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Abstract

Applying Geometric Invariant Theory (GIT), we study the stability of foliations of
degree 3 on P? with a unique singular point of multiplicity 1,2, or 3 and Milnor
number 13. In particular, we characterize those foliations for multiplicity 2 in three
cases: stable, strictly semistable, and unstable.

Keywords Holomorphic foliation - Stability - Singular point - Geometric Invariant
Theory

1 Introduction

In the last decades, the classification of holomorphic foliations on P? of degree d
has been of great interest in Algebraic Geometry. By Campillo and Olivares (2001),
Gomez-Mont and Kempf (1989) we know that for d > 2 a holomorphic foliation with
isolated singularities is uniquely determined by its singular scheme. The case where
all singularities are different was studied by Gémez-Mont and Kempf (1989), the
situation becomes more complicated when we have repeated singular points. In this

Abel Castorena, Juan Vasquez Aquino have contributed equally to this work.

B P. Rubi Pantale6n-Mondragén
pantaleon.rubi @ gmail.com

Abel Castorena
abel @matmor.unam.mx

Juan Visquez Aquino

juan.vasquez @cimat.mx

Centro de Ciencias Matemadticas, Antigua Carretera a Patzcuaro, 58089 Morelia, Michoacén,
Mexico

Unidad Académica de Matematicas, Universidad Auténoma de Zacatecas, Paseo la Bufa,
98060 Zacatecas, Zacatecas, Mexico

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00574-023-00379-z&domain=pdf
http://orcid.org/0000-0002-0186-9918

6 Page2of14 A. Castorena et al.

work, we are interested in those foliations whose singular scheme consists exactly of
one point.

The Geometric Invariant Theory (GIT) introduced by David Mumford, states that
given a linear action of a reductive group on a projective variety, it is possible to
construct a good quotient if we consider the restricted action on the open set of
semistable points by eliminating a closed subset consisting of unstable points of the
action. Frances Kirwan shows that it is possible to construct a stratification of the
variety by non-singular locally closed subvarieties such that, the unique open stra-
tum is the open subset of semistable points, thus the other strata consist of unstable
points. An important problem is to determine the stability of the points of the vari-
ety.

The space of foliations of degree d on the complex projective plane P2, which
we denote by Fy, is a projective space and we define the linear action by change
of coordinates of the automorphisms group PGL3(C) of P2. 1t is known that the
study of singularities, invariant lines, and automorphism groups of foliations can be
done up to this action. Moreover, since there is an isogeny between PGL3(C) and
SL3(C) we can consider the linear action of SL3(C) instead of PGL3(C), and we
know more properties and representations of this reductive group. Naturally, we are
interested in the information that we can obtain about the GIT quotient F;// SL3(C).
In most cases, this quotient variety is very singular, the worst singularities come
from the semistable points whose stabilizers are of positive dimension. What can we
say about the stability of the foliations with a unique singular point? In Alcantara
(2009) the GIT quotient of foliations of degree one on P? is constructed showing
that F;//SL3(C) = P!, The geometric invariant theory of /> is studied in Alcédn-
tara (2013) and stratification is constructed in the sense of Kirwan. In Alcantara and
Ronzon-Lavie (2016) the authors give the stratification of 3 and characterize the foli-
ations in the unstable strata, such stratification is basically constructed by using the
diagram of weights of the SL3(C)-representation on F3. In that stratification appear
unstable foliations with a unique singular point, although not all of them are explicitly
described.

An important invariant on the foliations is the multiplicity of the singular point,
for example when the multiplicity is one, the local representation of the foliation is
well known and determines the singularity type (Brunella 2015). However, finding
examples with specific properties, including when the multiplicity is one is in general
very difficult.

In this work we focus on foliations in F3 with a unique singular point, we determine
its type of stability concerning the multiplicity of the singular point, and we give some
explicit examples for the stable, semistable non-stable and unstable foliations with a
unique singular point.

The structure of the paper is the following. In Sect.2 we give basic concepts from
which this work has developed. In Sect. 3, we give known results for degree d < 3. In
Sect.4 we give the main results of this work, and we describe the stability of foliation
of degree 3 with a unique singular point of multiplicity two. We give also conditions on
the defining polynomials of the foliation such that we have a stable, strictly semistable,
or unstable foliation.
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2 Preliminaries
2.1 Foliations

In this section, we give general results of holomorphic foliations by curves on the
complex projective plane.

