technical part of the paper, is located
in Sect. 3.
An important consequence of Theorem 2.1 is the following result.

Corollary2.4 Let a, 8 > —1 and M, N € N be such that M + N > 0. Then the
mixed Lusin area integrals Sf(,[” and SM v are bounded on LP (wd iy g), w € A% ’3,

1 < p < oo, and from LY (wd e p) to L"®(wd e p), w € ALP

Proof The fact that SZI‘ » and Sf;,ﬁ » extend to bounded operators on L”(wdjiq,p),

w e A‘;,’ﬁ, 1 < p < 00, and from L' (wd iy p) to L1 (wdjig g), w € A‘f’ﬂ follows
from the (vector-valued) Calderén—Zygmund theory. Therefore it suffices to justify
that these extensions coincide with the original definitions. The latter, however, can
be done by using arguments similar to those mentioned in the proof of [11, Corollary
2.5]. Further details are left to the reader. O

We note that some mapping properties for the first order vertical Lusin area integrals,
i.e. with M = 1 and N = 0, follow from results established in a general framework
of spaces of homogeneous type. Using [7 Theorem 1.1] we obtain, in particular,
weighted weak type (1, 1) estimate for Sl 0 = Sl o Wwith all A werghts admitted.
The assumptions imposed in [7] are indeed satisfied, since the J acobr heat kernel of the
Jacobi-heat semigroup {exp( tJ« ﬂ)} ;=0 Possesses the so-called Gaussian bound.
The latter was recently established independently by Coulhon et al. in [6, Theorem
7.2] and by Nowak and Sjogren in [12, Theorem A].

3 Kernel estimates

This section is devoted to proving standard estimates for the kernels S;‘,I’ﬂ v (@, @) and

Sy n (0, @) related to the Banach spaces B = L2(T, t*M+2N=14ndt) and asserted in
Theorem 2.3. We point out that a prominent role in our proof is played by the method
of proving kernel estimates established in [11] under the restriction «, B > —1/2 and
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Lusin area integrals related to Jacobi expansions 165

then generalized in [13] to all admissible type parameters «, 8 > —1. In those papers
a convenient integral representation for the Jacobi—Poisson kernel was established,
see [13, (1) and Proposition 2.3]. This allowed the authors to elaborate a technique
of estimating various kernels expressible via Hla’ﬂ (6, ¢) and in consequence to show
that several fundamental harmonic analysis operators in the Jacobi context are (vector-
valued) Calderén—Zygmund operators. However, the Lusin area integrals have more
complex structure than the operators investigated in [11,13] and thus to treat them we
need to establish further generalization of this interesting method. To achieve this, we
will adapt some intuitions and ideas from the contexts of the Dunkl harmonic oscillator
[21] and the Dunkl Laplacian [5], where analogous techniques were developed. We
emphasize that the analysis related to the restricted range of o, § > —1/2 is much
simpler than the one concerning all o, 8 > —1. This is caused by the fact that for
a, B > —1/2 the above mentioned integral representation for H,a’ﬂ 0, @) is less
complicated. However, in the sequel we would like to treat all ¢, B in a unified way.

To prove the kernel estimates stated in Theorem 2.3 we will need some preparatory
results, which are gathered below. Some of them were obtained in the previous papers
[11,13], but we recall them here for the sake of reader’s convenience. To state them
we shall use the same notation as in [13]. For @ > —1/2, let dI1, be the probability
measure on the interval [—1, 1] defined by

AT, (1) = Fa+1) (1 3 2)0{*1/2 du.

Jrl(a +1/2)

and in the limit case dI1_1, is the sum of point masses at —1 and 1 divided by 2.
Further, let

drl_i;, K =0
dIl =dIl (- = , a>—1,
oK (a+D)K—(1-K)/2 {dna—l-l» ¥ =1

and put

.0 9 0 v
q(@,w,u,v):1—us1n§sm§—vcos§cos§, 0,9 € 0,m), u,vel-1,1].

Furthermore, for W,s € R fixed, we consider a function T{')‘V’ﬁ(t, 0, ¢) defined on
0, ] x (0, ) x (0, ) as follows.

