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Abstract
Shale formations are the main source of borehole stability problems during drilling operations. Suboptimal predictions of 
borehole failure may partly be caused by neglecting the anisotropic nature of shales: Conventional wellbore stability analysis 
is based on borehole stresses computed from isotropic linear elasticity (Kirsch solution) with the assumption of no induced 
pore pressure. This is very convenient for a practical implementation but does not always work for shales. Here, anisotropic 
wellbore stability analysis was performed targeting an offshore gas field to investigate in particular the impact of elastic 
anisotropy on borehole failure predictions. Stress concentration around a circular borehole in anisotropic shale was calcu-
lated by the Amadei solutions, and induced pore pressure was obtained from the Skempton parameters based on anisotropic 
poroelasticity. Borehole failure regions and modes were then predicted using the effective stresses and those are apparently 
consistent with observations. A comparison with the conventional approach suggests the importance of accounting for elastic 
anisotropy: Predicted failure regions, modes, and also the associated mud weight limits can be completely different. This 
observation may have significant implications for other fields since shale often show strong elastic anisotropy.
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List of symbols
�1,�2,�3  Roots of the sixth order poly-

nomial equation
l2, l3, l4  Characteristic equations
�ij (i, j = 1, 2, …6)  Reduced strain coefficients
sij (i, j = 1, 2, …6)  Compliance tensor com-

ponents of the anisotropic 
medium (voigt notation)

�i (i = 1, 2, 3)  Analytical functions to 
express the stress functions

�x,0, �y,0, �z,0, �yz,0, �xz,0, �xy,0  In situ stress components 
in the borehole coordinate 
system

�x, �y, �z, �yz, �xz, �xy  Normal and shear stresses 
in the borehole coordinate 
system

�x,TI, �y,TI, �z,TI  Normal stresses in the coor-
dinate system aligned with 
transverse isotropy

q  Well pressure
a  Borehole radius
�  Angular borehole position
�c  Rotation angle for transfor-

mation to the coordinate 
system used in this study

Bij (i, j = 1, 2, 3)  Components of Skempton B
BV  Vertical (normal to bedding) 

component of Skempton B
BH  Horizontal (parallel to bed-

ding) component of Skemp-
ton B

As,Bs  Commonly used Skemp-
ton parameters to express 
induced pore pressure

�b  Angle between the symme-
try axis and the maximum 
principal stress

sd
ijkl

 (i, j, k, l = 1, 2, 3)  Compliance tensor compo-
nents of the drained rock

ss
ijkl

 (i, j, k, l = 1, 2, 3)  Compliance tensor compo-
nents of the grain

cf  Fluid compressibility
Φ  Porosity
Δpf  Induced pore pressure
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Δ�ij (i, j = 1, 2, 3)  Components of total stress 
change

�
′

1
  Maximum effective principal 

stress
�

′

3
  Minimum effective principal 

stress
C0  Uniaxial compressive 

strength of intact rock
�f  Friction angle of intact rock
�w  Shear stress acting on the 

plane of weakness (bedding)
�

′

w
  Effective normal stress act-

ing on the plane of weakness 
(bedding)

Sw  Cohesion of the plane of 
weakness (bedding)

�w  Sliding friction coefficient 
of the plane of weakness 
(bedding)

�  Thomsen’s anisotropy 
parameter epsilon

�  Thomsen’s anisotropy 
parameter gamma

�  Thomsen’s anisotropy 
parameter delta

Cij (i, j = 1, 2, 3, 4, 5, 6)  Stiffness tensor components 
of the anisotropic medium 
(voigt notation)

Vp(0
◦)  P-wave velocity parallel to 

the symmetry axis
Vp(90

◦)  P-wave velocity orthogonal 
to the symmetry axis

VSH(0
◦)  SH-wave velocity parallel to 

the symmetry axis
VSH(90

◦)  SH-wave velocity orthogonal 
to the symmetry axis

1 Introduction

Borehole instability resulting in tight hole or stuck pipe 
situations is a notoriously expensive and time-consuming 
problem during drilling operations. Solutions are provided 
by properly adjusting the mud weight, the mud composi-
tion and the well design (hole inclination and azimuth) to 
avoid collapse of the formation around the borehole. Shale 
is the predominant problem formation. Dealing with shale 
instabilities requires knowledge and understanding of the 
mechanical behaviour of shales and the stress field around 
the borehole. Collapse criteria are primarily based on rock 
failure criteria for brittle materials, assuming that borehole 
stresses are given by linear elasticity theory. Traditionally, 
these considerations implicitly assume isotropic formations.

Anisotropy is however an inherent characteristic of shale: 
Its mechanical response depends on the orientation of prin-
cipal stresses with respect to the symmetry of the material 
(Fjaer et al. 2008). The origin of the anisotropy is always 
heterogeneities on a smaller scale than the volume under 
investigation, ranging from layered sequences of different 
rock types down to molecular configurations (Fjaer et al. 
2008). Shales often show strong elastic anisotropy that origi-
nates from the alignment and platy habit of its constituent 
minerals, as underpinned by existing laboratory measure-
ments (e.g. Vernik and Nur 1992; Wang 2002; Szewczyk 
et al. 2018; Lozovyi and Bauer 2019). Shale strength is also 
anisotropic, with less resistance for failure within the sym-
metry plane (“weak plane”) than in other directions (e.g. Lee 
et al. 2012). Since shale constitutes most of the overburden 
in conventional oil and gas field worldwide, it is of general 
interest to assess the impact of anisotropy on subsurface 
evaluation.

