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Abstract An extension of integral domains R ⊆ S is said to have the “finite length
of intermediate chains of domains” property (for short FICP) if each chain of interme-
diate rings between R and S is finite. The main purpose of this paper is to characterize
when R ⊆ S has FICP in case R∗ (the integral closure of R in S) is a finite dimen-
sional semilocal domain. This generalizes a theorem due to Gilmer, in which S is the
quotient field of R. Examples illustrating the sharpness and the limits of our results are
settled.
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1 Introduction

All rings considered below are integral, commutative with identity; and all subrings
are unital. If R is an integral domain, let q f (R) denote the quotient field of R and
R′ the integral closure of R. If R ⊆ S is a ring extension, denote by R∗ the integral
closure of R in S and by [R, S] the set of all rings T such that R ⊆ T ⊆ S.

A frequent theme in the study of intermediate rings between R and S is the finite-
ness of the length of chains of intermediate rings between R and S (cf. [1,5,6]). This
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property is labeled as (FICP): “finite length of intermediate chains of domains” prop-
erty. Our work is motivated by two papers. The first is [6] in which Jaballah studied the
finiteness of length of chains in [R, S] when (R, S) is a normal pair. Our second moti-
vation is [5], in which Gilmer both developed several techniques useful for studying
FICP in [R, q f (R)] and derived characterizations of such domains. The main result
in this paper generalizes the work of Gilmer [5] who showed, among other things, that
if R is an integral domain with quotient field K , then R ⊆ K has FICP iff R ⊆ R′
and R′ ⊆ K have FICP.

As the title of this paper suggests, our goal is to obtain a necessary and sufficient
condition for the length of chains of intermediate rings to be finite. Precisely, Theo-
rem 2.4 states that if R ⊆ S is a ring extension such that R∗ is a semilocal domain
with finite Krull dimension, then R ⊆ S has FICP iff each of the extensions R ⊆ R∗
and R∗ ⊆ S has FICP. This generalizes Gilmer’s study, in which S = q f (R).

In addition to the above notations and conventions, denote by Spec (R) (resp.,
Max(R)) the set of prime (resp., maximal) ideals of R. P ⊆ Q are two prime ideals
of R, let [P, Q] denote the set of all prime ideals Q′ of R such that P ⊆ Q′ ⊆ Q. As
usual, ⊂ denotes proper inclusion. Any unexplained terminology is standard as in [7].

2 Main results

As an initial step toward understanding what extensions R ⊆ S have FICP, we will
show that this class is closed under localization and factor domains. The simple proof
of this result is included for the sake of completeness.

Proposition 2.1 Let R ⊆ S be a ring extension. Assume that R ⊆ S has FICP, then
the following hold:

(i) For each multiplicative closed subset N of R, N−1 R ⊆ N−1S has FICP.
(ii) For each Q ∈ Spec(S), setting P = Q ∩ R then R/P ⊆ S/Q has FICP.

Proof (i) and (ii). Let N be a multiplicative subset of R. For a prime ideal Q of S with
contraction P in R , let ϕ : S → S/Q the canonical surjection. If T1 ∈ [N−1 R, N−1S]
(resp., [R/P, S/Q]), then T1∩S (resp., ϕ−1(T1)) ∈ [R, S] and a straightforward calcu-
lation shows that T1 = N−1(T1 ∩ S) (resp., T1 = ϕ−1(T1)/Q). Hence, the assignment
T1 �→ T1∩S (resp., T1 �→ ϕ−1(T1)) gives an increasing injection from [N−1 R, N−1S]
(resp., [R/P, S/Q]) to [R, S]. As the latter extension has FICP, so is the former. 	


In view of Proposition 2.1(i), it is natural to ask whether “locally FICP” implies
FICP. The following example answers the question in the negative, while giving a
positive answer if the basic ring is semilocal domain (see Proposition 2.3).

We recall that if R ⊂ S is a pair of rings and P is a prime ideal of R, then we mean
by SP the ring SN where N = R − P .

