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Abstract
Applying Geometric Invariant Theory (GIT), we study the stability of foliations of
degree 3 on P

2 with a unique singular point of multiplicity 1, 2, or 3 and Milnor
number 13. In particular, we characterize those foliations for multiplicity 2 in three
cases: stable, strictly semistable, and unstable.

Keywords Holomorphic foliation · Stability · Singular point · Geometric Invariant
Theory

1 Introduction

In the last decades, the classification of holomorphic foliations on P
2 of degree d

has been of great interest in Algebraic Geometry. By Campillo and Olivares (2001),
Gómez-Mont and Kempf (1989) we know that for d ≥ 2 a holomorphic foliation with
isolated singularities is uniquely determined by its singular scheme. The case where
all singularities are different was studied by Gómez-Mont and Kempf (1989), the
situation becomes more complicated when we have repeated singular points. In this

Abel Castorena, Juan Vásquez Aquino have contributed equally to this work.

B P. Rubí Pantaleón-Mondragón
pantaleon.rubi@gmail.com

Abel Castorena
abel@matmor.unam.mx

Juan Vásquez Aquino
juan.vasquez@cimat.mx

1 Centro de Ciencias Matemáticas, Antigua Carretera a Pátzcuaro, 58089 Morelia, Michoacán,
Mexico

2 Unidad Académica de Matemáticas, Universidad Autónoma de Zacatecas, Paseo la Bufa,
98060 Zacatecas, Zacatecas, Mexico

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00574-023-00379-z&domain=pdf
http://orcid.org/0000-0002-0186-9918


6 Page 2 of 14 A. Castorena et al.

work, we are interested in those foliations whose singular scheme consists exactly of
one point.

The Geometric Invariant Theory (GIT) introduced by David Mumford, states that
given a linear action of a reductive group on a projective variety, it is possible to
construct a good quotient if we consider the restricted action on the open set of
semistable points by eliminating a closed subset consisting of unstable points of the
action. Frances Kirwan shows that it is possible to construct a stratification of the
variety by non-singular locally closed subvarieties such that, the unique open stra-
tum is the open subset of semistable points, thus the other strata consist of unstable
points. An important problem is to determine the stability of the points of the vari-
ety.

The space of foliations of degree d on the complex projective plane P
2, which

we denote by Fd , is a projective space and we define the linear action by change
of coordinates of the automorphisms group PGL3(C) of P

2. It is known that the
study of singularities, invariant lines, and automorphism groups of foliations can be
done up to this action. Moreover, since there is an isogeny between PGL3(C) and
SL3(C) we can consider the linear action of SL3(C) instead of PGL3(C), and we
know more properties and representations of this reductive group. Naturally, we are
interested in the information that we can obtain about the GIT quotient Fd//SL3(C).
In most cases, this quotient variety is very singular, the worst singularities come
from the semistable points whose stabilizers are of positive dimension. What can we
say about the stability of the foliations with a unique singular point? In Alcántara
(2009) the GIT quotient of foliations of degree one on P

2 is constructed showing
that F1//SL3(C) ∼= P

1. The geometric invariant theory of F2 is studied in Alcán-
tara (2013) and stratification is constructed in the sense of Kirwan. In Alcántara and
Ronzon-Lavie (2016) the authors give the stratification ofF3 and characterize the foli-
ations in the unstable strata, such stratification is basically constructed by using the
diagram of weights of the SL3(C)-representation on F3. In that stratification appear
unstable foliations with a unique singular point, although not all of them are explicitly
described.

An important invariant on the foliations is the multiplicity of the singular point,
for example when the multiplicity is one, the local representation of the foliation is
well known and determines the singularity type (Brunella 2015). However, finding
examples with specific properties, including when the multiplicity is one is in general
very difficult.

In this work we focus on foliations inF3 with a unique singular point, we determine
its type of stability concerning the multiplicity of the singular point, and we give some
explicit examples for the stable, semistable non-stable and unstable foliations with a
unique singular point.

The structure of the paper is the following. In Sect. 2 we give basic concepts from
which this work has developed. In Sect. 3, we give known results for degree d ≤ 3. In
Sect. 4 we give the main results of this work, and we describe the stability of foliation
of degree 3with a unique singular point of multiplicity two.We give also conditions on
the defining polynomials of the foliation such that we have a stable, strictly semistable,
or unstable foliation.
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2 Preliminaries

2.1 Foliations

In this section, we give general results of holomorphic foliations by curves on the
complex projective plane.

