Calc. Var. (2023) 62:198

https://doi.org/10.1007/500526-023-02530-6 Calculus of Variations
()

Check for
updates

Mean-to-max ratio of the torsion function and honeycomb
structures

1 2

Luca Briani - Dorin Bucur

Received: 6 February 2023 / Accepted: 18 June 2023 / Published online: 17 July 2023
© The Author(s) 2023

Abstract

In this paper we study extremal behaviors of the mean to max ratio of the p-torsion function
with respect to the geometry of the domain. For p larger than the dimension of the space N,
we prove that the upper bound is uniformly below 1, contrary to the case p € (1, N]. For
p = 400, in two dimensions, we prove that the upper bound is asymptotically attained by a
disc from which is removed a network of points consisting on the vertices of a tiling of the
plane with regular hexagons of vanishing size.
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1 Introduction

Let1 < p < +o00, N any positive integer and 2 C R¥ be any nonempty open set with finite
Lebesgue measure, 0 < 2| < +00. We denote by w, ¢ the unique solution to the following
boundary value problem

{—A,,w:l inQ, 0

we W, (),
where A, stands for the usual p—Laplace operator, defined by
Apw = div([Vw|P "2V w).

Here, equation (1.1) has to be intended in the usual weak sense, that is

/ |Vw(x)|P_2Vw(x)VW(x)dx = / Y(x)dx, forevery ¥ € W(}’p(Q).
Q Q

When p = 2, problem (1.1) is usually known as the torsion problem for 2 and the cor-
responding function w o as the torsion function of 2. We adopt such a denomination for
p # 2 as well.

The torsion function is being studied for many years. The first results relating the geometry
of the domain €2 to qualitative properties of wy g are due to Saint-Venant. Indeed, more than
170 years ago he studied mechanical properties of beams with constant cross section in
a model corresponding to the Laplace operator, p = 2. More sophisticated phenomena
involving plastic deformation under a power creep-law appeal to the p-torsion function for
large p (see [3]). The extremal case, p = +00, pops up in economical problems, for instance
in the location of production centers (see [26]). The latter situation corresponds to a purely
geometrical situation as the torsion function equals formally the distance to the boundary. It is
also important to notice that, from a technical point of view, the torsion function completely
controls the I" convergence of the energies 2 — fRN |Vu|Pdx + oo[W(:,,,(Q)]L. over L?(RN).
In particular, for p = 2, this implies a full control of the spectrum of the Dirichlet Laplacian
for variations of the geometric domain 2. In very recent applications, the geometry of the
torsion function is intensively studied in order to understand localization properties of the
high order eigenfunctions (see [2]).

This paper is devoted to the study of some extremal behavior of the p-torsion function
and, in particular, to answer some questions left open in [13]. We consider the mean-to-max
ratio of the p-torsion function

1
P,(Q) = —— ]L w. o (x)dx, (1.2)
lwp.allLew J o

where || - |75 (@), stands for the usual norm of L*(2), with 1 < s < +o00 and the symbol
f—Q denotes the mean. According to the terminology used in the literature, we refer to the
quantity defined by (1.2) as the efficiency of the function w, . In the case of the first Dirichlet
eigenfunction, the study of the efficiency dates back to Payne and Stakgold [27] where the
authors focused on a problem related to the design of a nuclear reactor with flat neutron
profile. More recently, efficiency has been considered, for different functions, in [9, 10, 12].

Clearly the value of ®,(2) cannot be larger than 1, and an important question is to
understand whether or not this limit value can be asymptotically attained by a sequence of
geometries. In [21], the case p = 2 is considered and it is proved that

sup{P,(2) : Q C RV, open set with 0 < |Q2| < +o0} =1, (1.3)
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the value 1 being asymptotically attained by ahomogenizing sequence a la Cioranescu-Murat.
The motivation to study this problem in [21] was related to an inequality of Payne involving
the torsional rigidity and the first Dirichlet eigenvalue in a competitive way.

Our first purpose is to analyse the supremum of ®,(£2) for arbitrary p # 2. While for
1 < p < N the homogenization technique used in [21] still works with no important extra
difficulties, the case p > N is quite challenging. Indeed, when p > N, the homogenization
phenomenon does not occur anymore since points have positive p-capacity. A different
behavior may be expected, namely that the supremum is strictly less than 1 (see [13, Open
Problems 2 and 4]). Our first result contains a proof of this assertion, for N < p < +o0.
The main difficulty is that a maximizing sequence would y,,-converge to the empty set, the
absence of a nontrivial limit making the proof quite technical.

We shall also consider the case p = +o00, which is particular. The pointwise limit behavior
of the torsion function w, o when p — +oo0 is well known (see [3] and [23]). One has

,,ETOO wp o) =d(x, Q°),

where d(x, 2¢) denotes the usual distance function from the point x to the set ¢, that is
d(x, Q) = inf{|x — y| y € Q°}.

When p — +00, the efficiency ®,(£2) of the p-torsion function converges to

1 .

P(Q) = ——F—— ]L d(x, Q).
> ld(, 29l J o

Note that [|d(-, Q°)[lL~@) = p(2), where p(£2) stands for the inradius of €2, that is the

radius of the largest ball which can be inscribed in 2. For convex sets, this quantity has been

investigated in [13] and it has been proved that

1 1
N1 §<I>oo(9)§2-
In this case both the constants are sharp: the left-hand side equality is attained by any ball,
while the right-hand one by a sequence of thinning rectangles type domains.

In this paper we remove the convexity constraint and look for the upper bound of &,
among arbitrary open sets. A first result is that the supremum of @, is less than 1. The proof
is somehow more direct than the one for ®, (with N < p < +00), but still quite technical,
and is not a consequence of it. For this reason we give its main lines.

The two dimensional case is particularly interesting since the supremum of @, is con-
jectured to be precisely equal to % + %, being asymptotically attained by a sequence of
sets with a honeycomb structure of boundary points. Such a sequence can be obtained, for
instance, by removing from a fixed open set €2 a network of points given by the vertices of
a tiling of the plane with regular hexagons of vanishing size. This behavior was conjectured
in [13, Open Problem 4]. The second main result of our paper is the proof of this assertion.

Hexagonal tilings are recurrent structures which come naturally in a series of optimal
partition/location problems. Beyond the celebrated papers of Hales [20] and Morgan-Bolton
[26], we refer the reader to [4, 5]. There are not many strategies to prove that optimal structures
asymptotically behave like a honeycomb geometry. Hales proves the honeycomb conjecture
by finding an ad hoc hexagonal isoperimetric inequality. The few other cases, in which a
unified strategy could be followed, correspond to a decomposition of the domain in convex
polygons in association with a suitable polygonal isoperimetric inquality. This strategy was
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followed by Morgan and Bolton in the economical location problem [26], but goes back to
Fejes Toth [19] who first proved the honeycomb conjecture for convex cells.

In our analysis, the unified strategy used in [4, 19, 26] consisting in partitioning the set
in a union of convex polygons in association with polygonal isoperimetric inequalities, does
not apply. This is due to the non-local nature of the inradius which prevents us to write down,
in any useful way, optimality conditions. Our proof exploits instead an ad hoc isoperimetric
inequality in relationship with the Delaunay triangulation associated to a fictious cloud of
points spread inside the open set 2.

An intuitive conclusion of our results is not only that the supremum values of the efficiency
of the torsion function (1.2) are of different nature depending on p (below or above N) but
also the asymptotical maximization structures might behave differently, being much more
rigid for p > N than for p < N. For instance, in the two dimensional case one may expect
that for p > 2 the maximizing structures are only the hexagonal ones, while for p < 2 some
freedom is left with maximizing structures of different geometry. Any kind of periodical
structures in the Cioranescu-Murat analysis which are y-converging to a constant multiple
of the Lebesgue measure lead to the supremum value 1.

