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Abstract

Given a three-dimensional Riemannian manifold with boundary and a finite group of
orientation-preserving isometries of this manifold, we prove that the equivariant index of a
free boundary minimal surface obtained via an equivariant min—-max procedure 4 la Simon—
Smith with n-parameters is bounded above by 7.
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1 Introduction

The aim of this paper is to show that, through an equivariant min—max procedure 4 la Simon—
Smith [33] and Colding—De Lellis [7] in a three-dimensional manifold with boundary, it is
possible to obtain a free boundary minimal surface with equivariant index bounded above by
the number of parameters of the sweepouts.

The min-max theory developed by Simon—Smith and Colding-De Lellis differs from
the one by Almgren—Pitts [5, 31] and Marques—Neves [26, 28] since, in the former one,
stronger regularity and convergence conditions are imposed on the sweepouts (cf. [26, Section
2.11]) and the ambient dimension is assumed to be equal to three. This makes the Simon—
Smith approach less flexible; indeed, note for example that the sweepout constructed by
Marques and Neves in [26] to prove the Willmore conjecture does not satisfy the Simon—
Smith assumptions.

On the other hand, the stronger regularity makes proofs easier and enables to obtain
a partial control on the topology of the resulting surface. This has been an advantage of
the Simon—Smith approach when one wants to construct a minimal surface with a certain
topological type. Indeed, the only way we know so far to obtain some information on the
topology of the resulting minimal hypersurface in the Almgren—Pitts min—max theory is to
first control the index and then use that the index bounds the topology (see for example [2,
3, 25, 34] for the free boundary case), although such bounds (even when effective) are far
from sharp.

Luckily, many proofs working in the Almgren—Pitts setting can be adapted to the Simon—
Smith one. This is also the case for the upper bound on the index, proved in [27] for the
Almgren—Pitts min—max theory (see also [16, 29] for the free boundary setting). Indeed, this
paper consists in adapting those arguments to our “smoother” setting (see [27, Section 1.3]),
but with the additional presence of a group of isometries imposed to the min—max procedure.
What we obtain is an upper bound on the equivariant index of the surface resulting from this
equivariant min—max procedure. Let us now describe precisely the statement of this result.
To this purpose, we first give some preliminary definitions.

1.1 Setting and definitions

The equivariant min—max theory considered in this paper has been mostly developed by
Ketover in [19] for the closed case and in [20] for the free boundary one, as proposed by Pitts—
Rubinstein in [32]. One of its primary goals is to construct new families of minimal surfaces
in $3 and of free boundary minimal surfaces in B>. Indeed, encoding the right symmetry
group in the min—max procedure allows us to produce surfaces with fully controlled topology,
as done by the author in joint work with Carlotto and Schulz in [10].

Our setting is a three-dimensional compact Riemannian manifold (M?3, y) with strictly
mean convex boundary and with a finite group G of orientation-preserving isometries of M.

Remark 1.1 We assume the manifold M to have strictly mean convex boundary because we
want it to satisfy the following property.

(P) If 2 C M is a smooth, connected, complete (possibly noncompact), embedded
surface with zero mean curvature which meets the boundary of the ambient manifold
orthogonally along its own boundary, then X = X N M.
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Here we ask for more, namely, the strict mean convexity of the boundary of the ambient
manifold (which implies (3)), because we want it to be an open property with respect to the
class of smooth metrics.

Remark 1.2 Liin[23] studies the free boundary min—max problem without curvature assump-
tions on the ambient manifold M. However, as remarked in [9, Appendix A] (see also [9, pp.
5]), there are problems in defining the Morse index for free boundary minimal surfaces that
are not properly embedded in M. Moreover, the compactness results in [1], which we use
for example in Appendix B, need property (I3). That is another good reason why we require
(B) to hold in this paper.

Remark 1.3 Here we assume the group G to be finite, but it is due mentioning that the
equivariant min—max theory has been developed also in the case of a compact connected Lie
group with cohomogeneity not O or 2 in [24] and in the Almgren—Pitts setting with a compact
Lie group of cohomogeneity greater or equal than 3 in [37].

In what follows, we denote by 1" = [0, 1]" the product of n-copies of the unit interval.
Moreover, when we say that X" is a hypersurface (or surface if m = 2)in an ambient manifold
M"+1 we mean that T is smooth, complete and properly embedded, i.e., X = X N IM.

Definition 1.4 A family {X;};c» of subsets of a three-dimensional Riemannian manifold M
is said to be a generalized family of surfaces if there are a finite subset 7 of I" and a finite
set of points P of M such that:

(i) t — X, is continuous in the sense of varifolds;
(i1) X, is a surface foreveryt ¢ T UdI",
(iii) fort € T \ 91", ¥, is a surface in M \ P.

