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Abstract

We consider scalar-valued variational models for pattern formation in helimagnetic com-
pounds and in shape memory alloys. Precisely, we consider a non-convex multi-well bulk
energy term on the unit square, which favors four gradients (£ «, £ ), regularized by a sin-
gular perturbation in terms of the total variation of the second derivative. We derive scaling
laws for the minimal energy in the case of incompatible affine boundary conditions in terms
of the singular perturbation parameter as well as the ratio «/f and the incompatibility of
the boundary condition. We discuss how well-studied models for martensitic microstructures
in shape-memory alloys arise as a limiting case, and relations between the different mod-
els in terms of scaling laws. In particular, we show that scaling regimes arise in which an
interpolation between the rather different branching-type constructions in the spirit of Kohn
and Miiller (Commun Pure Appl Math 47(4):405-435, 1994) and Ginster and Zwicknagl (J
Nonlinear Sci 33:20, 2023), respectively, occurs. A particular technical difficulty in the lower
bounds arises from the fact that the energy scalings involve various logarithmic terms that
we capture in matching upper and lower scaling bounds.

Mathematics Subject Classification 49J40 - 74N15 - 74G65 - 82B21 - 82B24

1 Introduction

We explore relations between certain scalar-valued variational models for microstructures
in shape-memory alloys and in helimagnetic compounds, respectively. In these models, the
formation of microstructures is induced by a lack of convexity. More precisely, the energy
functionals favor functions whose gradients lie in discrete sets consisting of two (for marten-
sites) or four (for helimagnets) vectors, respectively. To introduce a length scale to the
problem, these non-convex terms are typically complemented by a higher-order regular-
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ization term which is interpreted as a surface energy term and in particular penalizes changes
between regions of preferred gradients (see e.g. [1] and the discussion in [2]). There are
only very few special cases in which minimizers for the resulting variational problems are
known (see [3] and the references given there), or qualitative properties of them are proven
(see [4, 5] and the references given there). Therefore, starting with the work by Kohn and
Miiller on martensitic microstructures (see [6, 7] and also below for a more detailed descrip-
tion), it has often proven useful to understand the scaling behaviour of the minimal energy
in terms of the problem parameters in order to explain pattern formation in materials. More
precisely, such results often indicate that in certain parameter regimes, optimal configurations
are rather uniform while in other regimes, complex branching patterns are predicted. Similar
results have been obtained for a variety of models for very different phenomena, including
among many others, various models for the classes of materials considered here, that is,
martensitic microstructures (see e.g. [6—18] and the references therein) and microstructures
in micromagnetics (see e.g. [19-27] and the references therein).

1.1 The model and related results

Throughout the text, we consider a generic square domain (0, 1)2. For recent related results
addressing the domain dependence we refer to [28]. Pattern formation in helimagnets is
often described in terms of (discrete) frustrated spin systems (see e.g. [29]). We continue
here a study of two-dimensional J; — J3-type models on a square lattices. It has been found
(see [30-32]) that zooming into the helimagnetic/ferromagnetic transition point and simul-
taneously taking the continuum limit as the lattice spacing vanishes, such discrete models
from statistical mechanics (if properly rescaled) converge in the sense of I'—convergence to
singularly perturbed continuum functionals. More precisely, the latter are closely related to
functionals of the form

J(u) = /distz(w,m,ﬂ)dxdwa | D%u | (), 1)
Q

see [30-32] for precise results and [27] for a discussion of the simplifications we make here.
In (1), Q= (0, 1)> c R? denotes the domain occupied by the magnetic body, and the set
of preferred gradients Py 3 C R? contains four vectors. The latter can be seen as order
parameters and correspond to chiralities of the discrete spin fields. More precisely, it has
been found that in the parameter regime we consider here, optimal spin field configurations
correspond to helical spins field, where the spin vectors rotate between nearest neighbors by
a fixed angle (clockwise or counterclockwise) horizontally and by a fixed angle vertically.
The preferred gradients Py g = {(da, £8)} with o, 8 > 0 correspond to appropriately
rescaled versions of these optimal rotation angles, horizontally («) and vertically (8). The
actual angles are determined by the parameters of the J; — J3—model (see [30, 31]). We note
that in [27, 31] the case « = B = 1 has been considered. The more general case considered
here corresponds to the additional freedom in the discrete spin systems that the ratio between
nearest neighbor and next to nearest neighbor interactions may be different (details will be
discussed in [32]).
We consider the case of incompatible affine Dirichlet boundary conditions, i.e.,

u(0,y) = (1-20)By (@)

with a parameter 6 € (0, 1/2) that measures the incompatibility between the rigid field on
the boundary and the preferred gradients inside the sample: If 6 = 0, the boundary condition
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is compatible with the preferred gradients in €2 and the minimal energy vanishes, but the
larger 6 € (0, 1/2) gets, the more incompatible are the boundary conditions, and we expect
a larger minimal energy.

Let us briefly explain the relation to variational problems from the literature: The case
o = B = 1 has been studied in [27]. The main result there is a scaling law for the minimal
energy which takes the form

!
min J ) ~ minJ o2, o (19871 )\ 3)
[log 0|

Here and in the following, we use the notation G ~ H for functions G, H depending on the
problem parameters, to indicate that there are constants ¢, C > 0 such that for all admissible
choices of the problem parameters there holds cH < G < CH. The first scaling in (3) is
achieved by an affine function, while the second scaling corresponds to a branching-type
construction, which (up to an interpolation layer close to the interface {x = 0}) uses only the
preferred gradients in Py g.

On the other hand, if we set « = 0 and 8 = 1, then the functional given in (1) reduces
to a variant of the Kohn-Miiller model for martensitic microstructures. It is well-known that
the scaling law for the minimal energy in this case reads (see e.g. [33, 34])

min J (u) ~ min {02, 0?30/}, @)

Again, the first regime corresponds to an affine function, while minimizers in the second
regime are expected to show almost self-similar behaviour (see [4, 5] for rigorous results for
a simplified model). However, in contrast to the situation above, (almost) minimizers in this
regime only satisfy (up to an interpolation layer) d,u € {8} but not dju € {£a}.

1.2 Main results

We shall prove scaling laws for the minimal energies (1) under the boundary conditions
(2). As discussed above, this can be seen as generalizations of results on Kohn-Miiller-type
models (see e.g. [2, 7, 33, 34]) and of the analysis in [27]. In particular, we show how
this "transition" from two-gradient models to four-gradient models takes place in terms of
"interpolating” scaling regimes of the minimal energy. A particular technical difficulty in
the analysis lies in the fact that the scaling law contains various logarithmic terms that we
capture precisely in the upper and lower bounds.

We restrict ourselves to a generic domain (0, 1)% to keep notation simple, but we expect
that more general rectangles can be treated along the lines of [27, Section 4.4]. We treat the
cases @ < B and o > B separately in Sects.2 and 3, respectively. As the absolute values o«
and B can be adjusted by the rescaling chosen for the spin model (see [31, 32]), we set the
larger of the two values to one and call the smaller one y € (0, 1], see Remarks 2 und 3
for details. Our main results concern the complete characterization of the scaling laws of the
minimal energies, which we will outline in the sequel. We treat the cases of small preferred
y- und small preferred x-derivatives separately.

1.2.1 The case of small y-derivative

Foro > 0,6 € (0,1/2], and y € (0, 1] we set
Agy = {ue W0, 1)) : Vu e BV((0, D?), u(0,y) = (1-20)yy}.
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We note that any function in Ay, has a continuous representative up to the boundary (see
e.g. [35, Lemma 9]). In the following, we always refer to this representative without further
mentioning. We consider the functional E; ¢ : A, — [0, 00) defined by

Eqyo(u) = / dist*(Vu, KC,)) dx dy + o | D*u | ()
0,12
where
Ky = {(£1, £p)}.

While for y — 1, we end up with the four-gradient problem studied in [27], we shall also
exploit the above-mentioned relation to two-gradient problems for martensitic microstructure
formation. Precisely, we make use of the following relation.

Remark 1 For u € Ay, consider v(x, y) := uleV)=X Thep

u=r

Eo,y,@(”)

< f 1911 — 12 + min {|dou — y|, [du + y}* dx dy + | D?u|((0, 1)?)
0,1)?

=y /|alu|2+min{|azv—1|,|azv+1|}2dxdy+ay*1|02u|((o,1)2)
0,1)2

In this way, the upper bound for the Kohn-Miiller-type functional (see (4)) immediately yield
bounds for our problem which in some parameter regimes turn out to be sharp, in others not.
This will be explored more specifically in the proof of Proposition 3.

It turns out that the scaling law for the minimal energy E; , g shows a transition between
the scaling behaviour of the Kohn-Miiller-type two-gradient energies and the ones derived
in [27] for the four preferred gradients (£1, =1). Precisely, compared to the setting of [27],
besides uniform phases and branching-type structures involving all four preferred gradients,
also a Kohn-Miiller type branching construction is relevant for the scaling behaviour of
the minimal energy. We note that in the Kohn-Miiller model there are only two preferred
gradients, and the construction uses (up to a boundary layer) only the preferred values for the
y—derivative. However, in contrast to the branching-type construction using four gradients,
the refinement is done in an anisotropic way so that the x-derivatives become very large (and
therefore get far away from the preferred value) after only a few refinement steps. Our main
result is the following scaling law of the minimal energy. Note that we prove matching upper
and lower bounds.

Theorem 1 There are constants ¢, C > 0 such that for all 0 € (0,1/2], all y € (0, 1], and
all o0 > 0, there holds

cs(y,0,0) <minE;,9 < Cs(y,0,0),
-Aﬁ'.y

where s(y, 0, 0) = min {yzez, 02/3)/4/392/3, o (% + l)}

Proof The upper bound is proven in Proposition 3, the lower bound in Proposition 4. O
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Remark 2 The case of arbitrary preferred gradients (o, 8) with0 < B < « can be reduced
to the setting considered here by rescaling. Precisely, for a function u € Ag g/, the function
Uy 1= ou satisfies uy (0, y) = a(1 —26)y, and

f dist? (Vita, Pa,g) dx dy + o | D?uq| (0, 1)?) = &® Eq /o, /a0 (u).
©,1?

