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Abstract

We investigate the existence of solutions to viscous ergodic Mean Field Games systems in
bounded domains with Neumann boundary conditions and local, possibly aggregative cou-
plings. In particular we exploit the associated variational structure and search for constrained
minimizers of a suitable functional. Depending on the growth of the coupling, we detect
the existence of global minimizers in the mass subcritical and critical case, and of local
minimizers in the mass supercritical case, notably up to the Sobolev critical case.

Mathematics Subject Classification 35J50 - 35Q89 - 35B33 - 49N80

1 Introduction

In this work we investigate the existence of solutions to the following system arising in the
theory of viscous ergodic Mean Field Games, with Neumann boundary conditions and local
coupling

—Au+ HVu)+ A1 = f(x,m(x)) onS
—Am —divimVH(Vu)) =0 on 2

a a 1.1
- —m+mVH(Vu)~n=0 on 082 a1
on on

Jom =1, Jou=0,
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and their minimality properties in a suitable variational framework. Throughout the paper,
Q is a bounded domain of RN, N > 1, with boundary of class C 3 To simplify some
computations, we suppose that |2| = 1, though all the arguments work for |2| # 1. On the
Hamiltonian H, we assume that

Cy' Ipl” — K < H(p) < Cu Ipl” + Kn

VH(p)-p—H(p) > Cy'Ipl" —Cn (1.2)
IVH(p)| < Cy IpI" ™' + K

for some Cy > 1,Kpy > 0,y > 1. As for the coupling, we suppose that f : Q x
[0, 4+00) — R is Lipschitz with respect to both variables on bounded sets of €2 x [0, +00),
and

—Cm?™" —Kp < fx,m) < Crmi™ 4 K/ (1.3)

forsome Cy >0, Ky > 0,q > 1.

Mean-Field Games (MFG) have been introduced in the seminal papers by Lasry and Lions
[22] and Huang, Caines and Malhame, [21], with the aim of describing Nash equilibria in
differential games with infinitely many indistinguishable agents. The system (1.1) character-
izes these equilibria in an ergodic game, where the cost of a typical agent is averaged over an
infinite-time horizon. Neumann boundary conditions come from the assumption that agents’
trajectories are constrained to €2 by normal reflection at the boundary (as in [13, 15, 25]).

Though systems of type (1.1) have been widely investigated over the last decade [3, 5, 7,
10, 11, 19, 20, 29], it is not yet known the existence of classical solutions in the full range
g > 1. While known restrictions on ¢ may be artificial, they are sometimes structural. Let us
briefly describe the purely quadratic case H(p) = |p|? to clarify this point. By the classical
Hopf-Cole transformation ¢ = e/ [ e™* = /m, (1.1) boils down to

—Ap=1r¢— f(x,¢)p onQ
¥ -0 on 992
Jo¢?dx =1,

which, for F/ = f, are the Euler-Lagrange equations of the functional defined on W12()

F(p) = / IVo|*> + F(¢>)dx  constrained to / $2dx = 1.
Q Q

In the model case F(m) = Cym4, it is well known (by the Gagliardo-Nirenberg inequality)
that 2¢ < 2 + 4/N is necessary for F to be bounded from below when constrained to
f¢2 = 1, while 2¢ < 2 4+ 4/(N — 2) is needed, in dimension N > 3, for the compact
embedding of WL2(Q) into L2 (§2), which is crucial to set up variational methods. There
are therefore two critical values that determine three regimes, each one of exhibiting different
properties and difficulties (see also [27] and references therein). Note that when C ¢ > 0 the
previous functional is convex, but we are not assuming here this property. In fact, we will
be mainly interested in a model case Cy < 0, that corresponds to a MFG where aggregation
between agents is enforced.

In the general nonquadratic case, (1.1) borrows a variational structure associated to the
following functional and constraint (see for example [8, 30] and references therein for further
details). Let
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w
/mL (——)—I—F(x,m)dx it (m,w) € K
Q m

E(m, w) = (1.4)
+00 otherwise,
where
m
,n)ydn ifm >0
F(x,m) := fo foemydn ifm = (1.5)
400 ifm <0,
and
Y'q
K= {(w,m) e LY=o T (@ NW" (@) x L'(Q) s.t.
/Vm-V(bdx:/ w-Vodx Yo € C°(Q), (1.6)
Q Q
1 1 1
mdx =1,m>0ae.}, where —:=— + —.
Q r Y vd
It has been first observed in [11] that for any y > 1, two critical values of ¢ can be identified:
/ 14+ 2 ify <N
qg=1+ 7 (mass critical), e = tw - BV = (Sobolev critical).
N +00 ify’ >N

As in the quadratic case, ¢ < ¢ is necessary for £ to be bounded from below, while g <
ge = r* guarantees the compact embedding of W' into L4 (this explains why we call this
exponent “Sobolev critical”).

Note that if y = 2, g and g, agree with the critical exponents mentioned in the previous
paragraph.

Most of the analysis on systems of type (1.1) has been carried out in the case ¢ < g.
By means of fixed point methods, solutions have been shown to exist in [11] in the range
q < q < q. under the further assumption that C ; be small enough (for problems which are
set on the flat torus). No results are known when ¢ = ¢., and if ¢ > g, solutions may even
fail to exist, at least when the system is set on the whole euclidean space.

The main goal of the present paper is to show the existence of solutions that are local
minimizers of &, in particular in the range ¢ < ¢ < ¢., up to the critical exponent ¢.. The
further property of (local) minimality obtained here may be an important feature in the study
of their stability, that is, their ability to capture the long-time behavior of the parabolic version
of (1.1). Our main result reads as follows.

Theorem 1.1 Assume that (1.2) and (1.3) hold. Suppose that either

1. 1<q<gq,or

2. q=qand Cy < Cg, or

3. g<q<gqcandCy < Cy, or

4 q=qcandCys, K¢, Kg < Cepis.

Then there exists a solution (u, A, m) to the system (1.1), and m > 0.
Moreover; the pair (m, —mV H (Vu)) is a global minimizer of € on K in cases 1 and 2,
or a minimizer of E on KN {m : ||m||%,, < a}, for a suitable @ > 0, in cases 3 and 4.