Borehole drilling induces changes in the stress distribu-
tion around the hole, with magnitudes depending on well 
trajectory, in-situ stresses, well pressure, and rock proper-
ties. The stress distribution should be correctly estimated to 
avoid suboptimal choice of well trajectory and well pressure, 
which may lead to hole instability. A standard approach in 
the oil and gas industry is to use the classical Kirsch solution 
(Kirsch 1898; Hiramatsu and Oka 1962), which assumes the 
rock to be isotropic, and to ignore the pore pressure change 
induced by the stress change. The approach is widely used 
because it is convenient for practical implementation. Elastic 
anisotropy will however influence the pattern of the stress 
change around the hole. The fundamentals of the stress 
change around the hole in anisotropic rock formations was 
established by Lekhnitskii (1963). Amadei (1983) gave 
complete formulas to calculate the stress change based on 
the work by Lekhnitskii (1963). Karpfinger et al. (2011) 
presented a rigorous validation of the Amadei solution by 
comparing with the numerical model.

For low permeability rocks such as shales, undrained 
conditions remain valid for a certain time after initial drill-
out. Induced pore pressure caused by the stress change 
around borehole should therefore be considered (note that 
the induced pore pressure is also relevant for highly per-
meable rocks, but drained conditions are rapidly reached in 
this case). This necessitates the application of anisotropic 
poroelasticity; not only the stress concentration, but also the 
induced pore pressure is affected by elastic anisotropy. For 
example, pore pressure change is only caused by the mean 
stress change for isotropic elasticity, but for anisotropic elas-
tic media shear stresses can induce volumetric strain and 
lead to pore pressure change. Cheng (1997) gave a thorough 
introduction to the anisotropic poroelasticity and showed 
that Skempton’s A and B parameters should be generalized to 
a second order tensor to describe the pore pressure change in 
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the anisotropic rock formations. Based on the formula pro-
vided by Cheng (1997), Raaen et al. (2019) showed exam-
ples in which the pore pressure change around the borehole 
is largely affected by elastic anisotropy. Holt et al. (2018a) 
investigated the applicability of the anisotropic poroelastic-
ity on shales and found that anisotropic poroelasticity theory 
gives an adequate description of the static elastic behavior 
of shale samples.

In this paper, the impact of elastic and strength anisotropy 
on the wellbore failure prediction is investigated. Shales are 
assumed to be transverse isotropic material. Stress concen-
tration around a circular borehole in anisotropic shale is cal-
culated by the Amadei solutions, and induced pore pressure 
is obtained from the anisotropic poroelasticity. A similar 
approach was adopted by Kanfar et al. (2015a), in which 
optimum mud weight estimation was performed for both 
isotropic and anisotropic rocks; induced pore pressure was 
taken into account for both cases. Here, we compare the ani-
sotropic approach (the Amadei solution + anisotropic poroe-
lasticity) with the conventional approach based on the Kirsch 
equation and the assumption of no induced pore pressure, 
and demonstrate that not only optimum mud weight but also 
failure regions and modes predicted by the approaches can 
be completely different. Realistic input parameters were used 
targeting a particular field with strike-slip stress regime. 
Anisotropic rock properties estimation was performed using 
available information and its uncertainty will be discussed. 
Our focus is hence the initial poroelastic drilling effect, 
detailed comparison with the conventional approach, and 
practical application of the method using available infor-
mation. Since shales usually contain weak planes such as 
beddings, two Mohr–Coulomb failure criteria are adopted, 
one for the intact rock and the other for the weak bedding 
plane. Predicted failures based on the anisotropic approach 
are apparently consistent with observations.

Impact of consolidation (e.g., Abousleiman and Cui 
1998), temperature (e.g., Abousleiman and Ekbote 2005; 
Gao et al. 2017a, b; Ghassemi and Diek 2002), chemical 
interaction between shale and drilling fluid (e.g., Ekbote and 
Abousleiman 2006; Ghassemi and Diek 2003) are out of the 
scope of this study because practical implementation was 
found to be difficult in the target field. Measured downhole 
annulus temperature suggests that the initial temperature 
difference between the drilled rock and the drilling fluid is 
about 10°–20°, but limited information makes it difficult to 
correctly assess the impact. For example, thermal osmosis 
effect could have significant impact on the induced pore 
pressure (Gao et al. 2017a; Ghassemi and Diek 2002), how-
ever, the thermo osmotic coefficient has not been measured 
in the field and reported values are limited (Soler 2001). 
Chemo-poromechanical properties of shales are also not 
commonly available (Ghassemi and Diek 2003). Moreover, 
those available analytical solutions for transversely isotropic 

material assume that the plane of isotropy always perpen-
dicular to the borehole axis, and numerical model is required 
to remove the assumption (Kanfar et al. 2015b, 2016, 2017).

2  Methods

2.1  Amadei Solution

For any elastostatic problem, stress, strain and displace-
ment components must satisfy the equations of equilibrium, 
equations of compatibility for strains, strain displacement 
relations, constitutive relations and the boundary condi-
tions. Stress concentration around a circular borehole in 
anisotropic medium can be derived as follows [see Amadei 
(1983) for details]:

1. Combine two conditions of compatibility for strains 
and the constitutive relations to produce two relations 
between the stress components and the potential (those 
relations are often called the Beltrami Michell equations 
of compatibility).

2. Introduce two stress functions (these reduces the number 
of unknowns) and rewrite the two relations from step 1 
as a system of two differential equations that the stress 
functions must satisfy.

3. Solve for the two stress functions according to the 
boundary conditions along the contour of the hole.

4. Derive stress from the solutions obtained in step 3 (the 
stress components can be expressed with the derivatives 
of two stress functions).

