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Abstract This article contains a Wiener Lemma for the convolution algebra ¢LHH, C)
and group C*-algebra C*(H) of the discrete Heisenberg group H. At first, a short
review of Wiener’s Lemma in its classical form and general results about invertibility
in group algebras of nilpotent groups will be presented. The known literature on
this topic suggests that invertibility investigations in the group algebras of H rely on
the complete knowledge of H—the dual of H, i.e., the space of unitary equivalence
classes of irreducible unitary representations. We will describe the dual of H explicitly
and discuss its structure. Wiener’s Lemma provides a convenient condition to verify
invertibility in ¢! (H, C) and C*(H) which bypasses H. The proof of Wiener’s Lemma
for H relies on local principles and can be generalised to countable nilpotent groups. As
our analysis shows, the main representation theoretical objects to study invertibility
in group algebras of nilpotent groups are the corresponding primitive ideal spaces.
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Wiener’s Lemma for H has interesting applications in algebraic dynamics and time-
frequency analysis which will be presented in this article as well.

Keywords Invertibility - Wiener’s Lemma - Discrete Heisenberg group

Mathematics Subject Classification 54H20 - 37A45 - 22D10 - 37C85 - 47B38

1 Motivation

Let I" be a countably infinite discrete group. The aim of this article is to find a verifiable
criterion—a Wiener Lemma—for invertibility in the group algebra

eI, C) = [(fmer C > Il < oo],

vel’

in particular for the case where I is the discrete Heisenberg group H.

Our main motivation to study this problem is an application in the field of algebraic
dynamics which we introduce first. An algebraic I"-action is a homomorphism « :
I' — Aut(X) from I' to the group of automorphisms of a compact metrisable
abelian group X [33].

We are especially interested in principal actions which are defined as follows. Let
f be an element in the integer group ring Z[I'], i.e., the ring of functions I' — Z
with finite support. The Pontryagin dual of the discrete abelian group Z[I']/ Z[I'1f
will be denoted by X y C Tr , where T = R/Z (which will be identified with the unit
interval (0, 1]). Pontryagin’s duality theory of locally compact abelian groups tells us
that X  can be identified with the annihilator of the principal left ideal Z[I"] f, i.e.,

X = (@Il = {x eT" : > fyxy, =0 foreveryy' € r]. (1)
yel’
The left shift-action 1 on T' is defined by (Ax), = x,,-1,, for every x € T' and
y,y’ € I'. Denote by «a s the restriction of A on T to X r. The pair (X 7, a ) forms an
algebraic dynamical system which we call principal I'-action—because it is defined
by a principal ideal [cf. (1)].
Since a principal I"-action (X, ay) is completely determined by an element
f € Z[I'], one should be able to express its dynamical properties in terms of proper-
ties of f. Expansiveness is such a dynamical property which allows a nice algebraic
interpretation. Let (X, ) be an algebraic dynamical system and d a translation invari-
ant metric on X. The ["-action « is expansive if there exists a constant & > 0 such
that
supd(a’x,a’y) > ¢,
yel
for all pairs of distinct elements x,y € X. We know from [8, Theorem 3.2] that
(X 7, ay)is expansive if and only if f is invertible in £1(I", R). This result was proved
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A Wiener Lemma for the discrete Heisenberg group 487

already in the special cases I" = 7% and for groups I” which are nilpotent in [33] and in
[9], respectively. Although, this result is a complete characterisation of expansiveness,
it is in general hard to check whether f is invertible in 2Y(I", R) or not.

1.1 Outline of the article

In Sect. 2 we will recall known criteria for invertibility in symmetric unital Banach
algebras 4. The most important result links invertibility investigations in .4 to the
representation theory of A. More precisely, the existence of an inverse a~! of a € A
is equivalent to the invertibility of the operators m(a) for every irreducible unitary
representation 7 of A. The representation theory of H is unmanageable as we will
demonstrate in Sect. 3.

Theorem 11—Wiener’s Lemma for the discrete Heisenberg group—is the main
result of this paper and allows one to restrict the attention to certain ‘nice’ and canonical
irreducible representations for questions concerning invertibility in the group algebra
of the discrete Heisenberg group H. The proof of Theorem 11 can be found in Sect. 4.
Moreover, as will be shown in Sect. 4 as well, invertibility of f € Z[H]in ¢! (H, R) can
be verified with the help of the finite-dimensional irreducible unitary representations
of H.

In Sect. 5 we generalise Theorem 11 to countable discrete nilpotent groups I". This
result says that an element a in C*(I") is invertible if and only if for every primitive
ideal I of C*(I") the projection of a onto the quotient space C*(I")/T is invertible. As
we will see, the primitive ideal space is more accessible than the space of irreducible
representations and easy to determine. Moreover, this Wiener Lemma for nilpotent
groups can be converted to a statement about invertibility of evaluations of irreducible
monomial representations.

In Sect. 6 we will explore a connection to time-frequency analysis. Allan’s local
principle (cf. Sect. 4) directly links localisations of £! (H, C) to twisted convolution
algebras and hence, the representations of H and the relevant representation theory
in the field of time-frequency analysis coincide. In order to highlight this connection
even more, time-frequency analysis might be interpreted as the Fourier theory on the
discrete Heisenberg group H; due to the striking similarities to the Fourier analysis of
the additive group Z and its group algebras. Moreover, we give an alternative proof of
Wiener’s Lemma for twisted convolution algebras, which only uses the representation
theory of H. Theorem 22—which is based on a result of Linnell (cf. [25])—gives a
full description of the spectrum of the operators 77 (f) acting on L*(R, C), where 7
is a Stone-von Neumann representation [cf. (23] for a definition) and f € Z[H].

Section 7 contains applications of Theorem 11 and Wiener’s Lemma for twisted
convolution algebras, in particular, conditions for non-invertibility for ‘linear’ ele-
ments in f € Z[H].

2 Invertibility in group algebras and Wiener’s Lemma: a review

In this section we review known conditions for invertibility in group algebras of nilpo-
tent groups 1. First of all we refer to the article [14] by Grochenig for a modern survey
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of Wiener’s Lemma and its variations. Grochenig’s survey focuses on two main top-
ics, namely on invertibility of convolution operators on £”-spaces (cf. Sect. 2.2 and
in particular Theorem 7) and inverse-closedness. Moreover, Grochenig explains how
these topics are related to questions on invertibility in time-frequency analysis and
invertibility in group algebras. Although, Wiener’s Lemma for convolution operators
is stated here as well it will play an insignificant role in the rest of the paper. However,
we would like to bring the reader’s attention to Theorem 8 which is yet another result
which relates invertibility in £!(I", C) to invertibility of convolution operators. This
result is completely independent of Theorem 7 and holds in much greater generality.

In this review we will explain why a detailed understanding of the space of irre-
ducible representations of a nilpotent group I" is of importance for invertibility
investigations in the group algebras of I'. Furthermore, we will present Gelfand’s
results on invertibility in commutative Banach algebras in the form of local principles;
which will be discussed in greater detail in later sections of this article.

We start the discussion with Wiener’s Lemma in its classical form. Let us denote
by A(T) the Banach algebra of functions with absolutely convergent Fourier series
onT.

Theorem 1 (Wiener’s Lemma) An element F € A(T) is invertible, i.e. 1/F € A(T),
if and only if F(s) # 0 forall s € T.

Before we start our review of more general results let us mention the concept of
inverse-closedness which originates from Wiener’s Lemma as well. The convolution
algebra ¢! (Z, C) is isomorphic to A(T) and hence £! (Z, C) can be embedded in the
larger Banach algebra of continuous functions C (T, C) in a natural way. The fact that
F € A(T) is invertible in A(T) if and only if F is invertible in C(T, C) leads to the
question: for which pairs of nested unital Banach algebras A, B with A C B and with
the same multiplicative identity element does the following implication hold:

aceA and a'eB = a e A 2)

In the literature a pair of Banach algebras which fulfils (2) is called a Wiener pair.

Wiener’s Lemma was the starting point of Gelfand’s study of invertibility in com-
mutative Banach algebras. Gelfand’s theory links the question of invertibility in a
commutative Banach algebra A to the study of its irreducible representations and the
compact space of maximal ideals Max(A). We collect in the following theorem several
criteria for invertibility in unital commutative Banach algebras.

Theorem 2 (cf. [11]) Suppose A is a unital commutative Banach algebra. The set of
irreducible representations of A is isomorphic to the compact space of maximal ideals
Max(A). Furthermore, the following statements are equivalent

1. a € Ais invertible;

2. a ¢ mforallm € Max (A);

3. @, (a) is invertible in A/m for all m € Max(A), where ®,, : A — A/m = C
is the canonical projection map;

4. @,,(a) # 0 forallm € Max(A);
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A Wiener Lemma for the discrete Heisenberg group 489

5. w(a)v # 0 for every one-dimensional irreducible unitary representation w of A
and v € C~{0} (definitions can be found in Sect. 2.1).

The main goal of this article is to prove that similar results hold for group algebras
of nilpotent groups and, in particular, for the discrete Heisenberg group.

In this article we concentrate on the harmonic analysis of rings associated with
a countably infinite group I" furnished with the discrete topology. Beside Z[I"] and
(", C) we are interested in C*(I"), the group-C*-algebra of I', i.e., the enveloping
C*-algebra of £1(I", C).

Let £°°(I", C) be the space of bounded complex-valued maps. We write a typical
element f € ¢°°(I",C) as a formal sum Zyer fy - v, where f, = f(y). The

involution f + f*is defined by f* = Zyer fy-1+y. The product of f € AN
and g € £*°(I', C) is given by convolution

fe= D frgy vy = D frg v 3)
v.y'el y.y'el
For1 < p < oo we set
I/p
(r,C)=1f=(f) elT,C :|flp,= Zlfyl” <00

yell

2.1 Representation theory

We recall at this point some relevant definitions and results from representation theory,
which will be used later. Moreover, we will state results for symmetric Banach-*-
algebras which are in the spirit of Wiener’s Lemma.

Unitary representations

Let H be a complex Hilbert space with inner product (-, -). We denote by B(H) the
algebra of bounded linear operators on 7, furnished with the strong operator topology.
Further, denote by U(H) C B(H) the group of unitary operators on H. If I" is a
countable group, a unitary representation w of I' is a homomorphism y +— w(y)
from I" into U (H) for some complex Hilbert space . Every unitary representation
of I' extends to a *-representation of 4TI, C), whichis again denoted by 77, and which
is given by the formula 7w (f) = 2 cp fym(y)for f =2 p fy v € e, C).
Clearly, w (f*) = 7 (f)*. The following theorem was probably first published in [12]
but we refer to [30, Theorem 12.4.1].

