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1 Introduction

In this work we introduce a notion of a convolution generated by systems of elements
of a Hilbert space ‘H forming a Riesz basis.

Such collections often arise as systems of eigenfunctions of densely defined non-
self-asjoint operators acting on H, and a suitable notion of convolution also leads to
the development of the associated Fourier analysis. In the case of the eigenfunctions
having no zeros the corresponding global theory of pseudo-differential operators has
been recently developed in [25]. The assumption on eigenfunctions having no zeros
has been subsequently removed in [26], and some applications of such analysis to the
wave equation for the Landau Hamiltonian were carried out in [27,29], as well as for
general operators with discrete spectrum in [28], and for nonlinear PDE in [30]. The
analysis in these papers relied on the spectral properties of a fixed operator acting in
H = L?*(M) for a smooth manifold M with or without boundary.

In this note we aim at discussing an abstract point of view on convolutions when
one is given only a Riesz basis in a Hilbert space, without making additional assump-
tions on an operator for which it may be a basis of eigenfunctions. Such an abstract
point of view has a number of advantages, for example, the questions of whether
the basis elements (for example in H = L2(M )) have zeros at some points, become
irrelevant.

More specifically, let H be a separable Hilbert space, and denote by

U = {usl ug € Hlsen
and
V= {v§| Vg S H}EEN

collections of elements of H parametrised by a discrete set N. We assume that the
system U/ is a Riesz basis of the space H and the system ) is biorthogonal to I/ in H,
i.e. we have the property that

(g, vy H = Sy,

where J¢,, is the Kronecker delta, equal to 1 for § = 5, and to 0 otherwise. Then from
the classical Bari’s work [5] (see also Gelfand [14]) it follows that the system V is also
basis in H. The Riesz basis is characterised by the property that it is the image of an
orthonormal basis in H under a linear invertible transformation. However, since our
aim is to subsequently extend the present constructions in the future beyond the Riesz
basis setting we will try not to make explicit use of this property. The results of this
paper have been announced in [22].

The setting of Riesz bases has numerous applications to different problems, see
e.g. [10,11], and in different settings and modifications, see e.g. [4,15,16], to mention
only very few. Decomposition systems of different types and the subsequent function
spaces is also an active area of research, see e.g. [7,8,17,23].
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Convolution, Fourier analysis, and distributions generated... 149

In this paper we define U/- and V-convolutions in the following form:

fug =) (fve)(g, ve)ug (1.1)
£eN
and
hay =Y (h,ug)(j, ug)ve (1.2)
£eN

for appropriate elements f, g, h, j € H. These convolutions are clearly commutative
and associative, and have a number of properties expected from convolutions, most
importantly, they are mapped to the product by the naturally defined Fourier transforms
associated to ¢/ and V.

Without going too much into detail, let us briefly summarise the results of this
paper:

e The naturally defined Fourier transforms in H map convolutions (1.1) and (1.2)
to the product of Fourier transforms. For example, defining f(f;‘ ) = (f, ve), we
have m = f? Moreover, conversely, if a bilinear mapping K : HxH — H
satisfies K/(E) = f’g\ it must be given by (1.1).

e Although the bases ¢/ and V do not have to be orthogonal, there is a Hilbert space
lfl such that we have the Plancherel identity (f, g)x = (f, 2) 2,

e We discuss more general families of spaces lz’j{, 1 < p < o0, on the Fourier
transform side giving rise to further Fourier analysis in H. Namely, these spaces
satisfy analogues of the usual duality and interpolation relations, as well as the
Hausdorff—Young inequalities with the corresponding family of subspaces of H.

e The developed biorthogonal Fourier analysis can be embedded in an appropriate
theory of distributions realised in suitable rigged Hilbert spaces ($y4, H, CD’U) and
(®y, H, CID/V), with &y = Cz‘j‘fA, ), = D&A and &y = C;’/‘?A, CDS} = DZ//{,A’
associated to a fixed spectral set A satisfying certain natural properties. These
triples allow us to extend the notions of /- and V-convolutions and /- and V-
Fourier transforms beyond the Hilbert space .

e We show how these constructions are related to the spectral decompositions of
linear operators in . In particular, we relate the convolutions to the formulae for
their resolvents.

e We discuss several examples and several further possible notions of convolutions.