Up to nonzero scalar multiplication, a degree d foliation on P? is defined by a
homogeneous vector field

0 0 0
X=P(x,y,0)—+0(x,y,0)— +R(x,y,2)—,
ax ay a0z

where P(x, vy, z), Q(x,y,z)and R(x, y, z) € C[x, y, z] are homogeneous polynomi-
als of degree d. Moreover, for every homogeneous polynomial G (x, y, z) € Clx, y, z]
of degree d — 1, both foliations X and X + G(x, y, z) - (x% + yaa—y + za%) define the
same foliation. We say that the foliations are equivalent.

Let F, be the space of foliations on P of degree d. It is well known that Fy is
a projective space of dimension d? + 4d + 2 (see Gémez-Mont and Ortiz-Bobadilla
2004).

Definition 1 A point p € P? is a singular point of the foliation X if X (p) = Ap for
some A € C. We denoted by Sing(X) the set of singular points of the foliation X.

If the polynomials that define the foliation have no common factors, then the foli-
ation has isolated singularities. For a degree greater than one the foliation is defined
uniquely by its singular scheme (see Campillo and Olivares 2001). For the purposes
of this work, we will assume that the foliations have isolated singularities. Note that
we can see the singular locus of a foliation X on P? as a subset in C? by taking a local
representation of X on the open set Uy C IP? with the vector field

d 0
SO D= +80G, 25
y 0z
where f(y,z) == Q(,y,z) —yP(,y,z)and g(y,2) := R(1,y,2) —zP(1,y, 2).

It is easy to see that there is a correspondence between the points of Sing(X) and

the points of the variety V ({f, g)). Moreover, with this representation, we have two

important invariants for a singular point p: the Milnor number of p and the multiplicity
of p, and these invariants are defined as follows:

Definition 2 Let p be a singular point of a foliation X, up to a change of coordinates
p =[1:0:0]. The Milnor number of p is defined by

OCZ ,(0,0)

pp(X) = dimg —————,
b (f.8) Oc2,0.0

where Og2 (g o) is the ring of regular functions.

@ Springer



6 Page4of14 A. Castorena et al.

If wewrite f = fiu+ fing1+---,and g = g-+gr41+- - - , as their decomposition
into forms, where f;, and g, are the forms of lowest degree in f and g respectively,
m, r € Zs, the multiplicity of p is defined by

mp(X) = min{m,r}.

We can see that the Milnor number of p is the intersection index of the algebraic
curves f and g at the origin, which we will denote by /,0)(f, g). If there is no
confusion, we denote I(,0y(f, &) by Io(f, &).

An important and well known result for foliations with isolated singularities is the
following:

Proposition 1 (Jouanolou 2006) Let X be a foliation on P* of degree d with isolated
singularities then

d*+d+1=)" uy(X).
peP?

This result implies that when X is a foliation of degree 3 with a unique singular point,
then the Milnor number is 13 or equivalently /o(f, g) = 13.

2.2 Stratification of a Projective Variety

We give a brief overview of Kirwan’s techniques to construct a perfectly equivariant
stratification of a projective variety V acted on by a reductive group G, over the
complex numbers, for more details see Kirwan (1984, Part II).

Let V C P" be a non-singular complex projective variety. Consider a reductive
group G acting linearly on V.

Definition 3 Let x € V and consider x(# 0) in the affine cone of V such that X € x.
Denote by O(x) the orbit of x, then:

1. x is unstable if 0 € O(x). The set of unstable points is denoted by V*",

2. x is semistable if 0 ¢ O(x). The set of semistable points is denoted by V*%,

3. x is stable if it is semistable, the orbit of x, O(x) is closed in V*¢ and dim O(x) =
dim G. The set of stable points is denoted by V*.

We say that the point is strictly semistable if it is semistable non-stable.

It is well known that a quotient variety for V can not exist. Mumford states in
Mumford et al. (1994) that if we consider the open subset of semistable points V* =
V \ V¥" and we restrict the action of G on V**, then there exists a good quotient
of this action denoted by V //G. Neverteless, classify the points of V according to
their stability is an important problem. Kirwan shows that the unstable points contain
information about the quotient variety (Kirwan 1984).