Theorem 3 Let I be a discrete group. Then there are bijections between

— the class of unitary representations of I';
— the class of non-degenerate' *-representations of £' (I', C);

1 A representation 7 of a Banach *-algebra A is called non-degenerate if there is no non-zero vector
v € Hy such that 7 (a)v = 0 for every a € A.
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490 M. Goll et al.

— the class of non-degenerate *-representations of C*(I).

Moreover, these bijections respect unitary equivalence and irreducibility.

Hence the representation theories of I, 2Y(I", C) and C*(I") coincide. In consideration
of this result we will use the same symbol for a unitary representation of I" and its
corresponding *-representations of the group algebras ¢! (I", C) and C*(I").

States and the GNS construction

Suppose that A is a unital C*-algebra. A positive linear functional ¢ : A — Cisa
state if ¢ (1 4) = 1. We denote by S(A) the space of states of .4, which is a weak™*-
compact convex subset of the dual space of .A. The extreme points of S(.A) are called
pure states.

A representation w of A is cyclic if there exists a vector v € Hy such that the
set {wr(a)v : a € A} is dense in H,, in which case v is called a cyclic vector. The
Gelfand—Naimark—Segal (GNS) construction links the cyclic representations of A and
the states of A in the following way. If 7 is a cyclic representation with a cyclic unit
vector v, then ¢ ,, defined by

O w(a) = (m(a)v, v)

for every a € A, is a state of A. If 7 is irreducible, then ¢, , is a pure state. Moreover,
for every state ¢ of A there is a cyclic representation (g, Hy) and a cyclic unit
vector vy € Hg such that ¢ (a) = (g (a)vg, vg) for every a € A. The pure states of
A correspond to irreducible representations of .A (up to unitary equivalence) via the
GNS construction.

Type I groups

Let H be a Hilbert space. The commutant of a subset N of B(H) is the set
N :={AeB(H) : AS = SA forall S € N}.

A von Neumann algebra N is a *-subalgebra of bounded operators on some Hilbert
space ‘H which fulfils N' = (N ")'. The von Neumann algebra N, generated by a
unitary representation v of a group I, is the smallest von Neumann algebra which
contains 7 (I").

We call a representation 7 a factor if Ny N ./\f,; = C-15(1,). A group is of Type I
if every factor representation is a direct sum of copies of an irreducible representation.

Induced and monomial representations

Let H be a subgroup of a countably infinite group I". Suppose o is a unitary represen-
tation of H with representation space H,. A natural way to extend the representation
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A Wiener Lemma for the discrete Heisenberg group 491

o of H to arepresentation of I” is as follows: consider the Hilbert space Hf; consisting
of all maps F € L*>(I", H,) which satisfy

F(y$) =0()F(y) foreveryé € Handy € I.

The induced representation IndZ(o) >y — IndZ(U)()/) € B(H(I;) is then
defined by

Indy ()Y F(y) = F(y'y) Vy' eT.

Hence, IndZ (o) can be viewed as the right regular representation of I" acting on the
Hilbert space H?.

This construction will become more transparent when we discuss specific examples
below.

A representation of I is called monomial if it is unitarily equivalent to a represen-
tation induced from a one-dimensional representation of a subgroup of I".

Theorem 4 ([16]) If I" is a nilpotent group of Type I, then all its irreducible repre-
sentations are monomial.

2.2 Symmetric Banach-*-algebras

Let A be a Banach algebra with multiplicative identity element 1 4. The spectrum of
a € Ais the set of elements ¢ € C such that a — c¢1 4 is not invertible in A and will
be denoted by o (a).

In order to study invertibility in ¢Y(I", C) and C*(I") in the non-abelian setting we
will try to find criteria similar to those described in Theorem 2. For this purpose the
following definition will play a key role.

Definition 1 A unital Banach-*-algebra A is symmetric if for every element a € A
the spectrum of a*a is non-negative, i.e., o (a*a) < [0, c0).

Typical examples of symmetric Banach-*-algebras are C*-algebras.
We turn to the study of nilpotent groups and their associated group algebras.

Theorem 5 ([19]) Let I" be a countably infinite discrete nilpotent group. Then the
Banach-*-algebra £ (I", C) is symmetric.

The reason why it is convenient to restrict to the study of invertibility in symmet-
ric unital Banach-*-algebra is demonstrated by the following theorems, which show
similarities to Wiener’s Lemma and Theorem 2, respectively.

For the class of symmetric group algebras one has the following important result
on inverse-closedness.

Theorem 6 ([26], see also [30, Theorem 11.4.1 and Corollary 12.4.5]) Ifﬁl (r,C) is
a symmetric Banach-*-algebra, then
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1. €(I", C) is semisimple, i.e., the intersection of the kernels of all the irreducible
representations of L' (I", C) is trivial.
2. £(I, C) and its enveloping C*-algebra C*(I") form a Wiener pair.

Next we are discussing spectral invariance of convolution operators. It is a well
known fact (cf. [14]) that invertibility of f € ¢Y(Z, C) can be validated by studying
invertibility of the convolution operator C acting on the Hilbert space ¢*(Z,C).
Moreover, the spectrum of Cy is independent of the domain, i.e., the spectrum of the
operator C : €7 (Z, C) — £#(Z, C) is the same for all p € [1, co]. As the following
theorem shows, this result is true for a large class of groups, in particular, for all finitely
generated nilpotent groups.

Theorem 7 ([3]) Let f € ¢(I",C) and C r the associated convolution operator on
eP(I", C). Forall 1 < p < 00 one has opr(r,c))(Cr) = opu2r.cy)(Cy) if and only
if I" is amenable and ¢'(I", C) is a symmetric Banach-*-algebra.

In particular, for a nilpotent group I, f € ¢! (I, C) is invertible in ¢! (I, C) if and
only if O ¢ O'B(gp(["([j))(Cf) for any p € [1, oo].

Let us now give a condition for invertibility of an element £'(I", C), where I is
an arbitrary discrete countably infinite group, in terms of the point spectrum of the
corresponding convolution operator.

Theorem 8 ([8, Theorem 3.2]) An element f € £'(I", C) is invertible in £'(I", C) if
and only if
Koo(f) :=1{g € £>(I",C) : Cyg =0} = {0}.

This theorem says that it is enough to check if 0 is an eigenvalue of the left con-
volution operator Cy : £>°(I", C) — £°°(I', C) in order to determine whether f is
invertible or not [cf. (3)].

Finally, we present a condition for invertibility in a symmetric unital Banach-*-
algebra A which links invertibility in A to its representation theory.

Theorem 9 ([28]) An element a in a symmetric unital Banach-*-algebra A is not left
invertible in A if and only if there exists a pure state ¢ with ¢ (a*a) = 0. Equivalently,
a is not left invertible if and only if there exists an irreducible representation 7 of A
and a unit vector u € Hy such that 7w(a)u = 0.

This result should be compared with Gelfand’s theory for commutative Banach
algebras. Wiener’s Lemma for Nz, C) says thatanelement f € ¢Y(Z, C) is invertible
if and only if the Fourier-transform of f does not vanishon T, i.e., (F f)(s) # 0 forall
s € T.2 The Fourier-transform of f,evaluated at the point 6 € T, can be viewed as the
evaluation of the one-dimensional irreducible unitary representation g : n > €270
of Z at f,i.e.,

FNO = (X, foma)1 =76 (1.

2 To fix notation: for F € Lz(']l', AT) (where A is the Lebesgue measure on T), the Fourier transform
F .7 —> Cis defined by Fy = f']l‘ F(s)e_z’“"” diT(s). The Fourier transform (Fg) : T — C of
g€ £2(Z, C) is defined by (F)(s) =27 gnezm'”.
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A Wiener Lemma for the discrete Heisenberg group 493

We will explain in the next section that it is not feasible to describe explicitly the
space of unitary equivalence classes of irreducible representations of a non-Type I
group. Hence, Theorem 9 seems to be of limited use for investigating invertibility of
anelement f € £' (I, C) for a non-Type I nilpotent group I". However, as we will see
later, it is one of the key results for obtaining a Wiener Lemma for ¢! (r,C).

3 The dual of the discrete Heisenberg group and a Wiener Lemma

In this section we explain how results from ergodic theory give insight into the space
of irreducible representations of the discrete Heisenberg group, but that this space has
no reasonable parametrisation and is therefore not useful for determining invertibility
in the corresponding group algebras (cf. Theorem 9). At the end of this section, we will
state our main result—a Wiener Lemma for the discrete Heisenberg group H—which
allows one to restrict the attention to certain canonical representations of H which can
be parametrised effectively and used for solving the invertibility problem.

3.1 The dual of a discrete group

Let I" be a countable discrete group. Denote by I the dual of T, i.e., the set of all
unitary equivalence classes of irreducible unitary representations of 1.

Definition 2 Let A be a C*-algebra. A closed two-sided ideal T of A is primitive if
there exists an irreducible representation 7 of A such that ker(r) = I. The set of
primitive ideals of A is denoted by Prim(A4).

Suppose that the group I” is not of Type 1. Then certain pathologies arise:

— The map r — Prim(C*(I")) given by m +> ker(;) is not injective. In other
words, if 71, 1) € r , then ker(;r1) = ker(sr2) does not necessarily imply that
and m; are unitarily equivalent.

— Iisnot behaving nicely neither as a topological space nor as a measurable space
in its natural topology or Borel structure, respectively (cf. [11, Chapter 7] for an
overview).

Furthermore, there are examples where the direct integral decomposition of a rep-
resentation is not unique, in the sense that there are disjoint measures , v on I such
that | 1@ ndp and | 1? mwdv are unitarily equivalent. Moreover, we cannot assume that
all irreducible representations are induced from one-dimensional representations of
finite-index subgroups, as is the case for nilpotent groups of Type I by Theorem 4.

3.2 The discrete Heisenberg group and its dual

The discrete Heisenberg group H is generated by S = {x, x~', y, y~!}, where
110 1 00
x=1010]), y=1011
001 001
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The centre of H is generated by
1 01
7= xyx_ly_l = 010
001

The elements x, y, z satisfy the following commutation relations
xz=zx, yz=2zy, Xy =yIxkHK ke 4)

The discrete Heisenberg group is nilpotent and hence amenable.