Up to nonzero scalar multiplication, a degree d foliation on P
2 is defined by a

homogeneous vector field

X = P(x, y, z)
∂

∂x
+ Q(x, y, z)

∂

∂ y
+ R(x, y, z)

∂

∂z
,

where P(x, y, z), Q(x, y, z) and R(x, y, z) ∈ C[x, y, z] are homogeneous polynomi-
als of degree d. Moreover, for every homogeneous polynomialG(x, y, z) ∈ C[x, y, z]
of degree d − 1, both foliations X and X +G(x, y, z) · (x ∂

∂x + y ∂
∂ y + z ∂

∂z ) define the
same foliation. We say that the foliations are equivalent.

Let Fd be the space of foliations on P
2 of degree d. It is well known that Fd is

a projective space of dimension d2 + 4d + 2 (see Gómez-Mont and Ortiz-Bobadilla
2004).

Definition 1 A point p ∈ P
2 is a singular point of the foliation X if X(p) = λp for

some λ ∈ C. We denoted by Sing(X) the set of singular points of the foliation X .

If the polynomials that define the foliation have no common factors, then the foli-
ation has isolated singularities. For a degree greater than one the foliation is defined
uniquely by its singular scheme (see Campillo and Olivares 2001). For the purposes
of this work, we will assume that the foliations have isolated singularities. Note that
we can see the singular locus of a foliation X on P

2 as a subset in C
2 by taking a local

representation of X on the open set U0 ⊂ P
2 with the vector field

f (y, z)
∂

∂ y
+ g(y, z)

∂

∂z

where f (y, z) := Q(1, y, z) − yP(1, y, z) and g(y, z) := R(1, y, z) − zP(1, y, z).
It is easy to see that there is a correspondence between the points of Sing(X) and

the points of the variety V (〈 f , g〉). Moreover, with this representation, we have two
important invariants for a singular point p: theMilnor number of p and themultiplicity
of p, and these invariants are defined as follows:

Definition 2 Let p be a singular point of a foliation X , up to a change of coordinates
p = [1 : 0 : 0]. The Milnor number of p is defined by

μp(X) := dimC

OC2,(0,0)

〈 f , g〉 · OC2,(0,0)
,

where OC2,(0,0) is the ring of regular functions.
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If we write f = fm + fm+1+· · · , and g = gr +gr+1+· · · , as their decomposition
into forms, where fm and gr are the forms of lowest degree in f and g respectively,
m, r ∈ Z≥0, the multiplicity of p is defined by

mp(X) = min{m, r}.

We can see that the Milnor number of p is the intersection index of the algebraic
curves f and g at the origin, which we will denote by I(0,0)( f , g). If there is no
confusion, we denote I(0,0)( f , g) by I0( f , g).

An important and well known result for foliations with isolated singularities is the
following:

Proposition 1 (Jouanolou 2006) Let X be a foliation on P
2 of degree d with isolated

singularities then

d2 + d + 1 =
∑

p∈P2
μp(X).

This result implies that when X is a foliation of degree 3 with a unique singular point,
then the Milnor number is 13 or equivalently I0( f , g) = 13.

2.2 Stratification of a Projective Variety

We give a brief overview of Kirwan’s techniques to construct a perfectly equivariant
stratification of a projective variety V acted on by a reductive group G, over the
complex numbers, for more details see Kirwan (1984, Part II).

Let V ⊂ P
n be a non-singular complex projective variety. Consider a reductive

group G acting linearly on V .

Definition 3 Let x ∈ V and consider x̄( 	= 0) in the affine cone of V such that x̄ ∈ x .
Denote by O(x̄) the orbit of x̄ , then:

1. x is unstable if 0 ∈ O(x̄). The set of unstable points is denoted by V un ,
2. x is semistable if 0 /∈ O(x̄). The set of semistable points is denoted by V ss ,
3. x is stable if it is semistable, the orbit of x ,O(x) is closed in V ss and dimO(x) =

dimG. The set of stable points is denoted by V s .

