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Abstract

In this paper, we investigate variational problems in R? with the Sobolev norm constraints and
with the Dirichlet norm constraints. We focus on property of maximizers of the variational
problems. Concerning variational problems with the Sobolev norm constraints, we prove that
maximizers are ground state solutions of corresponding elliptic equations, while we exhibit
an example of a ground state solution which is not a maximizer of corresponding variational
problems. On the other hand, we show that maximizers of maximization problems with the
Dirichlet norm constraints and ground state solutions of corresponding elliptic equations are
the same functions, up to scaling, under suitable setting.

Mathematics Subject Classification Primary: 35B38 Critical points of functionals in context
of PDEs (e.g., energy functionals); Secondary: 35A15 Variational methods applied to PDEs -
35B08 Entire solutions to PDEs - 35J15 Second-order elliptic equations - 35J60 Nonlinear
elliptic equations

1 Introduction

We consider the following variational problems

CG oo 7= SUP :/ Gw?dx |u e H' (R?), / (IVul* + pu?) dx = oz}
R2 R2

and

Jg2 GW?)dx
J2 utdx

where p and « are positive constants and G : [0, co) — R satisfies

DG.o = sup{ u e H'(R?), /Rz |Vul?dx = a} ,
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(G1) G(0)=0,G € C!((0, 00); R) and G is convex,
(G2) there exists a nonnegative constant m such that lims_, 1o G(s)/s = m and G(s) # ms,
(G3) G(s) < Ce®* holds for all s > 0 with some positive constant C.

In the case G(s) = s? with p > 1, problem Cg,, o is the best constant for the
Sobolev embedding H I(R?) < L2P(R?) and Dg o is the best constant of the Gagliardo-
Nirenberg-Sobolev inequality. It is known that for any x and « there exists a function which
attains Cg, o by the compactness of the embedding H! ,(R?) < L?P(R?), and DG«
is also attained. On the other hand, if G(s) = s, then Cg , o is the best constant for
H'(R?) — L2(R?) and the constant is not attained due to the non-compactness of the
embedding H! ,(R?) < L?(R?). Obviously, if G(s) = s, then Dg,o = 1 and Dg 4 is
attained.

In the case G(s) = e’ — 1 and a < 4, the constant Cg ;, o is the best constant of the
Trudinger-Moser inequality, which boundedness is obtained by B. Ruf [40]. The existence
of a maximizer for Cg , 45 is also proved in [40]. In addition to the existence result, it is
shown by M. Ishiwata [16] that there exists a threshold «, < 4 such that if « > o, then
CG,ua > a/pu and Cg,y o is attained, while if @ < ay, then Cg ;¢ = o/ and Cg o
is not attained. Concerning D¢ 4, it is shown by T. Ogawa [34] that there exists a positive
constant Cq such that Dg 1 < Cop holds. Later, it is shown by Adachi and Tanaka [3] that
DgG.o < oo holds if and only if @« < 4. In [20] and [7], the existence of a maximizer of
D¢ o forany o < 4 is proved. Moreover, by Cassani, Sani and Tarsi [7], a sharp estimate of
D¢ o withrespect to « is obtained, and then it is proved that the boundedness of D¢  for any
a < 4 is equivalent to the boundedness of Cg .« for £ = 1 and @ = 4. For more about
the existence of extremal functions for Trudinger-Moser inequality and its generalization,
we refer reader to [1, 8,9, 11, 13, 17, 21-23, 26, 27, 31-33, 35, 36] and references therein.

Maximizers of Cg , « and of Dg 4 are solutions of elliptic equations of the form

—Au+ ou = Aug(uz) in R?

with positive constants @ and A, where g satisfies G(s) = f(; g(t)dt, and by proper scaling
of solutions, the equation can be simplified to

— Au+u=Augw?) in R? )

with a positive constant A. Concerning more general equations, equation of the form

—Au= f(u) in RN,

Lo N (@)
ue H(RY)

has been extensively studied starting from the fundamental papers due to Berestycki and Lions
[5] and to Berestycki, Gallouét and Kavian [6]. Equation (2) has the variational structure and
solutions of (2) can be characterized as critical points of the functional / : H RNy > R
defined by

1
I(u) = f/ |Vu|2dx—/ F(u)dx,
2 JrN RN

where F(s) = fg f(®)dt. In [5] and [6], the authors establish the existence of ground state
solution, namely, solutions of (2) which have least energy among all nontrivial critical points
of 1, through the minimization problems:
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inf{/ |Vu|?dx

RN

inf{f |Vu|>dx
RZ

The uniqueness of ground state solution is studied in [2, 4, 10, 24, 25, 29, 30, 37-39, 42, 43].
In particular, if f(s) =s? —as? —switha>0and 1 <g < p < (N +2)/(N — 2), then
the ground state solution of (2) is unique.