Moreover, the generalized family {X,},c/» is said to be smooth if it holds also that:

@iv) t — X, is smooth fort ¢ T U dI";
(v) fort e T\ dI", Xy — X, smoothly in M \ P as s — t.

Finally, we say that {¥;},cj» is a G-sweepout if it is a smooth generalized family of
surfaces and ¥; is G- equivariant for all r € 1", i.e., h(¥;) = X, forallh € G and t € I",
and orientable for allt € I" \ T.

Remark 1.5 Slightly different variations of this definition are given in several references (see
for example [7, Definition 1.2], [14, Definition 0.5], [11, pp. 2836]). In order to have the
regularity and the index bound on the resulting surface, it is sufficient to consider generalized
families of surfaces, however smoothness is needed for the genus bound (see [14, Definition
0.5]).

Definition 1.6 We say that a smooth map ® : I" x M — M is a G-equivariant isotopy if
®; := P(t,-) € Diffg(M) for all r € I", namely ®;: M — M is a diffeomorphism such
that &, oh =ho ®, forallh € G,t € I".

Definition 1.7 Given a G-sweepout {X;};c», we define its G-saturation as
I := {{®;(Zp)}teqn = ®: I" x M — M is a G-equivariant isotopy with ®; = id for¢t € 91"}.
Then the min—max width of I1 is defined as

W := inf sup %Z(AI).

{A}ell jeqn
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Remark 1.8 Note that here we consider isotopies ® such that ®,: M — M is a diffeomor-
phism of the ambient manifold. This choice does not coincide with the definition in [23],
where outer isotopies are considered (see also Remark 1.2).

Remark 1.9 Note that the uniform bound on the “bad points” (the points belonging to P in
Definition 1.4), which is required in [7, Remark 1.3] (see also [14, Remark 0.2]), is trivially
satisfied for the G-saturation of a G-sweepout.

1.2 Main result

We obtain the following equivariant min—max theorem, which is the combination of regular-
ity, genus bound and equivariant index bound, the latter being the main object of this paper.
Indeed, the regularity and the genus bound were addressed in [20, Theorem 3.2] (see also
[19, Theorem 1.3], where Ketover dealt with the closed case, for which many arguments are
similar).

Theorem 1.10 Ler (M3, y) be a three-dimensional Riemannian manifold with strictly mean
convex boundary and let G be a finite group of orientation-preserving isometries of M. Let
{XZ;}ierm be a G-sweepout and let T1 be its G-saturation. Assume that

Wn > sup %2(2,).
tedl

Then there existaminimizingsequence{{Et]}teln}jeN C 1'[ (i.e., -im j_ oo SUP, ¢ %02(25) =
Wn) and a sequence {t;}jcn C 1" such that {¥/) = E,]j}jeN is a min—-max sequence (i.e.,
lim; HEE)Y = Wp) converging in the sense of varifolds to & = Zf:l m; 8;, where
E; are disjoint free boundary minimal surfaces and m; are positive integers.

Moreover, the G-equivariant index of the support spt(8) = Ule E; of B is less or equal
than n, namely

k
indg (spt(8)) = ) _indG(E;) < n,
i=1

and the following genus bound holds

1 )
> genus(E)) + 3 > (genus(Ei) — 1) < l]jgirglirrgitr;f genus(/),

ieO ieN
where O is the set of indices i € {1, ..., k} such that B; is orientable and N is the set of
indices i € {1, ..., k} such that E; is nonorientable.

The precise definition of equivariant index is given in Sect. 3, but it is just what one would
expect, i.e., the maximal dimension of a linear subspace of the G-equivariant vector fields
where the second variation of the area functional is negative definite.

Remark 1.11 The assumptions that M has dimension 3 and that G consists of orientation-
preserving isometries are required in [19, 20], which we use for the regularity and genus
bound in Propostion 5.9 (see also Remark 5.11). In this paper, such assumptions are used
only in Sect. 4. Elsewhere the arguments work for any finite group of isometries G and any
ambient dimension 3 <m +1 < 7.

Remark 1.12 The equivariant index estimate in Theorem 1.10 implies the analogous result
in the closed case, since, if we repeat the proofs forgetting about the boundary, everything
works in the same way (actually more easily).
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1.3 Applications

As a direct application, we deduce that the family of free boundary minimal surfaces in B3
constructed in [10] have dihedral equivariant index equal to one.