Let us conclude the introduction by giving a concrete example of such convolution
also relating it to the spectral analysis. Let us consider the operator £ : H — H on
the interval (0, 1) given by

L:=—i i,
dx
and let us equip this operator with boundary condition 4y (0) = y(1) for some 7 > 0.
The operator £ is not self-adjoint on H = L?(0, 1) for & # 1. The spectral properties
of £ have been thoroughly investigated by e.g. Titchmarsh [31] and Cartwright [9].
In particular, it is known that the collections
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150 M. Ruzhansky, N. Tokmagambetov

U={ujx)=h"e*" je) (1.3)

and o
V={vj(x)=h"%e¥M, je) (1.4)
are the systems of eigenfunctions of £ and L£*, respectively, and form Riesz bases in

H = L%(0, 1). In this case the abstract definition of convolution above can be shown
(see Proposition 5.1) to yield the concrete expression

X 1 1
(f *u &) = /0 fx—ng)dt + E/ f(+x—ng)dt,

which coincides with the usual convolution for 4z = 1, in which case also/ = )V is an

orthonormal basis in H. Of course, in this example, the main interest for us is the case

h # 1 corresponding to biorthogonal bases ¢/ and V in (1.3) and (1.4), respectively.
In this paper, to avoid any confusion, we will be using the notation No = N U {0}.

2 Biorthogonal convolutions

In this section we describe the functional analytic setting for investigating convolutions
(1.1) and (1.2). Let us take biorthogonal systems

U = {ug| Ug € H}éeN
and
V= {ve| ve € H)een

in a separable Hilbert space H, where N is a discrete set. We assume that Z/ (and hence
also V) is a Riesz basis in H, i.e. any element of H has a unique decomposition with
respect of the elements of /. We note that the basis collections are uniformly bounded
in ‘H.

Before we proceed with describing a version of the biorthogonal Fourier analysis,
let us show that expressions in (1.1) and (1.2) are usually well-defined.

Proposition 2.1 Let f x4 g and h xy j be defined by (1.1) and (1.2), respectively,

that is,
fog =Y (f ve)(g, veug @
£eN
and
hxy ji=Y (hug)(j, ue)ve. (2.2)
£eN

Then there exists a constant M > 0 such that we have

1 f *e gllng < Mosup llugllmll fllrcligln,  Nh*y jlin < M sup [lvgllx1allx Nl 7 ll 7
&eN £eN
2.3)

forall f,g,h,jeH.
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The statement follows from the Cauchy—Schwarz inequality and the following fact:
since systems of ug and of vg are Riesz bases in H, from [5, Theorem 9] we have that
there are constants a, A, b, B > 0 such that for arbitrary g € H we obtain

a’llgli; < D I(g, ve)* < A%ligll, and  B2ligli3, < Y I(g, ue)l* < B2ligl3,.
£eN £eN
2.4
This amounts to simply stating that the Riesz basis collections form collections of
frames in H. From the Riesz basis property it also follows that the families ¢/ and V
are uniformly bounded in H, that is,

sup [lug |13 + sup [Jvg [ < o0.
£eN &eN

Let us introduce ¢/- and V-Fourier transforms by formulas

Fu(f)E) = (f,ve) =: F(&) 2.5)
and
Fu()(€) = (g, ug) =: 8u(£), (2.6)

respectively, for all f, g € H and for each & € N. Here g, stands for the V-Fourier
transform of the function g. Indeed, in general g, # g. Their inverses are given by

(Fla)@) =) a@)ug 2.7)
£eN
and
(Fp'la) @) =Y a@)uve. (2.8)
£eN

The Fourier transforms defined in (2.5) and (2.6) are the analysis operators, and,
the inverse transforms (2.7) and (2.8) are the corresponding synthesis operators, see
e.g. [23]. For more information, see e.g. [7,8,17] and references therein.

There is a straightforward relation between /- and V-convolutions, and the Fourier
transforms:

Theorem 2.2 For arbitrary f, g, h, j € H we have

frug=rg h*j,=hyjs

Therefore, the convolutions are commutative and associative.
Let K : H x H — H be a bilinear mapping. If for all f, g € 'H, the form K(f, g)
satisfies the property

K(f.9) =g (2.9)
then K is the U-convolution, i.e. K(f, g) = f *y g.
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Similarly, if K (f, g) satisfies the property
K(f.8). = fs2 (2.10)
then K is the V-convolution, i.e. K(f, g) = f %y g.
Proof Direct calculations yield

Fulf +u )€ = | Y FEmuy. ve

neN

= TRy, ve)

neN

= F(E)3E).