In this paper, we investigate property of maximizers of Cg, ;o and of D¢ . More pre-
cisely, we study the relationship between these maximizers and ground state solutions of (1).
As mentioned above, in the case G(s) = s, Cg, ;¢ 1s not attained and D¢ ( is attained by
any functions satisfying the constraint. Thus, it is natural to assume that G (s) # ms in (G2).

Concerning maximizers of Cg o and ground state solutions of (1), we prove the following
result.

/ F(u)dx:l} for N >3,
RN

/ F(u)dx:O} for N =2.
R2

Theorem 1 Assume that ug € H' (Rz) is a maximizer of CG, .« Then, there exists a positive
constant N such that ug is a ground state solution of (1) with A = Ao, up to scaling.

The proof of Theorem 1 relies on suitable scaling properties which investigated in [7],
and we use the best constant D¢  to specify the Lagrange multiplier. Moreover, we do not
use any variational techniques to prove Theorem 1.

In general, ground state solution of (1) and maximizer of Cg o are distinct. The next
result is an example of a ground state solution which is not a maximizer of Cg ;.

Theorem 2 Assume that G(s) = ¢ — 1 and wp is a ground state solution of (1) for A > 0.
Let oy, = ng (|VwA|2 + ;Lwi) dx for u > 0. Then, there exists A, € (0, 1) such that for
any A € (0, Ay) and o > 0, either ay, > 4w or fRz G(w%\)dx < CG, e, provided that
ay < 4.

The existence of a ground state solution of (1) with G(s) = ¢* — 1 and A € (0, 1) is
guaranteed by the result of Ruf and Sani [41]. Theorem 2 asserts that a ground state solution
wp of (1) with small A is either a critical point of fRZ (e”2 — 1)dx under the constraint
f]RZ (|Vu|2 + ,uuz) dx < 4 except a maximizer, or a critical point of fRZ (6“2 — 1)dx under
the constraint fRZ (|Vu|2 + ,uuz) dx > 4m, though Cg .« = oo for a > 4m. Theorems 1
and 2 assert that equivalence of maximizers of C¢ ;. and ground state solutions of (1) does
not hold in general.

To state our results regarding relationship between maximizers of variational problems
D¢ o and ground state solutions of (1), we consider the next condition on G.

(G4) Dg ¢ is attained whenever D¢ o < 00.

We prove the following results.

Theorem 3 Assume that G satisfies (G1)-(G3) and vo € H'(R?) is a maximizer of Dg o
Then, vg is a ground state solution of (1) for A = Dgla, up to scaling.

Theorem 4 Assume that G satisfies (G1)-(G4) and wg € H'(R?) isa ground state solution
of (1) for A > 0. Let atg = [ |Vwo|*dx. Then,

-1
A= DG’%

and wq is a maximizer of D¢ «.
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As for the condition (G4), using results [3, 18, 19] and arguments to prove Theorem 1.1
in [7], we describe some sufficient conditions of (G4). Under the conditions (G1)-(G3), by
the result of [18], if G satisfies

. sG(s)
sl—l>nolo eKs =0 (3)
for some positive constant K provided that lims_ oo G(s)/ eK= = oo and

limg 00 G(s)/eXT =0forany K_ < K < K, ,then Dg 4 < ooifandonlyifa < 47/K.
Moreover, by the conditions (G1)-(G3) and the arguments of [7], we derive the existence of
a maximizer of D¢ o for any o € (0, 47/K]. If G satisfies
G G
lim $G(s) =o0 and lim ()

s—oo eKs s—>o0 eKs

< 00, 4)

then DG, < cofora < 4w /K and D¢ o = oo for o > 47 /K by the results of [3] and [18].
In the former case, there exists a maximizer of D¢ o for any @ < 47 /K by the same reason
as in the case (3). In the remaining case

0< lim@

s—oo eKs

oo, (&)

the attainability of D¢ 45,k depends on lower order perturbations included in G. Conditions
of existence and non-existence of a maximizer of D¢ 45,k are given by Theorem 1.11in [19].
Thus, in addition to the subcritical case, G satisfies (G4) if the growth of G satisfies (3), (4) or
(5) with an existence condition of Theorem 1.1 in [19]. In particular, functions G (s) = e* — 1
and G(s) = s? with p > 1 satisfy (G4). It is shown in Corollary 1.3 in [19] that there exists
a function G satisfying (5) for which there is no mountain pass solution of (1) with small A.
Such function G does not satisfy (G4).