Before presenting the plan of the paper and state the main results, let us comment briefly on
the comparison between the maximization of the efficiency ®, and the economical location
problem of Morgan and Bolton, in the context of the torsion problem. We start by recalling
a (still open) conjecture of Buttazzo, Santambrogio and Varchon from 2006 (see [6]) on the
optimal compliance location problem. Let 2 € R? be a bounded open set and let ¢ > 0 and
p > 1. Forevery n € N and for r = cn~'/? one solves the problem

min {/Q wp’Q\U;_;lEr(xl,)(x)dx CXl,..., Xy € ]RN} (1.4)

and look at the optimal location of the balls when n — 400. When p = 400, the choice
¢ = 0 is nontrivial and leads precisely to the Morgan-Bolton economical location problem.
More in general the optimal distributions of the balls is conjectured to be asymptotically
given by a tiling of the set €2 with regular hexagons (the centers of the balls being the vertices
of the hexagons, see [6]) also for p < +o0.

Let us turn to the more subtile model which involves not only the L' norm of the state
function, but also its L°°-norm, in a competing way. The counter part of problem (1.4) reads

/ vaQ\U?:]Er(xi)(x)dx
max & :xl,...,xneRN . (1.5)
lwp, @\ur B, o lloc

Extending the problem above to p = 400, the choice ¢ = 0 leads precisely to maximization
of ®,. A possible interpretation as an economical location problem is that the maximization
of &, corresponds to the modeling of repulsive spots for which the average distance has,
contrary to problem (1.4), to be large, while a too large individual distance is not acceptable
(e.g. a territorial distribution of commercial malls or hospital centers).

Looking to (1.4) and (1.5) in the limit case p = 400, the fact that both solutions are
honeycombs may be intriguing, as one is a minimization and the other is maximization of
“almost" the same quantity. Of course, the difference comes from the presence in (1.5) of the
L°°-norm which, alone, it is also expected to be minimal on honeycomb structures, naturally
introducing a competition between the L' and the L> norms. The main consequence of this
competition makes the unified strategy of [4, 19, 26] impossible to follow.

@ Springer



Mean-to-max ratio of the torsion function and honeycomb structures.. Page50f29 198

Plan of the paper This paper is organized as follows. In Sect.2 we recall some preliminary
results and briefly describe the minimization problem of @ ,. For the sake of completeness,
we also give a short proof of the upper bound (1.3) in the case 1 < p < N, extending the
result of [21].

Section 3 contains our first main result.

Theorem 1.1 Let N < p < 4o00. Then
sup[<I>p(Q) : QCRY, open set with 0 < || < +oo} < 1.

In fact, for N < p < +00, we shall prove a stronger version of this result, showing that

1 1 p -1/p
sup (ﬁfgwl,,g(x)> (EpryQ(xO < 1.

The proof of our second result is given in Sect. 4.

Theorem 1.2 We have

1  In(3
sup {Poo(Q) 1 @ C R, open set with 0 < |Q| < 400} = 3+ i ).
Denoting H\ the set of the vertices of a tiling of the plane by regular hexagons of area 1,
the supremum above is attained by any sequence (2 \ H;)g, where Q2 is a bounded open set,
H, =¢H| and e — 0.

We finish with some remarks and applications in Sect.5, in particular we give a positive
answer to Open problem 2 of [ 13] concerning the shape optimization of a functional involving
a competition between the first eigenvalue of the p-Laplacian and the p-torsion energy.

2 Preliminaries and the sub-dimensional case

Letl < p < +ooand §, : Wol’p(Q) — R be the strictly convex functional defined by

1
Spu) = —/ [Vw(x)|Pdx —/ w(x)dx. 2.1)
pPJa Q
A simple application of the direct method of calculus of variation proves that there exists a
unique minimizer for §. Such a minimizer wealky solves the boundary problem (1.1) and

coincide then with w, q. Being §,(v) > §,(Jv]) we have that w, o > 0 in Q. By testing
(1.1) with w), g itself, we deduce that

/|pr,g(x)|pa'x=/ wp o(x)dx. (2.2)
Q Q

When necessary, we identify w, o with its extension in whP(RN) obtained by defining
wp.q to be 0in RY \ Q. With such an identification it holds —A ,w, o < 1 weakly in RY,
that is

/ Yy (0172 V ) 0 (1) Vo (r)dx < / $(r)dx 2.3)
RN RN

for every ¢ € WI-P(RY), ¢ > 0.
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An explicit computation of w, q is, in general, not available, except for some very specific
choice of the domain 2. For instance if 2 = B(xo, r), where we denote by B(xo, r) the open
open ball of RV centered at xo and with radius r > 0, is easy to verify that

PP —|x — xo|”

N 2.4)

Wp, B(xg,r) (x) =
p' = p/(p — 1) being the conjugate exponent of p. Also, it is worth recalling that, due to
the degeneracy of the operator A, weak solutions to (1.1) not always belong to C3(Q) as
already (2.4) shows. In fact, one can prove that w, o € C L. (Q) with regularity holding up
to the boundary if the domain €2 is regular enough, see for instance the classical results in
[17]. Using the explicit expression (2.4), the fact that w, o > 0 and the comparison principle
we can easily deduce that w), o > 0in .
The following Caccioppoli-type estimate, see [§] Lemma 10, can be obtained by consid-
ering § € C°(RV) and testing (2.3) with 07w, o € WP (RV):

/RN IV(wp,e()8(x)|Pdx < c /RN wp, ()]0 (x)|Pdx

+c2 / wh Q()VO(x)[Pdx. (2.5)
RN 7
Here ¢ is any constant with ¢y > 27~V and ¢3 = ea( p, c1), where we use the convention
of writing ¢ = ¢(s1, ..., s,) to denote a constant ¢ > 0 whose value depends only on some
quantities sy, ..., s, € R.

In [8] is also noticed (see inequality (30)) that, as a consequence of (2.5), one gets the
existence of two constants C; = C1(N, p, c1), C2 = C2(N, p, c1) such that for every r > 0
and xo € R¥ it holds

1/p ,
wp a(xo) < C; (]L wz g(x)dx> + Cor?. (2.6)
B(xo,r) ’

We recall the well known Morrey inequality, see [18].

Lemma 2.1 (Morrey inequality) For each N < p < 400 there exists a constant C =
C(N, p), such that

N 1/p
lu(y) —u(z)] < Cr'™r (/ |Vu<x)|f’dx>
B(xp,r)

forall B(xog,r) CRN, u e WLP(B(xo, 1)) and for almost every y, z € B(xo, r).