A solution to the system (1.1) is a triple (u, A, m) € C>?(Q) x R x WP () for all
6 € (0,1) and all p > 1 such that (u, 1) is a classical solution to the Hamilton-Jacobi
equation and m is a weak solution to the Fokker-Planck equation. The constants Cg, C, and
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C,rir are explicitly calculated throughout Sect.3. We mention here that they depend on the
data ¢, C, y and also on some regularity and embedding constants Cs, Cg, Cy, 80, which
in turn depend on ¢, 2, N.

The model Hamiltonian H(p) = |p|¥, y > 1 clearly falls into our set of assumptions,
and we can allow for a general growth of type |p|¥ with different coefficients from above
and below. We just need to be careful when ¢ = ¢.: H has to be small enough for small
values of | p|. As for f, we include the model case

fx,m) = Cfa(x)mq_1 + Kyb(x),

where a, b are smooth functions (with no sign condition). When ¢ < ¢ < g, we just need
C s to be small enough, while g = g, requires further smallness conditions on K r.

The way local minima are identified is inspired by [26, 28]. The functional £ is minimized
first on the intersection between the constraint C and the ball {m : ||m ||%q < «}. Estimates
based on the Gagliardo-Nirenberg inequality for competitors belonging to I, which involves a
differential constraint of Fokker-Planck type, allow to choose & in a way that these minimizers
lie in fact in the open ball {m : ||m||‘£q < a}, and therefore they give rise to solutions to
the optimality conditions (1.1). There are a few technical obstacles to produce a solution of
(1.1) from a local minimizer of £. These are worked out following a strategy that involve
a regularization of the functional and a linearization which allows to use convex duality
methods. This strategy is detailed for example in [8]. We mention that an alternative approach
to derive the MFG system from minimizers of £, based on the analysis of its subdifferential,
has been developed in [24, 25].

Note that the critical case requires further smallness assumptions on the coefficients.
There is an interesting connection between this endpoint case and another phenomenon of
criticality arising in Hamilton-Jacobi equations. If m is in a ball of L%, then f(m), which
is the right-hand side of the Hamilton-Jacobi equation in (1.1), will be bounded in LN/ v
Recent works [12, 16, 18] on the so-called maximal regularity of Hamilton-Jacobi equations
underlined the crucial role of the exponent N /y’: if the right-hand side f (m) is just bounded
in LN/V/, there are counterexamples (see e.g. [12, Rmk. 1]) showing that H (Vu), Au cannot
be controlled separately in LN/ ¥', and therefore there is no hope to deduce further regularity
via bootstrap arguments. In this sense, N/y’ is critical. But, if the LN/ ¥ _norm of f(m) is
small enough, then H (Vu), Au can be controlled in the same Lebesgue space, which leads to
further regularity. Additional smallness assumptions should be then expected when dealing
with the endpoint case ¢ = ¢,.

A natural question concerns the uniqueness of solutions to (1.1), which is not expected in
general. We discuss here a few examples, limiting to the model nonlinearities

1 1 / 1
H(P)=;|p|y, L(4)=7|61|y, fx,m) = f(m)=+£Crmi™".

In this setting, clearly the system (1.1) admits the trivial solution (uy, Ay, M) =
(0, f(1), 1), which has a corresponding energy &€ (m;,, —m;VH (Vu;)) = £(1,0) = F(1).

First of all, if f(m) = Cfmq_l, Cy > 0, it is well known that (1.1) admits a unique
solution, which must coincide with the trivial one (see for example [22]). Instead, let us
assume f(m) = —Cfm‘f’l, Cy > 0: using Theorem 1.1, we infer that the existence of
multiple solutions follows whenever we can build an appropriate couple (2, w) in K (or in
K N Bg) satisfying £E(m, w) < F(1); indeed, in such case the solution found in Theorem 1.1
cannot be the trivial one. To this aim, take any ¢ € C%(Q) such that fQ ¢ dx = 0, and consider
m=1+¢e¢ and w = Vm. For 0 < ¢ < & small enough, we have that (m, w) € K N Bz and
(1 —Ell¢llec) < —CCy < 0. We obtain, for some 0 < & < &,
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£(m,w):/mL (—3) dx+/ F(m) dx
Q m Q

%/(1 +ep()) T eVh )Y dx+/ F(1+e¢(x))dx
Y Q Q

IA

2
Ce¥ + F(1) + sf(l)/ b (x)dx + %f /(14 E¢(x))p*(x) dx
Q Q
< F(l) + Ce" = C'Cye?.

Now, this last quantity is strictly smaller than F (1) either for y’ > 2 and & small enough, or
fory’ <2,Cy > C&g~?77)/C" and ¢ = &. We deduce multiplicity of solutions when

either y < 2, ory >2, 1 <g <qandCy sufficiently large.

We may obtain obtain the same result when y > 2 and ¢ > g, in case the largeness condition
on Cy here were compatible with the smallness one in Theorem 1.1. On the other hand, if
y > 2 and Cy is small enough, then uniqueness may be expected, see [14].

In case of multiplicity of solutions, a further question concerns the uniqueness of the
minimizers. This is an interesting question, which will be the object of subsequent studies.

The rest of the paper is organized as follows: in Sect.2 we recall some notions about the
Legendre transform and some results about the Fokker-Plank and Hamilton-Jacobi equations.
Moreover, for both equations we prove some a priori bounds in the critical endpoint case. In
Sect. 3 we prove the main result. This is done in several steps. First, we regularize the problem,
associate a variational structure and prove the existence of (local) minimizers. Once we have
a minimum point for the energy, by a duality argument we deduce the existence of a regular
solution. Lastly, the solution to the initial problem is found by an appropriate limit procedure.

Notations. For k € N and p > 1 we denote by |lul|, and ||u| , the usual L”(2) and
WP (Q) norm respectively. For p > 1, the exponent p’ is the conjugate exponent of p,
p = %1 C, C’ and so on denote non-negative universal constants, which we need not to
specify, and which may vary from line to line.