(i) Fora, B > —1/2,

dTy (1) dT1 4 (v)
a,f ._ o B
Ty (.6,9) = /_/ (2 + q0, @, u, v))* BT/ 2AW/Ats/2"
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166 T.Z. Szarek

(i) For —1 <a < —1/2 < 8,

Kk
(t&(p) =1+ Z Z <sm—+sm(§>

K=0,1k=0,1,2
dly, g (u) dTg(v)
X (2 + q(0, g, u, v))dFBH3/ AWKk 2+5]2

(iii) For—1 < 8 < —1/2 < a,

Rr
(t 0,0) =1+ Z Z (cos——}—cos%)

R=0,1r=0,1,2

dIly (u) dTg g (v)
X (2 + 46, @, u, v))*HBH3/2FW A+ Rr[2+s]2

@iv) For —1 < a, B8 < —1/2,

@ Kk 0 @ Rr
(t9<p) =14+ Z Z <s1n—+sm2) (cos§+cos§>

K,R=0,1k,r=0,1,2

dTg, k (u) dTg g (v)
x (2 + 40, ¢, u, v))*HBH32+WATKR/2+Rr [2+5]2°

Notice that for any t € R we have Tﬁ;ﬁ(r, 0,¢) =
frequently be used in the sequel.

Now we are ready to state the following lemma, which was partially proved in [13,
Corollary 3.5].

T%Eh 542 &, 0, @), which will

Lemma3.1 Let M, N € Nand L, P € {0, 1} be fixed. Then,
|3<§39PazM‘sévHra'ﬂ(9’ o)+ |3£3§)ayDétha’ﬁ(9v 1P Tgﬁ§+2N,L+P(tv 0,9)
uniformly int € (0, 7] and 0, ¢ € (0, 7).

Proof We first note that the estimates obtained in [13, Corollary 3.5] actually hold
uniformly in ¢t € (0, Tp], where Tp > O is an arbitrary but fixed constant. Therefore,
the estimate for the first term in question is just this strengthened version of the above
mentioned result since 8V = 3. We now focus on the remaining term.

Notice that the Jacobi—Poisson semigroup H‘,x’ﬂ =exp(—tvJ' @by, t > 0, satisfies
the differential equation 8,27-(?”5 fO)=J “’/BH?”S f(6). This forces that the Jacobi—
Poisson kernel H,a B (6, @) also satisfies this equation with respect to 6, which, together
with the identity J ab — p? 4 Ag’ﬂ , leads to the equation

DIH P, 9) = @} =2 HP60,9), >0, 6,9€0,n).
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Lusin area integrals related to Jacobi expansions 167

Iterating this we infer that for 7 > 0 and 9, ¢ € (0, 7) we get

IN/2] 7
Lol MDY HIP 0.9) = Y caufPHWNAITaLo P N gMA 2 g P (0, ), (4)
n=0

where N = XN is odd} and ¢, are some constants. Now, using the already justified
estimate for the first term in question and the fact that for any —oo < W < W’ < oo,
s € R fixed we have

Tyl 6,0 STl (1.6.0), 1O 7], 6,9€ 01

(this easily follows from the boundedness of ¢ (6, ¢, u, v)), we obtain the desired
conclusion for the second term in question. O

We need the following generalization of the above lemma.

Lemma3.2 Let M, N € Nand L, P € {0, 1} be fixed. Then,
LaPaMgN 7B LaPaM N pyo.B
| 0y 0,78y H (Y, ‘p)}lp=9+n| + 3, dy 9" Dy H"" (Y, (p)|10=9+n|
’ﬂ
S T;M+2N,L+P(t’ 0, ¢)

uniformly in (n,t) € I', t € (0, 7] and 0, ¢ € (0, ) satisfying 0 + n € (0, 7).
To prove Lemma 3.2 we shall use the following result.

Lemma3.3 For all (n,t) € T, and 0,9 € (0,7) with 0 +n € (0,7), and all
u,v € [—1, 1], we have

2 4qO+n,¢,u,0) =" +q0,¢,u,v).
Proof We first show the estimate (<). To prove this, it suffices to verify that

qO+n0,u,v) <2 4+q0,0,u,v), @0 €el, 0,0,0+n¢e ),
u,vel—1,1].

Observe that the following comparability holds, see [11, (23)],

g0, 0,u,v) = 0 —¢)* + 1 —wbp+ 1 —v)(x —0)(T—9¢), 6,¢¢c,n),
u,vel[—1,1].