Commutativity follows from the bijectivity of the {/-Fourier transform, also implying
the associativity. This can be also seen from the definition:

(fru )= D Fagmuy. ve | h(E)ue

£eN \neN
=Y FEREE)us
£eN

=Y T | Y gh(n) (uy. ve) | ue

£eN neN

=D F© | Y8y, ve | ue

£eN neN
= (f »u (g* ).

Next, it is enough to prove that K is the /-convolution under the assumption (2.9).
The similar property for V-convolutions under assumption (2.10) follows by simply
replacing ¢/ by V in the part concerning {/-convolutions.

Since for arbitrary f, g € H and for K (f, g) € H the property (2.9) is valid then
we can regain K (f, g) from the inverse /-Fourier formula

K(f.9) =Y K(f.9)®us =Y FETE)us.

§eN £eN

The last expression defines the {/-convolution. O
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3 Biorthogonal Fourier analysis

From (2.4) we can conclude that the ¢/- and V-Fourier coefficients of the elements of
H belong to the space of square-summable sequences /2 (N). However, we note that the
Plancherel identity is also valid for suitably defined /2-spaces of Fourier coefficients,
see [25, Proposition 6.1]. We explain it now in the present setting.

Indeed, the frame property in (2.4) can be improved to the exact Plancherel formula
with a suitable choice of norms.

3.1 Plancherel formula
Let us denote by
=1

the linear space of complex-valued functions a on N such that 7, la € H,ie.if there
exists f € H such that F;, f = a. Then the space of sequences IZ%{ is a Hilbert space
with the inner product

(a, by =) a(€) (Fy o Fy ' b)(E), 3.1

£eN

for arbitrary a, b € ll%{' The reason for this choice of the definition is the following
formal calculation:

(a, bp =Y a®) (Fyo Fy ' b))

£eN

- Za(g)< b u)

£eN
=D a®ue|.7,'p
£eN
= (F'a. 77'b).

which implies the Hilbert space properties of the space of sequences 1221' The norm of
lz%t is then given by the formula
1/2

lallz = > a@) (Fyo Fyla)®) , forall a el (3.2)
£eN

We note that individual terms in this sum may be complex-valued but the whole sum
is real and non-negative.
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Analogously, we introduce the Hilbert space
I =01)

as the space of functions a on N such that 7, 'a € 'H, with the inner product

(@, byp =Y a®) (Fy o F,'b)E), (3.3)
£eN

for arbitrary a, b € 112;. The norm of l%, is given by the formula

172

lallz = | Do a® (Fuo Fy'a)®)

£eN

foralla € l%;. The spaces of sequences IZ%{ and 112) are thus generated by biorthogonal
systems {ug}een and {vgJeen.

Since Riesz bases are equivalent to an orthonormal basis by an invertible linear
transformation, we have the equality between the spaces 17, = 112} = [>(N) as sets; of
course the special choice of their norms is the important ingredient in their definition.

Indeed, the reason for their definition in the above forms becomes clear again in
view of the following Plancherel identity:

Theorem 3.1 (Plancherel’s identity) If f, g € H then f, § € I, f, & € I3, and
the inner products (3.1), (3.3) take the form

(f 2, =2 OO

£eN

and

(frr 8z = ) F(®) 3O,

£eN

respectively. In particular, we have

(fv g)]é = (§*, f:)l\lj

The Parseval identity takes the form

(o= F2p =D [® 6. 34
£eN

Furthermore, for any f € H, we have fe 2, f; S 1‘2), and
Al = 1N, = 11 fell,- (3.5)
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Proof By the definition we get

(Fv o F ' 9)(E) = (Fyg) (€) = 8 (8)

and

(Fu o Fyy ' 8 E) = (Fug) (§) = 8(&).

Hence it follows that

(. B =D [ FvoF' D) =) F© 8@

£eN £eN

and

(fer Bp = D 1) Fuo 180 = ) [u®) 36).