We say that the point is strictly semistable if it is semistable non-stable.

It is well known that a quotient variety for V can not exist. Mumford states in
Mumford et al. (1994) that if we consider the open subset of semistable points V ss =
V \ V un and we restrict the action of G on V ss , then there exists a good quotient
of this action denoted by V //G. Neverteless, classify the points of V according to
their stability is an important problem. Kirwan shows that the unstable points contain
information about the quotient variety (Kirwan 1984).

Definition 4 A finite collection {Sβ : β ∈ B} of subsets of V forms a stratification
of V , if V is the disjoint union of the strata {Sβ : β ∈ B} and there is a partial order

 on the indexing set B such that S̄β ⊂ ⋃

γ≥β Sγ for every β ∈ B.
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The existence of a stratification is given by the following theorem:

Theorem 2.1 (Kirwan 1984, Theorem13.5) Let V be a non-singular projective variety
with a linear action by a reductive group G. Then there exists a stratification {Sβ :
β ∈ B} of V such that the unique open stratum is V ss and every stratum Sβ in the set
of unstable points is non-singular locally-closed and isomorphic to G×Pβ Y

ss
β , where

Y ss
β is a non-singular locally-closed subvariety of V and Pβ is a parabolic subgroup

of G.

The construction of this stratification uses the diagram of weights of the Lie algebra
representation of G on V ⊂ P

n , by considering a maximal torus T of G and the rep-
resentation of T on C

n+1. This representation splits as a sum of scalar representations
given by characters α0, . . . , αn which are weights of Lie(T ).

Since we can construct a diagram of weights, if we know the weights of the Lie
algebra representationwe can identify the origin as theweight 0. TheHilbert-Mumford
numerical criterion states the following: Let x = [x0 : · · · : xn] ∈ V ⊂ P

n , then x
is semistable if the origin 0 lies in the convex hull of weights Conv{αi | xi 	= 0}.
Moreover, x is stable if 0 lies in the interior of Conv{αi | xi 	= 0}.

2.3 Stratification of the Space of Degree 3 Foliations

LetF3 be the space of degree 3 foliations and consider the action of SL3(C) by change
of coordinates on F3. This action is given by

SL3(C) × F3 → F3

(g, X) �→ g · X = DgX
(
g−1

)
.

The representation associated with the action SL3(C) on F3 is the kernel of the
contraction map:

i1,3 : Sym3
(
C
3
)∗ ⊗ C

3 −→ Sym2
(
C
3
)∗

P(x, y, z) ∂
∂x + Q(x, y, z) ∂

∂ y + R(x, y, z) ∂
∂z �→ ∂P

∂x + ∂Q
∂ y + ∂R

∂z .

This kernel is an irreducible representation denoted by �3, then

Sym3
(
C
3
)∗ ⊗ C

3 = �3 ⊕ Sym2
(
C
3
)∗

,

thus,

�3 =
{
X = P(x, y, z)

∂

∂x
+ Q(x, y, z)

∂

∂ y
+ R(x, y, z)

∂

∂z
: ∂P

∂x
+ ∂Q

∂ y
+ ∂R

∂z
= 0

}
.

It is easy to see that �3 is a complex vector space of dimension 24 generated by the
following set:

{
xk yi z j

∂

∂x
, xk yi z j

∂

∂ y
where k + i + j = 3 and xk yi

∂

∂z
with k + i = 3

}
.
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Fig. 1 Diagram of weights of
the representation on F3

We can apply the Hilbert–Mumford numerical criterion to obtain the explicit coor-
dinates of the unstable foliations. In Alcántara and Ronzon-Lavie (2016) the authors
show that the space of unstable degree 3 foliations on P

2 is a Zariski closed variety
with 3 components given by the projectivisation of the following vector spaces:

V1 =
〈
xy2

∂

∂x
, xyz

∂

∂x
, xz2

∂

∂x
, y3

∂

∂x
, y2z

∂

∂x
, yz2

∂

∂x
, z3

∂

∂x
, xz2

∂

∂ y
, y3

∂

∂ y
,

y2z
∂

∂ y
, yz2

∂

∂ y
, z3

∂

∂ y
, y3

∂

∂z

〉

C

,

V2 =
〈
x2z

∂

∂x
, xyz

∂

∂x
, xz2

∂

∂x
, y2z

∂

∂x
, yz2

∂

∂x
, z3

∂

∂x
, x2z

∂

∂ y
, xz2

∂

∂ y
, xyz

∂

∂ y
,

y2z
∂

∂ y
, yz2

∂

∂ y
, z3

∂

∂ y

〉

C

,

V3 =
〈
x2z

∂

∂x
, xyz

∂

∂x
, xz2

∂

∂x
, y3

∂

∂x
, y2z

∂

∂x
, yz2

∂

∂x
, z3

∂

∂x
, xz2

∂

∂ y
, xyz

∂

∂ y
,

y2z
∂

∂ y
, yz2

∂

∂ y
, z3

∂

∂ y

〉

C

.

ThusFun
3 = SL3(C)P(V1)

⋃
SL3(C)P(V2)

⋃
SL3(C)P(V3), where SL3(C)P(Vi )

denotes the SL3(C)-orbits of points of the projectivisation of the complex vector
space Vi . With the diagram of weights of the Lie algebra representation of SL3(C)

on F3 (see Fig. 1) a stratification of Fun
3 can be constructed as in Theorem 2.1. This

stratification and the characterization of some of the strata was given in Alcántara and
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Ronzon-Lavie (2016). In this work, we identify some degree 3 unstable foliations with
a unique singular point of multiplicity two, and it is important to point out that such
unstable foliations were not characterized in the stratification given in Alcántara and
Ronzon-Lavie (2016).

3 Stability of Foliations with a Unique Singular Point

From now on, we will use the following notation:

Ad := {X ∈ Fd : Sing(X) = {p}},
Ad,m := {X ∈ Ad : mp(X) = m}.

We will denote by As
d,m (resp. Ass

d,m , Aun
d,m) to the set of stable (resp. semistable,

unstable) points in Ad,m .

3.1 Degree 1 Foliations

In Alcántara (2009), the author shows that a foliation X ∈ F1 is given by X =
A(x ∂

∂x + y ∂
∂ y + z ∂

∂z ) module the radial foliation k(x ∂
∂x + y ∂

∂ y + z ∂
∂z ), where k ∈ C

and A is a non-zero 3 × 3 matrix over C. Moreover, the foliation X is unstable if and
only if A is nilpotent.

It is easy to see that if X ∈ A1,1, then X has the form (y + az) ∂
∂x + bz ∂

∂ y , thus, in
this situation X is unstable.

3.2 Degree 2 Foliations

By Cerveau et al. (2010), there exist up to change of coordinates 4 holomorphic
foliations in A2:

1. X1 = y2 ∂
∂x + z2 ∂

∂ y ,

2. X2 = −y2 ∂
∂x + (yz − z2) ∂

∂ y + z2 ∂
∂z ,

3. X3 = (y2 + z2) ∂
∂x + yz ∂

∂ y ,

4. X4 = −yz ∂
∂x + (xy + z2) ∂

∂ y + y2 ∂
∂z .

Constructing the diagram of weights of the Lie algebra representation of SL3(C)

on F2, we can see that X1, X2, and X3 are unstable foliations with a singular point of
multiplicity 2. These foliations were characterized in stratum 3 of the stratification of
the space F2 given in Alcántara (2013). Similarly, we can see that the foliation X4 is
an element of As

2,1.

3.3 Degree 3 Foliations

A foliation X ∈ A3 has multiplicity mp(X) = 1, 2, or 3. In Eduardo and Marchisio
(2011) the authors give a bound that determines when a foliation with isolated singu-
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larities is non-stable, in this case, the bound is greater than 1, thus a foliation with a
unique singular point of multiplicity 1 is stable. We can prove that result as follows.

Proposition 2 If X ∈ A3,1 then X is stable.

Proof Consider the general foliation given by

X =
⎛

⎝
∑

i, j

ai j x
3−i− j yi z j

⎞

⎠ ∂

∂x
+

⎛

⎝
∑

i, j

bi j x
3−i− j yi z j

⎞

⎠ ∂

∂ y

+
(
c00x

3 + c10x
2y + c20xy

2 + c30y
3
) ∂

∂z
.