2 Preliminaries
2.1 The Lagrangian

The Legendre-Fenchel transform Ly of H is necessary for the construction of the energy
associated with the system:

L=Ly(g):= sup[p-q— H(p)]
peRN

Under our assumptions on H, the following properties of Ly are standard:
Proposition 2.1 There exists Cy > O such that for all p, b € RN

1. Ly € C? (]RN\{O}) and it is strictly convex.
2.0=<Crlgl” <Lu@) < Ugl” +1)

3. VLy(@)-q—Lu(g) = Crlql” —C;'

4. Crlgl" ' —c; < IVLu@l < ¢ gl =" + 1)

Proof See for example [9]. ]
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The energy functional £ involves the following Lagrangian term.

Proposition 2.2 The function

mL(—32) ifm >0
w
(m,w)—>mL(—Z>= 0 ifm=0,w=0,

+00 otherwise,

is convex, and strictly convex if restricted to m > 0. We have,

sup [—p -w—mL (—%)] ifm#0

mH(p) = { weRN 2.1)
0 ifm=0.
Moreover
c wl” (Y <c! w]” cr! 22
L =L () s et 22)

Proof Equation (2.1) is standard, see for example [8]. Estimate (2.2) comes directly from
Proposition 2.1. O

2.2 Fokker-Planck equations

We deal here with the Fokker—Planck equation

—Am —divimb) =0 on
Gt mb-n=0 on 09 (2.3)
Jom=1

where b : R — R will be (at least) in L (2; RY), forsome s > N. Solutionsm € W12(Q)
will be in the standard weak sense:

/ Vm -V dx :/ bm-Védx Vo e WH(Q), (2.4)
Q Q
with [, m = 1. The following existence result for b in L is classical.

Theorem 2.3 Let b € L®(Q; RYN). Then there exist an unique weak solution m to (2.3),
m € WhP(Q) for every p and

mlly,p, = C=Clbls . p. N, Q).

Moreover, m € CO'“(§)for alla € (0, 1) and there exists c = ¢(||b|lso , P» N, 2) > 0 such
that

¢! <m(x)<c
forall x € Q.
Proof see [4, Th. 11.4.4,11.4.5, 11.4.7]. O

We investigate further regularity properties, and recall the following proposition, which
is an useful W7 regularity result for linear equations in divergence form.
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Proposition 2.4 Let p € LP(2), with p > 1. Suppose that

/ pPAPdx
Q

forall g € C™(RQ), ?Tf = 0 for some K > 0. Then p € WP (Q) and there exists Cg =
Cg(N, Q, p) such that

< KVél, (2.5)

ol < CE(K + o). (2.6)

Moreover, the same estimate holds in a local form, that is, for every Bop C €2,
lollwirgey < CERK + llollLr(Bog))- 2.7)
Proof See [1, Theorems 7.1 and 8.1]. O

As a straightforward consequence, given w € L7 (; RN ), p > 1, any weak solution
me WhP(Q) to

—Am —divw =0 onQ

M tw-on=0 ondQ (2.8)
fgm =1.
satisfies
Imlly,, < Cellwll, + lImll,)- (2.9

The previous estimate, combined with the Gagliardo-Nirenberg inequality, yields the
following crucial result.

Proposition 2.5 Let (m, w) € L'NW () x LY(Q) be a solution of (2.8), and E be defined

by
w]”’
E::/ |! dx,
Qm?' !

which is assumed to be finite. Then there exists Cy > 0 such that

lmlly , < C4(E+1) (2.10)
lmlly < Cq(E + 1). (2.11)

Moreover, if g < q, there exists also § > 0 such that
Im )8 < ¢ (E +1). 2.12)
Finally, if g = q, then (2.12) holds with § = 0.

Proof The proof can be found for example in [8], and its adaption to the problem with

Neumann conditions is straightforward. O
To conclude the section, we present a sharper estimate which will be useful in an endpoint

case of our analysis, and requires b to be controlled in LY (€2) only.

Proposition 2.6 Letb € L>(2; RN) such that |b| y < ﬁ, where CEg is defined in (2.6)

and Cg is the p Sobolev Embedding constant. Then for any p < N the solution m of (2.3)

satisfies.

Imlly , = C=C(p,N, ) (2.13)
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Proof By (2.9) we have that
Imlly,, < Cellbmll, + llmll ).
By Holder inequality, Sobolev Embedding and Interpolation
lbmll, + llmll, < 161y Il e + llml; = ImlSe < Cs bl Imlly, + Imllf .

for some 6 = 6(p, N) < 1, from which we can deduce the thesis using the bound assumed
on ||b]l y- ]

2.3 Hamilton-Jacobi equations

We now consider the Hamilton—Jacobi equation

—Au+ H(Vu)+ A = f(x) on<
du — on Q2 (2.14)

A solution of (2.14) is a pair (u, 1) € C2(2) x R that satisfies the equation pointwise.

Theorem 2.7 Let f € C*(Q), 0 < & < 1. Then there exists an unique constant A € R such
that (2.14) has a unique solution in C2%(Q) and

-0
A=sup{ceRs.t. Elu€C2(Q),a—u=00n8§2:—Au+H(Vu)+c§f}. (2.15)
n

Moreover, the following estimates hold:
Vullo <K1 = K1 (N, 2, || flloo)s
il oy <K2 = Ka(N, Q. 00, || fll o)
Note that the estimate holds also locally, that is, for every Bor C €2,

Vullpopey < K1 = Ki(N, 2, R, || fllLo*(Byg))-

The proof of this theorem is well-known in ergodic control theory, and it is typically obtained
via a limiting procedure involving a discounted problem. The crucial gradient estimate which
allows to pass to the limit in the procedure can be derived using the Bernstein method, see
for example [8, 10, 23] and references therein. Though we are not going to use directly the
characterization (2.15) of A here, it is in fact a key step in the existence argument of Theorem
3.7, which follows some standard lines involving convex duality.

We are now interested in finding additional regularity results, which will be used in our
critical endpoint case. In particular, we are interested in finding bounds for |Vu|? in LN/ v
depending on f in LN/ v This is a delicate endpoint case of the so-called L7-maximal
regularity for Hamilton-Jacobi equations, which has been recently discussed in [13, 16] for
g > & We provide here a simple proof which exploits a smallness condition on .

We start by introducing the following lemma for linear equations, and provide its standard
proof for the reader’s convenience.