Since H does not possess an abelian normal subgroup of finite index it is not a
group of Type I (cf. [34]), and hence the space of irreducible representations does not
have any nice structure as discussed above. As we will show below, one can construct
uncountably many unitarily inequivalent irreducible representations of H for every
irrational & € T. These representations arise from certain singular measures on T'. This
fact is well-known to specialists, but details are not easily accessible in the literature.
Since these results are important for our understanding of invertibility, we present this
construction in some detail for the convenience of the reader. We would like to mention
first that Moran announced in [27] a construction of unitary representations of H using
the same approach as presented here. These results were not published as far as we
know. Moreover, Brown [6] gave examples of unitary irreducible representations of
the discrete Heisenberg group which are not monomial.

Let (X, *B, 1) be a measure space, where X is a compact metric space, B is a Borel
o-algebra, and p a finite measure.

Definition 3 A probability measure u is quasi-invariant with respect to a homeo-
morphism ¢ : X — X if u(B) = 0 if and only if u(¢B) = 0, for B € B. A
quasi-invariant measure pu is ergodic if

Be®B and ¢B=B — u(B) € {0, 1}.

In [23] uncountably many inequivalent ergodic quasi-invariant measures for every
irrational rotation of the circle were constructed. Later it was shown in [22] that a
homeomorphism ¢ on a compact metric space X has uncountably many inequivalent
non-atomic ergodic quasi-invariant measures if and only if ¢ has a recurrent point x,
i.e., " (x) returns infinitely often to any punctured neighbourhood of x.

Let Z act on T via rotation

Rp:t—1t+6 mod]l (@)

by an irrational angle § € T.

Theorem 10 For each irrational 0 € T there is a bijection between the set of ergodic
Rg-quasi-invariant probability measures on T and the set of irreducible representa-
tions  of H with 7 (z) = ¢*?.
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A Wiener Lemma for the discrete Heisenberg group 495

We use the measures found in [23] to construct unitary irreducible representations
of HL. Suppose u is an ergodic Ry-quasi-invariant probability measure on T. Let Ty ,, :
L*(T, ) —> L2(T, u) be the unitary operator defined by

_ Jdua o) _Jap®en
o F)0) = [Z0 = F+0) =\ [ 25 FRa), ©)

for every F € L*(T, ;) and ¢ € T. The operator T, . is well-defined because of the
quasi-invariance of p. Consider also the unitary operator M, defined by

(M, F)(t) = 2™ F(1), (7

for every F € L*(T, pn)andt € T.
We will show that the representation g, of H defined by

To.u(x) =T,  7ou(y) =M, and g ,(z) := e 8)
is irreducible. Obviously, Ty, , M, = e*" M, Ty , = 79, (2)M, T ..
Lemma 1 The unitary representation g ;, of H given by (8) is irreducible.

Proof Every element in L2(T, ) can be approximated by linear combinations of
elements in the set

M1 :neZy={t— ™" :nel}.

A bounded linear operator O on L?(T, 1), which commutes with all operators of the
form MZ, n € Z, and hence with multiplication with any L°°-function, must be a
multiplication operator, i.e., OF (t) = G(t) - F(t) for some G € L°°(T, ). Indeed,
if O commutes with multiplication by H € L°°(T, u), then

OH = H -0l = HG,
say. Denote by || - ||op the operator norm, then

IHG I 2¢r, ) = IOH | 27 < IOllopll H Il 27 - ©)

which implies that G € L°°(T, ) [otherwise one would be able to find a measurable
set B with positive measure on which G is strictly larger than [|Ol|,,, and the indicator
function 15 would lead to a contradiction with (9)].

The ergodicity of u with respect to Ry implies that only constant functions in
L*(T, p) are Rg-invariant p-a.e.. Hence, if O commutes with Ty ,, as well, then we
can conclude that O is multiplication by a constant ¢ € C. By Schur’s Lemma, the
operators Tg ,,, M, € B (L3(T, w)) define an irreducible representation g, of H. O
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Suppose that 6 € T is irrational, and that ;¢ and v are two ergodic Ry-quasi-
invariant measures on T. Let 7, and 7y, be the corresponding irreducible unitary
representations constructed above.

Lemma 2 The representations my,,, and mg,, are unitarily equivalent if and only if
and v are equivalent.

Proof Assume my , and my, are unitarily equivalent. Then there exists a unitary
operator U : L*(T, u) —> L*(T, v) such that

Urg u(y) = 1g,0(y)U (10)

for every y € H.

Denote multiplication by a function H € C(T, C) by Og. The set of trigonometric
polynomials, which is spanned by {M);1 : n € Z}, is dense in C(T, C). This implies
that (10) holds for all H € C(T, C), i.e., that UOy = Oy U for any H € C(T, C).

Since U is an isometry we get that

[ 1#P 2 = 011,001, (an
— (04 U(1),04U(D), (12)
=/|H|2|U(1)|2dv, (13)

where (-, ), is the standard inner product on the Hilbert space L%(T, o). Using the
same argument for U~ ! we get, for every H € C(T, C),

/|H|212dv=/|H|2|U_1(1)|2du. (14)

Define, for every positive finite measure o on T, a linear functional
I, :C(T,C) — C by I,(H) =/Hdc7.

Since 1,(H) = ljyq)p,(H) and 1,(H) = I‘U—l(l)‘ZM(H) for all positive continuous
functions H by (11)—(14), we conclude from the Riesz representation theorem that p
and v are equivalent.

Conversely, if © and v are equivalent, then the linear operator

d
U: LA(T, ) —> L*(T, v) given by UF:,/d—“F
v

for every F € L*(T, ), is unitary and satisfies that Umy , (y) = g, (y)U for every
y € H. O
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In this way one obtains uncountably many inequivalent irreducible unitary repre-
sentation of H for a given irrational rotation number 6 € T.

In fact, every irreducible unitary representation 7 of H with 7(z) = >, 0
irrational, is unitarily equivalent to g ,, for some probability measure (1« on T which is
quasi-invariant and ergodic with respect to an irrational circle rotation. For convenience
of the reader we sketch a proof of this fact based on elementary spectral theory of
unitary operators.

Let 7 be an irreducible unitary representation of H with representation space H
such that 77 (x)7 (y) = €27 (y)7 (x). Let v € H, be a normalised cyclic vector, put
U = m(y) and denote by H,, the closure of the subspace generated by {U"v : n € Z}.
The GNS-construction tells us that a, = (U"v, v)3, , n € Z, forms a positive-definite
sequence. Due to Herglotz’ (or, more generally, Bochner’s) representation theorem
there exists a probability measure i, on 7 ~ T whose Fourier-Stieltjes transform jz,
fulfils

o (n) =/ e 2Tt gy (1) = a, foreveryn € 7.
T

One easily verifies that there exists an isometric isomorphism ¢ : H, —> L%(T, )
which intertwines the restriction U, of U to H, with the modulation operator M,, on
L*(T, u,) consisting of multiplication by 27!’ In other words, the unitary operators
U, and M, are unitarily equivalent.

Put S = 7 (x) and consider the cyclic normalised vector w = Sv of the representa-
tion . By replacing v by w in the construction above one can define the corresponding
objects Hop, Uy, tw, L2(T, i), My,.

Lemma 3 The measures |1, and iy, are equivalent.

Proof First note that U, and U,, are unitarily equivalent. From this fact and the dis-
cussion preceding the lemma one concludes that M,, and M,, are unitarily equivalent
as well, i.e., that there exists a unitary operator O : L*(T, uy) —> L*(T, uy) such
that OM,, = M,,0. By arguing as in the first part of the proof of Lemma 2 one gets
that O is a multiplication operator. Put G = Ol;2(t , ). Since O is an isometry one
gets for all 1,-measurable sets B

u,,(B):/ |13|2duv=/ G115 Pt .
T T

By repeating these arguments with v and w interchanged one concludes that w, and
Wy are equivalent. O

Lemma 4 The measure | is Rg-quasi-invariant.

Proof Note that i, (n) = (S7'U"Sv, v)3, = e 2™ [ (n) for every n € Z. As one
can easily verify, for every probability measure 1 on T, multiplying ft with a character
e 20 is the same as the Fourier-Stieltjes transform of ;o Ry. Hence, we obtain that
WUw = [y o Rg. As u, and p,, are equivalent, u, is a Rg-quasi-invariant probability
measure on T. O
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Proof (Completion of the proof of Theorem 10) The preceding discussion allows us
to define an irreducible representation m,, of H acting on L(T, Wy) which is unitarily
equivalent to w. The evaluation of 7, at y is given by M,, and T, = m,(x) acts
as composition of a translation operator by an angle 6 and multiplication by some
function D, € L°°(T, wuy). Due to the fact that T, has to be a unitary (and hence, an
isometric) operator on L3(T, Wy) the form of D, is fully determined (cf. the definition
of Ty, in (6) for a Rg-quasi-invariant measure ). Since i, is irreducible only those
multiplication operators in B (L*(T, Wy)) which act via multiplication by a constant
function ¢ € C will commute with multiples of the modified translation operator T,.
This implies the ergodicity of i, and completes the proof of the theorem. O

3.3 Wiener’s Lemma for the discrete Heisenberg group

Theorem 9 states that in order to decide on invertibility of f € 2! (H, C), one has to
check invertibility of 7 (f) for every irreducible representations 7 of H, and hence
for every mg,,, as above, where p is a probability measure on T on T which is quasi-
invariant and ergodic with respect to a circle rotation Ry.

The problem of deciding on invertibility of f € ¢! (H, C) via Theorem 9 becomes
much more straightforward if one is able to restrict oneself to unitary representations
arising from rotation invariant probability measures. This is exactly our main result.

Before formulating this result we write down the relevant representations explicitly.
Take 6 € T, and consider the corresponding rotation Ry : T — T given by (5). If 6
is irrational, the Lebesgue measure & = At on T is the unique Rg-invariant probability
measure, and the representation 7y ; on LZ(T, M) defined in (8) is irreducible. One
can modify this representation by setting, for every s, ¢ € T,

70 () = (), w0 = (). w0 =0 (15)

Then nés’[) is obviously again an irreducible unitary representation of Hon H_¢.n =
0
L2(T, »).
If 6 is rational we write it as & = p/q where p, g are integers with the properties

0 < p < g and ged(p, g) = 1 and consider the unitary representation né“) of H on
H oo = C9 given by
0

s (0 I,—
7 () = s (1 lo=1) (16)
10 0 0
0 o 0 0
(s,7) 2rit (s,1) 276
Ty (y) = e : . : : and 7, (z) = eV, ,
0 0 .. e 0
0 0 0 e2milg=1e

a7)

with s, t € T, where 1,1 is the (g — 1) x (¢ — 1) identity matrix. Every Ry-invariant
and ergodic probability measure p on T is uniformly distributed on the set {r, 1 /g +
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t,....,t +(q — 1)/q} C T for some ¢t € T; if we denote this measure by u; then
We = Weyk/q foreveryk =0,...,q — 1.