Example 2.2 Let R be a one dimensional Prüfer domain with infinitely many maximal
ideals and take S = q f (R). Notice that, for each maximal ideal M of R each chain of
rings between RM and SM has length at most 2. On the other hand, let {Mi , i ≥ 0} be
a subset of maximal ideals of R and take Ti = ∩0≤k≤i RMk . Then T0 ⊃ T1 ⊃ . . . is a
strictly descending chain of intermediate rings between R and S.
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Proposition 2.3 Let R be an integral domain such that Max(R) is finite. Then R ⊆ S
has FICP if and only if RM ⊆ SM has FICP for M ∈ Max(R).

Proof If R ⊆ S satisfies FICP, then so is RM ⊆ SM for each maximal ideal M of R
[Proposition 2.1(i)]. Conversely, suppose Max(R) = {M1, . . . , Mn} and assume that
RMi ⊆ SMi has FICP for each i . Because T = ∩1≤i≤nTMi for each T ∈ [R, S], it
follows that T = T1 ∩ . . . ∩ Tn where Ti ∈ [RMi , SMi ]. Hence [R, S] has FICP, as
was to be proved. 	


Before presenting our main result, we recall that if R ⊆ S is a ring extension then
(R, S) is said to be a residually algebraic pair if for any ring T in [R, S] and any prime
Q of T , T/Q is algebraic over R/(Q ∩ R) [2, Definitions 1.1 and 2.1]. The pair (R, S)

is said to be normal if each T ∈ [R, S] is integrally closed in S [4]. Moreover it was
shown in [2, Theorem 2.10] that (R, S) is a normal pair iff it is residually algebraic
and R is integrally closed in S.

The proof of Theorem 2.4 depends ultimately on normal pairs techniques. So it is
convenient to recall some useful facts about these pairs [2, Theorem 2.5(v), Lemma
3.1(iii) and Lemma 2.9(i)]. Let (R, S) be a normal pair. Set Max(R) = {Mi |i ∈ I },
then for each i ∈ I there exists a prime ideal Qi of R such that Qi ⊆ Mi , SMi = RQi

and RMi /QMi is a valuation domain. Moreover for each T ∈ [R, S] and for each
prime ideal Q of T , set P = Q ∩ R, then TQ = RP .

We now present the titular result which is the most important of our paper, as it
constitute our main generalization of Gilmer’s result [5, Theorem 2.3] who proved,
among other things, that if R is an integral domain with quotient field K , then R ⊆ K
has FICP (in the terminology of Gilmer, R is an FC-domain) iff R ⊆ R′ and R′ ⊆ K
have FICP.

Theorem 2.4 Let R ⊆ S be a ring extension such that R∗ is semilocal with finite
Krull dimension. Then R ⊆ S has FICP if and only if each of the extensions R ⊆ R∗
and R∗ ⊆ S has FICP.

The proof of this theorem breaks into two lemmas.

Lemma 2.5 Let (R, S) be a normal pair. Set Max(R) = {Mi |i ∈ I } and for each
i ∈ I , let Qi the prime ideal of R such that SMi = RQi . For a ring T ∈ [R, S] and a
maximal ideal Q of T , there exists i ∈ I such that Q ∩ R ∈ [Qi , Mi ].
Proof Let T ∈ [R, S] and Q ∈ Max(T ). Set P = Q ∩ R. There exists a maximal
ideal Mi of R such that P ⊆ Mi . Let Pi (resp., Qi ) be the prime ideal of R such that
TMi = RPi (resp., SMi = RQi ). Such ideals Pi and Qi exist since (R, T ) and (R, S)

are normal pairs. As QTMi ∈ Max(TMi ), then QTMi = Pi RPi . Thus P = Pi . Now
since RMi ⊆ TMi ⊆ SMi , then we obtain Pi = P ∈ [Qi , Mi ], the desired conclusion.