Further, since

O+n—9? SO -9 +n* <O —p)?+17
(1= )@+ e < (1 —w)be + (1 — u)te,
(I—v)T =0 =) —9) < (1 =) —0) (T — @)+ (1 — V)i(T — @),
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168 T.Z. Szarek

it is enough to check that

19 <SP+ 0O -9 +0p, >0, 0,9€(0,n),
1w —9) SP+O -9+ @0 —¢), >0, 6,9¢c(0,n).

This, in turn, follows from the relation (6 — ¢)2 + 6¢ ~ 62 + @2 for 6, ¢ € (0, n),
and by a reflection in 7 /2 reason. Therefore we proved (<).
Now, the bound (2) is a straightforward consequence of the first one. Precisely,

2+ q@,0,u,0) =2 +q(@+n) + (=), 0, u,v) S24+qO + 1,0, u,v)

since (—n,t) e "and 0,0 +n € (0, ). O

Proof of Lemma 3.2 By Lemma 3.1 it suffices to show that for each W, s € R fixed,
we have

Tyl 0+ 00 STRP(6.0), () €T, 6.9.6+n€0,n).
We prove this estimate when —1 < «, f < —1/2; the proofs of the remaining cases

are similar and even simpler, and hence are omitted. To proceed, notice that for any
k > 0 fixed we have

0 K 2] K
(sin ;n—{—sinf) S(sini—}—sin%) + 15, (n,t)el', 6,9,0+n€0,m),

2
0+ « 9 «
(cos 2 " +cos§> < (cosi-i-cos%) + (n,t)el, 6,¢9,0+n€e(0,m).

These can easily be justified with the aid of the relations

X X
s1n§ ~ X, coszzn—x, x € (0,m), 5)

and the fact that || < r. Using these bounds, Lemma 3.3 and then the obvious
inequality ¢ < (t2 +q@,¢,u, v))]/z, we get

il .6 +1.9)

Kkey 0 Rrey
<1+ Z Z Z <s1n—+s1n§> (cos§+cos§>

K,R=0,1k,r=0,1,2 £1,62=0,1

o (Kk(I=£0)+Rr(1=62) dIly g (u) dIg g(v)
(12 + (0, ¢, u, v))aTB+3/HW/ATKk/2+Rr [2+5]2

Kke 0 Rrep
<1+ Z Z Z <s1n—+sm(§> (cosz—i—cos%)

K,R=0,1k,r=0,1,2 £1,62=0,1

dIly x (u) dlg g(v)
X (% + (6, @, u, v))dTB+3/2HW/ATKke1 2+ Rre2 /2452
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Lusin area integrals related to Jacobi expansions 169

Since ke, rex € {0, 1, 2}, the last quantity above is comparable to T%,ﬁs (t,0, ¢) and
the conclusion follows. O

The next result is a slightly modified special case of [13, Lemma 3.7] (note
that the norm estimate in [13, Lemma 3.7, p.201, 1.2] is still valid if we replace
LP((0, 1), t"~'dr) appearing there by L?((0, Tp), 1" ~'dt) with any Ty > 0 fixed),
which played a crucial role in showing standard estimates for various kernels inves-
tigated in the just mentioned paper. This lemma provides an important connection
between estimates emerging from Lemma 3.2 and the standard estimates related to
the space of homogeneous type ((0, ), d e, g, | - 1).

Lemma 3.4 ([13, Lemma 3.7]) Let W > 1 and s > 0 be fixed. Then the estimate

1 1
10— ¢l° pap(BO,10 —9¢l)

||T3t}ﬁ(tf 0, o) L2(0,7),W-1dry S

holds uniformly in 6, ¢ € (0, ), 6 # .

Note that for any «, B > —1 fixed, the 14, g measure of the ball (interval) B(0, r)
can be described as follows, cf. [11, Lemma 4.2],

2a+1 _ 28+1
M)ﬁ(B(Q’r)):{r(ew) (7 — 0 + )28+ re(O,n), b0,
1, r>m
(6)

The next lemma is a long-time counterpart of Lemma 3.4 and was partially proved
in [13, Corollary 3.9].