With this notation at hand we can state our main result, the proof of which will be
given in Sect. 4.

Theorem 11 An element f € €' (H, C) is invertible if and only if the linear operators

Jrés’t)(f) are invertible on the corresponding Hilbert spaces H_.n for every 0, s, t
0

eT.

The main advantage of Theorem 11 over Theorem 9 is that it is not necessary to
check invertibility of w(f) for every irreducible representation of H, but that one can
restrict oneself for this purpose to the ‘nice’ part of the dual of the non-Type I group
HL. As we shall see later, one can make a further reduction if 6 is irrational: in this case
one only has to check invertibility of g (f) = n(gl’l) (f) on L3(T, 1).

4 Wiener’s Lemma for the discrete Heisenberg group: a proof and a first
application

In this section we will present one possible proof of Wiener’s Lemma for ¢! (H, C)
and C*(H). This proof has two main ingredients, namely:

— Allan’s local principle, which reduces the problem of verifying invertibility in
¢Y(H, C) and C*(H) to the study of invertibility in rotation algebras.

— The fact that irrational rotation algebras are simple will eliminate the ‘non-Type I
problem’ for questions about invertibility in £! (H, C) and C*(H) discussed in the
previous section.

These results will be generalised in Sect. 5 to group algebras of nilpotent groups.

4.1 Local principles

Let A be a unital Banach algebra and a € A. Local principles are based on the follow-
ing idea: one checks invertibility of projections of a onto certain quotient algebras of
A in order to conclude from this information whether a is invertible or not. Therefore,
the main task is to find a sufficient family J of ideals of .4 such that one can deduce
the invertibility of a from the invertibility of the projections of @ on A/T forall I € J.

Allan’s local principle provides us with such a sufficient family of ideals in case
the centre of A is large enough. We have used Allan’s local principle already in [13]
to study invertibility in ¢! (H, C). However, in that paper we were not able to prove
Theorem 11 with this approach.

Suppose A is a unital Banach algebra with non-trivial centre

CA) :=={ceA:cb=bc forallb e A}.

The commutative Banach subalgebra C(.A) is closed and contains the identity 1 4. For
every m € Max(C(A)) (the space of maximal ideals of C(A)) we denote by J,, the
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smallest closed two-sided ideal of A which contains m and denote by @,, : a > @, (a)
the canonical projection of an element a € A to the quotient algebra .4/J,,. The
algebra 4 /J,,, furnished with the quotient norm

P (@)l := inf [la+ b4 (18)
bedy,

becomes then a unital Banach algebra.

Theorem 12 ([1] Allan’s local principle) An element a € A is invertible in A if and
only if @,,(a) is invertible in A/J,, for every m € Max(C(A)).

We would like to mention already here that in Sect. 7 Allan’s local principle will
appear a second time and will link invertibility of f € ¢!(H, C) to the invertibility of
the evaluations of Stone-von Neumann representations at f.

Let us now prove our main theorem.

4.2 Proof of Wiener’s Lemma

We apply the general observations made in the previous subsection to explore invert-
ibility in ¢! (H, C) and C*(H). Since ¢! (H, C) is inverse-closed in C*(H) we can
focus on the study of invertibility in C*(H).

Due to Allan’s local principle we have to check invertibility only in Qp
C*(H)/Jp for all 0 € T, where J9 = (z — e27%)C*(H). Indeed, C(C*(H)) =~
C(T, C), and the maximal ideals of C(T, C) are given by the sets

my :={F € C(T,C) : F(0) =0}

and J,,, = Jp.

Since Jg = (z — €27i9)C*(H) is a two-sided closed ideal we know that the quotient
Qp is a C*-algebra and hence symmetric for each 6 € T.

By Schur’s Lemma, if 7 is an irreducible unitary representation of H, then 7 (z) =
e>™ %1334, for some 6 € T. Hence, Jy is a subset of ker(r) for every irreducible
unitary representation 77 of H with 77 (z) = ¢>*?1 B(Hy)-

If 6 is rational the irreducible unitary representations of H vanishing on Jy are
given by (16)—(17) and were determined in [5]. Due to the fact that Qp is symmetric
we can apply Theorem 9 in order to study invertibility in Qg via the representations
16)-(17).

Now suppose 6 is irrational. In order to study the representation theory of the C*-
algebra Qp we have to understand the link to one of the most studied non-commutative
C*-algebras—the irrational rotation algebras.

We call a C*-algebra an irrational rotation algebra if it is generated by two unitaries
U, V which fulfil the commutation relation

UV = 2mi0vu, (19)
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for some irrational 6 € T. We already saw examples of irrational rotation algebras
above, namely, the C*-subalgebras of B(L*(T, (1)) which are generated by M, and
Tg, ., where  is a Rg-quasi-invariant and ergodic measure. The reason why we call
all C*-algebras which fulfil (19) irrational rotation algebras with parameter 6 is the
following striking result which can be found in [7, Theorem VI.1.4] (and which was
already proved in the 1960s, cf. [32] for a list of references).

Theorem 13 If6 € T is irrational, then all C*-algebras which are generated by two
unitaries U, V satisfying (19), are *-isomorphic.

We will denote the irrational rotation algebra with parameter 6 by R and will not
distinguish between the different realisations of Ry because of the universal property
described in Theorem 13. Let us further note that the proof of Theorem 13 is deduced
from the simplicity of the universal irrational rotation algebra.

The C*-algebra Qy is clearly a rotation algebra with parameter 6. The simplicity
of Ry implies that Jy is a maximal two-sided ideal of C*(H). Hence, there exists
an irreducible representation 7 of H such that ker(;r) = Jy, since every two-sided
maximal ideal is primitive (cf. [29, Theorem 4.1.9]). Moreover, all the irreducible
representations 7 vanishing on Jyp have the same kernel: otherwise we would get a
violation of the maximality of Jg. These representations are not all in the same unitary
equivalence class (as we saw in Sect. 3), which is an indication of the fact that H is
not of Type L.

Proof (Proof of Theorem 11) First of all recall that ¢! (H, C) is inverse-closed in
C*(H). By applying Allan’s local principle for C*(H) the problem of verifying invert-
ibility in £' (H, C) and C*(H) reduces to the study of invertibility in the C*-algebras
Qp,with6 € T.

The rational case is trivial and was already treated at the beginning of the discussion.

If 6 is irrational, any irreducible representation 7 of H which vanishes on Jg can
be used to check invertibility in Qp. Indeed, since for an arbitrary unital C*-algebra
A and an irreducible representation 7 of A, the C*-algebras 7 (A) and A/ ker(rr) are
isomorphic one gets

m(C*(H)) =~ C*(H)/ ker(m) = C*(H)/Jo = Qo

due to Theorem 13. In particular we may use the representations rrgl’l) asin (15). O

Remark 1 We should note here that for all realisations of the irrational rotation algebra
the spectrum of a € Ry is the same as a set. But this does not imply that an eigenvalue
(or an element of the continuous spectrum) of a in one realisation is an eigenvalue (or
an element of the continuous spectrum) of a in all the other realisations.

4.3 Finite-dimensional approximation

The following proposition follows from Theorem 11 and might be useful for checking
invertibility of f € Z[H] via numerical simulations.
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Proposition 1 Let f € Z[H]. Then a s is expansive if and only if there exists a constant
¢ > 0 such that 7w(f) is invertible and || (f)~'|| < c for every finite-dimensional
irreducible representation w of H.

For the proof of the Proposition we work with the representations ng(l’l) in (15).
For irrational 6,

(g VOH) 0 = Ht +6), (g™ OH)(0) =™ H@,  (20)

for every H € L*(T, Ar) and ¢ € T. For rational 6 of the form 6 = p/q with
(p, q) = 1 wereplace the Lebesgue measure A = At in (20) by the uniform probability
measure v, concentrated on the cyclic group {1/q,...,(q —1)/q,1} CT.

Proof One direction is obvious. For the converse, assume that oy is non-expansive,
but that there exists a constant ¢ > 0 such that 7 ( f) is invertible and || (f)~'|| < ¢
for every finite-dimensional irreducible representation v of H.

Since oy is non-expansive, there exists an irrational 6 (by our assumption) such
that the operator ngl )( f) has no bounded inverse due to Theorem 11 and its proof.
Therefore, rre )( f) is either not bounded from below or its range is not dense in the
representation space or both.

We consider first the case where 719(1’1)( f) is not bounded from below. Then
there exists, for every ¢ > 0, an element H, € L*(T, At) with |H.|» = 1 and
||719(1’1)( f)Hg|l2 < e. By approximating the H, by continuous functions we may
obviously assume that each H, is continuous.

Let g be a rational prime, and let p satisfy |0 — p/q| < 1/q. Then

1,1
/|H£|2dvq and /m; )(f)HePdv,
are Riemann approximations to the corresponding integrals with respect to A. Hence,
lim /|H8|2dvq =1 and lim /|n(§1’1)(f)Hg|2dvq <2,
q—)OO q—)OO

1.1

Furthermore, as ¢ — o0, T,

we deduce that

(f)H, converges uniformly to ngl % (f)H,. From this

1.1
llmsup/ |nl()/q)(f)Hg 2dvq <g?

This clearly violates the hypothesis that & » /’q D (f), g prime, have uniformly bounded
inverses.

Finally, assume that 7191 1)( f) has no dense image in Lz(']I“ ). In that case the
adjoint operator (719l 1)( n* = n91 1)( f*) is not 1nJectlve Furthermore, by our
assumptions, || (f*)~!|| < ¢ for every finite-dimensional irreducible representation
7 of H. The same arguments as in the first part of the proof lead to a contradiction. O

3 For an operator A acting on a Hilbert space H one has (ker AL =im A*.
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5 Invertibility in group algebras of discrete nilpotent groups

In this section we aim to find more evident conditions for invertibility in group algebras
for discrete countable nilpotent groups than the one given in Theorem 9. The main
objects of our investigations are the primitive ideal space and the class of irreducible
monomial representations of the group.

5.1 Wiener’s Lemma for nilpotent groups

Let I' be a countable discrete nilpotent group. As we have seen earlier, £! (I", C) is
inverse-closed in C*(I"). Hence we concentrate on the group C*-algebra C*(I").