In the special case G(s) = s? with p > 1, a stronger result follows from the uniqueness
result on positive solution of (1) by Kwong [25]. In the situation G(s) = s? for p > 1,
maximizers of Cg ;, « and D¢ o are positive solutions of (1) with A = 1, up to dilation and
multiplicative constant of the maximizers. Moreover, the existence of positive ground state
solution of (1) with A = 1 is obtained in [6], and the uniqueness result on positive solution
of (1) with A = 1 is proved in [25]. Thus, these results yield that any maximizers of Cg ;o
and Dg ,, for any positive constants © and « are the same as the unique positive ground state
solution of (1) with A = 1, up to dilation and multiplicative constant.

Different from Theorem 2, any ground state solution of (1) attains a maximization problem
Dg o for some « under the additional condition (G4). By Theorems 3, 4 and a scaling property
of (1), existence of a maximizer of D¢  is equivalent to existence of a ground state solution
of (1) with A = Da}a under the condition (G4), and the ground state level is /2 if a ground
state solution exists.

This paper is organized as follows. In Sect. 2, we prove Theorems 1 and 3. We first
prove Theorem 3, and then, using Theorem 3, we prove Theorem 1. The key argument to
prove Theorems 3 is the characterization of ground state solutions of (2) given in [6] in the
subcritical case. In order to prove Theorem 1, we show that a maximizer of Cg ;¢ is also a
maximizer of D¢ 4, for some o) < a. In Sect. 3, we prove Theorem 2. To prove Theorem
2, we estimate the Dirichlet norm of the ground state solution w, for small A. We show that
w, concentrates at origin as A — 0, unless o), > 4. Then, under the assumption o, < 47,
we apply blow-up analysis in [27] to w. In Sect. 4, we prove Theorem 4. In Sect. 5, we
extend Theorems 1, 2, 3 and 4 to higher dimensional case N > 3 and wiN (RN ).
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2 Proof of Theorems 1 and 3

In this section, we prove Theorems 1 and 3. In order to prove these theorems, we fix some
notations. For a positive constant K, we define

D o x = sup {/ Gw?dx |u e H'(R?), / |Vul*dx = a, f uldx = K}.
R2 R2 R2

For G satisfying (G1)-(G3) we define a function g such that G(s) = f(f g(t)dt. We define
the energy functional /5 : H'(R?) — R corresponding to the equation (1) by

1 A
In@) =3 /2 (IVul* + u?) dx — 5 |, Gu*)dx.
R R

Then, the ground state level is defined as

MA := inf {IA(M)

u e HI(RZ) \ {0} is a solution of (1)} .

We summarize some properties of G. By the conditions (G1) and (G2), a lower estimate
G(s) > ms holds for any s > 0 and there exists so > 0 such that G(sg) > msp. Set

So := inf {so >0 ’ G(sg) > mso} .

Using the convexity of G again, we observe that
G(ks) <kG(s) forany s> Sy and « € (0, 1). (6)
Moreover, for the same constant Sy, we have
G(s) < sg(s) forany s > Sp. (@)

Going back to the properties that G(s) > ms holds for any s > 0 and G(sg) > mso holds
for some s(, we have

DG,a >m (8)

for any o > 0.
We first prove Theorem 3. Assume that a function G satisfies (G1)-(G3), « > 0 and
vo € H'(R?) is a maximizer of D 4. By the Lagrange multiplier theorem, v, satisfies

1

— AgAvg = ———
fRZ védx

(=Dg avo + vog(v])) in R?, )

where Ao € R is the Lagrange multiplier. By (8), we see that [[voll g2y > /S0, and thus
by (7), we have

/ vtg(d)dx > / Gvd)dx.
R2 R2
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Multiplying (9) by vo and integrating over R?, we have

Jr2 V68 (W)
fRQ v%dx
Jg2 G(W3)dx

, V3dx
fR 0

AO/ |Vvol?dx = —Dg.o +
R2

> —Dg.q
=0.