Lemma2.8 Let f € LP(R) for p > 1 and let (u, ) € WP () x R be a solution of
—Au+Xr=fonQ

M =00n03Q (2.16)
Jou=0.
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Then there exists C = C(N, 2, p) > 0 (independent of A) such that
lully,, < CIfI,- (2.17)

Proof Using elliptic regularity (which holds up to the boundary by homogeneous Neumann
boundary conditions, see e.g. [31, Ch. 3]), we have that

lullz,p = CALS = Al + Nlullp)- (2.18)

If we test (2.16) with a constant function, we get that necessarily

1
A= — dx, 2.19
|Q|/Qf x (2.19)

hence we can suppose that || f — Allp <C| fllp. Let us now claim that
lull, <CIfI,. (2.20)

Indeed, suppose by contradiction that there exists a sequence (u,, f,) satisfying (2.16) such
that

lunllpy > nll full, - (2.21)
By (2.18) we get

nl fully = CALI, + llunllp)., (2.22)

Ifull,
TanT,

Il full
lvall2, sC( Sully +1> <C.

llun ”p

hence we can conclude that — 0. Now let v,, = ﬁ Clearly [[vull, = 1, fQ v, =0
nllp

and

Hence we have that there exists a subsequence v, — v strongly in L?(2) and weakly in
WZP(Q). Moreover, lvll, = 1, fQ v = 0. Now since u, satisfies (2.16) we have for all

6 € CX(Q)
Clfl
[(fn—x)qsdx_ Wl .
o el

Passing to the limit we get that fQ VoV dx = 0 forall ¢ € C*®(R), hence Vv = 0 which
implies v = K with K = 0 by the constraint. This is a contradiction with |Jv]|, = 1. m]

/ Vo,V dx =
Q

lunll

Using this estimate the idea is to construct a "barrier" for Vu which we employ in a topolog-
ical fixed point argument. This means finding a value M such that no solutions exists with
IVullyp -1y =M.

Proposition 2.9 Under the hypothesis of Theorem 2.7, let (u, A) be the unique solution of
(2.14). Then there exists 8o depending on N, 2, y, p, H such that if

Ku+11flly <8 < do,
14
then
either |Vullyo,—1y <M or [|Vullyg-1) > M (2.23)
for some M depending on § (and N, 2, y, p, Cg). Moreover, M = M(§) — 0as§ — 0.
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Proof Let p = %, so p* = py,and assume that Ky + || fllx < § < 89, with §p to be
V/

chosen below. Hence by Sobolev embedding, Lemma 2.8 and assumptions on H,

0=y :=Vulp, <lulli py <Clula, < CUVuly, + Ku +11£1l,) < Cy” +C's.
(2.24)

We now choose 8p such that for every 0 < § < §p there exist two positive solutions
y1(8) < y2(8) to y = Cy¥ + C'S. In this way (2.24) yields

either y < y1(8) < y1(8p)  ory > y2(8) = y2(80).,

and we can choose M = M(8) such that y;(§) < M < y3(8). Moreover, y;(5) can be
made arbitrarily small if § < §¢ is chosen small enough, hence also M (§) > 0 can be made
arbitrarily small. O

Now that we have the barrier, we can use Leray-Schauder fixed point theorem to deduce the
following a priori estimate (which is in fact also an existence result).

Theorem 2.10 Under the hypothesis of Theorem 2.7, there exists 8o > 0 such that if Ky +
I fllx <8 <8 then
V/

||VM||N(),,1) < M. (225)

Moreover, M = M(§) — 0as§ — 0 (M, 6, 8o are as in the previous proposition).

Proof Let §p be as in Proposition 2.23, and assume Ky + || f||x < 8§ < 8p. We use Leray-
1//

Schauder fixed point theorem (see for instance [2, Thm. 4.34]). Let U = {w € ci(Q) :
IVully, -1y < M} and consider the operator 7 : U — C2(Q) where u = T (w) is defined
by the solution of the system

—Au+HNVw)+Ai=f(x) onQ
u — () on 92

an

Jou=0.

We claim that T is continuous and compact. Under this condition, by homotopy with the
identity, Leray-Schauder theorem asserts that either T has a fixed point in U, or there exists
s € (0, 1] and u € 90U such that u = sT (u). However, the latter possibility is excluded by
Proposition 2.9: indeed, u = sT (u) yields

—Au+sH(Vu) + sk =sf(x) onQ

g—Z:O on dQ2

fsz“zo’

and, being 0 <5 < 1,

Ksm +lIsflly =sKg +sllflly <58 <8
Y Y

whence Proposition 2.9 applies, replacing H(Vu), f with sH(Vu), sf respectively, and
we infer |Vully, -1y # M, in contradiction with u € dU. Hence T has a fixed point in
U, which by Theorem 2.7 is the unique solution of (2.14), from which we can deduce the
desired estimate.
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Thus we are left to prove that T is continuous and compact. Clearly T : C%(Q) — c” (Q)
deﬁneg by u = H(Vu) is continuous by our assumptions on H. Moreover let 75 : C*(2) —
C?%(2) be the operator defined by u = T»z solving

—Au+z+A=f onQ
u _
=0 on Q2

fQ u=0.
This is well defined and continuous by elliptic regularity and because we supposed f € C*.
Finally, by Ascoli-Arzela the immersion 73 : C 2.2(Q) — C2(Q) is continuous and compact.
Hence we conclude that 7 = T3 o T, o T} is continuous and compact. ]

3 Existence of a solution

We are now ready prove Theorem 1.1. The proof of this theorem consists of several steps,
which are explained in detail in the following sections. Since we are dealing with local
couplings, the duality procedure to get a solution to the system (1.1) is rather delicate (as the
dual problem to the minimization of £ would be related to solutions of an Hamilton-Jacobi
equation with rough right-hand side). We will introduce a family of regularized problem
with smoothing couplings, associate their energies &, and then prove the existence of (local)
minimizers. Once we have a minimum point for the regularized energy, we will perform
the convex duality argument to deduce the existence of a regular solution. The solution to
the initial problem will be then found by an appropriate limit procedure on the regularized
sequence of solutions.