Without loss of generality, we can choose the singular point p to be p = [1 : 0 : 0],
which means that b00 = c00 = 0. Moreover, the points [0 : 1 : 0] and [0 : 0 : 1] are
not singular points, this implies that (a30, c30) 	= 0 and (a03, b03) 	= 0. The condition
mp(X) = 1 implies that (a01, a00, b10, c10) 	= 0. By considering the diagram of
weights (Fig. 1) and the Hilbert–Mumford stability criterion we conclude that X is a
stable foliation. In particular, X ∈ A3,1 is stable. ��
Example 1 Consider the foliation

X = (5xyz − y3 + 2z3)
∂

∂x
+

(
−3

2
x2y − 3

2
xz2 + 9

2
y2z

)
∂

∂ y
− 3xy2

∂

∂z
.

Note that the point [1 : 0 : 0] is a singular point of X . The local representation around
this point is given by f = − 3

2 y − 3
2 z

2 − 1
2 y

2z + y4 − 2yz3 and g = −3y2 − 5yz2 +
y3z − 2z4. UsingMacaulay2 we can see that the reduced Gröbner Basis with respect
to the lexicographic order is {z13, y + z2 − z5 + 3z11}, this shows that I0( f , g) = 13.
Then, [1 : 0 : 0] is the unique singular point of X with multiplicity one. In fact, this
is a particular example of a family of foliations of multiplicity one parameterized by
a curve (see Pantaleón-Mondragón and Martín 2023).

There are a few known examples of foliations with a unique singular point of
multiplicity 1, some of these examples can be found in Alcántara and Pantaleón-
Mondragón (2020), Fernández et al. (2022), Alcántara (2018), Pantaleón-Mondragón
and Martín (2023).

For the case of multiplicity 3, a well known result state that such foliations are
unstable. Proof of this fact is given in the following proposition.

Proposition 3 Let X = P(x, y, z) ∂
∂x + Q(x, y, z) ∂

∂ y + R(x, y, z) ∂
∂z be a foliation inF3. If X ∈ A3,3, then X is unstable.

Proof Suppose that p = [1 : 0 : 0] is the unique singular point of X . Since the
multiplicity in p is 3, we have that X should be given by

P(x, y, z) = a20xy
2 + a11xyz + a02xz

2 + a30y
3 + a21y

2z + a12yz
2 + a03z

3,
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Q(x, y, z) = b30y
3 + b21y

2z + b12yz
2 + b03z

3,

R(x, y, z) = c30y
3,

with ai j , bi j , c30 ∈ C. This implies that X lies in V1 (see Sect. 2.3) for the definition of
V1). Computing the weights of X , we see that X is unstable (use Fig. 1). Moreover, if
X ∈ Aun

3,3 then X lies in the stratum S6 given in Alcántara and Ronzon-Lavie (2016).
��

Example 2 The foliation X = (y3+y2z−yz2+z3) ∂
∂x +z3 ∂

∂ y has a local representation

given by f = −y4 − y3z + y2z2 − y z3 + z3 and g = −y3z − y2z2 + y z3 − z4.
We observe that p = [1 : 0 : 0] is the unique singular point of X and the Milnor

number μp(X) = 13. This computation can be done inMacaulay2with the following
instruction: degree(ideal(f,g):saturate(ideal(f,g))).

4 Results

4.1 Multiplicity 2

We want to highlight that in this work we describe some degree 3 unstable foliations
with a unique singular point of multiplicity two, which were not characterized in the
stratification given in Alcántara and Ronzon-Lavie (2016), and we exhibit explicit
foliations in Ass

3,2 and As
3,2.

In all most computations, we will use the polynomials f (y, z) and g(y, z) of
the local representation of a foliation X , and we denote by P = P(1, y, z), Q =
Q(1, y, z) and R = R(1, y, z) the deshomogenization of P(x, y, z), Q(x, y, z) and
R(x, y, z) respectively.