At last, we notice that the minimization problem for @, is not interesting since it is easy
to show that that

inf{®,(): Q C RV, open set with 0 < |Q2] < 400} = 0.
Indeed, let 2,, be the following open set

Q, = U B2k, ry), wherer, = k_l/N, fork=1,...,n;
clearly we have lim,,_, y  |2,| = +00. By (2.4), it holds

n n
1 , ,
Wp.0,(X) = D Wp Bk (X) = NPT > 8 = x = 217 ) XB k. (),
k=1

i=1
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being xr the characteristic function of the set E. In particular

lim Wy, (x)dx < +00,

w = NP’
lwp.e, L@, p'NP/P" n—>soo Q,

which in turns imply lim,, o0 ©,(£2,) = 0.
Concerning the maximization problem for @, as already noticed in the Introduction, it
is proved in [21] that, for N > 2, it holds

sup{®,(2) : 2 RV, open set, with 0 < |Q| < +o0} = 1. 2.7

The proof is based on the following homogenization procedure for which we refer to [15]:
denoting By = B(0, 1), and given a > 0, there exists a sequence (£2,,), N of open subsets of
By, such that the sequence (w2, )neN C Wl’z(Bl) weakly converges to the solution wy 4
of the following boundary problem

—Aw +aw =1, in By;
w e Wy (BY),

as usual intended in the weak sense.
Once showed that

nEI-iI—loo lwz,qallLoo@a)y = llwa,qllLoosy), (2.8)
awy ,—1in L>(By) asa — +00, 0 <awy,(x) < lae.in By. (2.9)

the identity (2.7) is achieved in [21], using (2.8) and (2.9), through the following inequalities
) fBl w2, (x)dx

> sup

1 > sup &(Q2) > sup( lim ®,(Q2) _
a>0 | B1lllwaqllLooBy)

a>0 \n—>+o0

fB] w4 (x)dx
> fim 2B 2P (2.10)
a—+00 | By||lw2,all Lo (By)

The whole argument can be basically repeated whenever 1 < p < N. For completeness,
we shortly describe here the technical points needed to prove the analogues of (2.8) and
(2.9) in this setting. First we notice that for every u > 0 there exists a sequence (£2,,),enN of
open subsets of By such that the sequence (w), q,)sen Weakly converge in WLP(B)) to the
solution w), ;, of the following boundary value problem

—prl—:MwlP_zw: 1, in By; @11
w € Wy"(By).

For this result we refer to [24], see also [14], [22] and references therein. Notice that here is
precisely where the hypothesis p < N is needed. Then we have the following lemmas.

Lemma 2.2 Let (2,),en be a sequence of open subsets of By. Then, if wp, o, weakly con-
verges to v € Wol’p(Bl), we have also

nlilfw lwp.e, e,y = IvliLes)-

Proof The pointwise convergence of w,, g, implies

ngl}rgg lwp, e, Iz, = llvlliLes)-
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We suppose without loss of generality that
timinf |wp 0, lz>@) = Im llwp.e, >,
and we assume by contradiction that there exist b1 < b such that

ngl}rloo lwp,Q,llLe@,) > b2 > b1 > |[vlLeB)- (2.12)

We denote by A, = {x € Q, : wp q,(x) > b1}. Since for n large enough A, is nonempty,
we can select x, € A, to be such that

Wp.0, (xn) = llwp.Q, Lo, > b2
Notice that we have
(wp,Q,, - b1)+ = Wp,A,-

where we use the usual notation g™ = max{g, 0}. Hence by (2.6) we get,

1/p
b2 - bl < (wp.Qn - bl)+(xn) <C; <f ((wp,Q,, - b1)+)p (x)dx) + Czl’%,
B

(Xn,r)

for some universal and fixed constants C; and C». Let r = (b1, b2, p, N) be such that
Cor?! P~V < (by = by)/2.
We deduce

by —b 1/p
0 < % e <]ﬁ (wp.o, —bDF)’ (x)dx) : (2.13)
B(xy,r)

However since w q, converges to v in L”(By) and by > v, the right hand side of (2.13)
converges to zero when n — +o00, which is a contradiction. Hence (2.12) cannot hold, and
this proves the lemma. O

Lemma23 Leta > 0 and W, r-1 be the solution to (2.11) when w = a?~'. Then 0 <
aw, p-1 (x) < 1 almost everywhere in By. Moreover the sequence (awp’ap—l)a>() converges
to 1 almost everywhere as a — +0o0.

Proof We denote for the sake of simplicity ¢ = a' =7 and v, = aw p.ar-1- First, we want to
show that, for any ¢ > 0, it holds

0 < v, <1 almost everywhere in Bj. (2.14)

Clearly, v, satisfies in the weak WOl "7 (B)) sense the following problem

(2.15)

—eApve + |ve|P?v, = 1 in By,
I,
ve € Wy'P(By).

In particular, v, is the unique minimizer of the strictly convex functional
3 1
Fpev) = — [Vo(x)|Pdx + — lv(x)|Pdx — v(x)dx
P JB; P JB; By

defined in W(}’p(Bl).Being Sp.e(v) = Fpe(lv]), it holds v, > 0 in By. Moreover, since
(14+x)%>1+ax forevery x > 0and @ > 1, we have

1
7/ (|v|”—1)dx—/ (v—1dx >0,
P Jw>1} {v>1}
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that in turn implies § ¢ (v) > §p ¢ (min{v, 1}). In particular vy < 1in By.
We can easily notice that if 0 < &1 < &3 then v, > v;,. Indeed, we have that

-1 &1 €1 p—1
—81A v, VP T = — 4+ (1 - — v <1
pre & & & &2
so that by the comparison principle we get vs; > v,, a.e. in By. In particular, denoting

v(x) = sup, vg(x), we get v, — v, a.e. pointwise in Bj. Since v < 1 almost everywhere in
By italso holds v < 1 a.e. in B;. Furthermore, being § ¢ (ve) < §p,e(0) = 0, we have

/ 6|V (0)[Pdx < p|Bil.
B

Thus, for any ¢ € Wol’p(Bl) we have

1/p 1/p ,
< (/ s|Vv5<x>|”dx) ([|V¢(x)|f'dx> g1/
B

: / V0 (1) 2V, () Vb (1) dx
B

e[ IVue(x)IP 72V (x) Ve (x)dx
By

which implies

<V IBI Y IVlLr sy, (2.16)

From Eq. (2.15), we obtain
£ f Ve (x) |77 Vue (x) Ve (x)dx + / |06 ()| 0e () (¥)dx = / ¢ (x)dx,
B B By
and hence, taking also into account (2.16),

lim/ v e (x)dx :/ o (x)dx.
e—>0 Bl Bl

for any ¢ € Wol’p(Bl). By possibly passing to a sub-sequence, being v, < 1 and v; — v
a.e. as ¢ — 0, the latter implies that

/Ep_l(xw(x)dx =/B d(x)dx.

so that, by the arbitrariness of ¢, v = 1 almost everywhere which proves the thesis. O

Combining Lemmas 2.2 and 2.3 we can repeat, with minor differences, the inequalities
(2.10).

Theorem2.4 Let 1 < p < N, then:
sup{®,(2) : & C RV, open set, with 0 < |Q2| < 400} = 1.
Proof Let a > 0, and (2}),en a sequence of open subsets of By such that the sequence

Wp Qa weakly converges in W(} " (B1) to the solution w
w = aP~!. By applying Lemmas 2.2 and 2.3 we get

poar—1 of the problem (2.11) when

fB w), ar—1(x)dx
1>sup®,(Q) > sup( lim dDP(QZ)) > sup S
a=0 \1n—=>+00 a=0 | Billlw, gp-1llL>(B))

fB1 aw,, ,p-1 (x)dx

T a—>+o0 |Bl|||awp,ap’l ”LOO(BI) a

)

which proves the theorem. O
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3 Proof of Theorem 1.1: the super-dimensional case

Before discussing the proof of Theorem 1.1, let us briefly note what happens if N = 1. In
this case, it is easy to show that for every 1 < p < +o0 it holds

/

14
pr+1

Indeed, every 2 C R is a disjoint union of open intervals (£2;);c; of length 2r;. Using
(2.4) with N = 1, we have

sup {®,(Q) : @ € R, open set with 0 < || < 00} =

3.1

/

2 / max;ey r’
_ p'+1 _ iel
/pr,sz(x)dx =T Zri » Nwp.allie@) = T’
iel
This implies
’ .r.P/+l ’
0,@) = L ( & <2
P 1 \max; r/ ¥, i p+1

with equality achieved when r; is any constant a value. Notice that (3.1) already suggests
that the upper bound from Theorem 2.4 may fail if we remove the assumption p < N.
From now on we suppose N > 2 and we assume N < p < +00.
Givenm, r > 0and xg € RV, we denote by Vin,r.xo € WLP(B(xg, r)) a continuous weak
solution to the following boundary value problem

—A,V =1, in B(xg, 1),
Vi(xg) =0, 3.2)
V(x) =m, indB(xg,r).

whose existence is guaranteed by the following lemma.