1.2.2 The case of small x-derivative

Foro > 0,0 € (0,1/2], and y € (0, 1] we also consider on
By = {u e W0, )% : Vu € BV((0, 1)%), u(0,y) = (1 —20)y}
the functional
Foyo(u) = / dist*(Vu, M) dx dy + o | D*u | ()
.12
where
M, = {(Fy, £D}.

Also in this case, we consider for any function in By always its continuous representative (see
e.g. [35, Lemma 9]). Again, for y — 1, the problem turns into the four-gradient problem
studied in [27], while for y — 0, this problem turns into a Kohn-Miiller-type model. Our
main result is the following scaling law for the minimal energy. Note that we a prove matching
upper and lower bound in all parameter regimes.

Theorem 2 There are constants c;, C; > 0, i = 1,2, 3 such that for all 6 € (0, 1/2], all
y € (0, 1], and all o > 0, the following statements hold:

1. If0 <y <60/8 then

c1s1(y,0,0) < néin Fysy0 < Cis1(y.0,0),
4

+1)}.

c28(y,0,0) < néin Fy 0 < Cas2(y,60,0),
4

+1)}.

c383(y,0,0) < néin Fy 0 < C3s3(y.0,0),
4

where s1(y, 6, 0) = min {92, o2/392/3, %9 <‘10g %
2. If0 < y%/2 < 0/8 < y then

where s2(y,0,0) = min [92, oy + 973, ‘?/—9 (’log 9%
3. If0 < 0/8 < y?2/2 then

U 2 oy (Lkeor/it 4 1))
whereS3(7/,9,U)—mm{9 oY y,a)/( [Tog /6] =

Proof The upper bounds follow from Corollary 1, the lower bounds from Proposition 6. O
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Remark 3 By rescaling, one can obtain similar results also for the case of general preferred
gradients of the form (£, £8) with 0 < o < . For a function u € By consider ug := Bu.
Then ug(0, y) = B(1 —26)y and

/ dist?(Vug, Pyp) dx dy + o | D?ug| (0, 1)) = B> Foyp.0.0/p ).
©0.1)2

Let us briefly discuss how the above mentioned relations to the well-known scaling laws are
reflected in this result.

Remark 4 Suppose that o > 0 and 6 € (0, 1/2] are fixed.

1. If y — 0 for 6 > O fixed, we are in case (1) and we recover the well-known scaling law
for Kohn-Miiller type models (see (4)).

2. Consider now the case y — 1. Note that then we are necessarily in case (3) since for (2)
there holds y2/2 < 6/8 < 1/16. If we are in case (3) then we have

3
. 2 3 (1loga/07|
nzglgn Fg’ng ~ min {0 , 0 +6 , 0 (W +1

1
~ min 92, O'+93, o |log o] +1
[log 6|

1
~ min {62, o |0g0|+1 ,
[log 0]

which is the scaling law from [27, Theorem 1] (see (3)).

Throughout the text, we denote by ¢ and C generic constants that may change from
expression to expression and do not depend on the problem parameters. In the absence of
ambiguities, we will not distinguish between row and column vectors. For B C R? open and
u € WH2(B) with Vu € BV (B), we use the notation Es y0(u; B) and Fy; , ¢(u; B) for the
energy on B, i.e.,

Eyyo(u; B) = fdistz(Vu, K,)dxdy + o|D*u|(B)
B
and Fy, 0(u; B) = /dist2(Vu, M,)dx dy + o|D*u|(B). (5)
B

In addition for x € (0, 1) and I € (0, 1) Lebesgue-measurable, we write for u € Ayg

Eoyou; {x} x1I):= /distz(Vu(x, ), Ky)dy + 81 Vu(x, )|(I).
1

Note that since Vu € BV ((0, 1)?) this formula makes sense for almost every x € (0,1)
in the sense of slicing of BV -functions, see [36]. Similarly, we write for y € (0, 1) and
ue Ay,

Egyo(u; I x{y}) = /distz(Vu(x, ), Ky)dx +10:2Vu(-, y)|(1).
1

We use analogous notation for Fy 5 ¢.
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2 Proof of Theorem 1

2.1 Upper bound

We start with the proof of the upper bound in Theorem 1. Before we present the precise
constructions, let us start with a brief heuristic explanation. Essentially, the boundary con-
ditions can be met in two ways, namely the y-derivative being approximately (1 — 20)y
and fast oscillations close to x = 0 between y-derivatives +y and —y with volume fraction
1 — 6 and 6, respectively. The first case is penalized by the first term in E, , 9, whereas
the second case introduces a certain energy through the second term of E; 9. If 0 > O is
large, uniform structures should be energetically favorable. For small o > 0, we present two
constructions in which oscillations in the y-derivative refine in a self-similar way towards
x = 0.If y > 0is rather small then the set I, = {(1, &y)} U {(—1, £y)} is the disjoint
union of two rather far apart sets of two preferred gradients with a small distance. Hence,
it is energetically favorable to use only two of the four vectors in k), i.e. we restrict our-
selves to the setting of only two preferred gradients. By a simple change of variables, in
this scenario the construction from [7] can be invoked. The second construction uses all four
preferred gradients and isotropically rescaled building blocks, cf. Fig.4 and [27]. Assuming
that Vu € KC),, we find that |u(x, y) — (1 —20)y y| < x. It then follows, again assuming that
Vu € K,, that the number of jumps of the y-derivative is of order 07”‘ The presented con-
struction realizes this as the number of jumps of the y-derivatives grows from approximately
0y~ to approximately (8y2)~'~! between x; ~ 0y (0y?)’ and xiy1 ~ Oy (@y2)itl.
Moreover, |020u|((xi+1,xi) X (0,1)) = y(x; — xi+1)(9y2)_i ~ 1 which balances the
energy contributions from |91 9 u| per refinement step. The lower bound indicates that this is
necessary. Eventually, we note that instead of the described refinement step (purely creating
surface energy), we could alternatively interpolate to the boundary conditions using gradients
that are not in )/, see Fig.4 (middle). This creates an energy contribution through the first
part of the energy. By scaling this contribution becomes smaller as the number of refinement
steps taken before increases. The use of refinement steps in the construction then terminates
once this interpolation is energetically favorable.
Precisely, we have the following result.

Proposition 3 There is a constant C > 0 such that for all 6 € (0,1/2], all y € (0, 1] and
all o > 0, there is a function u € Ag , with

. |logo|
Esy6) < Cmin {)/292, o3y436283 <|10g(% +1);.

Proof We use the labels from Fig. 1 to indicate in which parameter regime which test function
is used. The first two scaling regimes arise from the scaling regimes of the Kohn-Miiller-type
models (see Remark 1, with constructions along the lines of [2, 7, 33, 34]) (Fig. 2).

1. Uniform configuration (UC). The first scaling, 262, corresponds to a uniform test function
uyc(x, y) = (1 —20)yy + x, which has energy E (uyc) = 4y26>.

2. Kohn-Miiller-type two-gradient branching (TG). The second energy scaling, o>/3y4/39%/3,
can be achieved by a Kohn-Miiller type branching construction, which involves only two of
the four preferred gradients, see Fig.3. A similar construction is also given in detail in
Proposition 5 (b) below, cf. also the upper bound constructions in [34, 37]. Precisely, it is
shown in [34] that there is a constant C > 0 such that for all ¢ € (0, oco) and all 8 € (0, 1/2]
with & < 62, there is a function v := vg,g : (0, 1)2 — R withv(0,y) =0forall y € (0,1)
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Fig.1 Left: Sketch of the set of preferred gradients with small y-derivative Cy, . Right: Sketch of the appearing
regimes for small y-derivatives in Theorem 1 for fixed 6 in the o-y-plane: the uniform configuration (UC),
the Kohn-Miiller type branching using two gradients (TG), and the isotropically rescaled branching using all
four preferred gradients (FG). For the corresponding upper bound constructions see Sect. 2.1

0 0 NG 1
Fig.2 Left: Sketch of the set of preferred gradients with small x-derivative M, . Right: Sketch of the appear-
ing regimes for small x-derivatives in Theorem 2 for fixed 6 in the o'~y -plane: the uniform configuration (UC),
the Kohn-Miiller type branching using two gradients (TG), the interpolation between the Kohn-Miiller type
branching and the isotropically rescaled branching using four gradients (IB), the isotropically rescaled branch-

ing using all four preferred gradients (FG), and the rotated interphase configuration (RI). For the corresponding
upper bound constructions see Sect. 3.1

such that

f ((31v)* +min {(Bv + 1 —0)2, (v —6)*}) dxdy + e[ D?v|((0, 1)?) < Ce*30*/3.

(0,1

Suppose now o < y62 (otherwise 262 < o*/3y*362/3, and the second energy scaling is
not relevant). We then set ¢ := oy ~! < 02, and define ug : (0, 1)> — R by

urg(x, y) ==y Qu(x,y) + (1 —20)y) + x.

@ Springer



Energy scaling laws for microstructures: from helimagnets Page9of40 8

~ o1/3~~1/39=2/3

Fig. 3 Sketch of the Kohn-Miiller-type branching construction. The areas of dpu = 1 and dpu = —1 are
colored in green and red, respectively. The parameter « can be chosen in the interval (1/4, 1/2)

This yields utg € Ag,,, and by (4)

EG,y,G (utG)

< / oG — 1P + min{ldaurg — v1, [9aurc + 1) dx dy + o] D2ura] (0, 1))
0,12

=92 / 4191v]? + 4min{|drv — 0], |hv + 1 — 0]} dx dy + 20y 1| D*v|((0, 1)?)
0,1)2
< 4C)/282/392/3 _ 4C02/3y4/392/3.

3. Four-gradient branching (FG). We now turn to the third and last scaling regime,
o ( logo] 1). We may assume that o < y*62 (otherwise ¢ > ¢2/3y%/302/3 and the

Ilog(y26)]
last energy scaling is not relevant). Here, we use a branching-type construction (see Fig.4),

which is a variant of the construction that has been introduced in [27] for the special case
y = 1. We introduce some auxiliary notation and set

L R

where |x| :=max{¢ € N: ¢ < x}and [x] := min{¢ € N: £ > x}. Then

mé
0

=

> 2.