In order to establish a Wiener Lemma in this more general setting we are first
going to reinterpret Wiener’s Lemma for the discrete Heisenberg group. From the
discussion in Sect. 4.2 one can easily see that the irreducible unitary representations
n(gs’t), 0,s,t € T, those representations which correspond to ergodic Ry-invariant
measures on T, generate the primitive ideal space Prim(C*(H)). Moreover, since
w(C*(H)) >~ C*(H)/ker(r) for every n € H the study of invertibility is directly
linked to invertibility of projections onto the primitive ideals. We may interpret this
as a localisation principle.

Before formulating a Wiener Lemma for an arbitrary discrete nilpotent group let
us fix some notation. Let A be a unital C*-algebra. For every two-sided closed ideal
J of A, denote by @ the canonical projection from A onto the C*-algebra A/J.

Theorem 14 (Wiener’s Lemma for nilpotent groups) If I is a discrete nilpotent
group, then a € C*(I') is invertible if and only if @1(a) is invertible for every
I € Prim(C*(I)).

This theorem links questions about invertibility in £' (I", C) and C*(I") to their rep-
resentation theory and, to be more specific, to the primitive ideal space Prim(C*(I")).
At the same time this result provides us with a sufficient family of ideals in order to
study invertibility and hence, Wiener’s Lemma for nilpotent groups describes a locali-
sation principle. We will learn in the next subsection that for discrete nilpotent groups I”
the class of irreducible representation which are induced by one-dimensional represen-
tations of subgroups of I" provide us with an effective tool to generate Prim(C*(I")).
In other words, it is a feasible task to determine the primitive ideal space Prim(C*(I")).

Theorem 14 can be generalised to all unital C*-algebras. Moreover, we provide a
sufficient condition for a family of ideals in order to check invertibility via localisations.

Suppose J is a collection of ideals of a C*-algebra A, such that

(i) every I € Jis closed and two-sided,
(ii) for any primitive ideal J € Prim(.A) there exists T € J such that I C J.

Theorem 15 Let A be a unital C*-algebra. Suppose J satisfies conditions (i) and (ii)
above. Then an element a in A is invertible if and only if for every T € J the projection
of a on A/T is invertible.

By setting J = Prim(C*(I")), Theorem 14 just becomes a particular case of The-
orem 15.
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Proof If a € Ais notinvertible, then by Theorem 9 there exists an irreducible unitary
representation 7 of A such that w(a)v = 0 for some non-zero vector v € Hy.
Moreover, for every two-sided closed ideal T C ker(r) of A the representation 7
induces a well-defined irreducible representation 1 of the C*-algebra A/1, i.e.,

1 (P1(a)) = n(a).

Hence, for every two-sided closed ideal T C ker(sr) of C*(H), the element @1 (a) is
not invertible in .4/ T, since the operator 1 (@1 (a)) has a non-trivial kernel in H,.

Let us assume now that @1 (a) is not invertible in the C*-algebra 4/T for some
T € J. Hence, there exists an irreducible representation p of A/T such that

p(@r(a))v =0

for some vector v € H,. The irreducible representation p can be extended to an
irreducible representation p of A which vanishes on I and which is given by p =
p o @1. Therefore, a is not invertible in A. O

From the proof of Theorem 15 we get the following corollary.

Corollary 1 Ifm(a) is notinvertible for an irreducible representation 7, then for every
two-sided closed ideal T C ker(w) of C*(H), the element ®1(a) is non-invertible in
A/T.

Example 1 Denote by Jg, with 0 € T, the localisation ideals of C*(H) as defined in
Sect. 4 and set
Ju:=1{Jg : 0 €T}.

Obviously, the restriction r : Prim(C*(H)) — Jg given by I +— r(I) = I N
C(C*(H)) for every primitive ideal I of C*(H), defines a surjective map. Hence,
Theorem 15 provides a proof of Allan’s local principle for C*(H). Moreover, Allan’s
local principle can be viewed as the most effective way to apply Theorem 15 in order
to check invertibility.

5.2 Monomial representations
The Heisenberg group

Denote by Ind% (0p,s) the representation of H induced from the normal subgroup

1
N = 0
0

S~ Q

b
0):a,beZ
1

and the character op ¢ which is defined by

2mif —2mis

op,s(2) =e and ops(x) =e
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For the convenience of the reader we will write down Ind% (0g,5) forevery 8,s € T
explicitly

(Ind%\/ﬂ(oﬂg,s)(.xkylzm)F) (}’l) — e27ri(m0—k(n9+s))F(n + l) (21)

forallk,l,m,n € Zand F € ¢*(Z, C).

The representations IndI,EV]I (09,5) play a special role since they can be extended to the
Stone-von Neumann representations of the real Heisenberg group Hp consisting of all
unipotent upper triangular matrices in SL(3, R). The Stone-von Neumann representa-
tions of H are obtained from Mackey’s induction procedure from the real analogue
of N, ie.,

NRr = ca,belR

oS O =
S = Q
- o S

and its characters. The Stone-von Neumann representations are defined by modulation
and translation operators on LR, C).

It is easy to see that for irrational 6 the representation n(gl’l) in (15) is unitarily
equivalent (via Fourier transformation) to the representation Ind]}\,]I (09.1). Moreover,
every irreducible finite dimensional representation of a nilpotent group I” is induced
from a one dimensional representation of a subgroup of I" (cf. [6, Lemma 1]).

Therefore, the monomial representations contain all representations involved in
validating invertibility via Theorem 11.

The natural question arises, whether one can always restrict oneself to the class
of monomial representations of I” when analysing invertibility in the corresponding
group algebras, in case I" is a countable discrete nilpotent group. We will show that
the answer is positive.

The general case

Let I" be a countable discrete nilpotent group. Define an equivalence relation on I as
follows:

m ~ my <= ker(m) = ker(m»),

where 11, mp are irreducible unitary representations of I". This equivalence relation
is the same as the notion of weak equivalence according to [10].
The next theorem was established by Howe in [17, Proposition 5].

Theorem 16 Suppose that I' is a countable discrete nilpotent group. Then every
irreducible unitary representation is weakly equivalent to an irreducible monomial
representation of I.

In other words the map from the subclass of irreducible monomial representations
to the primitive ideal space is surjective and as a conclusion the monomial represen-
tations generate the primitive ideal space. It is therefore not surprising that the class
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of irreducible monomial representations contains all the information which is neces-
sary in order to study invertibility in the group algebras. As we will show, combining
Theorem 16 with Theorem 9 leads to another Wiener Lemma:

Theorem 17 An element a € C*(I") is non-invertible if and only if there exists an
irreducible monomial representation w such that 7w(a) has no bounded inverse.

For convenience of the reader we explain the ideas once more.

Proof If a is not invertible, then there exists an irreducible unitary representation
and a non-zero vector v € Hy such that w(a)v = 0. This implies that Pye(r)(a)
is not invertible in C*(I")/ker(;r). Moreover, there exists an irreducible monomial
representation p with ker(p) = ker(;r) (cf. Theorem 16) and hence

m(CH(IM) = C*(I")/ ker () = C*(I")/ ker(p) = p(C*(I")).

Therefore, @yer(p)(a) and p(a) are not invertible.

On the other hand, if 7 (a) is not invertible for an irreducible monomial represen-
tation 77, then @Pyer(r)(a) is not invertible in the C*-algebra C*(I")/ker(;r). Hence
there exists an irreducible representation p of C*(I")/ ker () such that p(@Pyer(r)(a))
has a non-trivial kernel. Moreover, p can be extended to a representation p of C*(I")
vanishing on ker (7). Therefore, a is not invertible. O

5.3 Maximality of primitive ideals

In the previous subsection we saw that we can restrict our attention to irreducible
monomial representations for questions about invertibility. Unfortunately, this subclass
of irreducible representations might still be quite big. We will use another general result
about the structure of Prim(C*(I")) to make the analysis of invertibility in C*(I")
easier.

Theorem 18 ([31]) Let I' be a discrete nilpotent group. Then
Prim(C*(I")) = Max(C*(I)),

i.e., every primitive ideal of C*(I') is maximal.

The simplification in the study of invertibility in C*(H) was due to the simplicity
of the irrational rotation algebras Ry, which is equivalent to the maximality of the
two-sided closed ideal Jg. We should note here that Theorem 13 is usually proved by
the construction of a unique trace on Ry, which is rather complicated. Alternatively,
let & € T be irrational. Then it easily follows from Theorem 18 and the fact that
n(gs’[) is an irreducible representation (cf. Lemma 1) with ker(nés’l)) = Jp that Jg is
maximal. This is exactly the statement of Theorem 13. In the next subsection we will
see applications of Theorem 18. It turns out that this representation theoretical result
will eliminate the ‘non-Type I issues’ exactly as the simplicity of irrational rotation
algebras did for the group algebras of the discrete Heisenberg group.
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5.4 Examples

The first example shows how to establish a Wiener Lemma for H from the general
observation made in this section.

Example 2 Consider the monomial representations Il‘ldﬁjj/l(dg,s) of H as defined in
(21) for irrational 6 and arbitrary s € T. Obviously, one has for every s € T that
ker(Ind (09.4)) = Jp.

We will show that there is no bounded operator on ¢%(Z, C) which commutes
with the operators Indﬂﬁ (09.5)(x) and IndI,P\,]I (09.5)(y) except multiples of the identity
operator. Let {§; : k € Z} be the standard basis of ¢2(Z,C)and C = (Cn,k)n.kez an
operator which commutes with Ind% (09,5)(x) and Ind% (09.5)(y). From the equations

o—2is zcn’kef%i""gn =C (Ind%(oe,s)(x)&c)
nez

= Indy (09.5) (x)(C8r)

— 872m's672m'9k Z Cn,k8n

nez

and the fact that 0 is irrational we can conclude that ¢, x = O for all n, k € Z with
n # k. On the other hand, for k € Z

e kSk+1 = Indy (9p,5) () (C8)
= C (Ind} (0.0 ("))

= Ck+1,k+16k+1 -

Therefore, the only operators in the commutant of Indﬂlj,l(ag, s)(IH) are scalar multiples
of the identity, which is equivalent to the irreducibility of the representation IndH]j,1 (00.5)
by Schur’s Lemma. Hence, the kernel of the irreducible monomial representation
Ind% (09,5) is a maximal two-sided ideal (cf. Theorem 18) given by Jj.