Lemma3.5 Leta, B > —1, M, N € Nbe suchthat M+ N > 0,andlet L, P € {0, 1}
and W > 1 be fixed. Then

< 0.
L2((7r,00),tW=1dt)

S (\agag’af”ag"ﬂf“ﬂ(e, o) +9Laf oM DY H P 6, ¢)|
NSV 4

Proof Since 8" = 3", the norm finiteness of the first expression in question is a direct
consequence of [13, Corollary 3.9]. The conclusion for the second term follows by
combining the identity (4) with [13, Corollary 3.9]. O

The next three lemmas (Lemmas 3.6-3.8) allow us to control certain expressions
involving the function €2, g appearing in the definitions of the kernels Sff,[ﬁ v (@, @) and

S5y 6. 9).

Lemma 3.6 Assume that o, § > —1. Then

/ X{0+ne©,0)Ra,p@,n,)dn =1, >0, 6¢e(0,m).
[nl<t
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170 T.Z. Szarek

Proof Simple exercise. O

Lemma 3.7 Assume that o, B > —1. Then there exists y = y(«a, B) € (0, 1/2] such
that

2
/ X007 ne000) |y Qa0 1.0) = \[Qup @', 0
Inl<t

< (W;—e”)zy, re @]

0 -0, t>n

uniformly int > 0 and 0,0" € (0, w). Moreover, the estimate holds with any y €
(0, 1/2] satisfying y <a A B+ 1.

In the proof of this lemma we will use the following estimate. For a fixed £ > 1 we
have
o=y S =y xy 0. ()

Proof of Lemma 3.7 Since the function Q4 g(6, 1, t) stabilizes for ¢ > 7 and the con-
straint 6, 6 4+ n € (0, ) forces |n| < 7w, we may assume that 0 < ¢ < . Further,
from now on we restrict our attention to |0 — 6’| < . Otherwise, an application of
Lemma 3.6 shows that the left-hand side in question is controlled by a constant and
the conclusion trivially follows.

Using the estimate (7) with & = 2 we obtain

X200 |/ L p @0 0) = @ )|
< X(=0n0'<n<m—ovoy| Q. 0. 0. 1) — Qa0 1. 1)
‘(sin 0¥>2a+1 (cos"%)wﬂ B (Sin 6,;_'7)20(-%—1 (cos 9,#)2/%1 ’
(AT
v o) - vite))
VP

= X{—0A0' <n<m—0V6'}

+ X{0+ne0.7)} R, (0, 1, 1)

=10,0,n,1)+0L06,6,n,1).

Therefore we have reduced the proof of the lemma to showing that for j = 1,2 we
have

: 0 —6'1\* : :
f 50,0 0.0dn < (L2027 reon 0.0, 0-0 <1,
Inl<t !
(®)

for each fixed y € (0, 1/2] satisfyingy <a A B+ 1.

We will treat /7 and I, separately. Let f(0) = (sin
Applying the estimate (7) specified to & = 1/(2y) and then the Mean Value The-
orem we obtain

9%)20{4‘] (COS 9%)2/34’1 )
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1£0) — FONS | FOVE — @I <l -0/ £ (8) 7 1£(0) 17,

where 6 is a convex combination of 6 and 6, which depends also on 7. An elementary

computation gives
0 2a 0 2
|f’(9)|§(sin +77) (cos ‘;'7)

0+ 201/ 0+ n\28
~ (SlIl ) (COS )

0+ n)za 0 + n\28+1/2y)
(cos ) .

+ (sin >

Using this we get

5 20+2-2y 3 28+1-2y
(sin 9% (cos 9#)

100,60, 510 =012 X(—or0 <n<r—6ver)

vl o)
5 20+1-2y ~ 28422y
o sin 6#) (cos 9%)
+10 —07] VX{—9A9’<n<n—9V9’} o.p
V.o o)

= J100,0",n,t)+ J20,0",n,1).

We first deal with J;. Using the fact that 2o 4-2 — 2y > 0, || < 7 and the estimates
(5), (6), we obtain

OV 0 + 02272 (cos 9*;17)2f3+1727/
HO' + t)2a+1 (r — 0" + t)2ﬂ+1

)

510,60 0.1) $10 — 012 X{_g e’ <y<r—0v0)

where

o _[0r0. 28412720
*Tleve, 24+1-2y <0

Using the relations
0 +t~0+t<1, m—-0+t>~nm—-0+1t=51, )

(which are valid because | — 0’| <t and ¢ € (0, 7]), the fact that 1 — 2y > 0 and
the above bound for J; we arrive at

(cos 4212

/ _p2y
J1(6,0",n,1) SJ |6 — 6| X{ =0, <n<m—04} 1t — 6 —}-t)zﬁ"'l ,

@ Springer



172 T.Z. Szarek

and consequently

|6 — 6'|%Y
(m — 0 +1)28+1 H—172,8—y (B(Ox, 1)).