&eN £eN

To show Parseval’s identity (3.4), using these properties and the biorthogonality of
ug’s to vy’s, we can write

(f,9) = (Z F®ue Z?ﬂ(n)vn)

£eN neN
=D D OB (e, v) =) FOZE = (7.5,
£eNneN £eN

proving (3.4). Taking f = g, we get

1113 = (. ) =3 F© 1.6 = (7. Prg, = 171 .

£eN

proving the first equality in (3.5). Then, by checking that

(f. )= Zf_f*(é) Y ROF©) = Fo Fop = 1515
eN geN v
the proofs of (3.5) and of Theorem 3.1 are complete. O

3.2 Hausdorff-Young inequality

Now, we introduce a set of Banach spaces {H”}|<p<co With the norms | - ||, such
that

HP CH
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and with the property
1o, VIml = llxlle |yl (3.6)

forall 1 < p < oo, where % + é = 1. We assume that H2 = H, and that H? are real
interpolation properties in the following sense:

1 0
H HYg,=HP, 0<6 <1, —=1——,
P 2
and
1 1—-6
(HI,HZ)Q,pZH”, 0<f<1, —=—.
p 2

We also assume that i/ C HP and V C ‘HP forall p € [1, co].

If H = L?() for some £, we could take H” = L*(Q) N LP(Q). If H = S»(K) is
the Hilbert space of Hilbert-Schmidt operators on a Hilbert space K, then we can take
HP = $(K) N §p(K), where S, (K) stands for the space of p-Schatten operators on
K.

Below we introduce the p-Lebesgue versions of the spaces of Fourier coefficients.
Here classical /” spaces on N are extended in a way so that we associate them to the
given biorthogonal systems.

Definition 3.2 Let us define spaces [/, = [” (1) as the spaces of all @ : N — C such
that

1/p
2—
lalipey = | D la@ llueld |  <oo. for 1<p<2, (37
£eN
and
1/p
2—
laliey = | D la@IPllvellzf | <oo. for2<p<oo,  (38)
£eN

and, for p = oo,
lalli= e = sup (a@)] - vl ) < oo.
£eN

Here, without loss of generality, we can assume that uz # 0 and vg # 0 for all
& e N, so that the above spaces are well-defined.
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Analogously, we introduce spaces l{; = [P(V) as the spaces of all b : N — C such
that

I/p
2—
bl = | D IbE1PIvellyl | <oo. for 1<p=<2,
£eN
1/p
2—
blirewy = | D 16@EPlluglyL |  <oo. for 2<p <o,
£eN

Bl vy = sup (161 - lug ) -
£eN
Now, we recall a theorem on the interpolation of weighted spaces from Bergh and
Lofstrom [6, Theorem 5.5.1]. Then we formulate some basic properties of 17 ().
Theorem 3.3 (Interpolation of weighted spaces) Let us write d o (x) = wo(x)du(x),

dui(x) = w1 (x)du(x), and write LP (w) = LP (wd ) for the weight . Suppose that
0 < po, p1 < 0. Then

(L7 (wo), L" (@1))g,p = L” (),

p=6) po
1 _1-6 0 _ ) P1
wher60<9<1,p——p0 +—m,andw—a)0 Wy .

From this we obtain the following property:
Corollary 3.4 (Interpolation of 7 (U) and [7 (V)) For 1 < p < 2, we obtain
@), P, =17 WU),
"W). PW)e.p =17 (V),

wher60<9<1andp:%.

Using Theorem 3.3 and Corollary 3.4 we get the following Hausdorff—Young
inequality.

Theorem 3.5 (Hausdorff—Young inequality) Assume that 1 < p < 2 and % + # =1
Then there exists a constant C, > 1 such that

1AV g0y < Coll Flaer and  1F;"allyy < Cpllalla (3.9)

forall f € HP and a € 1P (U). Similarly, for all b € 1P (V) we obtain

1 Felir oy < Coll fline and 175 Bllygr < Cpllbllireyy. (3.10)
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Proof 1t is sufficient to prove only (3.9) since (3.10) is similar. Note that (3.9) would
follow from the H! — W) and ['(U) — H™ boundedness in view of the
Plancherel identity in Theorem 3.1 by interpolation, see e.g. Bergh and Lofstrom
[6, Corollary 5.5.4].