Regarding the step 3, Lekhnitskii (1963) proposed a solu-
tion of the system that satisfies the boundary conditions. To 
solve the system, the roots ( �i [i = 1, 2, 3]) of the sixth order 
polynomial equation l2l4 − l2

3
= 0 need to be derived, with l2 , 

l3 and l4 are the characteristic equations expressed as:

where �ij is the reduced strain coefficients defined as:

sij (i, j = 1, 2, …6) are the compliance tensor components 
of the anisotropic medium. The stress functions can then 
be expressed in terms of the roots and analytical functions 
( �i [i = 1, 2, 3] in below equations) which need to be solved 
with the boundary conditions. The derivatives of two stress 

(1)

l2 = �44 − 2�45� + �55�
2

l3 = −�24 +
(

�25 + �46
)

� −
(

�14 + �56
)

�2 + �15�
3

l4 = −�22 − 2�26� +
(

2�12 + �66
)

�2 − 2�16�
3 + �11�

4,

(2)�ij = sij −
si3sj3

s33
, (i, j = 1, 2,… 6),
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functions (step 4 above) result in the expressions for the 
stress components:

which should be added to the far field in situ stress compo-
nents ( �x,0, �y,0, �yz,0, �xz,0 and �xy,0 ) to obtain the total stress 
components. The analytical functions ( �i [i = 1, 2, 3]), which 
need to be solved with the boundary conditions, satisfies:

with

q is well pressure and a is borehole radius. Note that the 
complex variable zi = x + �iy = a × cos � + �i × a × sin � is 
a function of angular borehole position � . The complex vari-
ables �i (i = 1, 2, 3) are defined as:

Fang (2018) proposed a coordinate system whose y-axis 
lies in the plane of isotropy where the stiffness matrix can 
be simplified to have at most thirteen non-zero components, 
which reduces coefficients of the sixth order polynomial 
equation. The stress calculation was hence performed in the 
coordinate system in this paper (It should be noted that the 

(3)

�x = 2Re
[

�2
1
�

�

1

(

z1
)

+ �2
2
�

�

2

(

z2
)

+ �3�
2
3
�

�

3

(

z3
)]

�y = 2Re
[

�
�

1

(

z1
)

+ �
�

2

(

z2
)

+ �3�
�

3

(

z3
)]

�yz = −2Re
[

�1�
�

1

(

z1
)

+ �2�
�

2

(

z2
)

+ �
�

3

(

z3
)]

�xz = 2Re
[

�1�1�
�

1

(

z1
)

+ �2�2�
�

2

(

z2
)

+ �3�
�

3

(

z3
)]

�xy = −2Re
[

�1�
�

1

(

z1
)

+ �2�
�

2

(

z2
)

+ �3�3�
�

3

(

z3
)]

,

(4)

�
�

1

(

z1
)

=
−1

aΔ

√

(

z1

a

)2

− 1 − �2
1

{

(

�2 − �3�2�3
)

a1 +
(

�2�3 − 1
)

b1 + �3
(

�3 − �2

)

c1

}

∕�1

�
�

2

(

z2
)

=
−1

aΔ

√

(

z2

a

)2

− 1 − �2
2

{

(

�1�3�3 − �1

)
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(

1 − �1�3
)
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(

�1 − �3

)

c1

}
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�
�

3

(

z3
)

=
−1

aΔ

√

(

z3

a

)2
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3

{

(

�1�2 − �2�1
)
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(

�1 − �2
)

b1 +
(

�2 − �1

)

c1

}

∕�3,

(5)

�i =

zi

a
+

√

(

zi

a

)2

− 1 − �2
i

1 − i�i

Δ = �2 − �1 + �2�3
(

�1 − �3

)

+ �1�3
(

�3 − �2

)

a1 = −
a

2

(

�y,0 − i�xy,0
)

+
qa

2

b1 =
a

2

(

�xy,0 − i�x,0
)

+
iqa

2

c1 =
a

2

(

�yz,0 − i�xz,0
)

,

(6)�1 = −
l3
(

�1

)

l2
(

�1

) , �2 = −
l3
(

�2

)

l2
(

�2

) , �3 = −
l3
(

�3

)

l4
(

�3

) .

coordinate system is different from the traditional top-of-
hole borehole coordinate system where the x-axis points to 
the upward direction in the cross-sectional plane. The differ-
ence should be accounted for to correctly display the stress 
calculation results). For isotropy and transverse isotropy 
with the borehole along the unique axis or normal to the 
unique axis, the polynomial l3 is identical to zero. The roots 
hence have to be derived from the other polynomials, two 
from l4 and one from l2 . As suggested by Raaen et al. (2019), 
�1 and �2 were defined as the solution of l4 = 0 , while �3 was 
defined as the solution of l2 = 0.

�z can be obtained based on the plane strain assumption:

which should be added to the far field in situ stress compo-
nent ( �z,0 ) to obtain the total stress.

As mentioned above, the stress calculation was per-
formed in the coordinate system proposed by Fang (2018). 
In-situ stresses and the material stiffness matrix were 
therefore transformed to the coordinate system by conduct-
ing three rotations: first to the global coordinate system; 
second to the traditional top-of-hole borehole coordinate 
system according to the well azimuth and inclination; third 
to the coordinate system proposed by Fang (2018). The 
third transformation is a rotation about the z-axis by an 
angle �c , which is determined from the stiffness matrix. 
See Fang (2018) for the derivation of �c . Verification of 
the stress calculation was performed by reproducing the 
results of Karpfinger et al. (2011).

2.2  Anisotropic Poroelasticity

Induced pore pressure around a circular borehole in aniso-
tropic shale was calculated using anisotropic Skempton B 
parameters. The stress concentration based on the Amadei 

(7)�z = −
1

s33

(

s31�x + s32�y + s34�yz + s35�xz + s36�xy
)

,
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solution was used as an input stress for the calculation. 
Cheng (1997) gave the following formula for Skempton B 
in an anisotropic porous medium:

with

If we assume that the skeleton of the porous material is 
homogeneous at the pore (microscopic) scale, as

ii
= ss

iikk
 . 