/ 110.6',n, 1) dn <
In| <t !

Now an application of (6) and once again (9) leads to the desired bound for the integral
related to Ji. Proceeding in a similar way we may easily get the same estimate for
the integral connected with J,. Hence to finish the proof, it is enough to verify (8) for
j=2.

An application of Lemma 3.6 gives

B B
/ O, B dy = Vit @ - vt @]
Inl<t v o)

By the definition of V*# () and the fact that |0 — 6’| < ¢, we get

)

VP ©0) = VP O)| = |1ap@ A0 — 1.0V 0 —1) = papO@ NG +1.0 V0 +1)

and further

(vl o) — ver @) _ Hap@nE 1,00 —1) | Hap® A 0 +1,0V0 +1)
VP e B voP e voP e
=K 0,60, 0+KP 0,6, 1).

Since g, p(B(x,r)) = pgo(B(r — x,r)) and consequently Kza”g(é, 0,1
K 113 “ (m — 0,7 — 6, 1), in order to finish the proof, it suffices to verify that

wf o 16 —6'1\* , ,
Kl’ (9,9,t)§ T ) te0,m], 6,00 0,m), |6—-0|<t.

Taking into account (6) we obtain

Pap@ANO —1,0 V0 —1)

04+6 —2t |0—0]
= X{or0'=1)Ma.p | B 5 —

ove —t 6vO —t
+ Xoro'<t<6veyMap | B > )

~ xionor=ny|0 — 01O VO — )T —o A0 + 1)
t)2a+2.

+ X{oro'<t<ovey (O V O —

@ Springer



Lusin area integrals related to Jacobi expansions 173

Using once again (6) and (9) we get

wh o o 160 — 6] L (O VO — 1)t
K[""(0,0°, 1) >~ Xjone'>21) + X(2r>0r0'21}10 — 0 IT
(9 Vi 9/ _ t)20[+2
+ X{@AG’<t§6V6’}T

The relevant bound for the first term is straightforward. To analyze the second one it
is enough to use the estimates

X{21>9A0’Z[}|8 — 9/|27’+(1*2V)(9 ve — t)2a+1
< Xr=0r0}10 — 0" (O v o — )2ty

< 10— 9/|2yt2a+2—2y'
The third term can be bounded by means of the inequality
Xioro<i<oven OV 0/ =T < @V 0" =6 A0 =10 — 02,

and the fact that 2« + 2 > 2y. This finishes proving Lemma 3.7. O

Lemma 3.8 Assume that o, B > —1. Then there exists y = y(a, B) € (0, 1/2] such
that

/ X{0+ne(0,7),60'+1¢(0,7)) La,p (0, 1, 1) dn
[nl<t

< ('Q—Tf)")zy, r e (0, 7]

. 0,8 €(0,m).
0—01%, t>n

Moreover, the estimate holds with any y € (0, 1/2] satisfying y <a A B+ 1.

Proof Lety € (0, 1/2] satisfying y < o A B + 1 be fixed. By the same arguments as
those given in the beginning of the proof of Lemma 3.7 we may assume that0 < ¢ < &
and |0 — 0’| < t. To proceed, by the definition of Qq,p(0,n,1) we get

/|| X{(04ne(0,m),0'+n¢0,m)a,p(6, 1, 1) dn
?’] <t
1

= (X{9’+n50} + X{9’+nzn}) X{0+n<(0,m)}
v 6) /mm

0+ 2a+1 0+n 28+1
x | sin > COST dn

=17P0,0, 0+ 15F 0,0, 1.
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Since 1;‘*’3(9, 0',1) = If;’a(yr — 60,7 — 0, 1), in order to finish the proof, it is enough
to check that

|6 — 6’|

2y
If"’g((?,@’,t) < ( ) , te,m], 6,68/ €0,m), |8 -0|<t.