For every irreducible representation v of H with Jg C ker(sr) one has ker() = Jp
due to the maximality of Jy which we deduce from the irreducibility of Ind]/I'V]I (00.5).

Consider § = 5 with relatively prime n, d € N. We note that analysing invertibility
in Qp reduces to the study of monomial representations as well. Set

H/Zd) = , a,ceZandbeZ/dZ}, deN,

S O =
S = Q
—_— 0 oY

and note the isomorphism Qy = C*(H /Z(d)). The nilpotent group H /Z(d) is of
Type I since H /Z(d) has normal abelian subgroups of finite index, e.g.,
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d

1 b
0 c|, a.ceZandbeZ/dZ
0 1

S = Q

Hence, all irreducible representations are monomial by Theorem 4.

A Wiener Lemma can now be deduced from Theorem 18.

Note that in the general study of invertibility in this example we have not used
Allan’s local principle or any results from Sect. 4 explicitly.

We give another example of a group where Theorem 18 simplifies the analysis.

Example 3 Let us denote by G the multiplicative group given by

1 ac f
01 b e
001 d ca,b,c,d,e, f €l
0001

One can easily verify that the centre of this group is given by

0 f
00
10 c fely =7,
01

S o o=
S O = O

and hence the corresponding central sub-algebra £!(Z) is exactly the same as it was
in the case of the discrete Heisenberg group. It is therefore not surprising that the
invertibility problem can be addressed in a similar fashion.

Let us construct monomial representations, which will be sufficient to check global
invertibility (cf. Theorem 17).

First note that G can be identified with the semi-direct product G; x G of the
normal abelian subgroup

1 0 ¢ f
L 015b e | 4
G| := 0010 s b,cie, fely =7
0001
and the abelian subgroup
I a 00
. 0100]. )
Gy = 001 d ra,dely ~7° .
0001

In such a situation the construction of induced representations becomes very easy. We
refer to [21, Section 2.4] for all the details. Now let oy, g..0,,6 ; be the one-dimensional
representation of G| given by
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Gghﬁcﬁeﬁf

S =0

0 S
1 e _ 2mifyb 2ibec 2mibee 2mify f
0 0
0 1

S o O

The inclusion map from G, to G will serve as a cross-section. The induced represen-
tation Ind(g’l (06,.6..6..6,) (is unitarily equivalent to a representation which) acts on the

Hilbert space ¢2(Z?, C) and is given by

1 0 ¢ f 1 a 00

G 01bellO100
IndGl(UQb,GL»,Ge,Gf) O O 1 0 O 0 1 d F (ka l) (22)

0001 0001

— eZni(—?[,beZJTch(cfkb)eZTriGE(e+lb)62ni6_f(f+lcfkefklb)F(k —a,l—d),

forevery a, b, c,d, e, f,k,l1 € Z and F € (2(Z?, C).
The localisation fibres are indexed by 0. It is clear that for every irrational 6y and
arbitrary 0p, 0., 0.,

ker (Ind(g] ((79,,,96,96,9,-)) =Jo, -

In the case of irrational 6 ¢, the commutant of Ind(g’l (00},00,00.05) (G)in B(£2(Z?, C))
is trivial which is equivalent to irreducibility by Schur’s Lemma. Hence, for irrational
0y the two-sided closed ideal Jg, is maximal by Theorem 18 and one has to consider
only a single representation, e.g., the one given in (22) for fixed parameters 65, 6., 6.,
to study invertibility on these fibres.

5.5 A Kkernel condition and finite-dimensional representations

The proof of Proposition 1 provides an approximation argument which allows
restricting oneself to finite-dimensional representations for the purpose of proving
invertibility. This result can be reinterpreted as a density argument. The finite-
dimensional irreducible representations of H correspond to ‘rational’ points in the
dual of H. We know that the intersection of all irreducible representations 7 with
7(z) = ¥ coincides with Jg. In the same way as one shows that no non-zero
element in C(T) (which is isomorphic to C*(Z)) vanishes at all rational points, one
can prove that

(| J0=1{0).

rational 0T

We will show that this empty-intersection condition actually implies that for checking
invertibility of @ € C*(H) it is enough to check the invertibility of the evaluations
7 (a) for all finite-dimensional irreducible representations of C*(H) provided that the
inverses w(a) " of these elements are uniformly bounded in norm.
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Let A and B;, for all ¢ € I for some index set I, be C*-algebras. Let us denote by
$ a family of *-morphisms ¢, : A —> By, t € I, which fulfils

— for all t+ € I one has J; = ker(¢;) is a two-sided closed ideal of A, hence
A; = A/J, is a C*-algebra with quotient norm || - ||;;
- mtel J, = {0}.

Furthermore, let us denote by A; the set of elements a = (a;)ie; € [[,; Ar With
llallr := sup,c; lla:ll; < oo; Ay together with the norm || - ||; forms a C*-algebra. Let
@ : A —> Aj be defined by a — (¢ (a))se;. Since

(3. = {0},

tel

one has that @ is a bijective map from A to @ (A). The C*-algebras @(A) and A;
form a Wiener pair. Hence, a € A is invertible if and only if ¢, (a) is invertible for all
t €l and|¢; (@)Y, is uniformly bounded in 7.

Example 4 We apply these ideas to C*(H) and set
Smu={re H : ra finite dimensional representation}

in order to get an algebraic interpretation of Proposition 1.

Example 5 Definitions and results that are used in this example can be found in [18]
by Howe. Consider a finitely-generated nilpotent torsion-free group I". The set of
kernels of finite-dimensional representations forms a dense subset of Prim(C*(I"))
with respect to the hull-kernel topology. Since all C*-algebras are semi-simple one
gets that for every dense subset J € Prim(C*(I")) the following holds

Na=(7= (| J=t0}.

JeJ JeJ JePrim(C*(I"))

Hence, for verifying invertibility in C*(I"), the study of the evaluations of the finite-
dimensional representations—combined with a boundedness condition—is sufficient.

Suppose that I" is also elementarily-exponentiable—Howe labels such groups to
have a well-defined ‘Lie-algebra’, say £. Then the finite dimensional representations
correspond to finite quasi-orbits of a canonical action of I” on £ and the representation
theory of I is closely related to the one of its Mal’cev completion.

A systematic treatment of group-C*-algebras C* (") whose finite-dimensional rep-
resentations separate points of C*(I") can be found in Section 4 of [4].

6 A connection to time-frequency-analysis via localisations

In this section we formulate yet another Wiener Lemma for ¢(H, C) which involves
Stone-von Neumann representations. These unitary representations of the discrete
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Heisenberg group are highly reducible and therefore, not the first choice for invertibility
investigations (cf. Theorem 9). However, by exploring a connection from localisations
of ¢! (H, C) to twisted convolution algebras we establish a link to Time-Frequency-
Analysis. In this discipline of mathematics Stone-von Neumann representations are
of great importance.

6.1 Localisations and twisted convolution algebras

In [13] we determined the explicit form of the localisation ideals J,, in order to formu-
late Allan’s local principle for the group algebra £! (H, C) of the discrete Heisenberg
group. Let us recall this result.

We write a typical element f € ¢!(H, C) in the form:

f= D faamxy'a",

(k,l,m)eZ?

with fx;m) € Cand Z(k 1m)eZ? | fk,1,m)| < 0o. We identify the centre of ¢! (H, C)

with £!(Z, C) since the centre of the group H is generated by powers of z. The maximal
ideal space Max(¢!(Z, C)) is canonically homeomorphic to 7 = T. The smallest
closed two-sided ideal in €' (H, C) containing mg € Max(¢1(Z, ©)), 0 € T, is given
by the subset Jy C ¢'(H, C) which consists of all elements f € ¢! (H, C) such that

0 . k.l 2mimé
o= >0 fuamx Y™ = 0p@ e
(k,lm)eZ?

The next definition plays an important role in the field of time-frequency-analysis.
Fix 6 € T. The twisted convolution fg on €' (Z?*, C) is defined as follows. Let f, g€
21(Z?, C), then

(foo@)mn = D fei8m—kn1e "0
kleZ
Moreover, define the involution f*;, = Tk _1e*mik9 for every f € €!(Z2, C). The

triple (¢! (Z?*,C), 1ig,* ) forms a Banach-*-algebra—the so called twisted convolution
algebra.

The Banach-algebras Qp := ¢'(H, C)/Jg and (¢! (Z?,C), tp,* ) are connected by
the *-isomorphism k : Qy —> (£1(Z?, C), g,* ) defined by

K(Py(f)) = 7.

6.2 Wiener’s Lemma for twisted convolution algebras

Principal results were obtained by Janssen [20] and Grochenig and Leinert [15]. Let
a, B be strictly positive real parameters and let & = . On the Hilbert space L2 (R, C)
define the translation operator Ty, and the modulation operator Mg as follows:
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(ToF)(t1) = F(t + @) and (MgF)(1) = ¢ P1F (1) (23)

where F € L?(R,C) and r € R. The representation 7y g of (e (Z*,C), 1p,*) on
L%(R, C) is defined as follows: for each f € ¢!(Z?, C), let

o p(f) = Z fk,sziMfg.

k,leZ

Grochenig and Leinert established the following Wiener Lemma for twisted con-
volution algebras.

Theorem 19 ([15, Lemma 3.3]) Suppose that 6 € T, af = 6 mod 1, and that
f € N (Z*,C) and 7o, p(f) is invertible on L*(R, C). Then f is invertible in
("2, C), 19,%).

The representation 7y g of (€Y (Z?,C), tp,*) induces a representation of H,
¢'(H, C) and Qg on L%(R, C) in a canonical way:

Tap(¥) =Ta, Tap(y) =Mp, and 7,p(z) =™,
The representations 7, g appear in the literature under various names: Stone-von
Neumann, Weyl-Heisenberg or Schrodinger representations.

As an immediate corollary of Theorem 19 one obtains the following Wiener Lemma
for the discrete Heisenberg group.

Theorem 20 Ler f € £'(H, C), then f is invertible if and only if To,p(f) is invertible
for each non-zero pair a, B € R.

Proof The result follows by combining Allan’s local principle with Wiener’s Lemma
for twisted convolution algebras. O

Finally, we give an alternative proof of Wiener’s Lemma for the twisted convolution
algebra which relies on the representation theory of H only. We start with the following
lemmas.

Lemma 5 The twisted convolution algebra (¢! (Zz, C), tip,* ) is symmetric.