Skempton parameters are therefore defined by the compliance 
of the drained skeleton sd

ijkl
 , and that of the grain ss

ijkl
 , the fluid 

compressibility cf , and porosity Φ.
For transverse isotropy aligned with the coordinate system, 

Bij will be diagonal (Raaen et al. 2019), which simplifies the 
induced pore pressure calculations as follows:

where �x,TI , �y,TI , and �z,TI are normal stresses in the coordi-
nate system aligned with transverse isotropy. The induced pore 
pressure calculation was therefore conducted in the coordinate 
system aligned with transverse isotropy; In-situ stresses and 
stresses calculated using the Amadei solutions were trans-
formed to the coordinate system by performing three rotations: 
first to the traditional top-of-hole borehole coordinate system; 
second to the global coordinate system; third to the coordinate 
system aligned with transverse isotropy.

Note that the commonly used Skempton parameters As and 
Bs relate to BV and BH as (e.g. Holt et al. 2018b):

where �b is the angle between the symmetry axis and the 
maximum principal stress. Verification of the induced pore 
pressure calculation was performed by reproducing the results 
of Raaen et al. (2019).

2.3  Failure Criteria

Since shales usually contain weak planes such as beddings, 
two Mohr–Coulomb failure criteria are adopted; shear fail-
ure across the intact rock and the slippage along the weak 
bedding planes. Lee et al. (2012) used the similar approach. 
The Mohr–Coulomb failure criterion for the intact rock is 
expressed as (Fjaer et al. 2008):

(8)Bij =
3
(

sd
ijkk

− ss
ijkk

)

A
,

(9)A =
(

sd
iijj

− ss
iijj

)

+ Φ
(

cf − as
ii

)

.

(10)

Δpf =
1

3
BijΔ�ij =

1

3

{

BVΔ�z,TI + BH

(

Δ�x,TI + Δ�y,TI
)}

,

(11)
Bs =

BV + 2BH

3

As

(

�b
)

=
BV cos2 �b + BH sin2 �b

3Bs

,

where �′

1
 and �′

3
 are the maximum and minimum effective 

principal stresses, respectively. C0 is the uniaxial compres-
sive strength and � = �∕4 + �f∕2 ( �f is the friction angle). 
Jaeger and Cook (1979) gave the following formula for 
the Mohr–Coulomb failure criterion for the weak bedding 
planes:

where �w and �′

w
 are the shear and effective normal 

stresses acting on the plane of weakness (bedding), respec-
tively. Sw and �w are the cohesion and the sliding friction 
coefficient of the plane of weakness, respectively. Stresses 
have to be projected onto the surface of bedding plane by 
stress transformation to obtain the shear and effective normal 
stresses.

Tensile failure was also considered, which takes place 
when the effective tensile stress at the borehole wall is equal 
to the tensile strength T of the rock. Note that the Terzaghi 
effective stress was used for failure predictions since it is 
generally accepted that compressive failure, as well as ten-
sile failure, is controlled by the Terzaghi effective stress 
(Cornet and Fairhurst 1974; Fjaer et al. 2008; Bouteca and 
Gueguen 1999).

3  Wellbore Stability Analysis

The wellbore failure prediction was conducted targeting a 
particular field. The field is located within the Browse Basin 
on the North West Shelf of Australia, which is considered 
to be one of the most prolific areas in terms of hydrocarbon 
accumulation in Australia. The input parameters are listed in 
Table 1. As shown in the table, in situ stress state is a strike-
slip regime with significant stress anisotropy (note that the 
maximum and minimum horizontal stresses correspond to 
approximately 73 and 54 MPa, respectively) (Asaka et al. 
2016). The target interval is a thick shale interval with strong 
elastic anisotropy. Here, Thomsen’s anisotropy parameters 
(Thomsen 1986) were used to describe the elastic anisot-
ropy of shale since it is useful for conveniently character-
izing the elastic constants of a transversely isotropic elastic 
medium. For weak anisotropy, anisotropy parameter epsilon 
can be seen to describe the fractional difference between the 
P-wave velocities parallel and orthogonal to the symmetry 
axis (Mavko et al. 2009):

(12)�
�

1
= C0 + �

�

3
tan2 �,

(13)�w = Sw + �w�
�

w
,

(14)� =
C11 − C33

2C33

≈
Vp(90

◦) − Vp(0
◦)

Vp(0
◦)

.
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Epsilon therefore describes what is usually called the 
“P-wave anisotropy”. Similarly, for weak anisotropy, gamma 
can be seen to describe the fractional difference between the 
SH-wave velocities parallel and orthogonal to the symmetry 
axis, which is equivalent to the difference between velocities 
of S-waves polarized parallel and normal to the symmetry 
axis, both propagating normal to the symmetry axis (Mavko 
et al. 2009):

The physical meaning of delta is not as clear as epsilon 
and gamma, but it is an important parameter affecting the 
small-offset normal moveout velocity and offset-dependent 
reflection amplitudes:

For example, the normal moveout velocity can be 
expressed as Vp(0

◦)
√

1 + 2� (Thomsen 1986). Elastic prop-
erties of undrained shale are based on log data except for 

(15)� =
C66 − C44

2C44

≈
VSH(90

◦) − VSH(0
◦)

VSH(0
◦)

.

(16)� =

(

C13 + C44

)2
−
(

C33 − C44

)2

2C33

(

C33 − C44

) .

anisotropy parameters delta and epsilon; those are estimated 
mainly from seismic pre-stack depth migration velocity. 
Anisotropy parameter gamma was estimated from the Stone-
ley wave velocity measured by sonic tools. Stoneley wave 
gives C66 because its low-frequency asymptote coincides 
with the tube wave speed, which is a function of C66 (Norris 
and Sinha 1993).