3.1 Regularization

Let us consider, for ¢ > 0, the following regularized system

—Au+ H(Vu) + » = fe[m](x) onQ
—Am —divimVH (Vu)) =0 on 2

du— on 32 (3.1
I + mVH(Vu) -n=0 on 92

Jom =1, Jqu=0,

where

Sfelm](x) == f (,m % x (1) * xe(x) =/ Xe(x =) f ()@/ m(z) xe(y — 2) dZ) dy
RN RN
(3.2)

and . is a sequence of standard symmetric mollifiers approximating the unit ( f and m are
extended to O outside £2). We notice that given

F.[m] = / F(x,m* x.(x))dx 3.3)
Q

we have that it holds

1
Fe[m'] — Fe[m] = / / fel(1 = Dym + tm"1(x)(m" — m)(x) dx (3.4)
o Je
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form,m’ € L'(Q) and Jom = [om’' = 1. This means that the regularized problem also
admits a potential. Let us observe that using the properties of mollifiers and the assumptions
on f, the following estimates hold:

Cr C
- 7; Im% — K < Felm] < 7” lmld + K, (3.5)

and

—&su i_ K <F ey 4K 3.6
P Xe F8up xe < F(x,m* xe(x)) < sup xd + Kysup xe.  (3.6)
q Q Q q Q Q

We now introduce the energy of the approximated system:

/ mL (—3) dx + Fe[m] if (m,w) € K
Q m

+00 otherwise.

E(m,w) = (3.7)

3.2 Minimization of the regularized functional

Our goal now is to find a minimizer for the energy of the regularized system. Here, the
exponent g comes into play. If ¢ < g, the energy can be proven to admit a global minimum.
This is the case addressed in [8]. If ¢ = ¢, a global minimum can be found under some
condition on the coefficients. If ¢ > ¢, no global minima is present in general and we have to
look for local minima. Following the idea introduced in [26, 28], let us introduce, for o > 1

By :={(m,w) € K: |m|§ < a} (3.8)
and
Uy := {(m,w) € K: |m|] = a}. (3.9)
Let us also define, for ¢ > 0 fixed,
Co = (m,w%lel}cmBa Es(m, w) (3.10)
and
Coq = (m,w%relflCﬂUa Ee(m, w). (3.11)

We start by proving the existence of a minimum in the sets B, and also adapt the arguments
to prove the existence of a global minimum under the stricter assumptions.

Lemma3.1 Foralla > 1, ¢y is achieved. Moreover, ifq < gorq = qandCy < Cz = q%,
then &, has a global minimum on K.

Proof Let us begin by bounding &, by below. Using (2.2), (2.11) and (3.5) we have:

CL Cy q ,
E(m,w) > —|ml, —CL— —|mlyg — Ky > K, (3.12)
Cy q
since we know that ||m IIZ < « in B,. Consider now a minimizing sequence (m,,, wy) for cy.
Eventually, & (m,, w,) < ¢y + 1. Hence, again by (2.2) and (3.5) we have

|wn|y/ -1 —1 Cr
7/7156‘[‘ (C(x+l_F8[mn])§CL Cot+1+Kf+7a (3.13)
Q m) q
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which implies that { [, |"’y”‘ is bounded. Using (2.10), we have that ||m,|;, < C. We

can use Sobolev embeddmgs to conclude that up to subsequences
my, — mae.on, m, — monLY(Q), my—mon W (Q).

Then, using Holder inequality

q
’ T /1
_va lwp |V | 7+ =l
lwp |7 +a=1 dx < n, g™ ",
Q Qm) !
n

hence w, is equibounded in L¥-1 () and so w,—w in L1 (). By L1() conver-
gence of m, we can conclude in a standard way that m > 0 and that f om = 1. Moreover, the
convergences are strong enough to pass to the limit in the constraint C, that is, (m, w) € K.
Fatou’s lemma also implies that m € B,.

To conclude, it is known that fQ mL (—%) dx is lower-semicontinuous with respect to

the weak convergence of wWhr(Q) x L % (£2) (indeed, one can exploit its convexity and
adapt classical results that connect convexity and lower semicontinuity, see for instance [17,
Th. 2.2.1]). Moreover, using (3.6) and the Dominated Convergence Theorem we deduce that
F, is strongly continuous with respect to the L!(£2) convergence. Hence,

Ee(m, w) < 1iminf/
n

my, L (—w—> dx + 11m Fe[m,] < lim 1nf58 (my, wy) = cqy.
Q

my

Now suppose that ¢ < g. Then (2.12) holds. The proof of the existence of a minimizer is
completely analogous as before, but there is no need to restrict the set B, . Indeed, instead of
(3.12), we can directly infer using (2.12) that

Cr 145 C

€ (m,w) = == mllg" —cp — =L mll§ — Ky > K. (3.14)
Cy q

Moreover, we can set e = inf(, yyexc & (m, w) and argue as in (3.13), using (2.12) to

conclude that

y o T+
7|w,,|_1_c_ e+1+K;+-L|c, wal” cdx+1
Q m% q Q m%
which again implies that |, Q) ‘"’”l - is bounded. Finally, if ¢ = g the previous steps are justified
provided that Cy < ¢ % and a global minimum exists. O

Remark 3.2 Let (m,, w) be a minimizer for &, as in the previous lemma. Then, there exists
C > 0 independent of ¢ such that

Ilmell, <C,  lmelly,, <C (3.15)
and

lwell ,, =<C. (3.16)
Y/ +q—1

Indeed, when ¢ < g we can use the fact that

c
& (mg,wg)558(1,0)5051+7f+1(f (3.17)
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to conclude that inequalities (3.15) and (3.16) hold with a constant independent on &. If
q > ¢, the same results hold, the proof being immediate since m, € B, is only a local
minimum.

We see in the above lemma the role played by g. When ¢ > ¢, &, is not globally bounded
from below and no global minima exist (see the remark below). To show that a local minimum
exists in By, we are left to prove that the candidate obtained in the previous lemma does not
belong to U,. To this aim, we look for @ > 1 such that ¢z < ¢g.