Hence, it holds that Ag > 0.

Set
A vidx
wo(x) = vo (0x) with 6 := /m. (10)
DG,O(

Then, wy is a solution of
—Aw+w = D5l wg(w?) in R? (11)
and it holds that

/ |Vwo|>dx = a. (12)
Rz

In [6], the Pohozaev identity was shown under the condition that g has a subcritical growth.
We prove the same equality for G such that (G1)-(G3).

Proposition 5 Assume that a function G satisfies the conditions (G1)-(G3). Then, any solution
u € H'(R?) of (1) with A > 0 satisfies

/2 (AGW?) —u*)dx = 0.
R

Proof By the convexity of G, we have

G(s2) — G(s1)
§) — 81

g(sy) <

for any positive constants s; and s, with s, > s1. In particular, it holds that

G(2s1)
gls) = ——

for any s1, and then by (G2) and (G3), there exists L > 0 such that

g(s) < Le™s

for any s > 0. By the regularity theory, we derive that 4 € leo’cq (IR?) for any ¢ > 1. Hence,
applying the argument to prove Claim 5.3 in [14], we obtain the equality of the proposition.
O

By Proposition 5, we can write

1
MA:inf{f/ |Vu|?dx
2 R2

u € H'(R?) \ {0} is a solution of (1)} ) (13)
Next, we prove the monotonicity of D¢ o with respect to «.

@ Springer



Relationship between variational problems... Page7of14 131

Proposition 6 Assume that B > 0. Then, for any v € H'(R?) satisfying fR2 [Vu|2dx < B,
it holds that
fRZ G(v2)dx
J2 v2dx
Proof Let v € H'(R?) be such that [, [Vv|’dx < B and put y := [p |Vv[>dx. We

distinguish two cases:
Case 1.

< Dgp.

vl Lor2y < v So-

In this case, G (v(x)?) coincides with mv(x)? for a.e. x € R2. Thus, we have
Jp2 GHdx
fRz v2dx

Hence, we obtain desired estimate.
Case 2.

=m< DG,ﬁ-

vl o w2y > v/ So-

vg(x) = \/Ev(x).

It is easy to check that f]R2 [Vug |2dx = . Moreover, by the hypothesis and (6), we derive

We consider

that
/ G (v2 dx < 4 G(v%)dx.
{v>+/So} B J{v>vss)
Hence,
Jo2 G@Ddx  Jp2 G(p)dx
5 < 3 < Dgp.
fR2 vdx fRz vﬁdx
Consequently, we conclude that Proposition 6 holds. O

Proof of Theorem 3 Propositions 5 and 6 give that a necessary condition of solutions of (11)
is

/ |Vw|2dx > a.
R2

The estimate and (13) yield the following lower bound of the ground state level:

Moreover, it holds that, by (12) and (13),

Mot <2 [ [ Vwoltdx = ©
Dé}a_2 R2| w0| x_2'

Hence, we derive that M -1 = I]RZ |Vwg|? /2. Consequently, wy is a ground state solution
G.a
of (11), and by (10), we conclude Theorem 3. ]

@ Springer



131 Page8of14 M. Hashizume

We next prove Theorem 1. Assume that G satisfies (G1)-(G3), © > 0, « > 0 and
up € H! (R2) is a maximizer of Cg, ;. The maximizer is a solution of

—Au+ pu = Alug(uz) in R?,

where A is the Lagrange multiplier characterized by
o

oo w2y

Since @ > 0, we see that A; > 0. We define a constant by

o] :=/ |Vu0|2a’x.
RrR2

Then, we prove the following proposition.

Al =

Proposition 7 The function ug € H'(R?) is a maximizer of D¢ o, and we have

n

A = .
DG,O(]

(14)

Proof By the constraint of Cg ;, o, We see that

o —al
/ u%dx = .
R? W

Then, it follows from the definitions of C¢ ,  and D?}, 8K that

Co.pa = DG oy (a—ar)jn-

*

Ga1,(a—ap)/u> 10 also

Since ug is a maximizer of Cg ,  and satisfies the constraint of D,

. *
attains the best constant DGﬂ1 (a—an)/
Here, for any function v € H'(R?) and positive constant K, we consider the following

scaling
v2dx
vk () = v (Bkx) with 6 = fRZT

Then, we observe that

DZ‘,ﬁ,K

K

for any G and B > 0, and hence, ug also attains D¢ g, -
Next, we prove the equality (14). The same argument to prove Proposition 5 yields that