3|3

1171 6 2 1
m<5 —2+1, —1<8§y0§§, n>1, and
’ o+ 5]

Step 1: Construction of the building block.
The building block is sketched in Fig. 4, left panel. We define V : [y62, y0] x R — R? as
the function which is 1-periodic in y-direction and satisfies the following:
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() If (x,y) € [y02,v0] x [1 —18,1 — (I — 1)8) for 1 <[ < n then

1,—-y) ifx<y8—-35y(1—-0)(n—1+1)and
y>1—(—1)8—06,

(Ly) ifx<y0—8y(1—0)(n—1),
y<1—(@1—-1)—-68, and
y<1—-18—y 'x—y0—ys(1 —6)(n—1),

(—1,—y) else.

Vix,y) =

(i) If (x, y) € [y02%, ¥0] x [1 — (n + 1)8, 1 — né) then

(1, —y) ify>max{l —(n+6)51-0+y ' (x—yo)
Vi, )=1,y) ify<l—m+6)8andx <2y0 — (n+0)ys,
(—1,y) else.

(iii) If (x, y) € [y%0, y0] x [1 —£8,1 — (£ — 1)8) forn + 1 < £ < m then

(1,—y) ify>1—4£5+ (1 —06)8 and
y21—==1D8+y ' (x =2y + (n +0)ys + (L —n —2)0ys),
Vix,y)=1(,y) ify<1—4£5§+(1—-0)5 and
x <2y0 —(n+0)ys— € —n—3)y04,
(—1,y) else,

It can be seen that V is curl-free as it is piecewise constant and v || (V™ — V) on its jump
set Jy, where v is the measure-theoretic normal to Jy. Consequently, V' is a gradient field
on (y20, y0) x R, and additionally, V (x, y) € K for almost all (x, y), and

| DV | (%6, 70) x (0,1)) < C@y (1 —y)ym+1) < C.
We will use in the next step that for the second component V, of V, we have

Va(@y,y) = Va(@?y,8y)  forally € R. (©6)

Additionally, consider the function V4 : (0, y0(1 —0)) x R — R? which is 1-periodic in
the y-component and for (x, y) € (0, y6(1 —0)) x (0, 1) defined as (see Fig.4)

(=1, =y ifyzl—ﬁx,
Vba(x,y) =1 (=1.7) ify <5
(1,y(1—=20)) else.

Again, we note that also Vjg is curl-free and | D? Vg |((0, 0y (1 — 6)) x (0, 1)) < C.
Step 2: Branching construction.
The branching-type construction is sketched in Fig. 4, right panel.
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(001

~v0(1 - 0)

Fig.4 Left: Sketch of the building block. Middle: Sketch of the function Vp,. Right: Sketch of the branching
construction for small y-derivatives

We now set Vy : (0, 1)2 — R2 for fixed N € N as

(1, -y ifx > yo1 5andy>1—9
1, y) ifx > yol 8andy<1—9
Ve, y) = V(TR 4 422, 5k ifx e [akw{ =0 sk1yel=t)
’ with1 <k <N,
Via (87N (x — 8N T1y0 125), 67V y) ifx e 6V yo =5, 8Ny 1=5).
(1, (1 =20)y) if x € 0,8V +1y01=5).

We note that Vyy is curl-freeas v || (Vy — V+) on Jy, , where v is the measure theoretic normal

to Jyy, seealso (6). Moreover, Viy (x, y) € Ky foralmostall (x, y) € (X252 5V 1)% (0, 1),
and

| DVy | ((0,1)%) < CN +2y < CN. (7

Letuy : ()/9(1 G)SN
that uy (0, 0) =

Step 3: Estimate for the energy.
We have

1) x (0, 1) = R be a corresponding primitive, i.e., Vuny = Vy, such

1-6
/ dist(Vuy, Ky)* dx dy < 4y292y9ﬂ81v <cuoN. )
0,12

Moreover, by (7)
D?uy | ((0,1)*) < CN. )

_" logo —‘
| log(y?0)

Now fix
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and set urG := uy,. Then combining (8) and (9), we obtain

Eqy6(urG) = C(y*0)Y + CaNo < Co (1 + 1"%) =Co (M + 1) .
| log(y%0) |10g(26)]

[m}

2.2 Lower bound

We now turn to the proof of the lower bound in Theorem 1. Precisely, we show the following
result.

Proposition 4 There is a constant ¢ > 0 such that for all 6 € (0,1/2], all y € (0, 1], and
all o > 0, there holds

. . [logo|
min Eq y 9 Zcmm{y292,02/3y4/302/3,a<7+ 1 .
Aoy 77 | log(y20)]
Proof The proof is structured in a similar way as the proof of [27, Theorem 1] and is split in
several parts that we prove as separate lemmas below. We briefly outline the main steps and
how they yield the claimed lower bound.
First, in Lemma 1, we prove a (weaker) lower bound without the logarithmic term in the third
regime, i.e.,

min E; , 9 > ¢ min{yzez, 02/3)/4/392/3, o}.

Ap,y
This concludes the proof of the lower bound in the first two regimes, in particularif o > 62
(since in this case, y4/ 3623923 < &, and the last regime is not relevant).
Let us now consider the remaining case o < y492.

o If ()/29)34 <o =< (7/29)2 then |logao|/| log(y29)| ~ 1, and the lower bound is also
concluded by Lemma 1 described above.

o Ifo < (7/29)34 andog < y20 with some fixed constant« € (0, 1), we have | 10g(y29)| ~
1 (recall that always 26 < 1/2), and we prove in Lemma 3 below that

min E; , g > co(|logo| + 1),
Aoy
which concludes the proof of the lower bound in this case.
e Finally, consider the case o < (26)3* and 20 < «g with some fixed constant g €

(0, 1). Then there exists some k > 32 such that y492(y29)k+1 <o < y492(y20)k, and
we prove in Lemma 2 below that

. logo logo
min E; 9 > cko > co |log o] [logo|
As,y

_ — ¢
= |10g(y29)|2“’<|10g<y29)| )

where in the last estimate we used that o < (y26)2. This concludes the proof of the
lower bound in this parameter regime.

m}

We first prove a weaker lower bound without the logarithmic term.

Lemma 1 There exists ¢ > O such that for all u € Ay, there holds

Egy0(u) > cmin{y?262, 0?3y430%3 4},
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Proof Assume thatthereexistsu € Ay ,, suchthat E; ,, o (u) < L min{y262, 61/2y3/20, o).

322
We define

1 lfy292 — min{y292’ 0.2/3)/4/392/3’ U},
N :=8{0-13,153923 if 52/34/392/3 — min{y262, 02343623, 5},
y! if o = min{y262, 0?3y*3¢%3 o).

Note that N > 8. Firstfind y € (0, 1 — %) such that

_ -2 4
Esy.6 <M; 0. x©.y+ ﬁ)) = yEoyo().

Then by a Fubini-type argument find x € (0, 1) such that

_ o2 4
Es 6 (u; X} x @, y+ N)> < NE(T.)/,F)(M)~

Lastly, again by a Fubini-type argument, we find y1, y» € (¥, y + %) such that y —y; = %
and

Esy0 (u; (0, 1) x {y1}) + Esy0 (u; (0, 1) x {y»}) < 4E(r,y,9(“)-

1
First note that [ min{|d;u(x, y1) — 1], [d1u(x, y1) + 1[}* dx < %yzez. Hence, there exists
0

t € (0, 1) such that min{|dju(r, y1) — 1, |81u(r, y1) + 1]} < L6 < L. Without loss of

generality we assume that |0u(z, y1) — 1| < % ie. dru(t, y1) > % Moreover, it holds that

101Vu(, yDI((O, 1) + 191 Vu -, y2)|((0, 1) + 02 Vue|({} X (31, 2) < 0 '8Eqy0()

8 1
< — < -
- 32 2

Hence, dju(s, y;) > 0 fori = 1,2 and almost all s € (0, 1), i.e.,
[01u(s, y;) — 1| = min {[d1u(s, y;) — 1|, [d1u(s, y;) + 1]}.

Then we estimate

lu(x, y2) —u(x, y1) — (1 =20)y(y2 — y)l

_ /alu(r,yz)—1—alu<z,y1>+1dz

0

_1
<2 (E@; (0, 1) x (v + Eqy0(u; (0, 1) x {y2)"/?)
< %min{ye, 01/3)/2/391/3,01/2}

1
< V9ﬁ =y60( —y). (10)
Here, we used that o < )/492 ifo = min{y292, 02/3)/4/392/3, o}. Next, we note that
4 1
|9200u(F, )1, 2)) < 07! 5 min{y 207, y 202628 o) < o —sy <y /2.
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8 Page 140f40 J. Ginster, B. Zwicknag|

By a similar argument as before, we may assume that it holds for almost all y € (y;, y2) that
[2u(x, y) —y| = min{|82%(i, ¥) — vl 102u(x, y) — y[}. Then we estimate

»2 »n
/(amoz, M=y dy| < —yl)/ 10au(s, y) — yI2dy
V1 Y1
) 4
< (2 —y1) Eoyo(u; {x} x (y1, y2)) < mEa,y,e(u). (1)
On the other hand, we hezwe by (10)
2
/ (Bau(E. ) — ) dy| = lu(E. y2) — u(E y1) — 7 (2 — )
V1
_ _ 2
> 20y (v2 — y1) — lu(x, y2) —u(x, y1) — (1 = 20)y (y2 — yD! |
1
> 207 (n =y =207 5. (12)
Combining (11) and (12) yields |
Eoyo() = 2v?0% = 2 min{y?0%, o*y*0%7, o).

This concludes the proof. O
The next lemma is along the lines of [27, Lemma 6] and its proof, with the necessary
careful amendments to deal with the additional parameter y.

Lemma 2 There exist ag > 0 and ¢ > 0 such that for all k > ko = 32, all y € (0, 1], all
0 € (0, (xo/yz], and all

o e I:y492(y29)k+1’ y492(y29)k>
there holds
Es.y0() > cko. (13)

Proof Set ko :=32and 0 < ap < 1/(63)% such that 2 - 64 - 212kert’* < 1 forall k > ko. Let
k > ko, v, 0 and o be as in the lemma and assume that E; ,, o(u) < ko.

Fori =1,..., k, there are by a Fubini-type argument x; € (y9(y29)i, %ye(;ﬂe)i) such
that (cf. Fig.5)

. .3 .
Eoy0(u; {xi}x(0, 1)) < 2(y0) ' (y*0) "Es 0 (u; (ye(yze)’, Eye(ﬁm') x (0, 1)) :

Claim: There exists a constant ¢ > 0 such that for all i < k/2 it holds
Y0(20) Eq o, {xi} x (0, 1)) + Eqy0(u; (xi1, x1) % (0, 1)) > co.