Proof First, recall that the Banach algebras e (Z%,C), tp,*) and Qp are *-
isomorphic. For every f € ¢!(H, C) the following holds: if ®g¢(f) € Qp is not
invertible, then f is not invertible in ¢! (H, C) by Allan’s local principle. Hence,
00,(Po(f)) S opmc)(f) for every f € ¢'(H, C). In particular, for every
f e (M, ),

00, (P (f* ) S opq.cy(f* ) S 10, 00)

by the symmetry of £ (H, C). O

Lemma 6 Consider an irrational 0 € T. Then f € (Zl (Zz, ©), tg,*) is invertible if
and only if my g(f) has a bounded inverse, where af =6 mod 1.
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Proof Let 6 be irrational and suppose a € Qp =~ (¢! (Z%,C), tp,*) is not invertible.
We just have to show that the non-invertibility of the element a implies that a is not
invertible in the irrational rotation algebra R¢ and, in particular, not in its realisation
7o, g (C*(H)) with @ = 6 mod 1. Since Qp is symmetric (cf. Lemma 5), there
exists an irreducible unitary representation 7 of H such that & vanishes on Jy and
7 (Dg(a))v = 0 for some non-zero vector v € H . This implies that a is not invertible
in Ry. O

The proof of Lemma 6 basically says that for irrational 8 the Banach algebra Qp is
inverse-closed in Ryg.

We will show that Lemma 6 holds for rational ¢ as well. The representation 7y g
of H can be decomposed in the following way (cf. [2]). Let v be the Haar measure on
(0, 8], where 6 € T with & = ¢ mod 1. There exists a unitary operator

(&)
U:L*R) — [¢%(Z, C)]; dv(t)
0,0]

and a family of representations {Ind[]%I (09,5) : s € (0,0]} such that my g is unitarily
equivalent via U to the direct integral

52
/ Indy (09.,) dv (7). (24)
0,01

Since unitary equivalence of two representations implies weak equivalence one gets
that

&3]
Ker(q.5) = ker ( / Ind%(ae,,)dv(t)) = [ ker (Ind%(ag,,)) = J,
0,01

1€(0,0]
and hence that 7, g(ﬂl (H, C)) ~ ¢'(H, C)/Js = Qy. From this observation we get
the following lemma.

Lemma 7 Let ¢ € T be rational. Then a € Qg is invertible if and only if my g(a) is
invertible in B(L*(R, C)).

Proof (Proof of Theorem 19) Combine Lemmas 6 and 7. O

Remark 2 The decomposition (24) of m, g depends only on the product o = 6
mod 1 and is thus independent of the particular choice of @ and 5. Hence, in Theorems
19 and 20 one has to consider, e.g.,« = 6 and 8 = 1 only.

6.3 An application to algebraic dynamical systems

As already mentioned in the first section of this article the problem of deciding on
the invertibility in £ (H, C) has an application in algebraic dynamics. The following
result is important to check invertibility for f € Z[H] in the group algebra ¢! (H, C)
because it tells us that 7y g(f) has a trivial kernel in L*(R, C) fora, B # 0.
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Theorem 21 ([25]) Let G be a non-zero element in L*(R, C), then for every finite set
A C 72 the set {T'(;M%G . (k,I) € A} is linear independent over C.

The following result is a reformulation of Theorem 21 and gives an exact description
of the spectrum of an operator 774, g (f), fora, 8 € R ~{0} and f € C[H], where C[H]
is the ring of functions H — C with finite support.
Theorem 22 Let f € C[H] with f¢ # 0for6 = af # 0, a, B € R, then for all
¢ € o(my,p(f)) the operators my g(c — f) are injective and have dense range in
L%(R, C) but are not bounded from below.

Proof Suppose f € C[H]is such that m, g(f) # Oand ¢ € o (7q,5(f)). By Theorem
21, for every non-zero G € L%(R, C) the finite linear combination

€ —map(ING=|c— D frrmTeMze™" | G #0.
(k,lm)eZ?

This is equivalent to the injectivity of ¢ — (74, 8(f)).
Suppose that the range of ¢ — my g(f) is not dense in L*(R, C). Then

(77:0(,/3(0 - f))* = na,ﬁ((c - f)*)

is not injective (cf. the footnote on page 19) which is a contradiction to Theorem 21
because (¢ — f)* € C[H]. Hence, ¢ — 7, g(f) not being invertible on L*(R, C) is
equivalent to ¢ — 7y, g (f) not being bounded from below. O

Therefore, non-expansiveness of a s can be checked via two different approaches:

— The dual of H: there is an irreducible representation 7 of H such that O is an
eigenvalue of 7 (f).

— Stone-von Neumann representations: For all Stone-von Neumann representations
a6, 01s an eigenvalue of 7y g (f) if and only if 74 g (f) = 0; and 74, g (f) is not
invertible if and only if 7y g(f) is not bounded from below.

Remark 3 The authors are not aware whether the approach based on Theorem 9 and
the construction of the dual of H via ergodic quasi-invariant measures are well-known
results in the field of Time-Frequency Analysis. It would be interesting to investi-
gate whether this eigenvalue approach would simplify the problem of deciding on
invertibility—at least—for some examples f € ¢! (H, C)~ C[H].

7 Examples
We now demonstrate how to apply Wiener’s Lemma to obtain easily verifiable suffi-
cient conditions for non-expansivity of a principal algebraic action.

Let f € Z[H] be of the form

f=ga0.2x - g1, 2) (25)

with g1(y, 2), g0(y, 2) € Z[y, z] = Z[Z*].
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We set
Ug) ={(¢, x) eS* : g, x) =0} i=0,1.

Moreover, for a polynomial & € (C[Zd ] define the logarithmic Mahler measure
m(h) by the integral

m(h) = /d log |h(e¥ 10, ..., &*™104)| do; ... db,.
T

In [24] (cf. [13, Theorem 2.6] for a proof) the following result was established:
for linear f € Z[H] of the form (25) with U(g;) = @ for i = 0, 1, the action a is
expansive if and only if

m(go) # m(g1) .

In this section we use results on invertibility to derive criteria for non-expansiveness
of principal actions of elements f in Z[H] of the form f = g1(y, 2)x — go(y, 2) in
cases when the unitary varieties U(go) and U(g;) are not necessarily empty.

For every x € S, consider the rational function v, on S:

gO(é" X)

Vrlb)= g1&x=1 0

and consider the map ¥ : N x S — C given by

ifn=20

1/’)((”,(): H;z;(l)wx(é-xfl) ifn > 1.

7.1 Either U(gg) or U(gy) is a non-empty set
We fix the following notation. For every x € Sandi = 0, 1, put

Uy(gi) ={¢ €S : g x) =0},
and

iy =8 . x),

which we will view as a Laurent polynomial in y with complex coefficients, i.e.,
8i.x € C[Z] for every x and i = 0, 1. Note also that the set U, (g;) is infinite if and
only if g; , is the zero polynomial.

For notational convenience we put

¢y (8) =log |y (O)] and ¢y (n, &) = log|Yy(n, O)I,

forevery ¢ € Sandn > 0.

Theorem 23 Let f € Z[H] be of the form f = g1(y, 2)x — go(y, 2). Suppose there
exists an element x € S of infinite order which satisfies either of the following condi-
tions.
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(@) Uy(g0) = @, Uy (g1) # @ and [ ¢ydis <O.
(i) U, (20) # 2, Uy (1) = @ and [ $,drg > 0.

Then oy is non-expansive.

Proof We will prove only the first case, the second case can be proved similarly.
Suppose f is such that (X 7, o r) is expansive and the conditions in (i) are satisfied.
We will now show that certain consequences of expansivity of oy are inconsistent
with the conditions in (i). Hence, by arriving to a contradiction, we will prove that
under (i) & 7 i not expansive.
We know that (X 7, o r) is expansive if and only if f is invertible in ¢Y(H, C).
Hence (X, ay) is expansive if and only if there exists a w € ¢YH, C),

w= Z wk,l,mylxkzm,
k,l,m

such that

frw=w-f=lngc)-
Suppose 6 € (0, 1] is irrational and that y = ¢>"!% e S satisfies condition (i).
Consider the following representation 771 g of ¢Y(H, C) on L%(R, C), defined by

(me()F) () =T1F(t) = Ft+ 1), (m190(0)F)(t) =MgF(t) = ™ F(1),
and  (m19(2)F)(1) = " F(1).

If
f=g1(y,0)x—go(v.2) and w=f'= z Wity '™
k,l,m
then ' ' . '
nl,@(f) — gl(eZTtth’ eZﬂt@)Tl _ go(eanf)t’ 627119)
and
Tow) = D wimMET|x"
(k,1,m)eZ’
_ Z[ Z w(k’l‘m)ezmezkezmem]Tzl.
IeZ (k,m)eZ?
Set ‘ '
Pl,g(l‘) = Z w(k’l’m)eZnthkeZﬂlem ,
(k,m)eZ?

then 71 g(w) = > oy Pro()TY.
The functions P g(-) : R — C, [ € Z, are bounded and continuous. Indeed, for

any/ € Z
Po)= D weime 0 emOm

(k,m)eZ?
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is a Fourier series with absolutely convergent coefficients:
27if
Z)Z Wk lme m‘ <D wtml
keZ meZ keZ meZ
< ||u)||[1(H’(C) < 0.
For similar reasons,
S suplPo] = D[ D lwe ] (26)
A IZ km

Since w - f = L) and 710(1p o) = 1812, c)) — the identity operator

on L2(R, C), one has

Ip2m.cy = m1.o(w)mra(f)

— I:Z Pl,@(t)Tll:I . [gl (627”.0[, eZniG)Tl _ go(eZJTiet’ eZm'G)]

leZ

= I, T 81 (€T — goy (e
(> Pe@T] - [g1.,™ T (%)

€7

- Z[Plfl,e(t)gl,x(62ﬂi9(t+l_l)) - Pz,e(f)go,x(62m0(t+l))]Tll.

leZ

Set

010(t) = Pi_1,6(1)g1,, (2™ 0UH=D) — Py g () g0, (7700 HD) . (28)

Since {Q;¢(-)|! € Z} are again bounded continuous functions, one concludes that

Qop)=1 and Q;9(t) =0, forevery [ #0.