Lemma3.1 Let N < p < 400, m,r > 0and xo € RN, There exists a continuous weak
solution to problem (3.2). In particular there exists p = p(m,r, N, p) < r such that, for
any xo € RN we have

B(xo, p) € {x € B(xp,7) Vm,r,xo(x) < 1/2}
Proof The argument is standard. Let
X={ue CO(B(xo, r)) : u(xp) =0, u(x) =m forevery x € dB(xp, r)}.

Since p > N, the space WP (B(xo, r)) continuously embeds in C 0(B(xo, r)). In particular,
XN Wl’p(B(xo, r)) is convex and closed in W“’(B(xo, r)). By Lemma 2.1 we easily deduce
that

lullLr(Bxo,ry) < ClIIVUullLr(B(xo,r)), forallu € X,

for some C = C(p, N, r). Hence, the functional §,, defined by (2.1), is coercive on X N
WP (B(xo, r)) and there exists # € X N W17 (B (xo, r) such that miny §, = §,(%). Sucha
minimizer solves in the weak sense equation (3.2). The rest of the Lemma is straightforward.

O

As we will use it repeatedly, we recall the statement of the classical Vitali’s covering
theorem, see for instance [18].
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Lemma 3.2 (Vitali’s Covering Lemma) Let F be a family of closed balls of R . Suppose that
it holds

sup{diam(B) : B € F} < +o0.
Then, there exists a countable family of disjoint balls F' C F such that
U B C U 5B.
BeF BeF’
The key step to prove our main result is the following technical lemma.

Lemma3.3 Let N < p < 400 and 2 € RN be an open set with finite measure. Then,
there exists a constant C = C(p, N) > 0 depending only on N and p, such that one of the
following cases occur:

(i) |[x €Q: wpa) <} fowpa@)dx)

Iz
(ii) |{x €Q: wpax) > % ]Lszw,,,g(x)dxH > |

m\bﬁ\

Proof We denote for the sake of brevity w, o = w and we use the following notation:
1
wy = ﬁ/ wx)dx, Ei={x w<wy/2}, E»={x w>3wy/2}.
Q

By possibly rescaling, we can suppose that wy = 1 and when necessary we can extend w to
be zero in RV \ , in this case we denote the new function again as w. Our goal is to prove

that there exists a constant C = C (N, p) such that at least one of the following cases occurs:
|E1I>@, |E> |>@ (3.3)
- C C

We start by introducing some notation. We consider the family (B (x, d(x, 2¢)))xeq of
open balls. which clearly covers €. A simple application of the classical Vitali covering
Lemma allows us to define a sub-family

:{Bi:B(_xi,r[)liGI}, (34)
with r; = d(x;, ) such that

BiNB; =0, ifi #j, andQcC| 5B
iel
Thanks to the choice of the radii, we can associate at any ball B; € F a point y; such that
yi € 9B; N d%2. Notice that possibly y; = y; for some i # j. We further define Ry > 0 to
be such that

N
Wp, B(xo,Ry) (X0) =2, forevery xg € R,

that is, taking into account (2.4), Ry = (2p’ W/ P'N1/P_ We divide F into the two following
sub-families of large and small balls:

Fr ={B; Bi € F, st.r; > Ry}, Fs={B; Bi € F, s.t.r; < Ro}.

Moreover, taking m > 0 to be a constant whose value we fix later, we further divide the
family Fg into two disjoint sub-families:

Fs, ={Bi € Fs max w =<m}; Fs, ={B; €Fs max w > m}.
B(yi,Ro) B(yi,Ro)
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Finally, using Lemmas 3.1 and (2.4) we choose 0 < ro = ro(p, N) < Ry to be such that,
for every xo € RV,

B(x0,70) € {x € B(x0, R0) Wp.B(xg. Ry (X) > 3/2, Vin Roxo(¥) < 1/2},  (3.5)

where V), gy, x, 1s defined through (3.2).

Now, for the sake of clarity, we proceed by dividing the proof into 4 different steps.
Step 1 We prove that if the family of large balls F; covers enough measure of €2 the lemma
is proved. More precisely, assume

112
> 1Bl = (3.6)

75N "
BeFL 25
Then, for every B € Fp, we consider the family
{B(z, Ro) : z€ B, d(z, BY) = Ro}.

Again Vitali’s Lemma applies and, being B a bounded set, allows to select a finite number
n = n(B) of disjoint balls {B(z;, Ro)}i=1,....» such that B C U!_,5B(z;, Ro). In particular

|B| <n5NwyRY. (3.7)
Then, for any i = 1, ...n, the comparison principle gives
W(X) = Wp,B(z;.R)(X¥),  in B(zi, Ro)
so that
{wp. Bz Ry > 3/2} € {w > 3/2} N B(z;, Ro)-
As a consequence of the former inclusion and of (3.5), we get
wyry < l{w > 3/2)N B(zi. Ro)|.
Since the balls B(z;, Rp) are pairwise disjoint, the former inclusion gives
noyrd < |{fw > 3/2) N B|.
Combining the latter inequality and (3.7) we obtain
<r°>N IB| < |{w > 3/2) N B|.
5Ry -
Therefore, using (3.6), we get

A Bfe]
2 5N

Eal =1(w>3/2)= Y Hw>3/2)NB| = (L‘)>

BeF SRO

which implies (3.3), and consequently the thesis.
Step 2 We prove that if the family of small balls F§, covers enough measure of €2 the lemma
is proved as well. More precisely, assume

Y 1Bl = Lal (3.3)
> v .

BeFs, 45

Let B(x;, r;) € Fg,. Since, by the definition of Fg,, it holds

max w <m,
B(i,Ro)
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wehavew < Vi, g,y in 0B(yi, Ro). Moreover —A ,w < —A,V,, gy, weaklyin B(y;, Ro)
so that, by the comparison principle, it holds w < Vj, g,,y; in B(y;, Ro), and thus, by (3.5),

B(yi,r0) N B(x;, 1) € {w < 1/2} N B(x;, ;) N B(yi, Ro). (3.9
By the fact that the radii of any ball B(x;, r;) is controlled by Ry we also deduce that
|B(yi, ro) N B(xi, ri)| = c|B(xi, i)l (3.10)

for some constant ¢ = ¢(rg, Ry, N) > 0. Indeed, for r; < rg/2 we simply have the inclusion
B(xi,ri) C B(yi, ro) N B(x;, ri), while, for r; > ro/2 we have

[B(x;,ri) N B(yi, o)l

|B(yi,r0) N B(x;, 1)) = |B(x;, i)l

|B(xi, ri)l
|B(z,r0/2) N B(yi, ro)l
> |B(xi,ri)l e = ¢|B(xi, ri)l,
wpn R
where z belongs to the segment joining y; and x; and is such that |z — y;| = ro/2. Now,

combining (3.10) and (3.9), we obtain
conr{ < [{w < 1/2} 0 B(x;. 1) N B(yi. Ro).
Finally, taking the sum over B(x;, r;) € Fs, and applying (3.8) we obtain

Y BI<Iw =172,

4 5N —
BeFys,

This, again, implies (3.3), so that the lemma is proved also if (3.8) holds.