Note that once we prove the claim, the lower bound (13) follows via

2E(T,y,0 (Lt)

[k/2]
.3 .
> [Eg,y,e (u; (y9<y29>', 5y9<y29)') x (0, 1>>+Ea,y,9<u; (i1, ) % 0, 1))}
i=1

Lk/2]
5 20 [0070) Evyo i) x (0. 1) + Eoyy s (i) x (0, 1)

i=1

v

%

lk/2] co > %a.
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(Tig1, @) X {s} ———r

{z:} x (y,y +1)

T
0 ~0(v*0)"" ~0(7*0)’ 70

Fig.5 Sketch of the important quantities in the proof of Lemma 2

Hence, it remains to prove the claim. From now on fix i < k/2. We define the set
Ni={s €(0,1) : [dau(x;,s) +y| < 3[dulx;,s) —yl}

and claim that £1(N;) <2 /3, where we denote by £! the 1-dimensional Lebesgue-measure.
For a contradiction, assume that £'(N;) > 2/3. There are y;, y» € (0, 1) such that y) —y; >
1— - and

12

1
/min{l (e, y;) — 11,1 91uCe, y)) + 1 [P dx < 24Eq () for j = 1,2.
0

This yields for j = 1,2
juCxi, yj) = (1= 20)yy;| < %+ x> (245 o) '* < 2x;,
and hence
u(xi, y2) —ulxi, y1) = (L =20)y (y2 — y1) — 4x;.
This leads to
du(x;,s)ds
O1y2)Md2u(xi, )=y /2}

=u(x;, y2) —u(xi, y1) — / u(x;,s) +y —yds
1, y2)Ndu(xi, )<y /2}

(1-20)y( - %) —4x; 4+ (2/3 = 1/12)y = 3Eq 0 (u; {x;} x (0, 1))!/2

1

37 (14)

v

A%
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where we used that4x; < 6y0(y20) < sy and Eq 0 (u; {x;}x (0, 1)) < 2y~'071(y20)~

ko < 2
<
0= g5

On the other hand, we estimate
P ! . 2 L
hu(xi,s)ds < vt Esyo(fxi} x (0,1))/7 < SV
31, y2)N{du(xi, )=y /2}
This contradicts (14). Hence, it holds £ (N;) < 2/3.
Now, let ¢ := 120(9y2)"*!. Then there is a point y € (0, 1) such that the interval
(y,y+1) € (0, 1) is not completely contained in N;,
Eoy,0@; (0,1) X (y,y +1)) <48tEq,y 0 (u),
Esyo(u: (xiy1, i) X (y,y +1)) <48tEsy 0(u; (xiy1, xi) x (0, 1)),
Egyou; {xi} x (y,y + 1) <481Eqy0(u; {xi} x (0,1)), and
Eoyo@; {xit1} X (v, y +1)) < 48tEq 0 (u; {xi+1} x (0, 1)).
Then one of the following statements (1), (2), or (3) holds in {x;} x (v, y + 1), where
L [2douxi, (. y + 1) = 5,

2. |0ou(x;, ) —y| < 3|du(x;, ) +yl, or
3. [u(x;, ) +y| < 3|2u(xi, ) — yI.

As the interval (y, y + 1) is not a subset of »V;, assertion (3) cannot be true. Hence, it suffices
to consider the cases (1) and (2).
Suppose that estimate (1) holds : Then

o oy _ _
772, =7 YEgyo(u; (xi} x (v, y +1)) <48ty " Eq o (u: {xi} x (0, 1))
=48 -120(y%0)" Y0 Eq.y 0 (u: {x;} x (0, 1))
and thus the claim follows.
Suppose that estimate (2) holds : Note that by the triangle inequality

1
5?6% < lluCxiy s +1/2) = ulxi, 8) = v /2011y, y11/2)
+lluxi,s +1/2) —uxi, ) — (1 =20)y1 /2l 11y y11/2)-
Next, we use that Eq., 0 (u: {x;} x (0, 1)) <2y ~'671(y20) ko < 42121.647/292 and estimate
y+t/2
/ u(xi, s +1/2) —u(x;,s) —yt/2ds
¢
yH/25+1)2

5/ /Iazu(Xi,r)—VIdrds

y
yH+/2 f y+t 172

<1l / / |0ou(xi, r) — y|*dr ds
y y

<21 Eq o () x 0,1)77 = 2170,
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Then, by (2) and Poincaré ’s inequality we have using the notationa := % )7/2(14 (xi, s+1/2)
—u(xj,s) —yt/2)ds ’
lu(xi, s +1/2) —u(xi, ) —yt/2 —allpi(y, y1402)
< tll0au(xi, s +1/2) — doulxi, )l p1(y, y41/2)
< tlldauxi, ) = vy, y40)
<3032E, o(u; {xi) x (v, y +1)'/?
< 217 Eq 0 (s {xi} x (0, )2,

Consequently, if ||u(x; +1/2,5) — u(xi, s) — yt/2||L1(y,y+t/2) > %y@zz it follows that

\Y

2
214 Ey 0 (us {xi} x (0, 1)) 1eyr2 “Lay) = iyzez > iﬁ@(y%)’”
v ~—\4 2 ~ 64 ~ 64
4 o
~L_ 9 15
= 64 76(,%0) (1>

which yields the claim.
Hence, from now on we will assume that ||u (x;, s)—u(x;, s+1/2)—(1 —29)yt/2||L1(y,y+t/2) >
%y@tz. First, observe that it holds for all s € (y, y +1/2)

lu(xi, s +1/2) —u(xi, s) — (1= 20)y1/2| < yOt + 21t Eq 0 (u; {x;} x (0, 1)!/? < 2y61.
(16)

Moreover, define
80
Ai=1s€,y+1): Eoyou; (0,1) x {s}) < EEG,;/,G(M; O, x @, y+0)r¢,
and note that £ (A;) > (1 — &) . For s € A; we estimate

1/2
(i1, s) — (1= 20)ys| < xis1 +x, 13 Eoyo(u; 0, 1) x {s))'/?

L2 (80 12
< Xit1+ x40 (aEa,yﬂ(u; O, D x @, y+ f)))

< xip1 + 6351072 Eq g ()2
< 2xi41

s iJ/HI,

— 40

where for the second to last inequality we used that for i small enough versus k (recall that
i < k/2) we have ko < ky*0%(y20)% < y0(y?6)'" < L6xi41. Fors € (y,y +1) we
find 5 € A; such that |s — 5| < S%t. Then we obtain

lu(xit1,s) — (1 —20)ys]|
< u(xigr, ) — u(xigr, |+ |ulxitr,5) — (L =20)ys| + yls — 5

— =(1/2 1/2 1
<2yls =S|+ 1s =5 "“Egp0(u; {xig1} X (v, y+1))/" + %VW

1
< —vyort,
= 16)/
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where we used similarly to above that for i < k/2 itholds Es , g (u; {xi41} x (y, y +1)} <
81—0)/29t. In particular, using (16) we obtain for almost all s € (y, y + 7/2) that

[u(xi,s) —ulxi, s +1/2) —u(xiy1, s) + ulxipi, s +1/2)]
< luCxi,s) —ulxi,s +1/2) = (1 =20)yt/2| + lu(xit1, ) — (1 = 20)ys|
+ lu(xigr, s +1/2) — (1 =20)y (s +1/2)]
< 3y6r. (17)

On the other hand, it holds by our assumption that

e (xiy s) — u(xiy s +1/2) —uxigr, s) +ulipr, s + /201y y4e/2)
> fluxi,s) —ulxi,s +1/2) — (1 =20)yt /2|11y, y41/2)
— NuCxivr, ) = (L =20)yslipiey,ypepo) — Nulxipr, s +1/2) = (1L =20)y I L1(y,y44/2)

1
> —y01> — §y9t2

—_— ] =

= —y012. 18
g/ (18)

Now, consider the set
1
S:= {s ey, y+1t/2): §y9t <v(s) < 3y9t},

where v(s) = |u(x;, s) —u(x;, s +1t/2) — u(xjt1,5) + u(xiy+1,s + t/2)|. We denote by
£'(S) its 1— dimensional Lebesgue measure, and find with (17) and (18)

1 1 to1
gyetz < £YS) -3yt + LY (v, y +1/2)\ S) - Vot < £Y(S) - 3y01 + 5 gV
which implies
£ > -
48"

Using that $y6(y%0)' < x; — xi+1 < 3y0(y0)" this means that for a subset (y, y +/2)
of size at least Jg it holds

10926 < <12-120y2%6.

w(xi,s) —u(xisr,s)  u(xi,s +1/2) —u(xiy1,s +1/2) ‘
Xi = Xit1 Xi = Xit1

Therefore there exists a universal constant ¢ > 0 such that it holds for all s from a subset of
(v, y 4+ t) whose measure is at least é that

u(x;,s) —u(xiy1,5)

Xi — Xi+1

— 1‘ > cyZQ.

Now one can argue as in Step 4 of the proof of [27, Lemma 6] to conclude. We recall the
argument in our setting for the convenience of the reader. We assume that for a point s as
above there holds |d1ju(-, $)|((xi41, xi)) < % Without loss of generality, this implies for
almost all # € (xj4+1, Xi),

101u(z, s) — 1| < 3min {|91u(z, s) — 1], [d1u(t, s) + 1]} .
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Then

Xi
/ min {|d1u(t, s) — 1|, |dyu(t, s) + 1|}* dt

Xit1

Xj
1 2
> 5 [Oru(t,s) — 1| dt

Xit+1
Xi 2
1
> ou(t,s) — dt
T 9 — xig1) /( et ) =1
Xit+1

1 i - [ 3 2
= L —xn) (u(x ) —uxig1,s) 1)

9 Xi — Xi+1

> l lye()ﬂg)i L c2yhe? > i(yzg)iﬂ < ﬁa
~9 4 ~ 36 ~ 36

since i +3 < kand o < y*02(y20)F.

Hence, it follows E; ¢ (u; (Xj41, x;) X (y,y + 1) = 4’—8 min{%, %}a, which implies the

claim. This concludes the proof of Lemma 2. O

Finally, we consider the parameter regime, in which branching is expected but | log(y26)|
is of order 1 and does therefore not appear in the energy scaling, c.f. [27, Lemma 4].