	

Lemma 2.6 Let R ⊆ S be a ring extension. Suppose that R∗ ⊆ S has FICP. Then:

(i) (R, S) is a residually algebraic pair.
(ii) For each T ∈ [R, S], let J = T ∩ R∗. Then (J, T ) is a normal pair.
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Proof (i) To prove that (R, S) is a residually algebraic pair, it is enough to show
that (R∗, S) is a residually algebraic pair [2, Remark 2.2]. For this end, let
T ∈ [R∗, S] and Q ∈ Spec(T ). Set P = Q ∩ R∗. Since R∗ ⊆ S has FICP then
so is R∗ ⊆ T . According to Proposition 2.1(ii) R∗/P ⊆ T/Q has also FICP.
Assume by way of contradiction that R∗/P ⊆ T/Q is not algebraic. Then
there exists an element t of T/Q transcendental over R∗/P . Hence, we obtain
(R∗/P)[t] ⊃ (R∗/P)[t2] ⊃ . . . a strictly descending chain of intermediate
rings between R∗/P and T/Q, a contradiction.

(ii) Since [J, T ] ⊆ [R, S] and (R, S) is a residually algebraic pair (by assertion
(i)), then [J, T ] inherits the “residually algebraic pair” property from [R, S].
Now our task is to show that J is integrally closed in T . Indeed, let x ∈ T such
that x is integral over J , then x is integral over R and hence x ∈ T ∩ R∗ = J .
The desired conclusion. 	


Proof of Theorem 2.4 It is clear that the stated condition is necessary. For sufficiency,
assume that R ⊆ R∗ and R∗ ⊆ S have FICP. Set Max(R∗) = {Mk, 1 ≤ k ≤ n}.
For each 1 ≤ k ≤ n there exists a prime ideal Qk of R∗ such that Qk ⊆ Mk

and SMk = R∗
Qk . Now, let T0 = R ⊆ T1 ⊆ · · · ⊆ S be a chain of intermedi-

ate rings in [R, S]. Set Max(Ti ) = {mi j , j ∈ Ii }, Ji = Ti ∩ R∗ for each i and
let pi j = mi j ∩ Ji , j ∈ Ii . By Lemma 2.6(ii), we have shown that (Ji , Ti ) is a
normal pair for each i , so that (Ti )mi j

= (Ji )pi j
and Ti = ∩ j∈Ii (Ji )pi j

. Because
R ⊆ R∗ has FICP, the considered chain has the following finite contraction, say:
J0 = R ⊆ J1 ⊆ · · · ⊆ Js = R∗. Hence, to show that R ⊆ S has FICP it suffices
to show that the set F ={pi j | j ∈ Ii , 1 ≤ i ≤ s} is finite. Denote by T ∗

i the integral
closure of Ti in S. Of course Ti ⊆ T ∗

i is an integral extension, so there exists a maximal
ideal mi j

∗ in T ∗
i lying over mi j . Set pi j

∗ = mi j
∗ ∩ R∗, notice that (R∗, S) is a normal

pair (Lemma 2.6), then by Lemma 2.5, pi j
∗ ∈ [Qk, Mk] for some 1 ≤ k ≤ n. On

the other hand, R∗
Mk

/(Qk)Mk is a valuation domain with finite Krull dimension, then
[Qk, Mk] is a totally ordered set which is finite for each 1 ≤ k ≤ n. Finally, notice
that pi j = pi j

∗ ∩ Ji . Thus, F ⊆ ∪1≤i≤s ∪1≤k≤n [Qk ∩ Ji , Mk ∩ Ji ]. Therefore, F is
finite, and this completes the proof. 	


In [5], Gilmer defined the term “FC-domain” which means an integral domain R
such that [R, q f (R)] has FICP.

As a consequence of Theorem 2.4, we recover Gilmer’s result.

Corollary 2.7 [5, Theorem 3.1] Let R be an integral domain with quotient field K .
Then R is an FC-domain if and only if each of the extensions R ⊆ R′ and R′ ⊆ K
has FICP.

In view of Theorem 2.4, one asks whether “FICP” is transitive. The next example
provides extensions of domains R ⊆ T ⊆ S such that both of R ⊆ T and T ⊆ S have
FICP, while R ⊆ S does not have PICP.