Definition 4 A finite collection {Sg : B € B} of subsets of V forms a stratification
of V,if V is the disjoint union of the strata {Sg : B € B} and there is a partial order
> on the indexing set B such that Sg C |J,»4 Sy forevery g € B.
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The existence of a stratification is given by the following theorem:

Theorem 2.1 (Kirwan 1984, Theorem 13.5) Let V be a non-singular projective variety
with a linear action by a reductive group G. Then there exists a stratification {Sg :
B € B} of V such that the unique open stratum is V** and every stratum Sg in the set
of unstable points is non-singular locally-closed and isomorphic to G X p, Ygs, where
Y E,S is a non-singular locally-closed subvariety of V and Pg is a parabolic subgroup
of G.

The construction of this stratification uses the diagram of weights of the Lie algebra
representation of G on V C P”, by considering a maximal torus 7 of G and the rep-
resentation of 7 on C"*1. This representation splits as a sum of scalar representations
given by characters «y, . . ., o, which are weights of Lie(T).

Since we can construct a diagram of weights, if we know the weights of the Lie
algebra representation we can identify the origin as the weight 0. The Hilbert-Mumford
numerical criterion states the following: Let x = [xg : --- : x,] € V C P”, then x
is semistable if the origin O lies in the convex hull of weights Conv{a; | x; # 0}.
Moreover, x is stable if O lies in the interior of Conv{c; | x; # 0}.

2.3 Stratification of the Space of Degree 3 Foliations

Let F3 be the space of degree 3 foliations and consider the action of SL3(C) by change
of coordinates on F3. This action is given by

SL3(C) x F3 — F3
(8. X) > g-X=DgX(g™').

The representation associated with the action SL3(C) on F3 is the kernel of the
contraction map:

i13: Sym? ((C3)* QC3 — Sym? (CS)* ‘
P(x,y,2)% + Q(x,y, z)% +R(x,y, D%~ E+ 0—8 + 3R,

This kernel is an irreducible representation denoted by I'3, then
3 (3)* 3 2 (3"
Sym <(C> RC =T33 Sym ((C) ,
thus,

a a 0 0P 00 OR
[3=1X=Px,y.20)—+ 0 y.0)—+ R, y.20)—:—+——+——=0¢.
ox dy dz  0x dy 0z

It is easy to see that I'3 is a complex vector space of dimension 24 generated by the
following set:

. .0 ]
xKyizl — xkyizl — where k +i + j = 3 and x*y' — withk +i =3} .
ox ay 0z
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We can apply the Hilbert—-Mumford numerical criterion to obtain the explicit coor-
dinates of the unstable foliations. In Alcantara and Ronzon-Lavie (2016) the authors
show that the space of unstable degree 3 foliations on P? is a Zariski closed variety
with 3 components given by the projectivisation of the following vector spaces:

y L 9,0 40 9,0 40,0 49
=\X — X X ) a0 N a X ) )
V=t g wye g X Y g Y P g P “oy Y 5y
9 9 40
2 2 3 3
Z_7 Z _7Z _7 -
Y ay Y ay ay Y 8z>c
) 9 ) 9 9 49 ) )
V - 2 a0 a 2_9 a 2_7 3_7 2 ) 2_5 a0
h = < Loy XYZG XD yzax et zaxxzay Xz P xyzay
9 9 a>
2 2 3
Y — YT —, T —
dy dy  9y/c
y 9 9 L9 40 9 L9 48 L0 9
- ‘x -~ x _’ _7 - _’ _’x _"x _’
v = \Fegp ayign x g g v v g P oy %y
9 9 a>
2 2 3
YV — YT — T —
dy dy  dy/c

Thus 75" = SL3(C)P(Vy) U SL3(C)P(V2) | J SL3(C)P(V3), where SL3(C)P(V;)
denotes the SL3(C)-orbits of points of the projectivisation of the complex vector
space V;. With the diagram of weights of the Lie algebra representation of SL3(C)
on F3 (see Fig. 1) a stratification of F3" can be constructed as in Theorem 2.1. This
stratification and the characterization of some of the strata was given in Alcdntara and
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Ronzon-Lavie (2016). In this work, we identify some degree 3 unstable foliations with
a unique singular point of multiplicity two, and it is important to point out that such
unstable foliations were not characterized in the stratification given in Alcdntara and
Ronzon-Lavie (2016).

3 Stability of Foliations with a Unique Singular Point
From now on, we will use the following notation:

Ag :={X € Fq : Sing(X) = {p}},
Agm =X € A : mp(X) =m)}.