Step 3 To discuss the remaining case, that is when the balls of Fg, cover a great portion of
the measure of €2, we need again to distinguish two different type of balls. More precisely,
we introduce another constant M > m whose precise value we explicit later (notice that the
value of m is not be fixed yet) and we denote by F éz the family of the balls Fg, for which

m< max w<M (3.11)
B(yi,Ro)

holds true and we first discuss the case when

Z |B-|>l@ (3.12)

T g 5N '
Be]—'s2

For any ball B(x;, r;) € ]—‘gz let y* € B(x;, r;) be such that w(y}) > m. Since, r; < R we

have B(x;,r;) C B(yl?' , 2Rp), and hence, again by the Vitali’s covering Lemma, there exists
a sequence (y7);eq+ such that the disjoint balls { B(y}, 2Ro)}ie> satisfy

J B < (J5B07 2R0). (3.13)

BEJ"-'g2 iel*

By the inequality (2.6), we have that, for any r > 0 and i € I*, it holds:
1/p ,
m < w(y’) < Cy ]L w? (x)dx + Core-T, (3.14)
B(yf.r)
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Here the constants C| and C; are completely determined and they depend only by N and p.
We choose r; > 0 to be such that

P
1

Cor/™ < —, ri <.

|3

Then, (3.11) and (3.14) give

v m\’
oyt [ — ) < w? (x)dx < M?
'\2c
1 B(y;,r1)

Now we fix the value of the constant m in such a way that

p p
R ) 3 ,
2C 2
With this choice we have

3\ N
3 r 3
M < sz E}ﬂB(yf,rl) )

3

T < (3.15)

In particular, by (3.13), (3.12) and (3.15), we have
112 x
v = > 1B =5V [B(y}. 2R0)|

BeFy el

SNmp 3
<52 { 5}me(y,,m |B(y}.2Ro)|
(7 WONTY e
lONM”R{)V 10V MPRY 3
< e Z{ }mB<y,,m T {wzi}’
iel* 2 1

which implies (3.3). Thus the lemma is proved also if (3.12) hold.

Step 4 We conclude the proof by discussing the only remaining case and showing that this
leads to a contradiction for a suitable choice of the constant M. More precisely, suppose that
neither (3.6) nor (3.8) nor (3.12) hold. Then, due to the construction we made of F, it must
certainly be

11€]
> Bl = SN (3.16)
BeFs,\Fs,

For every B; € Fs, \ F éz’ we have

M < max w.
B(yi,Ro)

Then, Lemma 2.1 gives
MP
M / V(o) |Pdx
Ry~ Cr  JBGiR)

for some constant C = C(N, p). As in the previous step we select a sequence (y; )i+, such
that the disjoint balls (B(y;, 2Ro))icr* satisfy

J B<|J5BGi.2Ro).

Be]—'\]’-‘g2 iel*
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to obtain
> Bl <) I5B(i, 2Ro)|
BeF\Fy, iel*

Ssto 2k IVWCOIPdx
< a)N(SRO)N Z (vi,2Ro) 7

iel* RP‘NCP

<7‘”N(5R‘)) /|Vw(x)|”dx

RY™ ch’

Thanks to (3.16), the latter leads to

11Q]  wn(GRy)Y
qow < NT/Q|Vw(x)|pdx. (3.17)
Ry Ncr

Now we recall that w satisfies (2.2) and the assumption wo = 1, thus

/ [Vw(x)|Pdx =/ wx)dx = ||,

Q Q

which combined with (3.17) finally allows to achieve
1€ wN(5Ro)N

g5V =

|€2].

The latter is a contradiction as soon as
M? > max{wy8(25)N R) CP, m},
and this concludes the proof. O

We now consider following ratio for N < p < 400:
1 1 » ~1/p
v, (2 — .
@ =(igg [, o) (17 [, vha0)

W, (Q2) > @,(Q) for every 2 C RY open set with 0 < || < +o0. (3.18)

Clearly, one has

We also recall the following “quantitative” version of Jensen inequality.

Lemma3.4 Let p > 2 and E C RN any measurable set with 0 < |E| < oo. Then

4 1 P
fowraz (f rwa) + g i - £ roa

for any Borel positive function on E.

dx

Proof For any a, b € R we have, see for instance [25] Lemma 4.2,

b|P
al? = 1P + plblPbia — b) + 2 (3.19)
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By applying (3.19) with

a=fx), b= ]LE f(x)dx,
and by integrating with respect to x € E we easily achieve the thesis. O
We are now in a position to prove the following result.

Theorem 3.5 Let N < p < +00. Then we have

sup {\IIP(Q) : Q RN, open set with0 < || < +oo} < 1.
Proof With the same notation used in the proof of Lemma 3.3, i.e.

wy = ﬁ /;2 wx)dx, Ep={x wkx)<wy/2}, Ez={x w) > 3wpy/2}.
and by possibly rescaling to get wo = 1 we can assume, by Lemma 3.3 that
1€

E> -,
|[Ey| > C

for some constant C > 0 that does not depend on €2 (the other case being similar). Then, by
Lemma 3.4, we get

1
P | L ‘ — P
]LQ w? (x)dx > wy + 1 I |w(x) — wol? dx

it w15 B
B Q|21 = 1) Jg, - QPP —1)
1
>wh 1+ ——-7—).
=¥ ( T oo 1))
By the very definition of the ratio W, (£2), this suffices to prove the thesis. O

As an immediate consequence of Theorem 3.5 we have the following result concerning
the efficiency of the torsion function when p > N.

Corollary 3.6 Let N < p < +00, then we have
sup[d>p(52) . Q CRY, open set with0 < |Q| < +oo} <1
Proof 1Is enough to apply Theorem 3.5 together with (3.18). O
We conclude this section by proving the second part of Theorem 1.1, corresponding to
the particular case p = +00. The proof basically follows the same lines of that of Theorem
3.5 (and Lemma 3.3), but with less technicalities, hence we only sketch it.

Proposition 3.7 We have

sup[aboo(sz): Q C RN, open set with 0 < |Q| < +oo} <1
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Proof We use the following notation:
1 c ey~ do
dy=— [ d(x,Q2%dx, E=1xe€Q 0<d(x,Q)<—1¢.
12 Jo 2
Our goal is to prove that there exists a constant C = C(N) it holds:
|E| > @ (3.20)
C

Let F be the same family of of balls defined in (3.4). Notice that, for any B; € F, we
have

N+1
WNVT-:
/ d(x, Q%dx > / (ri — |x — x;Ddx = —+—. (3.21)
B(xiri) B(xi.ri) N+1
Let denote by F;, the family of large balls defined through
FrL={B(xj,rj)rj > Kdp},
where K > 0 is a large constant. Then, we have:
12|
D BGG ) S s (3.22)
5N2
BjeFL
since, if this is not the case, (3.21) would implies
N+1
WNT; Kd,
D (/ d(x, mdx)>z oz 012 o
Byer, \YB&irj) jeJ + 15
Kdy
=D _Z|B<x,~,r,~)|,
jeJ
and hence
Kdy
Bl > gz |2,
5N2(N + 1)
which is a contradiction if we choose K > 5V2(N + 1). By (3.22), we get that
12|
> 1BGi = o (323)
BieF\Fy

Now, for any small ball B; = B(x;, r;) € F \ F there are two possibilities: either r; < ‘{70
or ‘{70 < r; < Kdp. Clearly, when r; < % it holds B; C E, while, if r; > dy/4, then there
exists a region of volume at least wy (‘{TO)N of the ball B; contained in E. Therefore

N do N
|E| > Z oNT; + Z oy (Z)

Bie F\FL.ri<dy/4 Bie F\FpL,ri=dy/4
N ri \N
= Y ew?t 3 en(g)
Bie F\Fp.ri<do/4 Bie F\Fr.ri=do/4
The latter, combined with (3.23) easily implies (3.20), and allows to conclude. O
Proof of Theorem 1.1 This is a consequence of Corollary 3.6 and Proposition 3.7. O
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4 Proof of Theorem 1.2: the honeycomb structure

We devote this Section to prove Theorem 1.2 and determine the sharp value of sup ®, in
the 2 dimensional case. The first tool we need in order to present the proof of Theorem
1.2 is a sort of isoperimetric-type property for some geometric energy on triangles. Given a
triangle A C R? (we identify A with its interior), we denote by r(A) the radius of the circle

circumscribed to A, by V(A) the set of its vertices and by £(A) the following quantity:
d(x, V(A))dx
E(A) = ![A(—())

|Alr(A)

Notice that £(-) is scaling free, in the sense that £(tA) = E£(A), for any t+ > 0 and any
triangle A C R2. Our first goal, which is of technical nature, is to show that among all the
triangles the equilateral ones maximize £(A). We need the following lemma.