Hence, for every ¢t € R, one has

Q0.0(t) = P_10()g1,, (¥ 00DY — Py p(1)g0,, (¥ ) =1, (29)
and forevery [ > 1
01.0(1) = Pr_1.6(1)g1. (¥ 0UH=Dy P g(1)go (¥ 00Dy =0.  (30)

Since U, (g0) = @, Eq. (30) imply that

g1y (eZHiQ(H-l—l))

0. (2T10GD)

Prot) = P_1,9() -
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for every ¢, and hence for each / > 1 and every ¢ € R, one has

2mibt 2ib(+l-1)
g1.x (™) g1.x(e )
Pro@) = Poo(t)- X2m‘9(t+l) ST, 20+
80.x (e ) 80.x (e )
or 1
Pro(t) = Poo(t) ————
V-1 Gix)

where ¢, = e?719",

Then since U, (g0) = @, the logarithmic Mahler measure m(go,,) is finite, and
hence m(g1,,) > —oo. Therefore, g1, , () is not identically 0 on S!, and since 81,y 1s
a polynomial, we can conclude that U, (g1) is finite. Therefore, the set of points

Bi={ces' g™ e U, () forsomek eZ) = | JREU, (e1)
keZ

is at most countable, and hence has Lebesgue measure 0.

Both functions log |go, (-)| and log | g1, (-)| are integrable. Moreover, the irrational
rotation Ry : T — T is an ergodic transformation. By Birkhoff’s ergodic theorem
there exists a set By C S! of full Lebesgue measure such that for any ¢ € B,

1 — .
=D " log I80.4 (£ F)| > m(go.,) .
n k=1

n—1

1 4
=2 log |1, (€eP )] = migr ).
k=0

Therefore, since m(g1,,) > m(go,y), on the set of full measure Bf N B,

I
W)= ———#0 Yn>1, 31
O w7 " E b

and
Jim %, (§) = +o0. (32)

Since 6 # 0, the set of points
C={rer: e ¢ i Byl
has full measure, and for every ¢ € C, one has that the sum

D IPLaO)] = [Poa ()] + | Pog0)|¥1(e7) + -+ + [ Pog (1)W1 (e7) + - -
>0
(33)
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is finite if and only if | Py ¢ ()| = 0. Combining this fact with the uniform bound (26),
(27), we are able to conclude that

Poo(t) =0 (34)

on a set of full measure in R. The function Py g (¢) is continuous and therefore, Py g
must be the identically zero function on R.

Finally, consider the remaining Eq. (29) for Q¢ (#). Since Py () = 0, one has
that there exists a continuous bounded function P_; g such that

P_1o(t)g1, €200y = 1, (35)

for every t € R. However, since the unitary variety U, (g1) is not empty, one can find
t € R such that ‘
gl,X (627T19(l—1)) — 0’

and hence, (35) cannot be satisfied. Therefore, we arrived to a contradiction with the
earlier assumption that « s is expansive. O

The assumption that [ ¢,dAs < 0 cannot be dropped in (i) of Theorem 23 as the
following simple minded example shows.

Example 6 Suppose x is not a root of unity and U, (g1) # @. Set go(y,z2) = K,
where we pick K € N such that

L K> |gi(y, Dl qc
2. [¢ydrs > 0.

Then f = g1(y, z)x — K is invertible since

FeK (gl(y,z)x N 1) and ‘ 81(y, 2)x

K

< 1.

K ¢ (H,C)

7.2 The sets U(gg) and U(g1) are both non-empty

Let us denote by
Orby (¢) = {¢x" : n € Z)

the orbit of ¢ under the circle rotation R, : S — S with ¢ > ¢ x, forevery ¢ € S.
We consider first linear elements f = g1(y, 2)x — go(y, z) for which

1. U(go) # @ and U(g1) # &
2. and there exists an element (¢, x) € U(gg) with

{7, x) €S? : n€Orb, ()} NU(g)) # 2.

Theorem 24 If f is of the form (25) and for some m € 7

U n{Ex™ 0 €8 5 €0 e Ugo | # 2,
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then a y is non-expansive.

Although this result could be proved with the help of Stone-von Neumann represen-
tations as well, it is more suitable to use monomial representations. For the following
discussion it is convenient to work with slightly modified versions of the monomial
representations defined in (21). For every ¢, x € S let 7% be the representation of
H acting on £%(Z, C) which fulfils

@EO@FY(n) = Fn+1), @S OW)F)(n)=¢x"F(n) and  (36)
(@ EO () F)(n) = x F(n) (37)

for each F € ¢*(Z,C) and n € Z.

Proof Consider the case m > 0 first. Suppose f is invertible and hence 7 ( f) is invert-
ible for every unitary representations of H and in particular, 7 ¢-X)(f) is invertible
for every pair (¢, x) € S%. By the assumptions of the theorem there exists a pair
(&, x) € S? such that

g1€x", x) =0 and go(§, x)=0. (38)

Without loss of generality we may assume that m is the minimal power such that (38)
is satisfied, i.e., gl(éxl, x) ZOforeachl € Zwith0 <[ <m — 1.

Suppose G € ¢2(Z,C) is in the image of 7 &%) (f), then there exists an F €
0%(Z, C) such that

Gn)=giEx", x)F(n+1) —go€x", x)F(n) (39)

holds forevery n € Z. Given the choice of (&, x) [cf. (38)], one immediately concludes
that

G0) = g1, ) F(1).

If m = 0, then G(0) = 0, and we arrive to a contradiction with the assumption that
7 &0 (f) is invertible, and hence has a dense range in 02(Z, C): Indeed, for every
F € ¢*(Z, C) one has that
@ EO(fIF)0) =0

and hence, the range of 77 &%) ( f) is not dense.
If m > 0, then F must satisfy the following system of linear equations

G(0) = g1 (&, x)F(1) (40)
G =giEx , OFU+1D) —goEx', OFD), 1<l<m—1 (4
G(m) = —go(Ex™, x)F(m). (42)

We can eliminate F (1), F(2), ..., F(m) in (40)—(42) to obtain an expression for
G (m) in terms of G(0), G(1), ..., G(m — 1). Indeed, one can easily verify that, for
each0 <l <m — 1, F(I + 1) can be written as
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G() goEx". x)
F(l+1 = F()=--- 43
¢+ siExhx)  siExh 0 © (53
l oy il I—n
:z G ll) go(é);_n_,lx) (44)
= aEx 0 81X s X)
1 .
G( —i) o
_ - , 45
;gl(éxl,x)wxu 1) (45)

(we use the convention that the empty product [ ] is equal to 1). Due to our choice
of m, F(I + 1) in (43) is well-defined. Moreover, since G(m) = go(&x™, x) F(m),
one gets

G(m) = —goEx", x)F(m)
m—1

== Gm—1—iyy(i+1,6x"").

i=0

Hence, G(m) depends continuously on the values G(0), G(1),...,G(m — 1).
Again, this is a contradiction with our hypothesis that 7 &%) (f) has dense range
in €2(Z, C).

If m < 0, then we choose 7 such that

(m(x)F)(n) = F(n—1) and (w(y)F)(n) =&x "F(n)

for each F € ¢*>(Z, C) and n € Z. Exactly the same arguments as in the case m > 0
can be used to get a contradiction to the invertibility of 7 (f). O

Corollary 2 Let f be of the form (25) which satisfies the conditions of Theorem 24.
Then o go defined by f° = go(y, 2)x — g1(y, z) is non-expansive.

Proof Since
U n {Ex™ 0 €81 €0 €U} # 2.

there exists a k € Z such that
Ugo) N {&x* 0 €87+ 6.0 € UG}

is non-empty as well. Hence, Theorem 24 guarantees the non-expansiveness of « yo.
(]

Example 7 Consider

gi,2)=1-y—y'—z—z7" and go(y,2)=3—-y—y ' —z—-2z".

We will show that the dynamical systems (X7, ar) and (X o, ap0), with f =
g1(y,2)x — go(y, 2) and f© = go(y, 2)x — g1(y, z), are non-expansive.
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For this purpose we introduce, for m € Z, the ‘m-sheared version’ of go(y, z) given
by

g(()m)(% D=go(yz" ) =3—y" —y g —z -7

and note that

U N{Ex™ 0 €8 1 60 e Ugo) | # 2 = Ulen NUg™) # 2.

The Fourier transforms of g (y, z) and g(()m)(y, z) are given by the functions

(Fg1)(s,t) =1—2cos(2mws) —2cos(2nt) and
(fgé’”)) (5,1) = 3 — 2 cos(2(s + m1)) — 2 cos(27t),

respectively.
Let

K= {(s,t) eT? : (Fe)(s, 1) =0} and

K[m] = {(s,t) eT? (fg(()m)) (s, 1) =o} .
Fix m € Z. By solving the equations
_ (m) N
(Fgs.n =0 and (Fg{")('.1) =0

for s and s” we get curves s(¢) and s'(¢") corresponding to the solution sets K and
K[m]. If these curves intersect, then K and K [m] have a non-empty intersection. It is
clear that (s, ) € K if and only if (e2™%, ¢2™') € U(gy). For every m € Z the sets
K[m]and U(g(()m)) are related in the same way. The sets K and K [2] have a non-empty
intersection as Fig. 1 shows; while K N K[0] = @ and K N K[1] = @.

Since the conditions of Theorem 24 and Corollary 2 are satisfied, f and f© are not
invertible.

The next result can be easily deduced from the proof of Theorem 23.

Theorem 25 Let f € Z[H] be of the form (25). Suppose there exists an element y € S
of infinite order such that the following conditions are satisfied

Uy(g0) #9 and Uy(g1) # @, (46)

and
m(gO,X) 7é m(gl,x) .

Then oy is non-expansive.
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04

—-04F+

Fig. 1 In this figure the curves corresponding to the solution sets K (thick line) and K [2] (thin line) are
plotted

Proof Suppose (46) holds. Let us first treat the trivial cases.
If go,, (v) is the zero-element in C[Z], then for every { € S

n(é“,x)(f) — n(lyx)(gl(y, 2)x).

Fix & € U, (g1), which is a non-empty set by the assumptions of the theorem. Since
one has (n(E'X)(f)F)(O) is equal to O for every F € %(7Z, C), 0 is an element of
o (r&X)( f)) and hence f is not invertible. The same conclusions can be drawn for
the cases g1, = Ocyz; and go,y = g1,5 = Oc[z)-
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Next consider the case where g, and g1, are not the zero elements in C[Z],
which implies that m(go ,) and m(gy,,) are finite and moreover U, (go) and U, (g1)
are finite sets. Suppose that m(go,,) < m(gi,,). We follow the line of arguments in
the proof of Theorem 23. The only adaption one has to make is to take the countable
set

B = {t eR : ™™y €U, (go) for some k € Z}

into consideration, i.e., to exclude points in 5 in the Egs. (31)—(34).
The case m(go,,) > m(g1,,) can be proved analogously. O
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