Lemma3 Let ag € (0, 1). Then there exists ¢ > 0 such that for all y29 > g and o <
(2™ it holds

Esy0(u) > co(|logo|+1).

Proof Assume that E, , o (1) < %U (|logo| + 1) (otherwise there is nothing to show). Let
x € (0,y6/4) and t := 4—2 < 1. Let I; € (0,1) be an interval of length ¢ such that
Eoy0(u; {x} x 1) < CtEqy0(u; {x} x (0, 1)) and Eq,y ¢(u; (0, 1) X I}) < CtEq,y 0(u).
Then one of the following statements is true on /;:

(@ [02Vulx, )I(I) = v /2,

(b) min{|du(x, y) — y|?, |02u(x, y) + y|*} > y2/4 for almost every y € I,

(©) |0qu(x,y) —y| < |0u(x,y) + y| for almost every y € I, or

(d) [u(x,y)+ y| < |du(x,y)— y| for almost every y € I;.

If (a) or (b) is true then E y o (u; {x} x (0, 1)) > cmin{oy/t, y262}. Assume now that (c)
is true. Then it follows from the triangle inequality that

1 .
Eyeﬁ = min ux, y) = yy = allpigy + lut, ) = A =20y,

< tlloulx, ) =yl + lulx, ) —u0, g,
<PPEqy0(u; (x} x 1N+ 1x + | min{|o1u — 11, 1816 + 1}l 210,051,
< Ct?Eqyo(u; {x} x (0, N2 4 1x +1x' 2 Ey ) o).

Hence,

1

2y9t2 —tx < CL2Eqy0(u; {x}) x (0, )2 4 1x2Ey g ()2

1
—y6t? =
g
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If 1y01> < 2C1%Eq y 0(u; {x} x (0,1))"/? then E, , o(u; {x} x (0,1)) > cy?6>. On the
other hand, if }y 01> < 2tx'/2E, ,, g(u)"/? then x < 4E,, o(u) < 20(|logo|+ 1).

Hence, we have for all x € (2o(]logo| + 1), VTQ) that E; ) o(u; {x} x (0,1)) >
cmin{oy260/(4x), y*6?}. Next, we note that 020 /(4x) < y26? if and only if x > o/(46).
Moreover, observe that 20 (|logo |+ 1) < % (|logo| + 1). Thus,

y0/4
oy?0
Esyou)>c i dx
& (|Tlogo|+1)
y0/4

o
>c —dx
x

& (|logo|+1)
4o
>co | —log(—=(|logo|+1) ).
y6?

Note that by assumption we have 6 < 1/2 and o < ¢'/2(y?0)7 < 0!/2(y6)* 35. Thus,

4 172 1/2
22 (ogol+ 1) < T—@loga 4+ 1) < T—@o 4 4 1) < o'/
y6? 8 8
Consequently,
c c
Eoy6(u) = Zallogal ke ga(llogal +1),
since [logo| > 14 - |log8| > 14 -log2 > 1. This concludes the proof of Lemma 3. O

3 Proof of Theorem 2

We now turn to the case of small x-derivatives and prove the scaling laws in Theorem 2.

3.1 Upper bound

To prove the upper bound, we first present all constructions used in the proof and show
afterwards in Remark 1 how this result implies the upper bound stated in Theorem 2. Some
test functions show similarities in structure with those used in [7, 16, 27, 34].

Before we present the precise statement, let us briefly discuss the heuristics for the upper
bound constructions. As in the heuristics in the setting of a small y-derivative, the main ways
to meet the boundary conditions are y-derivative (1 —26) or quick oscillations of y-derivative
+1 and —1 with volume fractions 1 — 6 and 6, respectively, close to x = 0. Again, the first
option is penalized by the first term of the energy Fy,, ¢, whereas the second term penalizes
oscillations of the y-derivative. Hence, again for o > 0 relatively large uniform structures
such as u(x, y) = yx + (1 — 20)y are energetically favorable, see construction (a) below.
Moreover, if 6 is much smaller than y the gradient (y, 1 — 26) is rank-1 connected to the
gradient (—y, 1) € M, over an almost vertical interface, see Fig.9 and construction (d)
below, giving rise to another competitor with y-derivative 1 — 26 close to x = 0 which turns
out to be energetically favorable for moderate values of o > 0. The remaining constructions
will exploit oscillations close to x = 0 and yield low energies for small values of ¢ > 0.
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Formally, as y approaches 0, the set M,, of four preferred gradients collapses to a set with
only two preferred gradients. Consequently, it is to be expected that a version of the optimal
(in the sense of scaling) constructions for two preferred gradients from [7, 34] play arole in a
regime where y > 0 is small, see Fig. 6. This construction uses anisotropic rescalings of the
building block sketched in Fig.7 to increase the number of oscillations of the y-derivative
towards x = 0. In this construction it does not hold Vu € M,,, essentially balancing the two
termsin Fy ,, ¢. On the other hand, isotropic rescalings of the building block lead to Vu € M,,
and hence lower the energy contribution from the first term in Fy , ¢ while increasing the
contribution from the second term of Fy ,, ¢ per refinement step. The construction (c) below
exploits that in the way that it starts with refinements through isotropic rescaling of the
building block and switches to the anisotropic rescaling of the building block when this is
energetically preferable, cf. the energy estimates (22) and (23) and the comment below. A
sketch of this construction can be found in Fig. 8. In particular, depending on the parameters
this construction transitions either into the Kohn-Miiller like construction in (b) or into a
construction which mainly uses Vu € M,,, which is closer to the construction from [27].
In parameter regimes where y > 0 is larger than 6 > O it turns out that the anisotropic
rescaling of the building block will not play a role leading to branching constructions which
essentially satisfy Vu € M, . Similarly to the heuristics for a small y-derivative it follows
that the number of jumps of the y-derivative should be of order %. This will be satisfied at
the end of the construction steps in constructions (e) and (f). The main difference between
the remaining constructions (e) and (f) is the following: Glueing different construction steps
leads to a contribution from the term |d10;u| of order y, cf. Fig. 10 (left). On the other hand,
the energy contribution of |dd,u| is of order 9 of. Fig.7. Hence, as long as 6 > y?2 the
energy contribution from |d,d,u| necessarily dominates. This leads to construction (e). If
6 < y2, we modify the building block in order to balance the energy contributions from
|0101u| and |0202u| to obtain construction (f), see Fig. 10 (right). Again, the proof of the
lower bound suggests that this is necessary.

The following proposition collects the test functions used to prove the upper bound. We
label the test functions according to the scaling regimes in Fig. 2. Even if they have the same
names, the functions are different from the ones in Proposition 5.

Proposition 5 Let co > 0. Then there is a constant C > 0 with the following property: For
alld € (0,1/2], y € (0, 1], and o > O the following holds:

(a) There is a function uyc € Bg such that F5 g (uyc) < Co2.

) Ifo < 02 and y < co(00)'/3 then there is a function urg € By such that Fy ,, o(u1c) <
CO’2/392/3.
(©) If 08 < y3 < 63 then there is a function up € By such that Foyoup) <
3
C"y—e (log 37/79 + 1).
(d) If6 < y then there is a function ugy € By such that Fs, g(ug;) < C (0)/ + %) .
() Ifo <0%*andy < % then there is a function upg; € By such that Fs, ¢(urGr) <
2
c2? (log £ +1).
) Ifo < y2/2and(r < 203/)/2 then there is afunction urgz € Bp suchthat Fy ) g (upG2) <

Llog(ay?/6%)|
Cay( Tlog(2/6)] 1)'
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8 Page 22 0f40 J. Ginster, B. Zwicknagl

— g1/39—2/3

Fig.6 Sketch of the Kohn-Miiller like branching construction used in (b)

Proof (a) Uniform configuration (UC). Define uyc : (0, 1?2 - R as uyclx, y) = (1-
260)y + yx. Then uyc € By and

Fyy0(uuc) < 462,

(b) Kohn-Miiller-type two-gradient branching (TG).

1/3_-2/3
We assume o < 62. Let§ = o1/39723, ¢ =273/ and N = "log(eloT(;)" > 1. Note

that 201/3572/3 > 2N > 91/35-2/3 gince 91/362/3 > 9= > 2. Consider the function
W= (Wi, W)T : (a, 1] x R — R2 defined as

36

A 0 <y < S+ (- Dy

86
_2<1—1a) if%+(x—l)%5y5%
W) =1) 4
- if§ <y<8(1-6)—(x— Dyl

90
2“1—“)) if8(1—6) — (x = Dty <y <5,

and extended periodically to R in the y-component. Then Wa (o, y) = Wa(1,2y) for all
y € R. We define U : (aV, 1) x (0,1) — RZ as

2 kq kW (@ kx, 2k .
Ulx,y) = ( Wz(al,fx 2% ») if x e (!, ak].

Then U is a gradient field, and we and denote by # : @V, 1)x (0, 1) —> Rthe corresponding
primitive with i, 0)=0. Eventually define utg : (0, 1?2 > Ras

( ) u(x,y) if x > aV,

urg(x,y) = -

TGy (x - OlN) a N1 —-20)y —xa~Ni (OlN, y) else.
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We remark that it holds | (e, y) — (1 —26)y| < 852N Consequently, we find for x < aN

06
e, NI < Sy < 2N129s < 20051305 =201/, (19)

Additionally, we estimate for 1 < k < N, using Qa)k =27%/2 and y < co(c)!/3

okl

/ / dist*(Vurg, M) dx dy + o | D*urg|(le*, o* 71 x (0, 1))
ak 0

okl

< / /distz(VuTg,My)dxdy
ok 0

+ Co (1d12utc| + 1911ut6] + 1922ut6)) ([oF, 711 x (0, 1))

okl
< / f Ui (x, y)£y > dx dy + Co (9 4 2k289 4 (1 — a)ak—‘zka—‘)
ak 0
80 2
< (- a)ak—lyz <2k/27(1 —a)— 1) +Co (9 1 2k251/39173 2—k/20—1/392/3)
14

e (27k/202/392/3 4+ 2k254/391/3 4 09)

< C2 k252139213,
where we used in the last step that by the definition of N, we have 2k/2 < p=k/2QN <
2.27k29135-2/3 and 2725213923 > 2=N/2521392/3 > 501/2/2 > 56/2. Hence, we
obtain, using the definitions of N, « and §, as well as the estimates y < cg (06’)1/ 3 < cob <
cof'/? and o < 62, and (19)

Esy.0U1G)

1oV

N
<CY 274293 +f/dist(VuTg,My)2dx dy
k=1 00
+ 0| D*ut6|((0, & x (0, 1))

alN

N 1
<CY 27k 2// |91utG|* + y? + min {|burcE1|*} dx dy
k=1 00

+ 0 |D*urG|((0, ] x (0, 1))

< Co?36*3 + cao + CaVy? + CaV6? + Calo
+Co (1 +2N250 4 oN2N 4 CaN91/2>

< Co*P0* + coV) P 4 Co

2/392/3.