Fluid bulk modulus was estimated using Batzle and Wang 
equations (Batzle and Wang 1992). Skempton’s parameters 
have not been measured in this field, and they therefore need 
to be estimated. Grain bulk modulus is necessary for the 
estimation and is assumed to be isotropic with a value of 
25 GPa. This value is based on clay velocity interpreted by 
extrapolating empirical relations (Castagna et al. 1993) and 
similar to the estimated value based on anisotropic poroe-
lasticity by Holt et al. (2018a). With the fluid bulk modulus, 
grain bulk modulus, undrained rock properties, and poros-
ity, Skempton’s parameters can be calculated using the 
inverse anisotropic Gassmann equation (Mavko et al. 2009) 
and Eqs. (8) and (9). The applicability of this procedure 
might be challenged, however, Holt et al. (2018a) found 
that anisotropic poroelasticity theory based on Gassmann’s 
equations adequately describe static behavior of shale in 

Table 1  Input parameters for 
the wellbore stability analysis Well depth (m) 3100

Overburden stress (g/cm3) 2.0
Maximum horizontal stress (g/cm3) 2.39
Minimum horizontal stress (g/cm3) 1.77
Maximum horizontal direction N90° E
Pore pressure (g/cm3) 1.5
Mud weight (g/cm3) 1.63
UCS of rock matrix (MPa) 55
Coefficient of internal friction of rock matrix 0.6
Tensile strength of rock matrix (MPa) 0
Porosity 0.2
Density (g/cm3) 2.42
Vertical P-wave velocity of undrained rock (km/s) 2.41
Vertical S-wave velocity of undrained rock (km/s) 1.1
Anisotropy parameter delta of undrained rock 0.12
Anisotropy parameter epsilon of undrained rock 0.21
Anisotropy parameter gamma of undrained rock 0.6
Undrained rock Young’s modulus for loading normal to bedding (GPa) 6.99
Undrained rock Young’s modulus for loading parallel to bedding (GPa) 13.16
Out-of-plane rock shear modulus (GPa) 2.93
Undrained rock Poisson’s ratio for loading normal to bedding 0.36
Undrained rock Poisson’s ratio for loading parallel to bedding 0.02
Grain bulk modulus (GPa) 25
Fluid bulk modulus (GPa) 2.6
Cohesion of weak plane 2
Sliding friction coefficient of weak plane 0.5
Dip angle of weak plane (°) 0
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terms of undrained vs drained moduli, Skempton’s param-
eters and Biot coefficients. The calculated parameters are 
listed in Table 2. Skempton’s parameters show significant 

anisotropy in which the value in the direction perpendicular 
to bedding is much larger than that in the direction parallel 
to bedding. This means that stress change in the direction 
perpendicular to bedding has much larger impact on the 
induced pore pressure than that in the direction parallel to 
bedding. The induced pore pressure in anisotropic elastic 
rock is therefore different from the isotropic elastic rock in 
which the pore pressure change is zero under constant mean 
stress conditions. Actual input mud weight is used in the 
existing inclined well, which was drilled in the maximum 
horizontal stress direction.

Table 2  Calculated Skempton’s 
parameters and Biot coefficients BH 0.41

BV 1.14
As (0) 0.58
Bs 0.65
αH 0.73
αV 0.79

Fig. 1  A comparison of stress concentration at a circular borehole wall based on the anisotropic approach (the Amadei solution) with that based 
on the isotropic approach (the Kirsch solution) for seven different wellbore orientations (view: looking down the borehole)



590 M. Asaka, R. M. Holt 

1 3

First, results of wellbore stability analysis using the 
parameters listed in Table 1 will be shown in this section. 
Then, uncertainty related to Skempton’s parameters will be 
discussed in the next section, where different undrained rock 
anisotropy parameters and grain properties are tested.

Figure 1 shows a comparison between the total stress at 
the borehole wall based on the Amadei solution and that 
based on the Kirsch solution for seven different wellbore 
orientations. Note that undrained elastic properties were 
used for all total stress calculations in this paper since our 
focus is the initial poroelastic drilling effect. As shown in 

the figure, the axial stress is different especially for the ori-
entation c, in which a horizontal well is drilled towards 
the minimum horizontal stress direction. The axial stress 
becomes the minimum stress among the three stresses 
shown here at top and bottom of the borehole while it 
becomes higher than the radial stress at sides of the bore-
hole for the anisotropic case. The impact of anisotropy on 
the hoop stress is not significant in all orientations consid-
ered here.

Figure 2 shows the induced pore pressure based on the 
stress calculated from the Amadei solution and anisotropic 

Fig. 2  Induced pore pressure at a circular borehole wall based on the anisotropic approach (the Amadei solution + anisotropic poroelasticity) for 
seven different wellbore orientations
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poroelasticity for the 7 wellbore orientations. As shown in 
the figure, the position and the magnitude of the induced 
pore pressure strongly depend on the wellbore orientation. 
Wellbore orientation c shows small induced pore pressure. 
This is because of the aforementioned anisotropy in Skemp-
ton’s parameters; induced pore pressure is less sensitive to 
changes in stress parallel to bedding.

Figure 3 shows a comparison of the minimum and maxi-
mum principal effective stresses based on the anisotropic 
approach (the Amadei solution + anisotropic poroelasticity) 
and that based on the conventional approach (the Kirsch 
solution + no induced pore pressure assumption). The posi-
tion of the negative principal effective stress is completely 
different. For example, the conventional approach shows 

large negative values at sides of borehole for the orientation 
a, but the minimum principal effective stress given by the 
anisotropic approach is not negative at the location; instead, 
it is negative at top and bottom of borehole (note that, for 
the orientation a, the top and the bottom correspond to North 
and South, respectively). This is because of pore pressure 
reduction at sides and pore pressure increase at top and bot-
tom of borehole as shown in Fig. 2. Similarly, the anisotropic 
approach gives negative principal effective stress at sides 
of borehole for wellbore orientations f and g. The negative 
principal effective stress is caused by the negative radial 
effective stress, which may trigger the radial tensile fail-
ure (tensile failures throughout the wellbore circumference) 
(Fjaer et al. 2008; Skea et al. 2018).