We will denote by A* d.m (T€SP. d . AZ” ) to the set of stable (resp. semistable,
unstable) points in Ag ,.

3.1 Degree 1 Foliations

In Alcantara (2009) the author shows that a follatlon X e JF1 is given by X =
A(x o T Yy ay +z E,Z) module the radial foliation k(x P e 3 +z 3Z) where k € C
and A is a non-zero 3 x 3 matrix over C. Moreover, the fohatlon X is unstable if and
only if A is nilpotent.

It is easy to see that if X € A 1, then X has the form (y + az)% + bzaiy, thus, in
this situation X is unstable.

3.2 Degree 2 Foliations

By Cerveau et al. (2010), there exist up to change of coordinates 4 holomorphic
foliations in Aj:
20 2.9
1. X9 =y 6x +z 7y
2. Xo = —y? Prs +(yz—z2)ay +Z
2

3. X3=(y? +z)3x+yzay,‘ ‘
4 Xy = -y + (y+ D5 + 2L

Constructing the diagram of weights of the Lie algebra representation of SL3(C)
on JF7, we can see that X1, X», and X3 are unstable foliations with a singular point of
multiplicity 2. These foliations were characterized in stratum 3 of the stratification of

the space F; given in Alcdntara (2013). Similarly, we can see that the foliation Xy is
an element of Ai’l.

3.3 Degree 3 Foliations

A foliation X € A3 has multiplicity m p(X) = 1,2, or 3. In Eduardo and Marchisio
(2011) the authors give a bound that determines when a foliation with isolated singu-
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larities is non-stable, in this case, the bound is greater than 1, thus a foliation with a
unique singular point of multiplicity 1 is stable. We can prove that result as follows.

Proposition 2 If X € A3 | then X is stable.

Proof Consider the general foliation given by

i) A
X = Zaijx3 i /yzzj a‘f‘ Zbijx3 i JylZJ 5
i,j i,j

+ (coox® 2 2 3 i
00X~ + C10X~y + c20xy~ + c30Yy 3z

Without loss of generality, we can choose the singular point ptobe p = [1 : 0 : 0],
which means that boo = coo = 0. Moreover, the points [0 : 1 : O] and [0 : 0 : 1] are
not singular points, this implies that (a30, c¢39) 7 0 and (ag3, bpz) # 0. The condition
mp(X) = 1 implies that (ao1, aoo, b10. c10) # 0. By considering the diagram of
weights (Fig. 1) and the Hilbert—-Mumford stability criterion we conclude that X is a
stable foliation. In particular, X € A3 is stable. O

Example 1 Consider the foliation

34530 323 2,9,)09 29

X = (xyz—y +2z )3x +< 2x y 2xz +2y z) 3y 3xy 32
Note that the point [1 : O : 0] is a singular point of X. The local representation around
this point is given by f = —%y — %12 — %yzz +y*—2yz3and g = —3y% —5yz2 +
y3z — 2z*. Using Macaulay2 we can see that the reduced Grobner Basis with respect
to the lexicographic order is {z'3, y + z2 — z° +3z!1}, this shows that Io(f, g) = 13.
Then, [1 : 0 : 0] is the unique singular point of X with multiplicity one. In fact, this
is a particular example of a family of foliations of multiplicity one parameterized by
a curve (see Pantale6n-Mondragén and Martin 2023).

There are a few known examples of foliations with a unique singular point of
multiplicity 1, some of these examples can be found in Alcdntara and Pantaleén-
Mondragén (2020), Fernandez et al. (2022), Alcantara (2018), Pantale6n-Mondragén
and Martin (2023).

For the case of multiplicity 3, a well known result state that such foliations are
unstable. Proof of this fact is given in the following proposition.

Proposition3 Let X = P(x,y,2) 4 + Q(x, y, Z)% + R(x. y.2) 4 be a foliation in
Fs. If X € A3z 3, then X is unstable.

Proof Suppose that p = [1 : 0 : 0] is the unique singular point of X. Since the
multiplicity in p is 3, we have that X should be given by

P(x,y,2) = axxy* + a1 xyz + apxz> + azoy’ + a21y*z + annyz? + a3z,
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O(x,y,2) = b3oy® 4 bay*z + biayz® + boaz®,
R(x,y,2) = c30¥°,

witha;;, b;j, c30 € C. This implies that X lies in Vi (see Sect. 2.3) for the definition of
V1). Computing the weights of X, we see that X is unstable (use Fig. 1). Moreover, if
X e 5"3 then X lies in the stratum Sg given in Alcdntara and Ronzon-Lavie (2016).