<Co

(c) Intermediate Branching (IB).
We assume now that o6 < )/3 < 03, and define a branching construction as follows.
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-
0/2 ( )
—1 o
v
(1-0)/2 (1)

0/(27)

Fig.7 Sketch of the building block in construction (c) an (e)

aNo—N19—No aNo—Ni19—No

2—N0 2—N0

Fig.8 Left: Sketch of the branching construction in the intermediate regime: The regions of the four preferred
gradients in the isotropically rescaled building blocks are colored in blue, pink, yellow and beige. In the
anisotropically rescaled building blocks, dyu # %y but dou = 1 (dark red) or dou = —1 (light green). Right:
Same construction: dpu = 1 (dark red) and du = —1 (light green)

Step 1: Definition of the building block
Consider the function V : [%, %] x R — R? defined for (x,y) € [%, %] x (0,1) as
(see Fig.7)

_y> ify=1-6/2—yx— 7).

V) f1-6/2-y(—F)zy=1/2
Vix,y) = (20)
7’) if1/22y>1/2-6/2+y(x - &),

_”> ify<1/2=6/2+y(x— 5.

and extended periodically in the y-component. Then V is a gradient field and it holds for the
second component V that V2(0/(2y), y) = V2(6/y,2y) forall y € R.
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3
y e eradi oe(1) (tox(55)
Step 2: Definition branching gradient Let Nog = Tog2 > land Ny = ﬁ +

No > Ny + 1. Note that % < 2N < 2% and % < 2Mi—No < 2%. In addition, set
a = 2732 a5 in (b). Then we define the function U : (aNl_NOZ_NO, 1) x R — R? as
follows, see Fig.8. If x € 2N 1) we set

Ux,y)=VQ2Noy=tx,2¥0y yyifx e V71, 27M).

Moreover, for Nj > N > Ny we define for x € (27 NogN=Notl 2=NogN=No)

a~N+Nop=N+Noy, (g=N+NogNo %x’ IN—=Np 8 )

vy

Ux,y) = 4
N—No~No 8 N—No 6

%3 (oc 02 0yx,2 0yy>

Note that for 2~ NogN=Notl < y < 2=NogN=No we have

Up(x,y) =427 y. 1)

In addition we always have that U (x, y) € {£1}. Moreover, note that U is a gradient.

Step 3: Definition of the branching:

Let u : (Z_Noole_N(’, 1) x (0,1) — R be a corresponding primitive such that
(2 NogN1=No () = 0. Note that 2~ MogN1—=No > 5/(25/291/2) > /8. Eventually, we
define ug : (0, 1)2 > R as

a(x,y) if x > 27 NogM—No,
(x —0) (1 —20)y — Lig (27NogM=No_y) jf x <27 NogM—No,

us(x, y) =[

Step 4: Energy estimates:
For Ny > N, we note that Vurg € K, a.e.in [27,27¥*1] x (0, 1), and thus

2—N+1

f f dist(Vuig, M,)? dy dx + o |D*up| (127, 27V 1] x (0, 1))
2-N 0
< C (19| + [812u1s| + 1922uis]) 127V, 27N x (0, 1))
6
<Co (y +6+ *)
Y
0
<cZ% (22)
Y
For Ny < N < Ny we compute using (21) and y <6
szoaNfNofl 1

/ f dist(Vurp, M,)? dy dx

2~NogN-No 0O

+o|D%ug)| ([TNoaN*NO, 2*N0aN*N0*1] % (0, 1))
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8 Page 26 of 40 J. Ginster, B. Zwicknag|

0
< 2_N0(XN_NO(1 _ a)zN—NQVZ +Co <(20{)_N+N0)/ +0+ 2—N0aN—No(1 _ O{)2N—>
14

0
<ca)V-M27 | coo, (23)
y

where we used that 20) "V TNy < ) MMy < CQ’T% < 0. Comparing (22) and (23)
we note that for N > N the anisotropic rescaling of the building block yields a smaller
energy per refinement step than the isotropic rescaling.

Next, note that [ug (2~ Moa™M =N y) — (1 —20)y| <2.27M %9. Consequently, we have
for x € (0, 2~ NogN1=Noy the bounds

2.27My _
[01uB (x, ¥)| < 3—NogNi—No =2 (za)NO N1V~

Hence, since 2 - (2a)M0~N1y >y,
2-NogN1—No |
/ / dist(Vurg, My)* dy dx + o | D?urg|((0, 27 V0o M1 =N0))
0 0
< ((2 - a)MN1y)2 1 462(1 — 6) + 29) (2~NogN1=Noy
+Co (9 4 27 Nog Ni=NopNi 3)

v

< Cob/? < ca—e.
12

Combining the various estimates we obtain

Ny
o of
Foyoup) <C | No— +— Y 20NVHW2 4 () — Np)oo)
Y N=Nop+1
0 3
< CG— <logy—+1>,
y o6

where we used that N| — Ny < C2M—No)/2 < C# <Cly.

(d): Rotated interface (RI). We assume 6 < y, and use the construction sketched in Fig. 9.
Precisely, we set
yx+ (1 -20)y iffy>yx,

uri(x, y) =
r(*, ¥) {—yx—i—y if 0y <yx.

Then
63 62 03
Fa,y,E)(uRl) =< 2? + Co ()/ +6+ 7) <C <? +U)/> ,

where we used that 6 < y.

(e): Four-gradient branching without linear interpolation (FG1). We assume that o <
62. We use a branching construction and a variant of the construction in (d) instead of
interpolation, see Fig. 10. Precisely, we consider the functions V : (%, %) x R — R? as
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=0/

Fig.9 Sketch of the construction with a rotated interface used in (d)

0/(29) 0/

61— 0)/y = 6/7— 6%/

(5]

Fig. 10 Sketch of the branching construction as described in (e) and sketch of the building block as described

in (f)

defined in (20). Additionally, consider W : (0, %) x R — R? defined as

Wx,y) =

-y

—1

-y
1

(1 =260)y else,
1-26

ify>1-—yux,

ify<(—-6)~%, (24)

and extend W periodically to R in the y-variable. Note that W is a gradient field.
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For N € Ndefine Uy : (0, 1)? — R2 as

W@Nx, 2V y) ifng*Ng

VQkx,2ky)  ifxe (2—’<—1§,2—k§),0 <k<N-1
Uvex, =17 ~ [ _ _0
N(x,y) (_1) 1fxzy,yzl 0+y(x y),

v ifx>2 y<1-6+ (x—ﬂ)

1 _Vvy_ y Y *

Note that also Uy is a gradient field. Let urgy : (0, 1?2 > Rbea corresponding primitive
such that urg1 (0, 0) = 0. Then urg; € By and, using y <6,

03 y20° 0 03 o6
Foyo(upcr) < €27V (— n V—) + CoN <y 1o+ 7> <cC (2*N— + U—N) .
y v y

2
log %
log?2

Choosing N = ’V —‘ leads to Fy g (urG1) < C(;—e (log %2 + 1).

(f) Variant of four-gradient branching (FG2). We assume that § < y2/2 and 0 <
2
03/(2y?). Let 8 = ([%-1)~'. Similarly to the branching construction in Proposition 3,
one can construct a function V : (82/y, 6/y) x R — R? such that (see Fig. 10)

V is 1-periodic in the second variable,

V is a gradient field,

V(x,y) € K, forae. (x,y) € (6%/y,0/y) x R,
|D*V|((8%/y.6/y) x (0, 1)) < Cy,

V(g, ¥) = X{0<y<1-6)()) — X{1—6<y<1}(y) for y € (0, 1), and
Vo (02)y,y) = Vo(@/y, 8 y) forall y € R.

R i

Then we define for N € N the function Vy : (0, 1)2 — R2 as

(1-20)y . N6 5—6
< 1 — 20 leG(O,(S ?IT)’
WENx— 030 67Ny ifxe (VO35 sV ISR,
—k+1 0 8—0 s—k+1 : k0(1=0) ¢k—10(1-0)
VE = 05587y ifx e (8 Ty 8 y(1—8>>
Vn(x,y) = forl <k <N,
( Vl) if x > ;0/((11:?3; andy >1-6,
14 ; 0(1-0)
<1> 1fxzy(1_5) andy <1-96,

where the function W is defined in (24). As before note that Vi is a gradient field. Then let
ugg : (0, 1)2 — R be a corresponding primitive with urg2(0, 0) = 0. Note that uy € By.
Moreover, we estimate the corresponding energy

w001 —0)

F, < CH?
a,y,G(uFGZ) = ]/(1 —5)

0 0
+Co|yN+—+0)<C|—8"+yoN).
Y Y
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293
Choosing N = [H10897°/%717 yie]ds the estimate

|log y2/6|
1 2 03
| 0g o) / | 1)

Fs.y.0UEG2) < CVU<
o7 |log 2/

We are now in the position to prove the upper bound in Theorem 2.

Corollary 1 There is a constant C > 0 such that the following assertions hold:

1. Ify < 0/8 then
+ 1>}

in F < ( i 92 —+ 73 e (‘1 7‘ 1)
min min , 0 . 0, + .
Be o,y,0 = Y g 92

0 0
min F; , g < C min 92, 02/302/3, v log A
By U y 3

2. If0 < y2/2 < 0/8 < y then

3. If0 < 0/8 < y?/2 then
63 1 2 /93
min Fo.y. < C min {92, oy +—.oy (“’L”z/' + 1)} :
" 14 |log /6|
Proof
1. Consider y < 6/8.
e If min {92702/392/3, 070 (’10g
Proposition 5(a).

o Ifmin {62, 523623, 2 (‘log

62)and y? < 06 (sinceo2/392/3 < 2@ (|10g 0|+ >1mphesthat a0 (|1og 0|+ 1) >
1). Hence, the assertion follows from Proposmon 5(b).
e Ifmin {92 23923, (;/—9 (.log Z—f 1)} = (| log %) + )then o6 < 3 (since
(l log | + l) < 02/392/3) and y <6/8 <90, and hence the assertion follows

from Proposmon 5(c).