Example 2.8 Let R = Z(2), T = q f (R) = Q and S = Q(i), where i is the complex
number such that i2 = −1. The extensions R ⊆ T and T ⊆ S have FICP since R
is a valuation domain with finite spectrum and [S : T ] < +∞. On the other hand,
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suppose that R ⊆ S has FICP and consider Tk = Z(2) + 2kiZ(2) for each positive
integer k. It is clear that Tk ⊆ Tk+1 and Tk ∈ [R, S] for each k. Hence, there exist
positive integers k �= l such that Tk = Tl . In particular, there exist a, b ∈ Z(2) such
that 2ki = a + b2l i , a contradiction.

We close this section by an application of our results to a well known class of
domains, namely pullbacks. Let T be an integral domain, I an ideal of T and D a
subring of T/I . Consider the pullback construction:

R −→ D
↓ ↓
T −→ T/I

Following [3], we say that R is the domain of the (T, I, D) construction, and we
set R := (T, I, D).

Notice that there is a one-to-one correspondence between [R, T ] and [R/I, T/I ].
Then R ⊆ T has FICP iff D ⊆ T/I has FICP. Thus we have:

Corollary 2.9 Let R := (T, M, D) such that M is a maximal ideal of T and D is a
domain with quotient field K = T/M. Then the extension R ⊆ T has FICP iff D′ is
a Prüfer domain with finite spectrum and D ⊆ D′ has FICP.

Proof Follows from Corollary 2.7 and [5, Theorem 1.5]. 	

We next state a meaningful upshot of Lemma 2.6.

Corollary 2.10 Let R := (T, M, k) such that M is a maximal ideal of T and k is a
subfield of the field K = T/M. Then R ⊆ T has FICP iff [K : k] < +∞.

Proof It remains to prove that k ⊆ K has FICP iff k ⊆ K is a finite field extension.
The “only if” half is trivial. For the “if” half it follows readily from Lemma 2.6(i)
that k ⊆ K is an algebraic extension. Hence, it will suffice to show that K is a finite
k-module. By way of contradiction, we seek t1 ∈ K \k such that k[t1] �= K . Inductively
we can find (tn)n≥2 a sequence of elements of K such that tn+1 ∈ K \ k[t1, . . . , tn] for
each integer n ≥ 2. This gives rise to the following strictly ascending chain of rings
between k and K

k ⊂ k[t1] ⊂ · · · ⊂ k[t1, . . . , tn] ⊂ · · · ⊂ K ,

contradicting that k ⊆ K has FICP. 	

Despite the motivating result [5], we have seen that R ⊆ q f (R) has FICP iff R ⊆ R′

and R′ ⊆ q f (R) satisfy FICP iff R ⊆ R′ has FICP and R′ is a Prüfer domain with
finite spectrum. In what follows we provide an example of an extension R ⊆ S such
that R ⊆ S has FICP but R∗ is not a Prüfer domain. This example depends ultimately
on the pullback techniques.
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Example 2.11 Let k ⊆ K be an extension of fields such that [K : k] < +∞ and
let X , Y two indeterminates over k. Set m = (X, Y )K [X, Y ], n = (X + 1)K [X, Y ],
U = K [X, Y ]\{m ∪ n} and T = U−1 K [X, Y ]. Then T is not a Prüfer domain. More-
over, T is semi local with two maximal ideals M = U−1m and N = U−1n and dim
(T ) = 2. Now, let R = (T, M, k) and S = TM . One check easily that [T, S] = {T, S}.
Then T ⊆ S has FICP. On the other hand, since [K : k] < +∞, then by Corollary 2.10
R ⊆ T has FICP. Finally, we prove that R ⊆ S has FICP. By Theorem 2.4, it suffices
to show that R∗ = T . It is clear that R∗ ⊆ T ′ = T since T is integrally closed. Also,
we have k ⊆ K is an algebraic extension since [K : k] < +∞. An application of [3,
Lemme 2], shows that R ⊆ T is an integral extension which implies T ⊆ R∗. Thus
R∗ = T , as we wished to show.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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