Lemma4.1 Let A C R? be any triangle. Then, there exists a triangle A’ C R?, which is
either acute' or right and isosceles, for which E(A) < E(A).

Proof Let A spc be a triangle with vertices V(A apc) = {A, B, C}, we use the notation
rapc =r(Aapc), Eapc = E(AaBC).

Also we denote respectively by «, B and y the angles at the vertices A, B and C. To prove
the Lemma, we suppose that « > /2. We reflect A 4 pc with respect to the side BC and we
denote by A’ the reflection of the vertex A. By the very construction we have

2/ d(x,{A, B,C)dx < / d(x,{A, B, A')dx +/ d(x,{A,C, A'Vdx.
AaBc Aypar

Aycar

In particular

li I
Eape < ) Ja,py A A B A dx + [, d(x.{A, C, A')dx
T rasc [Aaparl +1Aacal
that is
max{rapa’, raca'}
Eapc < ( 5 >maX{5ABAu Eacarl. 4.1
TABC
Notice that
TABA/ |AB|sin(B) |AB| sin(y) sin(y)

)

rapc  2sin(B)cos(B)rapc  cos(B)2rapc  cos(B)  sin(a@ —m/2+y) ~
the last inequality justified by the fact that y < o — /2 + y < /2. Therefore

TABA' sin(y)
TABC sinf — /2 +y) —

and analogously

racA’ sin(B)
TABC o sin( — /24 B) —

' We do not consider a right triangle acute.
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Combing these inequalities with (4.1) we get

Eapc < max{€apar, Eacar}-

Suppose without loss of generality that A 4¢ 4/ reaches the maximum in the inequality above.
Being A 4c 4 isosceles, if 2y < /2, then is also acute and the lemma is proved. Suppose
instead that 2y > /2, then we can repeat the same argument as above: we reflect the
triangles A 4c 4 with respect to the side AA’, we denote by C” the reflection of the vertex C.
Again we obtain

Eacar <max{Eccrar, Ecical

Both the triangles Accr4- and A¢rc 4 are again isosceles, and in this case they both have two
angles equal to y. Hence being 2y > /2 they are acute triangles. The only remaining case
is when 2y = 7 /2 which precisely corresponds to the case when A 4¢ 4+ is a right isosceles
triangle. O

We can prove now the isopertimetric-type inequality.

Proposition 4.2 For every triangle A C R* we have
E(A) = E(Aey), (4.2)
where Aey C R? is any equilateral triangle.

Proof By scaling and translation invariance and thanks to Lemma 4.1, it is enough to prove
(4.2) among triangles inscribed in By and for which the origin is contained in the closure
of A. For such a triangle we can easily determine the value of £(A). More precisely, by
denoting with £1, £5, £3 the lengths of the three sides of A, we have

3 —l¢p.
1 < cos™ (¢ /2) 4o
d(x,V(A)dx = — o _—,
/A (x, V(A)dx 12; ’/0 cos3(0)

and since

/r do _/sin(f) dt _l<2sin(t)_|_1 <1+sin(r))>
b cos3@) Jo =22 a\co2() T "\ 1 sin(m /)’

we have also

/COS'W) do <\/4—e2 1 (2+¢4—62>>
$om (T )
0

cos3(0) 02 4 2_J4_¢2

Being clearly

’;

SN =
A=) ——

i=1

we deduce

35 24, /402
> 07 In
1 Zz_l i (2_ /4_Zl'2

E(A) = % +— 4.3)

1 3 ’
Tioitiyf4-¢
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For the equilateral triangle inscribed in By we have £; = {, = {3 = /3, and hence, by
4.3):

1n(3)
4

E(Aeg) = 4.4)

Hence, to prove (4.2), we need to show that

3 2 402
Z@ln +\/7 —31n(3)Zz,/4 & <o. 4.5)
4 — 2

for any triplet (¢1, £2, £3) which corresponds either to an acute triangle inscribed in By or to a
right and isosceles triangle inscribed in B . For the sake of brevity we denote by L(€1, €>, £3)
the left-hand side of (4.5).

Let (415, €2, €3,) any maximizing sequence for £ and A, C B the corresponding
triangles. By Blashcke Selection Theorem, up to sub sequence, the sequence A, converges
to some closed set As. Also, since any A, contains the origin, the limit set ‘Ao contains
the origin as well. In particular, either A is a diameter of By or Ay is a right triangle or an
acute triangle. Assume that A is a diameter of B;. Then we must have (possibly relabeling
the indexes)

lim £, =0, 1lim £, =2, lim {3, =2,
n—00 n—o00 n—00
and therefore

lim L€y, €on, £3,) =0,
n——+00

proving, by the maximality of the sequence (£1,, €2,, £3,), (4.5) and consequently the propo-
sition. Hence, let us suppose that A, is a triangle. If is a right triangle, then by Lemma 4.1
must be also isosceles. In this case we have, up to relabel indexes, {1 = 2 and £, = {3 = V2
and we readily verify that £(2, v/2, v/2) < 0. Thus suppose that A, is an acute triangle.
Being so we can exploit optimality conditions and is convenient to introduce the angular
coordinates xp, x3, x3 > 0, defined through cos(x;) = ¢;/2, fori = 1, 2, 3. Clearly, any
acute triangles inscribed in B satisfies

x1,x2,x3 € (0,7/2), x1+x2+x3=m/2, (4.6)

and we have

3 . 3
Lty 0. 03) =8 (Z cos*(x;) In (1 + an(x")> — 31‘;(3) ;cos(x,-) sin(x,-)) (47

. 1 — sin(x;)
i=1

For the sake of brevity we denote by f(x), g(x) the following quantities

1 + sin(x)

03
f(x) =cos’(x)In (1 i)

) , 8(x) =cosxsinx.
We have

f'(t) = =3 cos 2(t) sin(?) In (%) +2cos’t, g’ (1) = cos(2t).
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Differentiate the right hand side of (4.7) at a critical point, taking also into account of the
constraints (4.6), gives the following conditions

3In (3) 3In (3) 3In(3)
f(xn) — g'(x) = f'(x2) - §'(x) = f'(x3) — 3 g'(x3) = A, (4.8)
where A > 0 is the Lagrange multiplier. By studying the function
3In(3 3In(3 1 +sint
t— f'(t) — n( ) g = _3n® cos(2t) — 3cos® ¢ sint In (ﬂ> )
2 1 —sint

we can show that (4.8) implies that at least two of the three coordinates (x1, x2, x3) coincide.
The proof of this claim is elementary and we give the details in Appendix A Lemma A.1.
Hence the triangle A, has to be isosceles.