2. Consider y2/2 < 9/8 <y.

)} = 602, then the assertion follows from

)} = 023623 theno < 62 (since 02/30%/3 <

o If min {92 oy + 2.2 (‘log o
tion 5(a).

e If min {02, oy + %, ‘770 (‘loge% + 1)} =0y +63/ythenf < y (since 03 /y <
62), and the assertion follows from Proposition 5(d).

° Ifmin{@z,ay—i—%, ‘;70 Qlogé’—2 + 1)} =20 (
% (‘logé’—z ) < oy + 63/y implies that 2"6 < 63/y). If o < 62 then the
assertion follows from Proposition 5(e). If 02 <o <20%andf < y then the assertion
follows from Proposition 5(d) since oy + %3 < 2‘779. Eventually, if 0% <o <262

+ 1)} = 62, the assertion follows from Proposi-

log Z 1) then o < 262 (since

and y < 6 then the assertion follows from 5(a) since 92 < 070.

@ Springer



8 Page300f40 J. Ginster, B. Zwicknag|

3. Consider 6/8 < y?2/2.

2/n3
% + 1)} = 62 then the assertion follows from

e If min {92, oy + %,oy (
Proposition 5(a).
. 3 1 2/63 3 .
e If min [92,0y + %,ay (% + 1)} =0y + 97 then < y (since 83/y <
6?) and the assertion follows from Proposition 5(d).

in 2 0 |logay?/6%] )} — (llogay2/e3| )
o If mm{e ,oy + y,oy( Tloz /6] +1 = 0V \ Tiogy /6] +1) then 0 <

63/y? (since oy < 03/y). If 6 < 63/(2y?) and & < yp?/2 then the assertion
follows from Proposition 5(f). Note that the assumption § < 4y2 always implies that
0 <y (if4y? > y then y > 1/2 > 0). Therefore, if 63/(2y2) < o < 63 /2 then
the assertion follows from Proposition 5(d).

3.2 Lower bound

The proof of the lower bound is again split in several steps. In the following proposition, we
outline how they imply the assertion in all parameter regimes.

Proposition 6 There is a constant ¢ > 0 such that for all o € (0, 00), all y € (0, 1), and
0 € (0, 1/2], the following statements hold:
+ 1)} .
3

1. If y <8/8, then
0 0
nzgin Fsy6 > cmin {92, 02/392/3, 7 (’log 7
0
i F ~ cmin 162 +0 09(’1 O"+1)
min ¢ min , O —, — ([log = .
Be o,y,0 Z Y y y gez

% y3

2. If y2/2 < 6/8 < v, then

3. If0/8 < y?2/2, then

93 log(ay?2 /63
min Fy; , 9 > cmin 92, oy+—, o0y M—i—l .
By Y |log(y2/6)|

Proof

1. The first statement is proven in Lemma 5(1).

2. For the second statement, we consider the cases o < 62/y and 0 > 0%/y separately. If
o <602/y thenoy +63/y < 962, and the assertion follows from the estimate proven in
Lemma 5(2), namely

o - . n 93 o0 (‘] o ‘ n 1)
min cmin{o —, — | |log —= .
By o,y,0 Z Y y y g 92

Ifo >6%/y,then6? <oy <oy +63/y,and6b/y > %g > (yo)g = 62. Hence,
the assertion follows from the lower bound in Lemma 4, namely

I%il’l Fs,y9 > cmin {92, ay} = ch2.
6
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3. For the third statement, we consider three cases separately, depending on the size of o.

o Ifo < (63/y%)(8/y*)*? then there exists k € N, k > ko = 32 such that

. 93 ( ] )k+1 93 ( ] )k
o —|— y— | —= .
y2 \y? y2 \y?

By Lemma 6, we obtain the lower bound ming, Fy ¢ > ckoy, which yields the
claimed lower bound, observing that 2k > k 4+ 2 > log(oy2/63)/1log(6/y?) + 1.

o If 03/y1)(0/yH*? < o < 63/y? then we have by Lemma 4 the lower bound
ming, Fy,y,9 > cmin {#%, oy} = coy. This concludes the proof in this case since

. 6° llog(oy?/67)| |log(ay?/6%)]
0% oy + —, 41 < =7 i
. : T ( [log(2/6)] 77\ Tiogr2/0)]
32| log(y*/6)1)
<o <W+1)5330y.

e Consider finally the case 63/y2 < o. If oy > 67 then the assertion follows from 4,
using that ming, > cmin{f?, oy} = 2. On the other hand, if 0 < 62 then we
obtain by Lemma 4 that ming, F5 ¢ > cmin{oy, 92} = coy which concludes the
proof since

03 lo 293
min {6%, oy + —, oy M+l <oy +6%/y <20y.
y |log(y2/6)|

Similarly to Sect.2, we start with a rough lower bound without the logarithmic terms. The
following can be seen as an analogue to Lemma 1.

Lemma4 There exists a constant ¢ > 0 such that for all y > 60 /8 it holds

min Fy () > cmin{@z, oy}

Proof Let u € By and assume that F; ,, g() < ﬁ min{@z, oy}. Then there exist y;, y» €
(0, 1) such that y, — y; > % and Fyp, 0(u; (0,1) x {y;}) < 4Fs, , ¢(u). Additionally, there
exists x € (0, 1) such that F, , g(u; {x} x (0,1)) < Fs y 9(u). Then there exists y €
(0, 1) such that dist*(Vu(x, ), My) < 56> In particular, there exists M € M, with
|Vu(x, ) — M|> < 556 Then we obtain for almost every y € (0, 1)

[Vu(x,y) = M| < |Vu(x,y) = M| + [Vu(x,y) = Vu(x, y)|

1 i

< S0+ BV IO, 1)
Lo L, <r 1
16" " 256" =2 T 64’

IA
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for almost all y € (0, 1), and hence |Vu(x, y;) — M| < %y + ﬁy + 2‘51—6)/ < y for almost
all x € (0, 1) and i = 1, 2. Since the points in M, have a distance of at least 2y, we obtain

»2
lu(x, y2) — u(X, y1) — Ma(y2 — y)I* sf |2u (X, y) — Ma|* dy

Y1
2

< f dist(Vu(x, y), My)* dy
B
SFa,yﬂ(u; {)E} X (0, 1) < Fa,y,Q(“)'

On the other hand, we estimate

lu(x, y2) —u(x, y1) — Ma(y2 — y1)|
> (1 =20 — M2)(y2 — yD| — |u(x, y2) —ux, y1) — (1 = 20)(y2 — y1)|

2 X
>0 Z/ |01u(x, yi) — Mi|dx

=1

, F
—9— Z/dist(Vu(X,yi)aMV)dx

i . 1/2
>0 — Z fdist(Vu(x, ¥i) My)* dx
i=1 \)

1
>0 = 4Foy0)'? > 20.
Hence, combining the two estimates, we obtain

1 2
Fo,y,@(u) > 19 .

We now turn to the treatment of the remaining logarithmic terms.
Lemma5 There exists ¢ > 0 such that the following lower bounds hold:

1. Ify <6/8 then
0 0
min Fy, 9 > ¢ min {02, o23923, 22 (| log 7| + 1)} .
v 14
2. Ify > 0/8and 6]y > o then
. . 03 o6 o
min Fy 9 > cminyoy + —, — <| log —2| + 1) .
y v 6
Proof We first introduce a slicing argument that is close to the argument in the proof of
Lemma 3 which is needed for both statements.

Step 1. Preparations.
Letx € (0, 1).Lett € (0, 1) and consider the intervals I; = (It, ({+1)t)forl =0, ..., [1/¢].
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Choose an interval [; such that
Foyo(u; (0,1) X I1) < 41| Fo,y,0(u) and Fo,y 0 (u; (X} X I1) < 41| Fo,y,0(u; {x} x (0, 1)).
Then one of the following statements is true on /;:

(@) |du(X, )|()) = 5.

(b) min{|du(x, y) + 1|, |du(x, y) — 1]}*> > % for almost all y € 1,
(©) |0qu(x,y) — 1| < |du(x, y) + 1| for almostall y € I,

(d) |ou(x,y) + 1| <|dou(x,y) — 1| for almostall y € I;.

We consider the cases separately.

If (a) is true then Fy p, o (u; {x} x (0, 1)) > %a.
If (b) is true then Fy 0 (u; (X} x (0, 1)) > .
If (c) is true then by the triangle inequality

200% < min Ju(E, ¥) — v~ all 1y + G, 3) = (1= 200yl
< tll0u(x, ) — gy + lulx, ) —uO, i,
<32 F, 0(u; (%) x I) + yit + 11252 F, o (u; 0, 1) x I)'?
< 2 Foy 0z {5} x (0. 1) 4 y 1 42057 Fp ()2
Hence, it follows 64 Fy, ,, o (u; {X} x (0, 1)) > 6% or 116 — y¥ < 251/ F,,, o(u)'/2.

If (d) is true the same conclusion follows from the stronger estimate
1 . _ _
S <min u(E, y) +y —allp gy + @ ) = (4 =20yl -
2 aeR
Consequently, we obtain from (a) - (d) that
o . 2 1 - _hzl)2 12
Foyo; {x} x (0,1)) > cmin{o/t, 07} or 4t9 —YX <2x 7 Fsy0) 7. (25)

Step 2. Proof of (1): The regime: y < %0.

Kohn-Miiller regime: Let us first assume that y < % and y < %01/391/3. Then c6/y >
805-2/392/3  In this case we choose ¢ := min{1, 0_1/3492/3}. If t = 1 then %t@ —y > ét@. If
t = 62367173 then o < 62. Tt follows that

1 1 1
Zta —yE> 1071/395/3 _ §01/391/3 >

Hence, we conclude from (25) that

1
o~ 13933 = §t9.