Remark 3.3 Let us notice that if ¢ > g, £ (and also &) could indeed be unbounded.
Let f(x,m(x)) = —Cfm()c)q_1 —Kyandg > 1+ yﬁ Then, there exists (m,, w,) such
that E(m,,, w,;) - —o0. Choose m € Cgo(Bl(O)) non-negative, such that fBl(O) modx =1

lvm,‘ﬂf dx is finite. Now pick xp € €2 and define
0

and [, )" 5

my(x) = N mo(h(x —x0))  wi(x) = Vmu(x) = N Vm(u(x = x0)).
We notice that for A > m, then supp(m;) C B L (xp) and (m,, wy) € K. Moreover

|mm;, IIZ = ANE@=D |, IIZ. Now we have, using our assumption and (2.2),

Emy, wy) = / m L (—ﬂ> + F(x,my)dx <
Q my

Y’ C
et [ M ax - L g - ¢
Q q

mKLl
I |Vmol?' 4 C
=2'c; / o dr = AN D=L molld — €
Bi1(0) my q

and we see that under our assumptions on g for A — 400, the right-hand side goes to —oo.
’

By the above computations, we can also see that £ may be unbounded in the case ¢ = 1+ %,

provided that C is large enough.

Let us go back to the existence of a local minimum in the case ¢ > ¢. To do so, we need to

impose some restriction on the coefficient C ¢, so that an « such that ¢y < ¢, can be found.

Theorem3.4 Letq > g,

_ cr \?
a= , (3.18)
CrCy
and suppose that
C —q (CL\?
Cr <min{—L, (K'q')' (—L) } (3.19)
Cy Cy
where
/ —1 CL
K =CL+C; +2K¢f+ ——. (3.20)
qu

Then, there exists (mg, wg) € KN Bg such that (m., w,) is a local minimum for E;.. Moreover
it holds

Ee(me, we) = ca—s = Ca (3.21)

for all § less than some § > 0 small enough.
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Proof Let us start the by the simple observation that if we find &y > o such that &y, > ¢4,
then we have:

Car :Hgn{éa 0<a<an} <Cy < Cay

and so we can conclude the existence of an interior minimum in By, . We choose oy = 1 and
ay =a. Since Cy < Cp/Cy, we are sure that a > 1.
We now consider estimates for ¢y, . We begin by noticing that by Holder inequality we have

1
L=|mlly < lIml,120¢ =1

which implies m = 1 a.e. and therefore (m, w) = (1,0) € K N Uy,. Thus, using (2.2) and
(3.5) we find

Cr

. _ L, C
cal555(1,0)SCL1+7+K,«<CL1+qTL+Kf. (3.22)
q

thanks to our assumptions on Cy. Next, we rewrite (3.12) with o = « as

_1 Cy_
a7 —Cp — —a—Ky. (3.23)
q q

Ca =

Q‘p

To conclude that ¢z > ¢, we need to check that

C, 1 C c
$(@) = —at — Lo >CL+C 42K, + —2 =K, (3.24)
Cq q qCq
and the previous inequality holds again by the assumptions on C s (notice that & maximizes
¢). Moreover since ¢ is continuous, we get that some § small enough exists so that also
ég_g > éal- O

In the previous construction, the assumptions on C s are chosen to have the largest possible
a such that the energy admits an interior minimizer in Bg, and & depends on the value of C.
To treat the case ¢ = g, we will need to find a minimizer in Bz independent of C . This is
possible under different assumptions on C.

Theorem 3.5 Let

A & " 1
a= K" +1 (3.25)
CL
where
K'=CL+C['+2K;
and suppose
c
Cp< L2k (3.26)
’ Cola+1)

then the results of Theorem 3.4 hold.
Proof The proof is analogous to the one of Theorem 3.4. The only differences are the choice

of a when enforcing (3.24) (& no longer maximizes ¢ («)) and the last inequality in (3.22),
which is skipped. O
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3.3 Convex duality

We now employ some convex duality arguments to obtain, from the (local) minimizer con-
structed in the previous section, a solution to the MFG system (3.1). We follow the usual
route (see e.g. [8] and references therein), which requires first to linearize the functional
(which is not convex by the presence of the possibly nonconvex F;) around the minimizer
that we found. Given (m,, w,), which is a global minimizer of £ on /K, or a local minimizer
on K N Bz when g > ¢, let us introduce the following linearized functional:

w
Je(m, w) = / mL (——) T fulmel(x)m dx. (3.27)
Q m

We notice that this functional is convex. We now prove that this functional admits the same
minimizer as &;.

Proposition 3.6 Let (mg, we) be a global minimizer of & on K or a local minimizer on
K N By as constructed above. Then

min’C Je(m, w) = Jo(mg, wg). (3.28)

(m,w)e
Proof Let (m, w) € K and consider for0 < A < 1
my = im+ (1 —A)mg

If (me, we) is a local minimum, since by (3.21) m, € Bz_s for some positive §, we can
conclude that for A small enough, m, € Bg. If (m,, w,) is a global minimum this argument
holds for all 1. Hence, by minimality and convexity

Fe(mg] — Felm;] < / my L (—ﬂ) dx —/ mgL <—&> dx
Q my, Q me
< A/ mL (—E) dx + (1 —k)/ mglL (—&> dx
Q m Q mg
—/ meL <—&> dx
Q me
—n ([ (-2) ax = [mer (-2 ) ax).
Q m Q Mg

1
/0 /Qfs[(l — Dm;, + tmg](x)(mg — my)(x) dx

Now, by (3.4), we have

Fe[mg] — Fe[m;]

1
—?»/ /fg[mg+?»(1 —1)(m —me)](x)(m —me)(x) dx.
0 Ja

Combining the two expressions, we can use Lipschitz estimates for f¢[-](x) near m, and
send X to 0 to conclude that

/mL (‘E) dx _/ meL (== ) dx = —/ felme](x)(me — m)(x) dx,
Q m Q Mg Q

which is equivalent to the minimality of J; (globally on K). O

Now that we have global minimizer of a convex functional, we can construct a solution of
3.1).