Fig. 3  A comparison of the minimum and maximum effective stresses at a circular borehole wall based on the anisotropic approach (the Amadei 
solution + anisotropic poroelasticity) with that based on the conventional approach (the Kirsch solution + no induced pore pressure assumption) 
for seven different wellbore orientations
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Figures 4, 5 and 6 show a comparison of the predicted 
failure regions based on the anisotropic approach with that 
based on the conventional approach. Three different failure 
regions were predicted; (1) shear failure across the intact 
rock (Fig. 4), (2) slippage along the weak bedding planes 
(Fig. 5), and (3) tensile failure (tensile fracture + radial ten-
sile failure, Fig. 6; radial tensile failures were identified when 
the angle between the minimum principal stress and radial 
directions is less than 10°). As shown in the figure, mod-
elled failure regions are different, which is mainly caused 
by the induced pore pressure. The difference in the tensile 
failure regions are noticeable. For example, the conventional 
approach predicts tensile fracture at sides of borehole while 

the anisotropic approach predicts radial tensile failure at top 
and bottom of borehole for wellbore orientations a and b. For 
a well drilled in the maximum horizontal stress direction 
(orientation g), the conventional approach predicts no failure 
but the anisotropic approach shows noticeable radial tensile 
failure at sides of borehole. The observations demonstrate 
that an unexpected wellbore failure may happen without 
consideration of elastic anisotropy.

Bedding plane failure regions strongly depend on well-
bore orientation. For example, a horizontal well drilled 
in the maximum horizontal stress direction (orientation 
g) does not show bedding plane failures, while other two 
horizontal wells (orientations c and e) show noticeable 

Fig. 4  A comparison of the predicted intact rock shear failure region based on the anisotropic approach (the Amadei solution + anisotropic 
poroelasticity) with that based on the conventional approach (the Kirsch solution + no induced pore pressure assumption)
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failures. Inclination of the bedding planes also affects the 
failure region (e.g., Deangeli and Omwanghe 2018). In-
situ stress and bedding plane orientations should therefore 
be correctly accounted for to assess the wellbore stability. 
Note that wellbore orientation c is similar to one of cases 
considered in Deangeli and Omwanghe (2018). Although 
the elastic anisotropy and initial undrained pore pressure 
response are not considered by them, the failure regions 
predicted for the wellbore orientation are consistent with 
their results. Similarly, Fig. 5 indicates that the impact of 
elastic anisotropy on the bedding plane failure prediction 
is small, however, it actually depends on the wellbore 
orientation. For example, Fig. 7 shows a comparison of 

failure region for the wellbore orientation with inclina-
tion of 70° and azimuth of 70°. The anisotropic approach 
shows smaller region of bedding plane failure mainly 
because of larger effective normal stress acting on the 
bedding plane at top and bottom of borehole than that 
based on the conventional approach. The larger effective 
normal stress is caused by pore pressure reduction at top 
and bottom of borehole (see the induced pore pressure in 
the figure). On the other hand, the anisotropic approach 
shows noticeable radial tensile failure at sides of bore-
hole which is not predicted by the conventional approach. 
Predicted failure region is hence completely different in 
this case.

Fig. 5  A comparison of the predicted bedding plane failure region based on the anisotropic approach (the Amadei solution + anisotropic poroe-
lasticity) with that based on the conventional approach (the Kirsch solution + no induced pore pressure assumption)
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4  Uncertainty of Input Parameters

Several of the input parameters in wellbore stability analysis 
are uncertain. In general, subsurface stress measurements 
and pore pressure estimates in overburden formations are 
often absent and may have to be guessed based on regional 
experience. Core data on shale exist, but tests are time con-
suming, challenging and non-standard for most laboratories. 
In the present case, log data were available from the overbur-
den. Sonic log data provide dynamic elastic moduli, which 
are known to be different from their static counterparts due 
to dispersion and strain dependence (Fjaer 2019). These 

moduli represent upper limits to undrained static stiffnesses 
and may provide information about shale strength through 
empirical correlations (Horsrud 2001).

Since this paper is focused on anisotropy, our discus-
sion of uncertainty is related mainly to undrained rock 
anisotropy parameters and grain properties, which affect 
anisotropic Skempton’s parameters estimation. The best 
way to minimize the uncertainty is obviously to measure 
the static elastic anisotropy parameters and Skempton’s 
parameters [e.g. Holt et al. (2018a, b)]. If the measured 
Skempton’s parameters were available from core studies, 
the estimation performed here would not be necessary.

Fig. 6  A comparison of the predicted tensile failure region based on the anisotropic approach (the Amadei solution + anisotropic poroelasticity) 
with that based on the conventional approach (the Kirsch solution + no induced pore pressure assumption)
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4.1  Undrained Rock Anisotropy Parameters

As mentioned earlier, the undrained rock anisotropy param-
eters are estimated mainly from the seismic pre-stack depth 
migration velocity, which may contain error associated 
with imperfect data processing. Moreover, static elastic 
anisotropy could be different from the dynamic anisotropy. 
Larger anisotropy parameters (a delta of 0.2 and an epsilon 
of 0.3) were therefore tested. The same grain bulk modu-
lus (25 GPa) was used. Resultant Skempton’s parameters 
have larger anisotropy (larger BV and smaller BH) than the 
aforementioned case as shown Table 3, as expected. Stress 
concentration for the larger undrained rock anisotropy case 
is shown in Fig. 8, indicating that the change in anisotropy 
parameters has only small impact. On the other hand, due 

to changes in Skempton’s parameters, induced pore pres-
sure shows noticeable changes (Fig. 9), especially for wells 
drilled in the minimum horizontal stress direction (orienta-
tions b and c). This is mainly because of smaller Skempton’s 
parameter BH; changes in stress parallel to bedding have only 
minor impact on the induced pore pressure. For example, 
large hoop stress at top and bottom of borehole for the ori-
entation c gives only minor impact in this case. The change 
results in no intact rock shear failure for these orientations 
(Fig. 10). Moreover, smaller pore pressure decrease at top 
and bottom of borehole for the orientation d and larger pore 
pressure increase at sides of borehole for the orientation e 
result in tensile fracture and radial tensile failure for these 
locations, respectively (Fig. 10). These failures are not pre-
dicted by the aforementioned case.