Thereby, we can put p = 1. Then from (3.6) we have

1FE < el fllgg s

and hence

1l = sup [ FE vl < 1141
£eN

The last estimate gives the first inequality in (3.9) for p = 1. For the second inequality,
using

(F'a) =Y a@)ug

£eN

we obtain

175 allree < la@luellnes = lalp e
£eN

in view of the definition of /! (Z{), which gives (3.9) in the case p = 1. The proof is
complete. O

Let us establish the duality between spaces /7 (If) and [1(V):

Theorem 3.6 (Duality of /7 (/) and [9(V)) Let 1 < p < oo and % + [ll = 1. Then

(@) =11(V) and (IP(V)) =11U).

Proof The proof is standard. Meanwhile, we provide several details for clarity. The
duality is given by

(01,02) = Y _ 01(§)02(E)

&eN

forop € IP(U) and op € 19(V). Let 1 < p < 2. Then, if o1 € I”(U) and o5 € 19(V),
we obtain
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(o1, 02)| = | Y 01(E)oa (&)

£eN

2 —(2-1
= o1 @ gl eyl 02(6)

£eN

14
p(3-1 -1
(S io@ s | 3 lo2@ ug

£eN £eN

= llotlir@nllo2llia vy,

where that 2 < ¢ < oo and that % -1 =1- % were used (last line). Now, let
2<p<oo.lfo; €l?U)and oy € 19(V), we get

(o1, 00)| = | Y 01(€)oa (%)
£eN

=Zal($)llvsll IIUSIIHOO 02(5)
£eN

—q(f 1)

IA

S lon @) P sl > 1021 l1ve llpgoc

§eN £eN

lotllirenllozlliaqvy-

Put p = 1. Then we have

(o1, 00)| = | Y 01(€)oa (%)

£eN

= Y 01 ®)llug g0 g [l 7002 ()

£eN
< | D 101 g e | sup loa(E)] llug 175
£eN £eN
= llotlnapllo2llee -
The adjoint space cases could be proven in a similar way. O
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4 Rigged Hilbert spaces

In this section we will investigate a rigged structure of the Hilbert space H. Especially,
we will construct a (Gelfand) triple (®, H, ') with the inclusion property

dCcHCP,

where a role of ® will be played by the so-called ‘spaces of test functions’ C&‘j 5 and
Cg‘? A generated by the systems U and V), respectively, and by some sequence A of
complex numbers. For this aim, let us fix some sequence A := {A¢}gen of complex
numbers such that the series

D A+ 1R ™ < oo, (4.1)

£eN

converges for some sy > 0. Indeed, we build two triples, namely, (CDM, H, CDM) and
(Dy, H, D) V), with &y = C&o Q) = D’ VA and ®y = CVA, =Dy, s
These trlples allow us to extend the notlons of U- and V- convolutlons and U- and
V-Fourier transforms outside of the Hilbert space H.

Definition 4.1 We associate to the pair (U, A) a linear operator £ : H — H by the
formula
Lf = xe(fiveug, (4.2)

£eN

for those f € ‘H for which the series converges in H. Then L is densely defined since
Lug = Agug forall & € N, and U is a basis in H. We denote by Dom(£) the domain
of the operator £, so that we have Span (/) C Dom(L) C H. We call L to be the
operator associated to the pair (U, A). Operators defined as in (4.2) have been also
studied in [3].

We note that this construction goes in the opposite direction to the investigations
devoted to the development of the global theory of pseudo-differential operators asso-
ciated to a fixed operator, as in the papers [12,13,25-27], where one is given an
operator £ acting in H with the system of eigenfunctions I/ and eigenvalues A. In
this case we could ‘control’ only one parameter, i.e. the operator L. In the present
(more abstract) point of view we have two parameters to control: the system U/ and
the sequence of numbers A.

In a similar way to Definition 4.1, we define the operator £* : H — H by

Lrg = (g, ue)ve,
£eN

for those g € H for which it makes sense. Then £* is densely defined since L*ve =

Evg and V is a basis in H, and Span (V) C Dom(L*) C H. One readily checks that
we have
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(Lfiomn=(fLYH = Z)»s(f, ve) (g, ug)

£eN

on their domains.
We can now define the following notions:

(i) the spaces of (U, A)- and (V, A)-test functions are defined by

o0 . k
Cra= [ Cira-
keNy

where
CZ,{ A={peH: (g, v) =CA+ |)Lg;-|)_k for some constant C for all & € N},

and

00 . k
C¥a = () Chas
keNp

where
CV A= eH  [(Yu)| =CA+ |Ag))™ ~* for some constant C for allé € N}.

