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Abstract. In a recent paper, Ghenciu and Lewis studied strong Dunford-Pettis sets and made the
following two assertions:

(1) The Banach space X� contains a nonrelatively compact strong Dunford-Pettis set if and only
if ‘1,!X�.

(2) If c0 ,!Y and H is a complemented subspace of X so that H� is a strong Dunford-Pettis
space, then WðX; YÞ is not complemented in LðX;YÞ.
While the statements are correct, the proofs are flawed. The difficulty with the proofs is discussed, and a
fundamental result of Elton is used to establish a simple lemma which leads to quick proofs of both (1)
and (2).
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Each of X and Y will be a real Banach space. The continuous linear dual of
X will be denoted by X�. The space of all continuous linear transformations
(¼ operators) from X to Y will be denoted by LðX; YÞ and the space of weakly
compact operators will be denoted by WðX; YÞ. The Banach space X is said to have
the Dunford-Pettis property provided that every weakly compact operator with
domain X is completely continuous, and a bounded subset B of X is a Dunford-
Pettis subset of X if LðBÞ is relatively compact in Y whenever L : X ! Y is a
weakly compact operator. Note that every Dunford-Pettis set is weakly precom-
pact; i.e., if ðxnÞ is a sequence in the Dunford-Pettis set B, then ðxnÞ has a weak-
ly Cauchy subsequence [1], [5]. The bounded subset B of X is called a strong
Dunford-Pettis set provided that H is a Dunford-Pettis subset of ½H� whenever H is
a non-empty subset of acoðBÞ. (Note that there was a typographical error in the
definition of a strong Dunford-Pettis set in [6]; aco was omitted from the defi-
nition.) If ðxnÞ is a basic sequence in X, then the associated sequence of co-
efficient functionals (¼ a.s.c.f.) which is defined on ½ðxnÞ� will be denoted by



ðx�n Þ. Specifically, we note that ðenÞ will denote the unit vector basis in c0 and ðe�n Þ
will denote the unit vector basis in ‘1. See [4] or [7] for undefined concepts or
notation.

In Lemma 2.2 of [6], Ghenciu and Lewis showed that if ðxn; f�n Þ is a bibasic
sequence in X�X�, x�i ¼ f�i j½ðxnÞ� for all i, and ðx�n Þ � ðe�n Þ, then ðxnÞ � ðenÞ and
½ðxnÞ�� contains a complemented copy of ‘1. If ðynÞ is a seminormalized basic
sequence and a Dunford-Pettis sequence in both X and ½ðynÞ�, then the weak
precompactness of Dunford-Pettis sets and the characterization of Dunford-Pettis
sets in [3] and [1] can be combined with Rosenthal’s ‘1 theorem to show that if
ðf�n Þ is a sequence of Hahn-Banach extensions of the a.s.c.f. ðy�n Þ to all of X, then
there are subsequences ðy�niÞ and ðf�ni Þ so that ðy�niÞ � ðe�i Þ � ðf�ni Þ. Note specifically
that ðy�niÞ is defined on all of ½ðynÞ1n¼1� and not just on S :¼ the closed linear span of
the subsequence ðyniÞ. Further, if w�j ¼ y�nj jS for each j, then ðw�j Þ may fail to be
equivalent to ðe�j Þ unless the original basic sequence ðynÞ is unconditional; e.g., see
[7], Proposition 17.3 and Example 17.2. The proofs of both Theorem 2.1 and 3.3(i)
of [6] required that ðw�j Þ be equivalent to ðe�j Þ. The following lemma rectifies both
problems.

Lemma. If ðxnÞ is a seminormalized and weakly null basic sequence in X so
that fyi : i2Ng is a Dunford-Pettis subset of ½ðyiÞ� for each subsequence ðyiÞ of
ðxnÞ, then there is a subsequence ðyiÞ of ðxnÞ so that ðyiÞ � ðeiÞ.

Proof. Let zn ¼ xn=jjxnjj for each n. Suppose no subsequence of ðznÞ is equiv-
alent to ðenÞ. Apply the construction (due to J. Elton) on p. 28 of [3] to obtain
a subsequence ðwnÞ of ðznÞ so that the a.s.c.f. ðw�n Þ defined on W ¼ ½ðwnÞ� is weakly
null. Since fwn : n2Ng is a Dunford-Pettis subset of W , we obtain the contradiction
1 ¼ w�n ðwnÞ ! 0. Thus some subsequence of ðxnÞ must be equivalent to ðenÞ.

We now show that this lemma can be used to easily complete the proofs of (1)
and (2). No additional results concerning strong Dunford-Pettis sets in [6] need to
be modified.

Note first that fen : n2Ng is strong Dunford-Pettis set. In fact, the unit ball of
any Banach space which does not contain ‘1 and has the hereditary Dunford-Pettis
property is a strong Dunford-Pettis set.

Now suppose that K is a strong Dunford-Pettis subset of X� and that K is not
relatively compact. Use the precompactness of K, the non-relative compactness of
K, and the Bessaga-Pelczynski selection principle [4] to select a seminormalized
and weakly null basic sequence ðxnÞ in K � K which satisfies the hypotheses of the
lemma. Thus c0,!X�. Consequently, ‘1,!X�, and ‘1 is complemented in X. This
completes the proof of (1).

Next we suppose that c0,!Y , H is an infinite dimensional and complement-
ed subspace of X and every relatively weakly compact subset of H� is a strong
Dunford-Pettis set. Since H is a complemented in X, the assumption that WðX; YÞ
is complemented in LðX;YÞ implies that WðH; YÞ is complemented in LðH;YÞ and
showing that WðH; YÞ is not complemented in LðH;YÞ will complete the proof of
(2). The Josefson-Nissenzweig theorem produces a w�-null and normalized
sequence ðh�n Þ in H�. Clearly no subsequence of ðh�n Þ is norm Cauchy. Now
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suppose that ðu�n Þ is a weakly Cauchy subsequence of ðh�n Þ, and let ðv�n Þ ¼
ðu�n � u�nþ1Þ. Then ðv�n Þ is a seminormalized and weakly null strong Dunford-Pettis
sequence. The Bessaga-Pelczynski selection principle along with the preceding
lemma places c0- and therefore ‘1 – in H�. Thus ‘1 is complemented in H, and
Theorem 3 of [2] ensures that WðH; YÞ is not complemented in LðH;YÞ.
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