Observe that

Hap® —1,0 0

Ifl'ﬂ(e, 0, 1) = X(o=0'. 10"

VP ()
_ pap(B(O - 55, 57)) pap(B(55, 557))
= X{0>1>6"} o B + X(r=0>0') «pB .
V@) Vi)
Taking into account (6) and then using (9) we obtain
(f _ 0/)(0 _ 0/)20{-{—1 (9 _ 9/)20!-‘1—2

o, B ’ ~ R —
17°7(0,0°,1) = Xig=1>0) 10+ D + Xiz0>0) "33

_ o/ 2ot2
5('9 9') ,
t

which finishes the proof because 2« + 2 > 2y. O

The following lemma comes into play when proving the smoothness conditions
(2), (3) for the kernels in question.

Lemma 3.9 Assume that o, B > —1 and W, s € R are fixed. Then for all t € (0, 7]
and 0,0, ¢ € (0, ) with |0 — ¢| > 2|60 — 0|, we have

i@ 0.9) =1yl .0, 9).
Analogously, forallt € (0, 7] and 6, ¢, @ € (0, ) with |0 — ¢| > 2| — ¢@|,
Tyh.0.9) =130 0.9).

Proof For symmetry reasons it is enough to prove only the first part of this lemma.
Further, taking into account the definition of T%ﬁé (t, 0, p) and the relation, see [11,
Lemma 4.6],

q (0, 0,u,v)=q0,0,u,v), 10—l >20-0], uvel-1,1],

we see that our task is reduced to showing that

~ ~

0 0 0 0
sin§+singzsin§+sin§, cos§+cos§:cosz+cos§,
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uniformly in |6 — ¢| > 2|60 — o). Reflecting in 7 /2, it suffices to verify only the first
relation. Moreover, with the aid of (5), this is equivalent to checking that

O+o~0+9, 10—l >20-0|

This, however, is routine and follows by a simple application of the triangle inequality.
O

Finally, we are ready to prove Theorem 2.3.
Proof of Theorem 2.3. We first show the standard estimates for the kernel Sﬁ,,ﬂ v (@, ).

To begin with we prove the growth condition (1). By Lemma 3.2 (specified to L =
P = 0) we have

ISM Nt @IS (X{te(O,n)}Tg/"f+2N’0(la 0,9)

X{t=m} sup \3M55 aﬁ(é‘ C)|> X{6+ne0,7)}y/ Lo, g0, 1, 1),

£,0e(0,m
(10)

for 0, ¢ € (0, ) and (n, t) € I'. Consequently, using Lemma 3.6, we infer that

a,B
< H Vopson,0: 0. 9)

LZ(FJ2M+2N71d,}dt) Lz((O,T[),IZM*zN’ldt)

+|| sup oMsY HIP (£, ¢

§.¢e(0,m)

L2((7T,OO),12M+2N’1dI)

Now an application of Lemma 3.4 (specifiedto W = 2M + 2N, s = 0) and Lemma
3.5 (taken with L = P =0 and W = 2M + 2N) leads to the desired estimate.

We pass to proving the first smoothness condition. More precisely, we will show
(2) with any fixed y € (0, 1/2] satisfying y < o A B + 1. It is convenient to split the
region of integration into four subsets, depending on whether 6 + 5, 8’ + n belong to
(0, ) or not. Let

M =rN{(nt:0+ne€@©,mn),0 +ne,m)),
r=TN{n1t):04+ne€0,m),0 +n¢@, )
L3 =TN{n0):0+n¢0,mr),0 +ne ),
Ca=TN{(n1):0+n¢@©,m),0 +n¢0,m)).

Since the treatment of the integral over I'4 is trivial and the case of I'3 is analogous
to ' (precisely, one should use in addition Lemma 3.9 with & = 6’ in the parallel
reasoning related to I'3), it suffices to focus only on the two essential cases.
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Case 1: The analysis related to L>(I', r2Y+2¥N=14ydr). By the triangle inequality
we get

|SMan(9 9) — Man /"/))|

VHEL W0y — 0N HEP 0 0y gy |V s @00

|08 HE o)y gy ||y R @m0 = [ Rup @0 )]
=010,0",¢,n.0)+ L(0,0",¢.1,1).