The topology of these spaces is defined by a natural choice of seminorms. We
can define spaces of (U, A)- and (V, A)-distributions by D / = (C°° A)’ and
D’ (CL{ A) as spaces of linear continuous functlonals on CV A and CZ‘/’{o Al
respectlvely We follow the conventions of rigged Hilbert spaces to denote this
duality by

(,d)py, , 0, = (U )3, (4.3)
extending the inner producton H foru, ¢ € H, and similarly for the pair Dﬂ)’ A=

Cra)
(ii) the /- and V-Fourier transforms

Fu@) () := (¢, ve) = ¢(§)

and

FoW)(E) i= (¥, ug) = Pu(&),

respectively, for arbitrary ¢ € C;7,, ¥ € Cj;’, and for all & € N, and hence by
duality, these extend to D’u A and Dg; A» Tespectively. Here we have

(Fuw), a) = (w,f;l(a)), w e DZ//{,A’ a € S(N), (4.4)

@ Springer



162 M. Ruzhansky, N. Tokmagambetov

where the space S(N) is defined in (4.7). Indeed, for w € H we can calculate

(Fu(w). a) = (@, @) = Y _(w, ve)a()
£eN

={w, Za(é)vg = (w,f;1a> = (w,f;la),

£eN
justifying definition (4.4). Similarly, we define
(Fy(w), a) = (w, fL_{l(a)), w e D&A, a € S(N). 4.5)

The Fourier transforms of elements of DZ//{ As Dﬂj A can be characterised by the
property that, for example, for w € Dz//l A» thereis N > 0 and C > O such that

|Fyw(E)| < C(1 4 [rgV, forall & € N.

(iii) U- and V-convolutions can be extended by the same formula:

frug=y FETEu: =Y (f ve)(g, veus

&eN £eN

for example, for all f € DZ/J. A and g € C;f . It is well-defined since the
series converges in view of properties from (i) above and assumption (4.1). By
commutativity that spaces for f and g can be swapped. Similarly,

hy ji= Y ha(E)ju@Eve =Y (h,ug)(j, ug)ve

§eN £eN

foreach h € 'D%)’A,j e C@‘?A.

The space C;;, can be also described in terms of the operator £ in (4.2). Namely,
we have

Ci = [ ) Dom(Lh). (4.6)
keNg

where
Dom(LK :={feH: LifeH, i=2, .. k—1)},

and similarly

C¥a =[] Dom((£""),
keNg
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where
Dom((L*) :={geH: (L geH, i=2, .., k—1)}.

Let S(N) denote the space of rapidly decaying functions ¢ : N — C. That is,
¢ € S(N) if for any M < oo there exists a constant Cy, ps such that

(&) < Cy (1 + 2eh™ 4.7

holds for all £ € N. The topology on S(N) is given by the seminorms py, where
k € Ny and

pi(e) == sup(1 + A D¥ | (&)].
£eN

Continuous anti-linear functionals on S(N) are of the form

0> (U, 9) =Y u@p@),

£eN

where functions # : N — C grow at most polynomially at infinity, i.e. there exist
constants M < oo and C,, s such that

lu@)| < Cumr(1 + [2e™

holds forall ¢ € N. Suchdistributions # : N — C form the space of distributions which
we denote by S’(N), with the distributional duality (as a Gelfand triple) extending the
inner product on 2(N).

Summarising the above definitions and discussion, we record the basic properties
of the Fourier transforms as follows:

Proposition 4.2 The U-Fourier transform Fyy is a bijective homeomorphism from
Ciy 5 to S(N). Its inverse

Ft 1 SM) = 7,
is given by

F'h=> h@Eue, heSM), (4.8)
£eN

so that the Fourier inversion formula becomes

f=Y F@us forall feCy,. (4.9)

£eN
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Similarly, Fy : C]";<> A —> S(N) is a bijective homeomorphism and its inverse
Fpl i SM) = ¢y,

is given by

Folh = Zh(é)vg, h e S(N), (4.10)
£eN

so that the conjugate Fourier inversion formula becomes

f=Y FH@v: forall f eC,. @.11)

£eN

By (4.4) the Fourier transforms extend to linear continuous mappings F; : DZ//I, A

S'N) and Fy : D{)’A — S'(N).