4.1.1 Case of Multiplicity 2; Semistable Non-stable

Toobtain strictly semistable foliations of degree 3wewill apply the diagramofweights
of the representation in the following way: in the diagram of Fig. 1, consider the line
that passes through the origin and at least two weights of the representation. Up to
the change of coordinates, we can consider the line that passes through the weights
defined by at least one element of the set {x2z ∂

∂x , xyz ∂
∂ y }, and at least one weight

defined by the set {xy2 ∂
∂x , y3 ∂

∂ y }. So, a strictly semistable degree 3 foliations can be
written as

X = P(x, y, z)
∂

∂x
+ Q(x, y, z)

∂

∂ y
, (4.1)

where

P(x, y, z) = −c02x
2z − c21xy

2 − c12xyz − b03xz
2 + a30y

3 + a21y
2z + a12yz

2

+ a03z
3,

Q(x, y, z) = (b11 − c02) xyz + b02xz
2 + (b30 − c21) y

3 + (b21 − c12) y
2z

+ (−b03 + b12) yz
2 + b03z

3,
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with ai j , bi j , ci j ∈ C. These last equations up to foliations equivalence can be also
found in (Alcántara and Ronzon-Lavie 2016, Theorem 9).

With the representation (4.1), the point [1 : 0 : 0] is a singular point of X .Moreover,
the following conditions hold:

1. The point [0 : 1 : 0] is a singular point of X if and only if a30 = 0,
2. The point [0 : 0 : 1] is a singular point of X if and only if a03 = b03 = 0,
3. If a30 and b30 are not zero, then the point [1 : (b30/a30) : 0] is a singular point of

X .

If we consider the point [1 : 0 : 0] as the unique singular point of X , we can assume
that a30 	= 0, (a03, b03) 	= 0, and b30 = 0. Thus, the intersection index of the curves
defined by the local representation f and g at the origin (0, 0) is

I0( f , g) = I0(−a30y
4, z) + I0(Q, P) = 4 + I0(Q, P). (4.2)

To get I0( f , g) = 13, we need to find the conditions on the coefficients of P and Q
such that I0(Q, P) = 9.

Theorem 4.1 The foliation X ∈ Ass
3,2 if and only if X = P(x, y, z) ∂

∂x +Q(x, y, z) ∂
∂ y ,

where

P(x, y, z) = xy2 − c12xyz − b02(b02 + c12)xz
2 + a30y

3 + a21y
2z + a12yz

2 + a03z
3,

Q(x, y, z) = xyz + b02xz
2 + y3 + (b21 − c12) y

2z + (−b202 − b02c12 + b12
)
yz2

+ b02(b02 + c12)z
3,

where the following relations on the coefficients hold:
a−1
30 (b21 − 2 c12 − 5 b02) = 1,

a21 = −b21c12 + c212 − b21b02 − 7 b202 + b12,
a12 = c212b02 + 2 c12b202 − 3 b302 − b12c12 − b12b02 + c12b02 + b202,
a03 = −b402 − c212b02 − 2 c12b202 − b302.

Proof Let X be a foliation in Ass
3,2, then X is defined as (4.1). We can assume that

p = [1 : 0 : 0] is the unique singular point of X .
Consider the decomposition of P and Q into their homogeneous components P =

P3 + P2 + P1 and Q = Q3 + Q2 where

P3 = a30y
3 + a21y

2z + a12yz
2 + a03z

3,

P2 = −c21y
2 − c12yz − b03z

2,

P1 = −c02z,

Q3 = −c21y
3 + (b21 − c12) y

2z + (b12 − b03) yz
2 + b03z

3,

Q2 = (b11 − c02) yz + b02z
2,

(4.3)

Since X is semistable non-stable, one of the following conditions should be satis-
fied:

(c02 	= 0 and c21 	= 0) or (b11 − c02 	= 0 and c21 	= 0) .
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By these semistability conditions and the uniqueness of the singular point we have
P3 	= 0, Q3 	= 0 and P2 	= 0. We can see that if Q2 = 0, then I0(P, Q) = 3 and
I0( f , g) = 7. Thus, we assume that Q2 	= 0 and we analize two cases: P1 	= 0 and
P1 = 0. In the first case, P1 	= 0 implies I0( f , g) = 7, then the interesting case to
analyze is when P1 = 0, (c02 = 0).