Let us briefly recall the geometry of these surfaces in order to better appreciate the theorem
below. Fixed any g > 1, recall that the dihedral group D, acting on B3 is defined as the
subgroup of Euclidean isometries generated by the rotation of angle 277 /(g + 1) around the
vertical axis &y := {(0,0,r) : r € [—1, 1]} and by the rotations of angle 7 around the g + 1
horizontal axes & := {(r cos(km/(g + 1)), rsin(kz/(g + 1)),0) : r € [—1, 1]} (see also
[10, pp. 1]). Then the free boundary minimal surface M, C B3 constructed in [10, Theorem
1.1] is D¢ 1-equivariant, has genus g and connected boundary. Moreover, M, contains the
horizontal axes &1, ..., §;+1 and intersects &y orthogonally.

Theorem 1.13 For all g > 1, we can assume that the free boundary minimal surface Mg C
B3 constructed in [10, Theorem 1.1] has D¢t 1-equivariant index equal to 1.

Remark 1.14 Note that the phrase “we can assume” in the statement is due to the fact that in
Theorem 1.10 we prove the existence of a surface with a bound on the equivariant index, but
we do not show that every surface obtained from the min—max procedure has this property.
Therefore, Theorem 1.10 has to be applied in place of the min—max theorem used at the
beginning of Section 4 in [10].

Remark 1.15 Even if, for simplicity, we state the result only for the surfaces M, constructed
in [10, Theorem 1.1], Theorem 1.10 can be applied to any surface obtained via an equivariant
min—max procedure fitting the framework defined above. See Remark 8.2 for further details
on this matter.

Besides its own interest, Theorem 1.13 is meant to be a first step toward the computation
of the (nonequivariant) Morse index of the family of surfaces M, (or possibly any another
family arising from an equivariant min—max procedure, even with multiple parameters in
play). This would be particularly relevant, as the only free boundary minimal surfaces in B3
for which we know the index are the equatorial disc (with index 1) and the critical catenoid
(withindex 4, see [13, 35, 36]). The idea is that the equivariant index gives information on the
index of any of the isometric parts (which are 2(g + 1) in the case of M) of the equivariant
surface. This problem will be addressed elsewhere.

2 Basic notation

Let (M™+!, ) be a compact Riemannian manifold with boundary and let =" C M be a
hypersurface. Then we denote by:

e X(M) the set of vector fields on M tangent to dM, namely X € X(M) if and only if
X(x) € T,0M for all x € M. In what follows, we consider (tangent) vector fields in
X(M) often omitting the adjective “tangent”.

e Xt e I'(N ¥) the normal component to ¥ of a vector X € X(M), where I'(N X) denotes
the sections of the normal bundle of X.

e D the connection on M, V the induced connection on ¥ and V+ the induced connection
on the normal bundle of X.

e Ricy, the Ricci curvature of M.

@ Springer



201 Page 6 0of 28 G. Franz

n the outward unit conormal vector field to 3.

1) the outward unit conormal vector field to 9 M (which coincides with 1 along 3% when
¥ satisfies the free boundary property).

| G y(DxY,n) the second fundamental form of 0M C M.

e A(X,Y) = (DxY)* the second fundamental form of ¥ C M and |A|? its Hilbert-
Schmidt norm.

3 Equivariant spectrum

In this section (M™*!, y) denotes a compact Riemannian manifold with boundary and G
denotes a finite group of isometries of M.

Definition 3.1 A (tangent) vector field X € X(M) is G-equivariant if 7, X = X for all
h € G. We denote by X5 (M) the set of all G-equivariant vector fields.

Definition 3.2 Given avarifold V in M, we denote by || V || the Radon measure in M associated
with V. Moreover, we say that a varifold V in M is G-equivariantif 7,V = V forallh € G.
We denote by Vé(M ) the set of 2-dimensional G-equivariant varifolds supported in M,
endowed with the weak topology. Recall that Vé (M) is metrizable and we denote by F a
metric metrizing it (see [31, pp. 66] or [26, pp. 703]).

Observe that all the metrics on acompact manifolds are equivalent, hence the space Vé (M)
does not depend on G. Therefore, we can also assume to fix a metric F independently of the
metric on M.

Remark 3.3 Given a G-equivariant vector field X € Xg(M), let ®: [0, +00) x M — M
be the associated flow. Then, if V is a G-equivariant varifold, (®;),V is G-equivariant as
well for all # € [0, 400). Indeed, ®: [0, +00) x M — M is a G-equivariant isotopy (see
Definition 1.6).