The proof is straightforward.
Let us formulate the properties of the U/- and V-convolutions:

Proposition 4.3 Forany f € Dy, ,,g € Cip . h € Dy, . j € C, we have

— —— o~ o~

frug=rg. h*y j, = hy jx.

The convolutions are commutative and associative. If g € Cj , then forall f € D/u A
we have

fHu g €Cyy (4.12)
Proof Since the first part of the statement is proving in the same way as analogous

one from Proposition 2.2, we will show only the property (4.12) which follows if we
observe that for all k € Ny the series

> FEREMue

£eN

converges since g € S(N). O

Proposition 4.4 If L : H — 'H is associated to a pair (U, A) then we have
L(f *u8) = (Lf)*ug=fru (L)

forany f, g € CZ?{?A'

Proof The proof is valid since the equalities
FuL(f +u 8)E) = ke FE)ZE)
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and

Fu((Lf) »u 8)&) = Fu(LEZE) = re f(E)FE)

are true for all £ € N. O

As a small application, let us write the resolvent of the operator £ in terms of the
convolution.

Theorem 4.5 Let L : H — H be an operator associated to a pair (U, A). Then the
resolvent of the operator L is given by the formula

ROVfi=L-AD""f=gixfo *»é&A,

where I is an identity operator in H and

gx=z

£eN

1
Ag — A

Proof Begin by calculating the following series

gx*uf=2

£eN
=Y FEL—AD"u

£eN

| PN
— [ ®)ue

Ag

= L= D] F@u
£eN

=(L-xD7"f

=RMW,

where we used the continuity of the resolvent. Now the theorem is proved. O

5 Examples

We give an example considered in [25] that can be also considered as an extension
setting in an appropriate sense of the toroidal calculus studied in [24].

Let the operator Ozl) : L?2(0, 1) — L?(0, 1) be given by the action
d

(1) :
0, '=—-i—
h dx

)

where i > 0, on the domain (0, 1) with the boundary condition 4y(0) = y(1). In the
case h = 1 we have 0(11) with periodic boundary conditions, and the systems I/ and

V of eigenfunctions of Oﬁl) and its adjoint 0(11)* coincide, and are given by
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U=V ={uj(x) =", jel)

This leads to the setting of the classical Fourier analysis on the circle which can be
viewed as the interval (0, 1) with periodic boundary conditions. The corresponding
pseudo-differential calculus was consistently developed in [24] building on previous
observations in the works by Agranovich [1,2] and others.

For h # 1, the operator O;l) is not self-adjoint. The spectral properties of Ogll) are

well-known (see Titchmarsh [31] and Cartwright [9]), the spectrum of O;ll) is discrete
andis givenby A; = —ilnh+2jm, j € Z.The corresponding bi-orthogonal families

of eigenfunctions of 021) and its adjoint are given by
U={u;(x) =h ¥ jez)
and
V={vj(x)=h*e | je),

respectively. They form Riesz bases, and Ozl) is the operator associated to the pair
and A ={Aj=—ilnh+2jr}jcz.

Since N denoted an arbitrary discrete set before, all the previous constructions work
with Z instead of N.

Formally, we can write

(f *y 9)(x) = / / Flx.y.2) f(Ng(@)dydz. 5.1)
where

Flx,y,2) =) ue() ve(y) ve ).

£eN

Here integrals (5.1) and the last series should be understood in the sense of distri-
butions. In the case 4 = 1, it can be shown that F(x,y,z) = §(x — y — z), see
[24].

For any 2 > 0, it can be shown that the {/-convolution coincides with Kanguzhin’s
convolution that was studied in [19,21]:

Proposition 5.1 Let H = L*(0, 1), U = {u;(x) = h*e* ™, j € 7}, and A =
{Aj =—ilnh +2jm};cz. Then the operator L : L2(0,1) — L%(0, 1) associated to
the pair (U, A) coincides with Ozl). The corresponding U-convolution can be written
in the integral form:

X 1 1
(f *u &) (x) =/0 fx—ng)dr + E/ fA+x—1)g(t)de.
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In particular, when 7 = 1, we obtain

1
(f *u 8)(x) =/O fx —1)g(t)dr.

is the usual convolution on the circle.