We will treat 11 and I, separately. We begin with showing that

6 — 0] 1
16 — | 1ap(B@O, 10 —¢])’

11100, 60", @, 0, Dl 21, 2M+28 14941 S

for |0 — ¢| > 2|0 — 0’|. By the Mean Value Theorem we get

N Py, §0)|w:§+n’,/9a,ﬂ(9/, n,1),

where 6 is a convex combination of 6 and 6’ that depends also on 7 and ¢. Now an
application of Lemma 3.2 (with L = 0, P = 1) and then Lemma 3.9 gives

116,60, ¢

|11(01 9/’ (p’ , t)' /S IG - 9" (X{IG(O,H)}T31’5+2N’1(L 97 (p)

+X{r=) SUp |3§3M3g aﬁ(é §)|)\/Qa,ﬁ(9’,n,t),

£,0€(0,m)

provided that |0 — ¢| > 2|0 — 6’| and (5, t) € I'1. Hence, with the aid of Lemma
3.6, Lemmas 3.4 (with W = 2M + 2N, s = 1) and 3.5 (taken with L = 0, P = 1,
W = 2M + 2N), the asserted norm estimate for 7 follows.

Next we check that

Y
/ [0—6'| 1
1200, 0% ¢ 0. Ol 2ry 24+28-1aany S <9—¢> s (BOT—91) "

for |0 — ¢| > 2|6 — 6’|. Using Lemma 3.2 (with L = P = 0) we arrive at the bound

6.6 9.0.0] < (X{,e(o,mﬂ;";tfﬂ,v,o(z,e,go)+X{t>n}é sup )I@’”é?Hf’%;)!)
£,0€0,m

% |\/2up@. 1.0 = /25 @', .0,
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for0,0’, ¢ € (0, ) and (n, t) € I';. Further, an application of Lemma 3.7 leads to

11200, 0", @, 1. Dl L2y 1294281 dyar

| 9 |)/ <||T2M+2N O(Ia 97 ¢) ||LZ((O’H),IQMJrZNny—Id[)

+H sup [oMs) HMP (e, ;)M
£.0e(0,7)

Lz((n,oo),zz"”‘*'zN_'dz)) ’

Now, Lemma 3.4 [taken with W = 2M + 2N — 2y > 1, s = y; observe that
ngfuzv,o(t’ 0,¢) = ngi//13+2N—2y,y(t’ 6, ¢)] together with Lemma 3.5 (specified to
L =P =0,W = 2M + 2N) produces the required bound for I,. The analysis
associated with I'; is finished.

Case 2: The analysis related to L>(I'y, t*M+2N=1dndr). Since S,@'(,I’FN‘W(G’, ©) =0
for (n, t) € I'y, it suffices to verify that

10— 0] 1
HSM N, r]l(e’ 90)“[,2(1—‘2,t2M+2N_1dr)dl) /S <|9 _ (p| ,LLaﬂ(B(e |9 _ (p|))’ (11)

for |0 — ¢| > 2|6 — 6’|. Combining (10) with Lemma 3.8 gives

” SM N (059 “Lz(l"z,tZMHN’ldndt)

Slo—op (nmfm R P,

+H sup [oMs) HMP (e, g)”
£.0€(0,7)

L2 ((n’oo)’tZM+2Nldt)) ’

which leads to (11), see the norm estimate of I, above.

Next we verify the second smoothness condition (3) with y = 1 and Sff,,ﬁ N (@, 0).
Using the Mean Value Theorem, Lemma 3.2 (with L = 1, P = 0) and then Lemma
3.9, we obtain

1S5y e @ 0) = S3iPy 0. 0)| S o — ¢|<X{te(on) YSitean 1 (.0, 9)

+X(i=x) SUp |a;~aMaS HP (e, ;>|>,/sza,ﬁ(e,n,r),

§,0€(0,m

provided that |0 —¢| > 2|9 —¢'|,0 +n € (0, w) and (7, t) € I'. Now, using sequently
Lemma 3.6, Lemmas 3.4 (applied with W = 2M + 2N, s = 1) and 3.5 (specified to
L=1,P=0,W =2M + 2N) we get the desired conclusion. This finishes proving
Theorem 2.3 for the kernel SZI’S v (O, ).
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178 T.Z. Szarek

The proof of the standard estimates for the kernel SZI” (0, @) is just a repetition
of the reasoning given above. This is indeed the case because the estimates of certain
derivatives of the Jacobi—Poisson kernel established in Lemmas 3.1, 3.2 and 3.5 are
the same for both kinds of higher order derivatives 8V and DV. We leave the details
to the reader. O
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