Since Q2 	= 0, it can be factored by Q2 = zq, where q = b11y + b02z, and note
that z � P2 because c21 	= 0. Also note that if q � P2 then I0(P, Q) = 4. On the other
hand, if q|P2 this can be factored by P2 = qm, where m = y + bz for some b ∈ C

because of c21 	= 0.
Define the following polynomial H := −zP + mQ = −zP3 + mQ3. This is a

degree 4 homogenous polynomial in two variables, thus H can be factored into four
lines as H = ∏4

i=1 li . Using properties of the intersection index we can deduce that,
if li ∈ {z, q} and li � P3 for all i , then

5 ≤ I0(P, Q) =
4∑

i=1

I0 (li , Q) − I0(z, Q) ≤ 9.

Cliam 1 The equality I0(P, Q) = 9 is obtained if a30b11c21 	= 0, b30 = c02 = 0,
(a03, b03) 	= 0, H = q4, q|P2 and q � P3.

To prove this claim note that if li = z for some i , then z | mQ3 which is not possible
because c21 	= 0. Thus H = q4 and in this case, we will have many conditions on
the coefficients. First note that from P2 = mq we have b11 + c21 = 0 and b11b03 =
b02(b02 + c12). From H = q4, we have that b411 + c21 = 0, if we assume without
loss of generality that b11 = 1, so c21 = −1 and we also get the following equations:
a30 = b21 − 2 c12 − 5 b02,
a21 = −b21c12 + c212 − b21b02 − 7 b202 + b12,
a12 = c212b02 + 2 c12b202 − 3 b302 − b12c12 − b12b02 + c12b02 + b202,
a03 = −b402 − c212b02 − 2 c12b202 − b302.

Now, if X is a foliation satisfying all the above conditions, we can see that
the resultant Res( f , g, z) of f = Q − yP and g = −zP is a polynomial in
C[b02, b21, b12, c12][y] of degree 13. Since f (0, z) = z(b03z + b02) and g(0, z) = 0
we can see that f (0, z) = g(0, z) = 0 if and only if z = 0. Then we have that (0, 0)
is the unique solution of f = g = 0 and I0( f , g) = 13.
It is easy to see by using the diagram of weights (Fig. 1) that X is a semistable non
stable foliation, thus X ∈ Ass

3,2. ��

Example 3 Consider the foliation given by X =
(
x y2 − 5 y3 − 2 x y z − 12 y2z

− 3 x z2 − y z2 − 10 z3
)

∂
∂x + (

y3 + x y z + 2 y2z + x z2 + 3 z3
)

∂
∂ y .

A local representation for X is given by f (y, z) = 5 y4+12 y3z+ y2z2+10 y z3+
4 y2z+3 y z2 +3 z3 + y z+ z2 and g(y, z) = 5 y3z+12 y2z2 + y z3 +10 z4 − y2z+
2 y z2 + 3 z3.

Wecan see that the coefficients satisfy the conditions of the above theorem, andwith
a direct computation in Macaulay2 we can see that I0( f , g) = 13. Thus X ∈ Ass

3,2.
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4.1.2 Case of Multiplicity 2; Stable

Nowwe describe a degree 3 stable foliationwith a unique singular point ofmultiplicity
2. Let X = P(x, y, z) ∂

∂x + Q(x, y, z) ∂
∂ y + R(x, y, z) ∂

∂z , where

P(x, y, z) = a10x
2y + a01x

2z + a20xy
2 + a11xyz + a02xz

2 + a30y
3 + a21y

2z

+ a12yz
2 + a03z

3,

Q(x, y, z) = b30y
3 + b21y

2z + b12yz
2 + b03z

3,

R(x, y, z) = c30y
3,

where a10a01 	= 0.

Proposition 4 Let X be the foliation as above. Then X ∈ As
3,2 if the coefficients of P

and Q satisfy the following conditions:

1. b30 = −4a310a01,

2. b21 = −6a210a
2
01,

3. b12 = −4a10a301,

4. b03 = −a401,
5. c30 = a410,
6. Res(a10y + a01z, Q − y(a20y2 + a11yz + a02z2)) = 0,
7. Res(a10y + a01z, a30y3 + a21y2z + a12yz2 + a03z3) 	= 0.

Proof Suposse that [1 : 0 : 0] ∈ Sing(X) is the unique singular point, we consider
A = −zQ + yR. Then I0( f , g) = I0(A, f ) − I0(y, f ). We can see that I0(y, f ) =
I0(y, b03z3) = 3 if b03 	= 0.