0| =—

; 2

1
Fyyo() > c / min{o /1, 02} dx = %min{a/t, 0%} or aez <4F,, ().

1/2

In the first case, we obtain Fy ,, g (1) > % min{c2/36%/3, 62}. In the latter case, there are two
possibilities: If 7 = 1 then F,,,o(u) > c6% and if 1 = 0~ 1/36?/3 (ie., if 0 < 6?) then
Fo o) > co 230103 > 52/392/3 Putting things together, we obtain

min Fy , 9 > cmin {92, 02/392/3} ,

which concludes the proof in this case.
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Intermediate regime : Let us now assume that y < % and y > %O’l/ 39173 In addition, we
may assume that Fsp, 0 () < c1%Z- (| log | + ) for ¢; > 0 to be chosen later. Choose

xe(0,1/16)andt::&:Tx.Then
1 o
Zt@—yx:2yx—yx:yx.

Hence, we obtain from (25) that

- .ol , _ 4 ob 0
Foyo(u; {X}x(0,1)) = cmin{ —, 071 or X < —Fy,0(u) <4ci—5 log +1).
yx 14 y3
In particular, we have
1/16
.ot ,
Fa,y,(i(”) =>c min{ —, 60 dx.
yX

af af
lo, +1)
C1 3 (‘ g 3 |

Notethatq < 0%ifx > c1 Z Smcey < @itholdsc; 6" < ‘)’/—9 < c1 LA (‘log
Hence,

)

1/16
ob
Foy0) = ccy / —dx
yX
clz—e(llog%}Hl)
09 ob
=cc1— <10g1/16 log — —log(log +1) —logc1>
V 14
af ob
> cci— | |log —|+ 1
14 14

if the universal constant ¢; > 0 is chosen small enough. This concludes the proof of the
lower bound in this case, and hence the proof of (1). )
Step 3. Proof of (2): The regime : y > é& and o <0?/y. Let ¥ € (0, %) and ¢ := 47/0—)‘.
Then

Lo —yi=yi="ti

2t yxX =yx = 240

Hence we obtain again from (25) that
— . ob 2 _
Foyou; {x} x(0,1)) > cmin{ —,0 or X<
yX

In particular,

6/(167) -
Fa,y,@(”)ZC/ min{f,gz} dx.
V%Fa,y.@ (u) yXx

We consider the two possibilities ¢ < #2 and o > 62 separately.

o Consider first the case ¢ < 62. We assume that Fopo(u) < c2%F (I log & o7 | + 1) for

some ¢y > 0fixed below (otherwise we are done.). We observe that ¢, -— 9 ; (| logo/ 02| + ) >
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02% (Ilogo /6% + 1). Additionally, we note that czg—fé < 0% if and only if ¥ > 02%
and 27 (Ilogo /6% +1) < czg < 0/(16y) if c; < 1/16. Consequently,

0/(16y) o0

Fopo(u) > CCz/ —dx
e (llogo/62|+1) VX

0
= ccz% (logf/y —1log 16 —loga/(y0) — logcs — log (|log o /67| + 1))
o6 2 2
= ccy— (log6? /o — log 16¢c; — log (| log /67| + 1))
Y
%
> ccza— (| 10g0/92| + 1)
Y

for ¢ > 0 small enough. This shows the lower bound in this case.
e Consider now the case o > 62. We assume that Fo o) < c3 (% + yo ) for ez =

v

1/256 (otherwise we are done.). Note that by Lemma 4 we already know that Fy ,, ¢ (1)

. . . 3

cmin{f?, oy} = coy.In particular, if 0 < 63 /2 then Foyo(u) > %(O')/ + 97), and
3. . .

we are done. Hence, we may assume o < %. Since we consider the regime o < 02, we

have ﬁ > %, which implies that min [ ;—z, 92] =02 forall x < %. Consequently, we

obtain
6/(16y)
Fapoze [ 6tx
e3(ya+03/y)
3 5,3 2 c (00 6 1
= 0/(16y) — 30y} +00%/y) = (= — = — ~oy
16 \ y 4y 4
- 63 . € 63 n
—>—|—4o0y].
=3y —e\y 7
This concludes the proof in the regime y > 6/8 and o < 62/y. O

We finally turn to the parameter regime in which the logarithmic terms in the third regime
occur. We proceed similarly to Lemma 2.

Lemma 6 There exist ag > 0 and ¢ > 0 such that for all k > ko = 32, all y € (0, 1), all

0 € (0, aoy?] and all
03 [0\t 03 /o \F
(e G

Fsy0W) > ckoy.

there holds

Proof Similarly to the proof of Lemma 2 we set kg := 32,0 < a9 < 1/ (63)? such that
264 212kay’* < 1 forall k > ko. We assume F,., ¢(u) < ko and that k > ko.
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k+1 k i i
Leto € <§—; (%) s % (%) ) Then find x; € <%§ (%) s %% (%) ) such that
2\ 1 i i
y (v 16 /6 360 (6
F, s {xi 0,1) <={—) F === .=— | = 0,1)].
o,y,@(u {xi} x ( ) 9 < ) ) 0,v.,0 (“ (2 » <)/2) 2y )/2 x ( )

fori=1,... k.
Claim: There exists a constant ¢ > 0 such that foralli =1, ..., |k/2] it holds
0

0 i
- <7> Foy0@u, {xi} x (0, 1)) + Fo,y 0 (u; (xig1, xi) X (0, 1)) = coy.
Y \Y

We first show how to derive the lower bound from the claim. We have

ZFJ,}/,O (u)

L%Z:J 10 6\ 30 (6
> Foyo (u; ( ( 2) y5= (7> >><(0, 1)>+Fa,y,e(u; (xi41,x:) x (0, 1))
= 2y \v 2y \v

[k/2] i
0 (0
zZ; 7 ) Forats i @ D)4 Foyou; (it xi) x (0, 1)
i=1
- k

c—Yo.
Z 41/

Proof of claim: The claim can be obtained following the arguments in the proof of Proposition
2. We sketch it here for the sake of completeness.

First, define N; := {s € (0, 1) : |dpu(x;, s) + 1| < 3|du(x;, s) — 1]} and assume for a
contradiction that £'(N;) > 2/3. Then one can show with the analogous definitions of
y1, y2 € (0, 1) along the lines of the proof of Lemma 2 that

1
du(xi, ) ds < =+ Fop o {xi) x (0, 2 <12
1,y2)N{du=>1/2}

and

ou(x;,s)ds
1,y2)N{u>1/2}
1 1

2
> (1= 20)(y2 — y1) — 4yx; — 3Fq0(u; {x;} x (0, 1)'/* + TR
This shows that £'(N;) < 2/3.
i+1
Next, let 7 = 120 (%) . Again, we find (y, y+1) C (0, 1) such that (y, y+£)NNS #

and

Foyou; (0,1) x (y,y+1)) <48t Fy y0(u),

Foyo(u; (i1, xi) X (y,y+1)) <48t Fypyo(u; (xi41, x;) x (0, 1)),

Foyo(u; {xi} x (y,y +1)) <48t Fyy0(u; {x;} x (0, 1)),

Foyo(u; {xip1} x (v, y +1)) <48t Fsp0(u; {xiy1} x (0, 1)).

Moreover, we observe that on (y, y + ¢) one of the following three assertions has to hold

L. [3200u(xi, )|(y, y +1) > 1/2,
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2. |0ou(xi,s) — 1| < |dou(x;,s) + 1] for almostall s € (y, y + 1),
3. |0qu(xi,s) + 1] < 3|0ou(xi,s) — 1| for almost all s € (y, y + ).

If (1) is true then the estimate follows immediately. Moreover, (3) cannot be true by our choice
of (v, y + t). Hence, from now on, we assume that (2) is true. By the triangle inequality, it
holds
[
5‘9? < ulxi, - +1/2) —ulxi, ) = /2l L1y y44/2)
+llulxi, - +1/2) —ulxi, ) = (1 =20)1/20p1(y, y44/2)-

First we assume that i@tz < lu(xi, - +1/2) —u(xj,-) — t/2||L1(yyy+,/2) and define a =
y+t/2
f (u(xj, s +1t/s) —u(x;,s) —t/2)ds. Then one shows as in the proof of Lemma 2 that

1
jal < 2162 Fo.y (s (xi} x 0, 1)/ < 217,

k—i
where we used that £ ( ) ko < 02k( ) < 5 6492 Then it follows similarly to
(15)
26 Fy s () x (0, 1)) = (2672 ||2>’492>’49 ANt
« _L r (Y Y (Y
oy 6l i 4 M) =6 =ea”y2\32) 9\

%

4 AN

2 (7Y

64 "6\ 0
which yields the claim.

Next, assume that %9[2 < lu(xi,-+1t/2) —u(xj,)—(1— 20)[/2”L1(y,y+t)' Along the lines
of the proof of Lemma 2 one shows for

S = {s ey, y+1/2): fez <w(s) < 391}

where w(s) = Iu(xl,S)—u(xl,S+t/2)—u(xz+1,S)+u(x,+1,s+t/2)| that £1(S) > fg.

i
Since 12 (£ < X;i —X; 1<§Q ) wefindfors € S
J/2 + 7/2

4y 2y
109 3 u(xi,s) —u(x;, s +1/2) — u('x,-+1,s) +u(xit1,s +t/2)' <12. IZOE,
y xi —xi +1 Y

which implies since % < apy < (12-120)" 'y that there exists a subset of (v, y + ¢) whose

measure is at least 4'—8 such that

u(xi,s) —u(xiyi,s)

Xi — Xi+1

—y|=c—.

' 0

Fix s € (v, y + t) with the above property and assume that |91 u (-, s)|((xj+1, Xi)) < /2.
Moreover, we may assume without loss of generality that |0ju(t, s) — y| < 3|01u(t, s) + y|
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for almost all # € (x;+1, x;). Then it follows similarly to the proof of Lemma 2 that

Xi
‘/lnm{WNKhS)+VLI&MU,Q-—Vﬂzdl

Xit1

A%

1 u(xi, s) — u(xi1, s) z
§(xi — Xit+1) 4
Xi — Xi+1

16 /6\ ,02
> — — | — c-—
“36y \y2) 2
62 93 0 i+1 62
> —y—1| — > .
=3672\;2) =377

Consequently, we find

. 1 2 ¢
48t Fo y0(u; (xit1, %) X (0,1)) > Fopy 9(u; (xj41, %) X (¥, y +1)) > min {5, 376} &ya.

Dividing by 7 on both sides of the inequality, this concludes the proof. O
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