4.2  Grain Modulus

As mentioned earlier, the Skempton’s parameters were esti-
mated through the inverse anisotropic Gassmann’s equation 
and anisotropic poroelasticity assuming elastically isotropic 
grains with a bulk modulus of 25 GPa. To see the impact 
of this assumption, two different scenarios were tested; (1) 
stiffer isotropic grain case and (2) anisotropic grain case. 

Fig. 7  Induced pore pressure based on the anisotropic approach (lower left) and a comparison of failure region based on the anisotropic approach 
with that based on the conventional approach (right) for the wellbore orientation with inclination of 70° and azimuth of 70°

Table 3  Calculated Skempton’s 
parameters and Biot coefficients 
with grain bulk modulus of 25 
GPa and undrained anisotropy 
parameters delta of 0.2 and 
epsilon of 0.3

BH 0.07
BV 1.52
As (0) 0.91
Bs 0.56
αH 0.58
αV 0.72
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A bulk modulus of 50 GPa was used for the stiffer case 
while the best fitting TI approximations of first-principal 
calculations by Militzer et al. (2011) for dry muscovite 
(Sayers and den Boer 2016; C11 = C22 = 181.3, C13 = 24.8, 
C33 = 60.1, C44 = C55 = 20.3, C66 = 66.3, all in units of GPa) 
were used for the anisotropic grain case. The same und-
rained rock anisotropy parameters were used (a delta of 0.12 
and an epsilon of 0.21). Table 4 shows the corresponding 
Skempton’s parameters and Biot’s coefficients. The stiffer 
grain case shows larger Skempton’s parameters while the 
anisotropic grain case shows less anisotropy (BH is larger 
but BV is slightly smaller) in comparison with the result 
shown in Table 2. Figures 11 and 12 show the induced 

pore pressure for the stiffer and the anisotropic grain case, 
respectively. Both cases give larger pore pressure change 
for most of borehole orientations than the aforementioned 
cases. This is because of larger Skempton’s parameters. The 
larger pore pressure change results in larger radial tensile 
failures (Fig. 13).

4.3  Comparison with Existing Measurements

Estimated Skempton’s parameters are compared with exist-
ing measurement results. Holt et al. (2018b) provided meas-
ured values for three shales, while Lozovyi and Bauer (2019) 
gave results for a shaly facies of Opalinus Clay. Skempton’s 

Fig. 8  A comparison of stress concentration at a circular borehole wall between the Amadei and Kirsch solutions for seven different wellbore 
orientations (larger undrained rock anisotropy was used for the Amadei solution)
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parameters of the stiffer grain case are consistent with shale 
“B” and “M” of Holt et al. (2018b) and the shaly facies of 
Lozovyi and Bauer (2019), while the anisotropic grain case 
is consistent with shale “D” of Holt et al. (2018b). Those 
tested parameters are therefore realistic values. Skempton’s 
parameters for other cases (those listed in Table 2 and 3) 
are different from these measurement results, however, 
experimental results are limited and those cases are based on 
realistic grain bulk modulus and undrained rock anisotropy 

parameters; those cases are therefore considered as possible 
cases here. It should be noted that Skempton parameters 
based on elasticity is not valid close to failure since it is 
affected by the transition from elastic to plastic deformation. 
This is a topic for further investigation. The current analysis 
is however expected to be applicable to initial state.

Fig. 9  Induced pore pressure at a circular borehole wall based on the anisotropic approach (the Amadei solution + anisotropic poroelasticity) for 
the larger undrained rock anisotropy case
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5  Discussion

It was demonstrated that the anisotropic approach gives 
considerably different failure regions and modes in com-
parison with the conventional approach. For example, 
vertical wells and horizontal wells in the maximum hori-
zontal stress direction show noticeable radial tensile fail-
ures which are not predicted by the conventional approach 
as shown in Fig. 6. The predictions by the anisotropic 
approach are apparently consistent with observations in 

Fig. 10  Predicted intact rock shear failure and tensile failure regions for the larger undrained rock anisotropy cases

Table 4  Calculated Skempton’s 
parameters and Biot coefficients 
for the stiffer and anisotropic 
grain cases

Stiffer 
grain 
case

Anisotropic 
grain case

BH 0.66 0.82
BV 1.36 1.04
As (0) 0.51 0.39
Bs 0.89 0.89
αH 0.95 0.99
αV 0.98 0.94
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the field: (1) highly inclined wells drilled in a direction 
of the maximum horizontal stress tend to show wellbore 
failures at sides of borehole in shale sections. Example 
of computed radius data based on Stabilized Azimuthal 
Density Neutron image data (SADN™) collected in one 

of highly inclined wells in the maximum horizontal stress 
direction is shown in Fig. 14. (2) Splintery cavings were 
observed from breakouts in shale section in the existing 
vertical well (Fig. 15); such splintery cavings are produced 

Fig. 11  Induced pore pressure at a circular borehole wall based on the anisotropic approach (the Amadei solution + anisotropic poroelasticity) for 
the stiffer grain case
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in zones where tensile failures occur throughout the well-
bore circumference (Skea et al. 2018).