= D¢ g (15)

/ (A]G(u%) — ,uu(z)) dx =0,
RrR2
and then we derive that

AlDé,oq,(ozﬂx])/,u —(@—a) =0,

or
A o — o]
1= &% .
DG,al,(a—al)/M
The equality with (15) gives the equality (14), and hence, Proposition 7 is proved. O
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Proof of Theorem 1 Set
wi(x) = ug (x/ﬁ) .
By Proposition 7 and Theorem 3, w is a ground state solution of
—Aw+w= Dg,lalwg(wz) in R

Consequently, the proof of Theorem 1 is complete. O

3 Proof of theorem 2

Proof of Theorem 2 Suppose that G(s) = ¢* — 1 fors > 1. Let {A,} be a sequence of positive
numbers such that A,, — 0 as n — oo and let w, € H!(R?) be a ground state solution of

—Aw+w= Anwew2 in R (16)

We note that w, is positive and radially symmetric by the result of [15]. For i > 0, a constant
ay., denotes fRZ (|an|2 + ,uw,%) dx and in the following, we assume that o, ,, < 4. We
first prove that w, does not attain Cg 0, , for any u 7# 1. Assume on the contrary that

Jr2 (ewf% - 1) dx = Cg p.q,, holds with o # 1. We observe that wy, is a solution of

—Aw+ pw = AMwew2 in R? (17)

with a Lagrange multiplier A, depending on n. Applying the argument in the proof of
Proposition 5 to the above equation, we have

/1;2 [uwﬁ — Ay (ew5 - l)] dx =0.

On the other hand, by the characterization of ground state solutions of (16) given in [41], we

have
/Rz [w,%—An G 1)]dx:0. (18)

The two equalities yield that A, = uA,. Then, since w, is a solution of both (16) and (17)

again, we have
1
1——)Aw, =0,
n

which implies that w, = 0. This is a contradiction, and hence, w, is not a maximizer of

C6.p.ap, foru # 1.

In the following, we assume that © = 1. For simplicity, we set C, = Cg,1, and
ay := a1 ,. We will prove that a ground state solution w,, does not attain Cy,, for sufficiently
large n. Going back to (18), we derive that

. Jr2 (e“’3 - 1) dx

=
n— 00 /]R2 w’%dx ’

which implies that

lim [Vwy[2dx > 47
n—oo R2
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by the results in [3]. The lower bound and the assumption of «,, yield that lim,,_, o, &, = 47,
lim, s 0o fRZ Ianlzdx = 4 and f]RZ wgdx = 0. Hence, {w,} concentrates at the origin,
that is it holds that lim,,— oo w,(0) = 0o and that lim,— o, w,(x) = O for all x € Rz\{O}.
Using the same arguments in [27] to prove the existence of maximizers of C4,, we have,
after passing to a subsequence,

. 2
lim (ew" — l) dx < e < Cup
n—o0 Jp2

with an explicit constant A. Hence, by the continuity of the best constant C,, with respect to
. 2
o, we derive that fRZ (ewn — 1) dx < Cy, for large n.

Consequently, for sufficiently large n, it holds that fRZ (ew'% — l) dx < Cg, unless o, >
4. The proof of Theorem 2 is complete. O

4 Proof of theorem 4

Proof of Theorem 4 Assume that G satisfies (G1)-(G4) and wo € H'(R?) is a ground state
solution of (1) for A > 0. We first estimate A. Since G is convex and G satisfies (G2), by
Proposition 5, we derive that

0= / (AG(w(Z)) — wé) dx > / (Amw% — wg) dx,
R2 R2
and thus, we have A~! > m.
Letag = [ |Vwo|?dx. Then, we observe that

1 [ G(w))dx

— =" — = D¢
A Jr2 w%dx
To prove A~ = Dg o, assuming that, on the contrary
-— < DG,O{Q»

A

we derive a contradiction. Since D¢ o is continuous with respect to o, limy—0 DG, = m
and m < A, there exists B € (0, ap) such that

1

A

By (G4), there exists vg € H'!(R?) such that [p, [Vvg|?dx = g and
Jp2 G(vp)dx b

Jr2 v%dx G

Thus, by Theorem 3, vg is another ground state solution of (1), up to scaling. Recalling the
characterization of the ground state level given by (13), we have

= D¢ g.