The condition a10a01 	= 0 implies that [1 : 0 : 0] is of multiplicity 2. Since A
is a homogeneous polynomial of degree 4, then A = ∏4

i=1 li with deg(li ) = 1. If
li /∈ {y, a10y + a01z} for some i = 1, 2, 3, 4, then I0(li , f ) = 2, and I0( f , g) = 5.

Assume that li ∈ {y, a10y + a01z} for some i . If we write f as f = f4 + f3 −
y(a10y + a01z), where f4 = y(a30y3 + a21y2z + a12yz2 + a03z3), and f3 = Q −
y(a20y2 + a11yz + a02z2). Then

I0(li , f ) =
{
3 if li � f3,
4 if li | f3 and li � f4.

(4.4)

If li = y for some i and b03 	= 0 then y � f , thus I0( f , g) ≤ 12.
We assume that li = a10y + a01z for all i = 1, 2, 3, 4, which implies that A =

(a10y + a01z)4. Thus I0(li , f ) = I0(li , f4 + f3). If li � f3 we have I0( f , g) = 9. If
li | f3 and li � f4 we deduce that I0(li , f ) = I0(li , f4) = 4. Thus I0(A, f ) = 16 and
I0( f , g) = 13. By the equality A = (a10y + a01z)4 we have the conditions of the
statement.

With all these conditions we see that the 0 lies in the interior of the convex hull
defined by the weights of X (see the diagram of weights in Fig. 1). Thus X is stable. ��

In general, we do not have a characterization for the elements in As
3,2.
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Example 4 Let X = P(x, y, z) ∂
∂x + Q(x, y, z) ∂

∂ y + R(x, y, z) ∂
∂z a foliation defined

by the following polynomials

P(x, y, z) = x2y + 2x2z − 8xy2 − 16xyz − 8xz2 + a30y
3 + a21y

2z + a12yz
2

+ a03z
3,

Q(x, y, z) = − 8y3 − 24y2z − 32yz2 − 16z3,

R(x, y, z) = y3.

where a30, a21, a12, a03 ∈ C
∗. Since [1 : 0 : 0] ∈ Sing(X) we consider the local

representation of X . To compute the intersection index I0( f , g)we consider the poly-
nomial A = −zQ + yR, then I0(g, f ) = I0(A, f ) − I0(y, f ). Since A = (y + 2z)4

we have that I0(A, f ) = 4I0(y + 2z, f ).
We can write f as f = −y(a30y3+a21y2z+a12yz2+a0,3z3)+(y+2z)(−8z(y+

z) − y), then I0(y + 2z, f ) = 4 and I0( f , y) = I0(z3, y) = 3. Thus I0( f , g) = 13.

4.1.3 Case of Multiplicity 2; Unstable

In Alcántara and Ronzon-Lavie (2016) is constructed a stratification of F3 with 16
strata. In such stratification, the stratum 6 contains the set Aun

3,3 and it is mentioned
that the points of Aun

3,2 can appear in the stratum 15. The following result extends the
characterization of the strata 15 given in Alcántara and Ronzon-Lavie (2016).

Lemma 1 Let X be the following foliation
(
b311y

3 + 3b211b02y
2z + 3b11b

2
02yz

2 + b302z
3
) ∂

∂x
+

(
b11xyz + b02xz

2

+b21y
2z + b12yz

2 + b03z
3
) ∂

∂ y
,

where b11b02 	= 0 and Res(b11y+b02z, b21y2+b12yz+b03z2) 	= 0. Then X ∈ Aun
3,2.

Proof Let p = [1 : 0 : 0] be the unique singular point of X . With the local representa-
tion f , g of X we have thatmp(X) = 2. The intersection index between f and g at the
origin is I0( f , g) = 4+ I0(P, Q). Since Q = z(b11y+b02z+b21y2+b12yz+b03z2)
and P = (b11y+b02z)3 we have that I0(P, Q) = 3+ I0(b11y+b02z, b21y2+b12yz+
b03z2) = 9.Weconclude that I0( f , g) = 13.Using the diagramofweights (seeFig. 1),
it is easy to see that with the given conditions, X is an unstable foliation. ��
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