To conclude we show that that among isosceles triangles inscribed in By, £ assume its
maximum at the equilateral one. Indeed let A be isosceles and let £, £, £3 be its side
lengths. Suppose that £; = €, = £ € [+/2, 2) (the interval is determined by the fact that we
are considering acute triangles inscribed in B1). By Heron’s formula we have

6y = (43/2)?

Al = >

4.9)

Since |A| = £1£3€3/4, (4.9) implies £3 = £+/4 — £2 and we can express £(A) as function
of £ (writing £(A) = £(£)). Precisely, by (4.3), we get

1 4—0% [4—¢2
EO=3|1-— ln< 7 )+

(3t

24— ¢2

Is convenient the change of variables £ = /4 — £2 € (0, +/2). With such a choice the
right-hand side of the latter identity is equal to the following function:

et (1 (E >+m(2 )

3 4 \4-¢g2 26 ’

By optimizing the above expression with respectto & € (0, V/2) we obtain that the maximum
value correspond to & = 1, that is when £ = £3 = +/3. Again the details are elementary
and we prefer to refer the reader to Lemma A.2 in Appendix A. Hence the optimal isosceles
triangle has to be equilateral and this proves the thesis. O

An important tool that we shall use the proof of Theorem 1.2 is the Delaunay triangulation
of a family of points [7]. For reader convenience we briefly recall the main definitions and
properties, following the monograph [1] to which we refer for more details.

Given a family of points S, the Voronoi cell of a point p € S is defined by

V(p):{)cE]R2 |x — pl < |x —gq|, forevery g € S}. (4.10)

To construct V (p) it is enough to consider for any other point g € S, the bisector line of the
segment pq (i.e. the set of all points having the same distance from p and ¢). Such a line
divides R? into two half plane. By denoting with H pq the one containing p, we have

V(p) =) Hpqg-

=
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Fig.1 An example of Voronoi
diagram spanned by five points

Fig.2 Delaunay triangulation of \
five points, the dashed lines
represent the Voronoi diagram

In particular V (p) is a convex, possibly unbounded polygon. The edges and the vertexes, of
the family of polygons V(p) are called Voronoi edges and Voronoi vertexes. The union of
Voronoi edges and vertexes generate a planar straight-line graph, which is commonly known
as the Voronoi diagram associated to S. A Voronoi diagram naturally determine a partition
of R?, made up of convex regions with mutually disjoint interior.

Starting from the Voronoi diagram of S one may build the associated Delaunay tessellation:
this is the straight-line graph with vertex set S determined by saying that a segment connecting
two points of S belongs to the graph if and only if the Voronoi regions V (p) and V(q) are
edge-adjacent.

Any edge of the convex hull of S belongs to the Delaunay tessellation, although in some
cases these are the only ones: consider for instance the case when all the points of S are
co-linear or co-circular. If the family S does not lie in a single line, the Delaunay tessellation
define a partition of the convex hull of & made up of convex polygons (called faces) which
satisfy the empty-circle property: the circle that circumscribes any polygon does not contain,
in its interior, any other point of S.
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In general the faces determined by the Delaunay tessellation can be polygons other than
triangles (consider again the case of four co-circular points), however we can always add to
the graph new edges to obtain a new graph which has only triangular faces, and for which the
empty-circle property holds as well. We call any graph obtained in such a way a Delaunay
triangulation of S. The notions of Delaunay edge, vertex and graph come naturally with this
last definition.

In the sequel, given ¢ > 0, we denote by £Z? the usual lattice of points, given by

eZ? = {(ei, ej) CR*: (i, ) € Z*}.

Lemma4.3 Lete > 0and S C €72 a finite set. If p,q € S, and |p — q| = ¢, then any
Delaunay triangulation of S contains the segment connecting p and q.

Proof Ts enough to notice that, being S C eZ?, the middle point m € R? of the segment
connecting p and g, belongs to both V(p) and V(g) (which are the Voronoi cells defined
through (4.10)), and cannot belong to some other Voronoi cells, to deduce that V (p) and
V(q) are edge-adjacent. O

We denote by Q, the family of all the finite union of closed squares, of size ¢ and vertices
in €72, that is

Q. = U e(li—1,i]x[j—1,jD: I xJCZ* I x J finite sets of indexes
(i, )elxJ

Given Q € Q. we define its e-discrete boundary as 05 . Q = 00 N e72.

Lemma4.4 Lete > 0and Q € Q.. Then, any Delaunay triangle of any Delaunay triangu-
lation of 04.¢ Q has interior which lies either in Q or in the interior of Q°.

Proof The thesis follows from the fact that, by Lemma (4.3) the whole boundary 9 Q is made
of Delaunay edges, and hence cannot be crossed by any triangle. O

Lemma4.5 Lete > O0and Q € Q;. Let A be a Delaunay triangle A of a Delaunay triangu-
lation of 04, Q. If A C Q, then the center of the circle circumscribed to A belongs to Q as
well.

Proof Let us denote by x( be the center of the circle circumscribed to A C Q and suppose
by contradiction that xo ¢ Q. Then, A is an obtuse triangle. Let A and B be the vertices of
the side faced to the largest angle. Let also A” and B’ be the projection of A and B on the
diameter parallel of the circle circumscribed to A, parallel to the side of A connecting A and
B.

The side connecting A and B has not minimal length, and so, by Lemma 4.3, cannot be
a boundary side. Therefore, if we consider the region R C R2, determined by A, B, A’ and
B’, there exists z € 3Q N R such that

|z — xo| = min{|x — xo| : x € Q}.

The point z has to be contained in the interior of a boundary side of length €. However, by
the empty circle property of the triangle A the vertices of such a segment cannot be contained
in the circle circumscribed to A. Hence the length of this segment has to be greater then the
length of the segment connecting A and B, in contradiction whit is minimality. O
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We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2 In order to estimate form above the value @, (£2), by possibly replacing
Q with Q2 N Bg and sending R — o0, without any loss of generality, we can clearly assume
2 to be a bounded open set.

Let ¢ > 0, we define Q. to be the following closed set,

58 = U Q7
0€Q:.0€Q

and €, to be the interior of Q.. Clearly we have x2.(-) = xq(-) pointwise (and in LY.
Also, being |, o 2. = Q we also have

lim dy (5, Q°) =0,
e—0
where dy denotes the usual Hausdorff metric (see for instance [22]). The latter in particular
implies that d (-, ) converge to d(-, Q¢) in L®(RYM), and consequently that
lim & (2,) = o (). 4.11)
e—0

We define the following quantity:
ng d(x, 04,62 )dx

Dy oo () = .
P TR 8a,6Q26) 12 ()

Notice that, for every x € €2, it hold:

2
d(x, 0Q) < d(x, 00,:Q), d*(x,02.:92) < d*(x, 0Q) + % (4.12)

By (4.12), we deduce that, if there exists &g > 0 and m > 0 such that ®4 ,(2¢) < m for
every € < &g, then ®,(2) < m. Indeed, if such an g exists then for every ¢ < &y we have

d(x,0Q)dx d(x, 04,682 )dx
(Doo(Qe) = ng ° = fQE S 2, 1/2
120614 C 0 L@ ™ 1Qe1d2(, 80,6 Q) — Sl o,
d (-, 8a,eR2e) | Lo (22,) d (-, 3,6 2e) | Lo (24)
= q)d,oo(Qe) ) 22 ,1/2 =m , 2. 1/2 .
”d (s 8d,é‘Q£) - 7||L°°(Qg) ”d ('7 8d,£Q€) - TllLoo(Qg)

Passing to the limit as ¢ — 0 and taking into account of (4.11), we obtain the desired
inequality. Hence we can focus on proving that, for & small enough it holds
1 In4)

cbd,oo(Qs)fg'F 3 (4.13)

Now, we fix &9 > 0 to be sufficiently small such that, if ¢ < o, the family 9,4 (€2, contains
at least three non co-linear points, we fix a Delaunay triangulation of 94 . €2,, and we denote
with F the family of the triangles contained in €2, of the chose Delaunay triangulation (which
is well defined by virtue of Lemma 4.4). We notice that for every A € F, and x € A, the
empty-circle property gives d(x, 04.:2) = d(x, V(A)). Furthermore by Lemma 4.5 we
also get r(A) < [|d(-, 04,692 )|l (,), Where we recall that r(A) denotes the radius of the
circle circumscribed to A.