The difference between the two approaches is largely due 
to the induced pore pressure, which is associated with ani-
sotropy in Skempton’s parameters and in-situ stress state. 
Induced pore pressure is less sensitive to changes in stress 
parallel to bedding for transverse isotropic rocks such as 
shales. If in situ stress state is a strike-slip regime with sig-
nificant stress anisotropy, as shown here, horizontal wells 
drilled in the maximum horizontal stress direction will show 
completely different induced pore pressure compared with 

horizontal wells drilled in the minimum horizontal stress 
direction as shown in Fig. 2. Horizontal wells in the maxi-
mum horizontal stress direction, which is a preferable drill-
ing direction in a strike-slip regime as opposed to normal 
fault stress states, will show large pore pressure increase at 
sides of borehole, which may trigger radial tensile failure. 
If in situ stress state is a normal faulting regime, horizontal 
wells in shale are expected to have increased pore pressure at 
sides of borehole regardless of direction. For a reverse fault-
ing regime, on the other hand, smaller induced pore pressure 
is expected for horizontal wells in shale.

Fig. 12  Induced pore pressure at a circular borehole wall based on the anisotropic approach (the Amadei solution + anisotropic poroelasticity) for 
the anisotropic grain case
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To see the influence of anisotropy on induced pore pres-
sure, induced pore pressure was calculated by setting ani-
sotropy parameters zero for both stress and Skempton’s 
parameters calculation (hence equivalent to use Kirsch solu-
tion and isotropic elasticity) and compared with that based 
on the anisotropic approach shown in Fig. 2. The isotropic 
assumption gives Skempton’s B parameter of 0.85 in this 
case (Skempton’s As parameters is 1/3 for isotropic elastic-
ity). The results are shown in Fig. 16. The anisotropic case 
shows smaller pore pressure change than the isotropic case 
for wellbore orientations b and c, because of anisotropy in 
Skempton’s parameters; induced pore pressure is less sensi-
tive to changes in stress parallel to bedding. Neglecting the 

influence of anisotropy can therefore lead to incorrect failure 
predictions.

The impact on mud weights should be mentioned. Fig-
ure 17 shows a comparison of estimated maximum and 
minimum mud weights for wells drilled in the maximum 
horizontal stress direction based on the anisotropic approach 
with that based on the conventional approach. The same 
input parameters are used (Table 1). To show a practical 
mud weight window, minimum mud weights related to intact 
rock shear failure and radial tensile failure are calculated to 
prevent specified failure width (90° wide for vertical wells 
and 30° wide for horizontal wells; those values were linearly 
interpolated for other inclinations), and plotted in the lower 

Fig. 13  Predicted tensile failure regions for the stiffer and the anisotropic grain cases
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figure. As shown in the figure, the predicted mud weights are 
completely different. Key findings are as follows:

• The anisotropic approach does not predict shear fail-
ures across the intact rock at borehole wall in this 
case. Instead, radial tensile failures are predicted. This 
is because induced pore pressure makes the effective 
radial stress smaller than the tensile strength at angular 
borehole positions with high hoop stress when low mud 
weight is used. Tensile strength needs to be higher to 
have intact rock shear failures. Moreover, the minimum 
mud weight required to prevent the radial tensile failure 

is larger than that to prevent the intact shear rock failures 
predicted by the conventional approach.

• The anisotropic approach gives significantly larger maxi-
mum mud weight to prevent tensile fracture for low incli-
nations because of reduction in pore pressure at wellbore 
positions with small hoop stress (see Figs. 1 and 2).

This results in wider mud weight window for low inclina-
tions if we accept some radial tensile failures (the conven-
tional approach appears to give no mud weight window for 
low inclinations. However, drilling would be possible with 
mud weight lower than the minimum horizontal stress since 
fracture growth is not expected even if fractures are formed). 
For highly inclined wells (> 70°), on the other hand, the con-
ventional approach gives wider mud weight window with-
out any failure. The anisotropic approach gives narrower 
window and we have to accept some radial tensile failures 
associated with pore pressure increase at sides of borehole. 
In summary, the anisotropic approach makes drilling easier 
for low inclination wells and difficult for highly inclined 
wells in this case. The observation for highly inclined wells 
is also applicable to normal fault stress states.

6  Conclusions

Anisotropic wellbore stability analysis was performed using 
the Amadei solutions and the Skempton’s parameters based 
on anisotropic poroelasticity and compared with the conven-
tional approach. The comparison revealed that induced pore 
pressure has significant impact on the results. Induced pore 
pressure depends on anisotropy in Skempton’s parameters, 

Fig. 14  Computed radius data 
based on SADN image density 
data in shale section in highly 
inclined well drilled in the 
maximum horizontal stress 
direction

Fig. 15  Splintery cavings from breakouts in a thick shale section in 
the existing vertical well
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in situ stress state and wellbore orientation. For example, 
highly inclined wells in a normal faulting regime and that 
in the maximum horizontal stress direction in a strike-slip 
regime tend to show large pore pressure increase at sides of 
borehole and reduction in pore pressure at top and bottom 
of borehole. The pore pressure increase may trigger radial 
tensile failures which are not predicted by the conventional 
approach. The pore pressure reduction, on the other hand, 
may prevent tensile fractures predicted by the conventional 
approach. Mud weight window is also affected by elastic ani-
sotropy. The anisotropic approach tends to give wider mud 
weight window for low inclination wells in stress states with 

large horizontal stress anisotropy, mainly because of pore 
pressure reduction at wellbore positions with small hoop 
stress (i.e., increase in maximum mud weight to prevent 
tensile fracture). In contrast, it gives narrower mud weight 
window for highly inclined wells in a normal faulting stress 
state and that in a preferable direction (i.e. maximum hori-
zontal stress direction) in a strike-slip stress state with large 
stress anisotropy, due to pore pressure increase at sides of 
borehole. Uncertainty study revealed that changes in input 
parameters have certain impact on the Skempton’s param-
eters, which should be correctly accounted for to predict 
induced pore pressure.

Fig. 16  A comparison of induced pore pressure at a circular borehole wall based on the anisotropic approach (the Amadei solution + anisotropic 
poroelasticity) with that based on the isotropic approach (the Kirsch solution + isotropic poroelasticity)
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