O

Example 2 The foliation X = (y3+y?z—yz?>+2%) 2 423 33—y has alocal representation
givenby f = —y* =3z +y222 —yPd + P and g = —y3r — y? 2+ y P - A

We observe that p = [1 : 0 : 0] is the unique singular point of X and the Milnor
number 1, (X) = 13. This computation can be done in Macaulay2 with the following
instruction: degree (ideal (£, g) :saturate(ideal (£f,g))) .

4 Results
4.1 Multiplicity 2

We want to highlight that in this work we describe some degree 3 unstable foliations
with a unique singular point of multiplicity two, which were not characterized in the
stratification given in Alcdntara and Ronzon-Lavie (2016), and we exhibit explicit
foliations in A3, and A3 5.

In all most computations, we will use the polynomials f(y,z) and g(y, z) of
the local representation of a foliation X, and we denote by P = P(1,y,z2), Q0 =
O(1,y,z) and R = R(1, y, z) the deshomogenization of P(x, y, z), O(x, y, z) and
R(x,y, z) respectively.

4.1.1 Case of Multiplicity 2; Semistable Non-stable

To obtain strictly semistable foliations of degree 3 we will apply the diagram of weights
of the representation in the following way: in the diagram of Fig. 1, consider the line
that passes through the origin and at least two weights of the representation. Up to
the change of coordinates, we can consider the line that passes through the weights
defined by at least one element of the set {xzz%, xyz%}, and at least one weight

defined by the set {xy2-2

e y3 ;—y}. So, a strictly semistable degree 3 foliations can be
written as

0 0
XZP(X’)”Z)_‘FQ(X,)’»Z)—, (41)
ax ay
where

P(x,y,2) = —coax’z — corxy® — cioxyz — bosxz® + a3y’ + az1y*z + appyz?
+apz’,

Q(x,y.2) = (b1 — c2) xyz + boaxz® + (b3o — c21) y° + (b21 — €12) ¥*2
+ (=bo3 + b12) yz* + b3z,
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with a;;, b;j, c;j € C. These last equations up to foliations equivalence can be also
found in (Alcdntara and Ronzon-Lavie 2016, Theorem 9).
With the representation (4.1), the point [1 : 0 : 0] is a singular point of X. Moreover,
the following conditions hold:
1. The point [0 : 1 : 0] is a singular point of X if and only if azg = 0,
2. The point [0 : O : 1] is a singular point of X if and only if agz = b3 = 0,
3. If a3p and b3g are not zero, then the point [1 : (b3g/azp) : 0] is a singular point of
X.

If we consider the point [1 : O : 0] as the unique singular point of X, we can assume
that azg # 0, (ao3, bo3) # 0, and b3g = 0. Thus, the intersection index of the curves
defined by the local representation f and g at the origin (0, 0) is

Io(f.8) = Io(=axy*, 2) + Io(Q. P) =4+ In(Q, P). 4.2)
To get Ip(f, g) = 13, we need to find the conditions on the coefficients of P and Q
such that In(Q, P) = 9.
Theorem 4.1 The foliation X € A3, ifand only if X = P(x, y, z)% + 0, y, z)%,
where
2 2 3 2 2 3
P(x,y,2) = xy” — ciaxyz — bo2(boz2 + c12)xz” + azoy” + az1y”°z + annyz” + aosz’,
O(x,y,2) = xyz + boxz® + y* + (ba1 — c12) Yz + (—béz — boaciz + bia) vz
+ bo2 (b2 + €12)2°,

where the following relations on the coefficients hold:
ayy) (b1 — 212 — Sbp) = 1,

ar1 = —baicia + ¢}y — batbgy — T3, + b,
ain = b + 2 ci2bly — 3b3, — biacia — biaboa + ci2bos + by,
aps = —byy — chby — 2 ciaby, — b,

Proof Let X be a foliation in A3’,, then X is defined as (4.1). We can assume that
p = [1:0:0]is the unique singular point of X.