Therefore, we have

Yacr [pyd(. 0a:Q)dx Y acp EA)IA]
(X acr IA) 1dC, 80,2 %@~ Loacr Al

q)d,oo(szs) =
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and in particular
Dy 0(R2e) < max E(A).
AeF
The conclusion follows at once by applying Proposition 4.2, to obtain
de,oo(Qs) = S(qu),

which recalling (4.4) implies (4.13) and, hence,

o Q<1 In(4)
oo()_3+ 3

To conclude the proof it is enough to consider the following construction. Let E C R? be
the hexagon centered at the origin with unitary area, and let H; be the set of the vertices of
a tiling of R? generated by translating E. Let 2 be a bounded open set and & > 0. We set

Q&‘:Q\HSa

where H, = ¢H,. Clearly |Q2] = || Let Q be the union of the hexagons of the tiling
generated by translating ¢ E which are compactly contained in 2 and in whose interior it
holds d (-, 2¢) > d(-, H;). We have

1
Boo() = ———— d(x, )d d(x, Q)dx | .
@)= lam@n (/Q\Qg 8 )”/; S ”)

When ¢ is small enough it holds p(2;) = es(E) being s(E) the length of the side of E.
Since |Q2\2,| — 0 as & — 0 we also have

lim ¢~ / d(x, Q%)dx = 0.
e—0 Q\Q’

Hence we get

—1
lim @ (%) = (|s;|s(E) dx, Qg)dx> -

(e ('9')/ )= f, =
lim — |x|d |x|dx—f
e—0 \ |Q2[s(E) \IeE|/) JeE s(E)

where the last inequality follows by an easy explicit computation. This concludes the proof
of the theorem. o

5 Further remarks and applications

As a byproduct of our analysis we obtain some information concerning a shape optimization
problem that recently has been investigated: those of comparing the torsional rigidity 7}, (£2),

defined as
p—1
Tp(Q) = </§2 wp,Q(x)dx) > 5.1
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and the principal frequency of the p-Laplace operator A, (£2), variationally characterized by
means of the following Rayleigh quotient:

| Jo IVu)|Pdx 1
A (Q):mf{i:ueW’p(Q)\{O} . (5.2)
! Jo lu()|Pdx 0
A consequence Theorem 1.1 is that that for p > N
Ap()T, (2
{% . Q CRY, open set with 0 < Q| < +oo} <1

This supremum above was proved to be equal to 1 in [11] for p = 2 and in [13] for p < N.
The following Corollary gives a positive answer to the Open problem 2 of [13].

Corollary 5.1 Let p > N and F,(2) be the shape functional defined by
Ap(§2)T)(S2)
|-t
where T),(2) and X, (S2) are respectively defined through (5.1) and (5.2). Then

FP(Q) =

)

sup[Fp(Q) : QcRY, open set with 0 < |Q| < +oo} < 1.

Proof For every 2 C R open set of positive and finite measure, we have

1/p
]ﬁ |wp,g(x)|dxssupwp<9)<]ﬁ |wp,g(x)|"dx>
Q Q Q

Since w), o € Wé’p(Q) is admissible as a test function for A , (€2) we have
Jo IVw, o@)|Pdx

Jo lwp.a(x)|Pdx

Taking also into account of (2.2) we obtain

falwpo@ldx 12177 (supg ¥, ()"
Falwp.a@)IPdx = ([ w, o(x)ldx)""

Ap(2) <

Ap(£2) =

This precisely means
p
Fp(2) < (sup {\I/,,(Q) :QC RN, open set with 0 < |Q2] < —i—oo}) ,
and the thesis follows by Proposition 3.5. O

Remark 5.2 1t is interesting to recall that when 2 is a bounded convex domain, the following
inequalities hold true

1 2
— < 9(Q) < - 53
WD == ] (5.3)
The convex case is exhaustively extended for p # 2 in [16], where the authors show that
/ /
<o @ = (5.4)
NP'=H(N + p') p+1

The right side inequality, in both (5.3) and (5.4), is sharp, and equality can be obtained by
a suitable sequence of thinning rectangles type domains while the sharp lower bound to @,
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among convex domains, is up to our knowledge still not known (notice that when p = 2, the
results of [16] slightly improves the lower bound given in (5.3)).

Inequalities similar to those in (5.4) are obtained in [16] also in the more general setting
of the anisotropic p-Laplace operators.

It is worth to notice that, in [21], the value (N 4+ 1)~ ! is conjectured to be the sharp lower
bound to ¥, among planar convex sets.
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Appendix A

We give here the proof of the elementary computations we used to prove Proposition 4.2.
LemmaA.1 LetL : (0, 7/2) — R be defined by

In(3)

3 1 +sint
L) = 2co82t — — cos(2t) — 3cos?tsintIn <ﬂ) .

1 —sint

Ift1, to, t3 are such that L(t1) = L(t2) = L(#3), then either t; =t or t} = 13 or t = 13.

Proof One has

1 + sin(t)

L'(t) = B3In(3) — 5)sin(2t) — In (l ()

) (9cos’ (1) — 6¢cos(t)).

In particular L'(r) < 0 if and only if

1 + sin(?)

) (9 cos?(t) — 6)

We denote respectively by Hj(t) and H;(t) the left hand side and the right hand side of the
previous inequality. Notice that

2
H)(t) >0 & 90052(2) —6>0&1< cos™! \/;

and

1 + sin(?)

/ _ = 2 — — —
Hz(t) = (9 cos” (1) 6) 181In <1 — sjn(t)

2 .
cos(0) ) cos(t) sin(?),
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so that, when 7 > cos™! (\/g), we get Hz’(t) < 0. Being H;(t) < O this implies that there

exists 1o € (0, 7/2), such that L'(r) is negative for ¢ < fy and positive otherwise, which
clearly imply the thesis. O

LemmaA.2 Let f : [o, ﬁ] — R be defined by

l—ézln( & >+ln(§+§)

I
J& =3 4 \4—g 2

Then f reaches its maximum at & = 1.

Proof We observe that f(0) < f (ﬁ) < f(1), and hence f reaches its maximum at an
interior point. Computing the first derivative we get

452 -1 2 2
657 (&) = —<— if_4 ) +1n<2t§> +&%In (4552». (A.1)

A direct computation shows that at the right hand side vanishes of the previous identity
vanishes both at £ = 0 and at £ = 1. Computing (6£% )’ we get

4 2 _ 6 2
667 f)'(6) = 387 (ﬁ ~In ( 1 f 52)) (A2)

The function 7 — — In(z~2(4 — t%)) is strictly increasing, vanishes at r = /2 and decays to
—o00 when ¢ approaches 0, while the function 7 > —4(¢> —4)~! (1> — 6) is strictly decreasing
and equal to —3/2 when ¢ = 0. Hence there exists a unique & € (0, V/2) such that the right
hand side of (A.2) is positive for & < & and negative otherwise. Hence the right hand side
of (A.1) can vanishes at most at a single interior point and the lemma is proved. O
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