@ Springer



Ergodic mean field games: existence of local minimizers... Page170f23 134

Theorem 3.7 Let (m., we) be a minimizer of Je cogstructed above. Then mg € Wl*f’(Q)for
all p > 1 and there exists .. € R and u, € C2(Q) such that (ug, he, mg) is a solution to
(3.1). Moreover,

we = —m:VH(V(ug)), (3.29)

and there exists C > 0 independent of & such that

Imell, < C,  llmelly, =C, (3.30)

and
el < C. 3.31)
Proof The proof is like [8, Th. 4] with minor modifications. m}

3.4 Passage to the limit

We now wish to let ¢ — 0, and to do so we need some a priori estimate. We distinguish two
cases: if ¢ < g., we can use a blow-up argument to deduce an a priori L° bound on m, (that
by a bootstrap procedure yields further estimates on u, m and their derivatives). If ¢ = ¢,
the argument fails and we need to require some extra smallness on C s to obtain such bound.

The blow up argument follows the lines of [8], but we need an extra care for the presence
of the Neumann boundary conditions.

Proposition 3.8 Let (ug, A, m:) be a solution to (3.1) constructed above, and suppose that
q < qc. Then there exist C > 0 independent of € such that

Imelloo < C. (3.32)
Proof Suppose by contradiction that
M, = méxme = mg(x;) = +00.

Define

_ y —1
pe :=M;"  pi=(q - H=——.

We have that 1, — 0. Define the following rescaling

2—1/
ve(x) = ,ua ua(ﬂex + x¢)
ne(x) = M, ms(ﬂex + Xe).

We notice that n,(0) = 1 and that 0 < n.(x) < 1. Define also
. =
Ho@) = ul THTTq)  VHA@) = neVHu ¢) (3.33)
By (1.2) we get

Cy'IplY — Ky < Ho(p) <Culpl” +Ku  |VHe(p)| < Cy IpI" ' + Kn.
(3.34)

Then, define

fox) = /'Ls U felme](xe + Lex). (3.35)
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Since m¢(x) < M., we can use (1.3) to get that

~ A i
‘fe[ms] LS TN Com o xe() * xelloo < ™ 1 Come * x) lloo
=l -1 i -1
<1l (Ime s el & +1) = w7 (Clmell +€)
. Y
<ctrem T 2 ¢

by our definitions of u. and 8. Lastly, define

- s
he = 7 A (3.36)
e

Clearly by (3.31), < C. Now after some computations we have

Ave(x) = M!%' A'/:a(x,ua + x¢)

He(Vve () = " H(Vug (x e + x0))

Ang(x) = ufﬂAms(ms + Xe)

VH; (Vv (x)) = e VHNVug (x e + x¢))

iV (e He (Voo () = b divOme (epte -+ 500V H (Vi (e1te +200)

1
dvg(x) _ IJ«SVTI oue (LeX+Xg)
- an

on (Hex + x¢)
, 1.
ong _ BT Ome(peXx+xe)
an — Me on .

from which we deduce that (vg, Ag, 1¢) is a solution of

—Ave + Ho(Vve) + e = fe(x) on Qe
—Ang —div(ingVH,(Vvg)) =0 on
Be =0 on 9K (3.37)
e 4 neVH(Voe) n =0 on 9
fQS”e?: S_l_ﬂv Jove=0.
where Q. = {x : nex + x. € Q}. We now have to distinguish two cases. Suppose first that

d (xe, 982)
Iim —— =
e—0 Mg

+00

From that we have that 2, 1 R, hence for ¢ small enough we have that Q; O B4g(0) for
an R > 0 independent on &. We know that i, and f;(x) are uniformly bounded, thus using
Theorem 2.7 (and the remark below) we can conclude that there exists C independent of € such
that [|[Vv, || < C on Byg. Now, using (3.34) we can deduce that ||n;VH(Vve)|loo < C.
Hence, by Proposition 2.4, for & small enough n, is equibounded in WP (B (0)) for all
p > 1,and by Sobolev Embedding also in C?(BR(0)),forall® < 1. Weknow thatn,(0) = 1,
therefore using equiboundness in C o(Br (0)). we can deduce that there exists § > 0 and
r < Rsuchthat [, o nd(x)dx > 8 > 0. Thus we have that

0<6< f . nd(xydx < |nelld = M7 N melld = M7 Im |7 . (3.38)
B (0)
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Since g < g, then —g + BN < 0, and using (3.30) we have that
0<8<M PPN |m, || <M 7PN -0

which is a contradiction.
Suppose now that

d(x..0Q
Jim L& 9 _

e—=0 Mg
Up to subsequences we can suppose that x, — x € 92 as ¢ — 0. Moreover, up to an affine

transformation we can assume X = 0 € 9 and n(0) = —ey. Define x’ = (x1,...,xy_1).
By the smoothness of €2 there exists U ¢ RY, ' ¢ RV~! and ¢ (x') € C>%(I") such that

$0)=0, V¢() =0,
IQNU = {(x', xn) 1 xy = d(x")},
QNU ={(x',xy) 1 xy > dp(x)).

Let us now define a diffeomorfism W : RN — R that "straightens" the boundary. We set

x,-—xN%(x/) forl<i<N-1

) (3.39)
xy —¢(x') fori = N.

yi = (W(x)); := {

We can see that W is invertible in a neighborhood of 0. We now extend with an even reflection
ve and m,. We set

—1/.,/ _

() =, (D) (3.40)
Uy, — X

pg(y>=ne< &4 p'LyN') x>. (3.41)

Due to the homogeneous Neumann boundary conditions, with some calculations it is possible
to show that ngg l(yy=0; = 0. Moreover, one can derive that w,, o, satisfy an equation similar
to (3.37) in a fixed neighborhood of the boundary point p independent of ¢ (with coefficients
that converge to the identity as ¢ — 0). From this, we can repeat the above argument and
reach a contradiction. O

We can see in this proof the criticality of the case ¢ = ¢.. Looking at (3.38) and the lines below,
in the case ¢ = ¢, it is not possible to reach a contradiction, since M, 97PN 4oes not vanish.
To tackle this problem, the idea is to obtain additional regularity using finer estimates for
both the Fokker-Planck and the Hamilton-Jacobi equation. Once we find uniform bounds for
mg in some L? with p > ¢g., the above arguments can be used to conclude again that we have
an uniform L bound. This procedure requires additional assumptions on C s. Moreover we
need to have a value for @ which is independent from C ¢, as we have constructed in Theorem
3.5.