Proof of Proposition 5.1 Let us denote

X 1 1
K(f, 0)(x) = /O fl =g+ [ £ +x =g,
Then we can calculate

Fu(K(f. ) ()
1 X
N / / fx = 0)g(Oh™ e " dtdx
0o JO
1 1 1 '
[ 0 s ot
0 Jx
1 1
= / [/ [ - t)h"ez’”xédx} g(t)dt
0 t
1 t
+/ |:/ f(l +x — t)h—(l+x)e—2ﬂi(l+x)§dxi| g(t)dt
0 0
1 1
= / [/ flx— t)h—(x—t)e—Zni(x—t)de] g(t)h—te—zmtgdt
0 t
1 t
+/ |:/ f+x— t)h—(l+x—t)e—2ni(1+x—t)$dxi| g(t)h—te—Znitgdt
0 0
1 1—t
= / [ f(Z)hzeZm'zédeI g(t)h”e*Z”"’sdt
0 0
1 1—t ' -
+/ |: f(z)h—ze—Zszdxi| g(t)h—te—%ntédt
0 1
1 1
= / [/ f(z)h—ze—zmzédz] g(t)h_te_zmtgdt
0 0
= F&) 2.

Consequently, by Theorem 2.2, we obtain that K (f, g) = f %y &. O

6 Further discussion

We note that in the case when we are given an operator £ : H — H for which the
eigenfunctions do not make a basis of H, other notions of convolutions are possible,
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still satisfying an analogue of Proposition 4.4. Here we can set up a convolution using
the characterisation of the space of test functions given by (4.6).

Definition 6.1 Let £ : H — H be a linear densely defined operator in . Denote
Dom (L) := ey, Dom(LF) with Dom(L¥) :={f : Lif € H,i=2,....k—1}.
We say that a bilinear associative and commutative operation * . is an £L-convolution
if for any f, g € Dom(L°°) we have

L(f 2 8) = (Lf)*c 8= f*c (LY).
Proposition 4.4 implies that {/-convolution is a special case of £-convolutions:

Corollary 6.2 Assume that L : H — H is an operator associated with the pair
(U, A), whereU is a Riesz basis in H. Then the U-convolution 4 is an L-convolution.

We finally show that an £-convolution does not have to be a /-convolution for any
choice of the set A.

For this, let us consider an £-convolution associated to the so-called lonkin operator
considered in [18]. The Ionkin operator ) : H — H is the operator in H := L?(0, 1)
generated by the differential expression

2

_Ws X € (07 1)9

with the boundary conditions
u(0) =0, u'(0)=u'(1).
It has eigenvalues
e = (2mE), & € Ly,
and an extended set of eigenfunctions
uo(x) = x, uze_1(x) =sin(2rx), uze(x) =xcosQnéx), & e N,

which give a basis in L?(0, 1), which we denote by /. The corresponding biorthogonal
basis is given by

vo(x) =2, vpe—1(x) =41 —x)sin(2wéx), vye(x) =4cos(2méx), § € N,
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for more details, see [18]. We consider the ))-convolution (Ionkin—Kanguzhin’s con-
volution) given by the formula

1 1
[y gx) = 5/ f4+x—1)g)dt

1

1 X
+ 3 1 flx—=1+1)g)dt +/O f(x —1t)g(t)dt 6.1)

1—x X
- —/ F(L—x = Ng()dr + 1/ FU+1—x)g(n)dr.
2 Jo 2 Jo

This is a )-convolution in the sense of Definition 6.1, namely, it satisfies
Y(f*xy )= H*yg=[fry Vg,
see [20]. For the collection
U :={us : uo(x) =x, uze_1(x) =sin(2réx), uze(x) = xcos2néx), & € N},

it can be readily checked that the corresponding U/-Fourier transform satisfies

F*y 2(0) = F(0)2(0),

fxy g(28) = F(26)8(28),
Fay g8 — 1) = F(2E — DZQE) + [(26)2(28) + [(26)82& — 1), & € N.

Therefore, by Theorem 2.2, the ))-convolution (Ionkin—Kanguzhin convolution) does
not coincide with the J/-convolution for any choice of numbers A.
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