Consider the decomposition of P and Q into their homogeneous components P =
P3+ P, + Py and Q = Q3 + Q7 where

3 2 2 3
Py = a3y’ +axny“z+anyz” +apsz’,

Py = —c21y? — c1ayz — boaz?,

P = —cpz, (4.3)
03 = —c21y® + (b21 — c12) Y2z + (12 — bo3) y2* + bo3z°,

0> = (b1 — c2) ¥z + boaz?,

Since X is semistable non-stable, one of the following conditions should be satis-
fied:

(co2 # 0and c21 # 0) or (b1 —co2 # 0 and a1 #0).
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By these semistability conditions and the uniqueness of the singular point we have
P3 # 0,03 # 0and P, # 0. We can see that if Q> = 0, then Ip(P, Q) = 3 and
Io(f, g) = 7. Thus, we assume that Q> # 0 and we analize two cases: P; # 0 and
Py = 0. In the first case, P # 0 implies Ip(f, g) = 7, then the interesting case to
analyze is when P; = 0, (co2 = 0).

Since Q2 # 0, it can be factored by Q> = zq, where ¢ = b1y + by2z, and note
that z P, because cp1 # 0. Also note that if ¢ 1 P, then Ip(P, Q) = 4. On the other
hand, if ¢| P, this can be factored by P, = gm, where m = y + bz for some b € C
because of ¢1 # 0.

Define the following polynomial H := —zP + mQ = —zP3 +mQ3. Thisis a
degree 4 homogenous polynomial in two variables, thus H can be factored into four
lines as H = ]_[?=1 l;. Using properties of the intersection index we can deduce that,
ifl; € {z,q} and [; 1 P3 for all i, then

4
5<Io(P,Q) =) Io(li, Q) —Io(z, Q) <9.

i=1

Cliam 1 The equality Io(P, Q) = 9 is obtained if azgbiica; # 0, b3p = cp2 = 0,
(ao3, bo3) # 0, H = ¢*, q|P and g 1 P;.

To prove this claim note that if /; = z for some 7, then z | m Q3 which is not possible
because ¢p1 # 0. Thus H = q4 and in this case, we will have many conditions on
the coefficients. First note that from P, = mqg we have by + ¢21 = 0 and by1bg3 =
bor(boo + c12). From H = q4, we have that b‘fl + ¢1 = 0, if we assume without
loss of generality that b1; = 1, so ¢p1 = —1 and we also get the following equations:
azp = b1 —2c12 —5bp,

az1 = —baicia + ¢y — batboy — 7 b(2)2 + D12,

a1n = ¢Hboy + 2 c12b3, — 3b3, — biacia — biaboa + c12boz + by,

ags = —bg, — chbor — 2 ciaby, — b,

Now, if X is a foliation satisfying all the above conditions, we can see that
the resultant Res(f,g,z) of f = Q — yP and g = —zP is a polynomial in
Clboz, ba1, b12, ci2]ly] of degree 13. Since f(0, z) = z(bo3z + bp2) and g(0,z) =0
we can see that f(0, z) = g(0, z) = 0 if and only if z = 0. Then we have that (0, 0)
is the unique solution of f = g = 0 and Ip(f, g) = 13.

It is easy to see by using the diagram of weights (Fig. 1) that X is a semistable non
stable foliation, thus X € 53‘2 O

Example 3 Consider the foliation given by X = (x y2—5y3 —2xyz —12y%z
—3x22—yz2 - 10z3>% + (P +xyz+2yiz+x2+32%) ad—y

A local representation for X is given by f (v, z) = 5 y*+12y3z+y?22+10y 23 +
4y 743y 4322 +yz+z2and g(y,2) =5y 2+ 12222 +y 22 +102% — y2z +
2yz2 +37%.

We can see that the coefficients satisfy the conditions of the above theorem, and with
a direct computation in Macaulay2 we can see that Io(f, g) = 13. Thus X € Agfz.
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4.1.2 Case of Multiplicity 2; Stable

Now we describe a degree 3 stable foliation with a umque singular point of multiplicity
2.Let X = P(x,y, Z)Bx + 0(x,y, Z)ay + R(x, y, Z)a , where

P(x,y,2) =aiox’y + an x>z + axxy® + aj1xyz 4+ appxz> + azy’ + az1y’z
+ alzyz2 + ao3z3,
Q(x,y,2) =b30y° + by y*z + b1ayz? + bpsz®,

R(x,y,2) =c30y°,

where arnaol ;é 0.