1
My = f/ |Vug|?dx = B
2 R2 2

However, since wy is also a ground state solution of (1), we have

1 oo
My = - Vuwg|?dx = —,
A 2/R2|wo| x=-
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which contradicts that 8 < «g. Consequently, it holds that AL = DG o and wy is a
maximizer of D¢ . O

5 Higher dimensional case

In this section, we deal with N > 3 and W1 (RY). We consider G : [0, c0) — R satisfies

(Gl) G(0)=0,G € C' ((0, 00); R) and G is convex,
(G2) there exists a nonnegative constant m such that limg_, ;0 G(s)/s = m and G(s) # ms,
1

(G3) G(s) < Ce’s V=T holds for all s > 0 with some positive constant C.

Set

Coa = Sup{/ G(Ju|M)dx
]RN

ue WhNRY), / (|Vu|N +/L|u|N> dx = a}
RN
and

Jav G(ulydx

DG.a =
G,a Sup[ fRN |u|Ndx

ue WHVRN), / [VulNdx = a},
RN

where p and o are positive constants. Then, consider the condition
(G4) 9G .« is attained whenever Z¢ o < 00.

It is worth noting that the results in [18] are extended to the case N > 3 by Masmoudi and
Sani [28]. By the boundedness result in higher dimensional case, if G satisfies (G1)-(G3)
and

lim ————~ =0 (19)

§—>00 T
N-1
eKS

1
K_sN-1

for some positive constant K provided that limg_, ., G(s)/e oo and
1

lim; s o G(s)/eK”m = 0 forany K- < K < Ki, then Z5, < oo if and only if
a < (ay K)N-1 where a;‘;, = Na)}v/i}\l/_l) and wy_1 is the surface area of the unit sphere in
RN . Moreover, 96 .« 1s attained for any o < (a}ka W -1 by the compactness result in [28]
and the arguments of [7] (see Remark 2.8 in [7]). If G satisfies (G1)-(G3),

STTG(s) G
———— =00 and lim
eKsN-T §—00 eKsN-T

lim

§—>00

< 00, (20)

then %G, < oo if and only if o < (o}, K)V~! by [3] and [28]. In the situation Zg o < 0o,
there exists a maximizer of & o by the same reason as in the case (19). In the case

different from the case N = 2, condition of existence of a maximizer for 7¢ (4x gv-1 is still
open. Thus, if the growth of G satisfies at least (19), (20) or the subcritical growth, then G
satisfies (G4) in the higher dimensional case.
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Quasilinear elliptic equations related to variational problems ¢, .« and 2  are of the
form

—Ayu+uV "t =Au @), >0 in RV 1)

with positive constant A, where Ay is the usual N-Laplace operator defined by Ayu =
div (IValN=2Vu). If u € W'N(RV) is a solution of (21), then u € C,;”(RY) by the

conditions (G1)-(G3) and the regularity result obtained by E. DiBenedetto [12]. Thus, by the
same argument to prove Claim 5.3 in [14], we obtain that any solution u € WLN(@RNY of

(21) satisfies
f (AG(uN) - uN) dx = 0.
RN

Consequently, we extend Theorems 1-4 to the following results.

Theorem 8 Assume that uy € WY (RYN) is a maximizer of 6G,u,a- Then, there exists a
positive constant Ao such that ug is a ground state solution of (21) with A = Ao, up to
scaling.

Theorem 9 Assume that
. SWET

N-2
Gis)=e"" =) —
= I

and w is a ground state solution of (21) for A > 0. Let o), = f]RN (|VwA|N + uw%) dx
for u > 0. Then, there exists Ay € (0, (N — 1)!) such that for any A € (0, Ay) and n > 0,
either o, > (ot]*\,)N_1 or f]RZ G(wﬁ’) < 6G.p.e, provided that oy, < (ot}"V)N_l.

Theorem 10 Assume that G satisfies (G1)-(G3) and vg € WLEN(RNY is a maximizer of 96 -
Then, vq is a ground state solution of (21) for A = .@5’10[, up to scaling.

Theorem 11 Assume that G satisfies (G1)-(G4) and wy € W]*N(RN) is a ground state
solution of (21) for A > 0. Let ag = fRZ |Vwo|Ndx. Then,

.|
A= _@G,ao
and wy is a maximizer of 96 -
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