Below, Cjs is the Sobolev Embedding constant for wLP(Q) into L (), where p* is
chosen so that

*< N and p*>1 .
P p TNy
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Proposition 3.9 Let (ug, Ae, m¢) be a solution to (3.1) and suppose that g = q.. Then
1
1
(4CgCsCh)rT

where Cg is defined in Proposition 2.4, provided that C y and K y are small enough (that is,
smaller than some positive constant depending on Q, N, y, q).

Vuellyg—1) = ; (3.42)

-1
Proof We use Theorem 2.10, choosing § small enough so that M (§) < (4CgCsCpy)7-T. Let
N

us compute the norm of f; in L7 (£2). Using (1.3), convolution properties and the definition
of g, we have

1
Ifelly = 1F Ceom s xe Gl < C [mf™ | x + Ky = Crllmell))7 + K.
Y 14 Y
Now using Theorem 3.5, we know that
C q
d<g=(=LK"+1) .
Il <@ (CL + )
Hence if

1
CfOAl‘i/ + K¢ )

we have that || f¢|| » < 8. Thus, we can apply Theorem 2.10 to conclude. ]
y/

Corollary 3.10 Let (ug, Ae, m¢) be a solution to (3.1) and suppose that ¢ = q.. Under the
assumptions of the previous proposition, supposing in addition that

Ky < , 343
"= 4cecs (349
then there exist C > 0 independent of ¢ such that
Imelloo = C.
Proof Using Proposition 3.9 we have that || Vue ||y, —1) < % Hence
(2CeCsChp) 7T
+ Kg

VH(V <
IVH(Vue)lly < 4C,Cs
and we can use Proposition 2.6 to conclude that ., are uniformly bounded in W7 (Q) for
the chosen above; in this way, by Sobolev Embeddings m, are uniformly bounded in L9 (£2)
for some ¢ > g.. Once we have this bound, we can proceed as in Proposition 3.8 to conclude
that m, is bounded in L*°. O

Now everything is ready to prove the main result. Thanks to the uniform bounds, we use
a bootstrap procedure to obtain the regularity which is necessary to pass to the limit into the
equations.

Proof of Theorem 1.1 We set ourselves in the assumptions of the previous propositions and
theorems, in particular we require Cy, Ky and Kp to be possibly small enough (see in
particular Lemma 3.1, Egs. (3.19), (3.26), Proposition 3.9). We first prove the existence of a
solution by a bootstrap and limit procedure and then we show it is a minimum for the energy,
using a I"-convergence argument.
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Existence of a solution. Let (ug, ., m;) be the sequence of solutions constructed in
Theorem 3.7. We show that we can pass to the limit as ¢ — 0 and obtain a solution of (1.1); in
this we need to treat separately the Sobolev subcritical and critical cases. Let us first suppose
q < q.. By (3.31) we have that, up to subsequences, ., — A. Moreover, by Proposition 3.8
we have that ||m, ||, < C.Hence by properties of mollifiers and (1.3) we get

Ifelmellloe = I Com s xeO) % Xelloo < I G e % xe)lloo
<Clmexxelo'+C<Clmelie' +Cc<C

Thus, we can conclude by Theorem 2.7, that ||Vu,| o < K for some K > 0 independent
of ¢. Using the estimates on H and elliptic regularity in the Hamilton-Jacobi equation we
can conclude that [lugll; , < C for all p > 1. Moreover, by Sobolev embeddings, u. is
equibounded in che(Q) forall @ € (0, 1). Since VH (Vu,) < C, we now use Theorem 2.3
to conclude that [|m.|; , < C for all p > 1, and therefore by Sobolev embedding m; is
equibounded in C?(Q) forall 6 € (0, 1). Hence, we get that, up to subsequences, m.—m in
WP for all p > 1 and m; — m uniformly. We can then go back to the Hamilton-Jacobi
equation and, with a similar reasoning, conclude that f;[m:](x) is equibounded in C ()
for all & € (0, 1). Hence u, is equibounded in C 20(Q) forall 8 € (0, 1). Finally, we can
conclude that up to subsequences u, — u in C2($2). Now the convergences are strong enough
to pass to the limit in the equations, so we can conclude that (u, A, m) is a solution of (1.1),
with the positivity of m coming from Theorem 2.3 and pointwise convergence.

When g = g, we argue in the very same way, starting from Corollary 3.10.

Minimality. We are left to prove that the solutions we found are (local) minimizers of £.
We will use the fundamental theorem of I'—convergence (see e.g. [6]). This says that if &
I'—converges to &£, than any converging sequence of minima for £ converges to a minimum
for £. Notice that, since we know a priori that the sequence of minima converges, we do not
need to prove an equicoercivity result. Let us show that £ I'—converges to £ on the space
X =L1(Q)NWH(Q) x L' (Q). Suppose that (m., ws) — (m, w) in X. By properties of
mollifiers and continuity of the convolution we have m, % x. — m in L1($2). We already
remarked the semicontinuity of the Lagrangian term in £, moreover by (1.3) we have strong
L4(Q) continuity of m — [, [o" f(x,n)dndx. Thus

liminf & (m,, we) = lim inf/
& &

mgL (—&> dx +lim Fg[m,]
Q &

me
Z/mL (—E) dx—l—/ F(x,m)dx = E(m, w).
Q m Q

As for the recovery sequence, it suffices to choose (m., w,) = (m, w) for all ¢ > 0 and
we clearly have that & (m, w) — £(m, w) by the properties of mollifiers and again by the
strong L4(€2) continuity. To finish, we know by (3.7) that a minimum (m,, w,) of & yields
a solution (ug, Ag, mg) of (3.1) and that the relation w, = —m .V H (V(u,.)) holds. Since we
know that (u., L., m.) converges in C2(§) x R x WP () for all p to a solution (u, A, m)
of the original problem, we get that (m., w,) converges in X to (u, —mV H(Vu)). Hence,
we can conclude that the solution (u, A, m) is such that (m, —mV H(Vu)) is a minimum of
& (possibly restricted to B; when g > q). O
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