Proposition 4 Let X be the foliation as above. Then X € A3 , if the coefficients of P
and Q satisfy the following conditions:

1. by = —4a3yaon,

2. by = —6alya3,,

3. by = —dayag,,

4. bz = —ay;,

5. ¢c30 = afo,

6. Res(aioy +apiz, QO — y(axy* + aiyz + apnz*)) =0,

7. Res(aioy + aoiz, azoy> + ar1y%z + ainyz? + agsz’) # 0.

Proof Suposse that [1 : 0 : 0] € Sing(X) is the unique singular point, we consider
A =—z0Q + yR.Then Ip(f, g) = Ip(A, f) — Ip(y, f). We can see that Ip(y, f) =
Io(y, bo3z®) = 3 if b3 # 0.

The condition ajpag; # O implies that [1 : 0 : 0] is of multiplicity 2. Since A
is a homogeneous polynomial of degree 4, then A = ]_[?:1 l; with deg(l;) = 1. If
li ¢ {y, a0y +ao1z} forsome i = 1, 2, 3, 4, then Ip(l;, f) = 2,and Ip(f, g) = 5.

Assume that [; € {y, ajoy + ao1z} for some i. If we write f as f = f4 + f3 —
y(aioy + ao1z), where f3 = y(azoy® + a21y*z + ai2yz® + ap3z’), and f3 = Q —
y(axy* + ai1yz + apz?). Then

o 3L A,
i, f) = {4 if ;| f3 and [; 1 fy. @9

If [; = y for some i and b3 # O then y 1 f, thus In(f, g) < 12.

We assume that [; = ajgy + agiz for all i = 1,2, 3, 4, which implies that A =
(ar0y + amz)*. Thus Io(;, f) = Io(i, fa+ f3). If I; 1 f3 we have Io(f, g) = 9. 1If
lilfsand [; 1 fa we deduce that In(l;, ) = Io(l;, f4) = 4. Thus Iy(A, f) = 16 and
Ip(f, g) = 13. By the equality A = (ajoy + ap1z)* we have the conditions of the
statement.

With all these conditions we see that the O lies in the interior of the convex hull
defined by the weights of X (see the diagram of weights in Fig. 1). Thus X is stable. O

In general, we do not have a characterization for the elements in A3 ,.
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Example4 Let X = P(x, y, z)% + O(x,y, z)a% + R(x,y, z)% a foliation defined
by the following polynomials

P(x,y,2) =x2y +2x%z — 8xy? — 16xyz — 8x2% + azoy® + az1y*z + apnyz’
+apz’,

O(x,y,2) = — 8y> —24y%z — 32yz% — 162°,

R(x,y,2) ="

where asg, ar1, aj,apz3 € C*. Since [1 : 0 : 0] € Sing(X) we consider the local
representation of X. To compute the intersection index /o( f, g) we consider the poly-
nomial A = —zQ + yR, then Io(g, f) = Io(A, f) — Io(y, f). Since A = (y + 22)*
we have that Io(A, f) =41y(y + 2z, f).

We can write f as f = —y(azoy° +az1y>z+anyz> +ao32°) + (v +22)(—8z(y +
2) — ), then Io(y + 2z, f) =4 and Io(f, y) = Io(z>, y) = 3. Thus Io(f, g) = 13.

4.1.3 Case of Multiplicity 2; Unstable

In Alcantara and Ronzon-Lavie (2016) is constructed a stratification of F3 with 16
strata. In such stratification, the stratum 6 contains the set Ag’g and it is mentioned
that the points of A3”, can appear in the stratum 15. The following result extends the
characterization of the strata 15 given in Alcdntara and Ronzon-Lavie (2016).

Lemma 1 Let X be the following foliation

d
(b?1y3 + 3b},boay*z + 3b11b3, v + b82z3) PP + (bnxyz + booxz*
d

+b21y2z +biayz® + b0323) 5

where by1boy # 0and Res(by1y+boaz, ba1y> +b12yz+bp3z?) # 0. Then X € .Agf“z.

Proof Let p = [1 : 0 : 0] be the unique singular point of X. With the local representa-
tion f, g of X we have thatm ,(X) = 2. The intersection index between f and g at the
originis Io(f, g) = 4+ Io(P, Q). Since Q = z(b11y +bpz+br1y> +bi2yz+bosz?)
and P = (b11y+bozz)3 we have that Io(P, Q) = 3+ Ip(b11y+ b2z, b21y2 +b1ayz+
bo3z?) = 9. We conclude that Io( f, g) = 13. Using the diagram of weights (see Fig. 1),
it is easy to see that with the given conditions, X is an unstable foliation. O
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