Definition 3.4 Given a varifold V in M and a vector field X € X(M), we denote by §V (X)
the first variation of the area of V along X, namely

d
SVX) = | _ 1(@VIM),

where @: [0, +00) x M — M is the flow generated by X.If V € Vé (M) is G-equivariant,
we say that V' is G-stationary if § V (X) = 0 for all G-equivariant vector fields X € X5 (M).

Remark 3.5 By the principle of symmetric criticality by Palais (see [30], or [19, Lemma 3.8]
for the result in this setting), we have that V € V(Z; (M) is G-stationary if and only if it is
stationary.

Now, let ¥ C M be a compact G-equivariant hypersurface and let ®: [0, +00) X M —
M be the flow associated to a G-equivariant vector field X € X5 (M), then we have that

d
—| AT P(X)) = —/ (H, X)ds™ +/ (n, X)do""! =0,
d[ t=0 ) )

where 1 is the outward unit conormal vector field to d . Moreover, if X is stationary (namely
a free boundary minimal hypersurface), we have

& Tyl yl

— A" (D (X)) = X—, X),
3| @®) = 0Fxt Xt
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where
0F (X", X )
::/(|VLXL|2—(RicM(Xl,XL)+|A|2|Xl|2))d%”"+/ M (x*t, xHydemt
z X

Let ' (N X) denote the sections of the normal bundle of X obtained as restriction to X
of G-equivariant vector fields in M. Then, the G-equivariant (Morse) index indg(X) of X
is defined as the maximal dimension of a linear subspace of ' (N £) where Q% is negative
definite.

Remark 3.6 Note that, given a G-equivariant submanifold ¥, any G-equivariant vector field
defined along X can be extended to a G-equivariant vector field on the ambient manifold M.
Indeed, we can first extend it to a vector field X € X (M) (not necessarily G-equivariant) and
then define

1

X=—)Y X
|G|

heG

3.1 Equivariant index for two-sided hypersurfaces

If £ < M™t s two-sided, given a G-equivariant section ¥ € I'g(N %) of the normal
bundle, we can write it as ¥ = uv, where u € C°°(X) and v is a choice of unit normal to X.
Then, the second variation of the volume of ¥ along Y is given by

Q*(Y.Y) = Qs (u.u)
::/(qu|2—(RicM(v, ) + AP u?) dse™ +/ 1M (v, v)u?® dsem!
X D

= _/ uﬁgud%"m+/ (dyu + 1M (v, vyu?) dorm ",
z X

where L5, := A + Ricy (v, v) + |A|? is the Jacobi operator associated to X.
Now let us further assume that ¥ is connected. Note that, if ¥ = uv is G-equivariant, for
all h € G we must have

he(uv) = uv = u(h(x))v(h(x)) = dhay[u(x)v(x)]
= u(x)dh,[v(x)] = sgng (Wu(x)v(h(x)),

where sgny (h) = 1 if hyv = v and sgny(h) = —1 if h,v = —v. Indeed, h,v is equal
to v or —v, because # is an isometry and A(¥) = X (hence h(NX) = NX), and X is
connected (thus the sign does not depend on the point on X). Note that sgny,(h] o k) =
sgny (h1) sgny, (h2). This leads to the following definition.

Definition 3.7 Given a compact connected Riemannian manifold £, a finite group G of
isometries of X and a multiplicative function sgny. : G — {—1, 1}, we define the spaces

CF(E)={ueC®Z) : uoh=sgng(h)u Yh € G},
LE(®) = CFE®)
HAz) =c@E) I
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Remark 3.8 Observe that LZG(E) is a Hilbert space endowed with the scalar product
(U, v)2 = f): uvds™ and C(X) is dense in L2 c(2).

The G-equivariant (Morse) index of ¥ coincides with the maximal dimension of a sub-
space of Cgo(M ) where Qy is negative definite. Moreover, thanks to Theorem A.3, the
elliptic problem

—Lxp =XLp inXx
dpeo =—T1""w,v)p indx

admits a discrete spectrum A1 < Ap < ... < At < ... — 400 with associated L2 c(2)-
orthonormal basis of eigenfunctions (¢ )i>1 C CZ(X) of L2 (X). The G-equivariant 1ndex
equals the number of negative eigenvalues.

Remark 3.9 Note that the assumption of connectedness of ¥ is not restrictive. Indeed, if X
consists of several connected components Xy, ..., i for some k > 2, then we can consider
each connected component separately and indg (%) = Zf:l indg(%;).

3.2 Equivariant index for one-sided hypersurfaces
If =" ¢ M™*! is one-sided, the elliptic problem

—ALY —Ricy, (Y, ) — |[APY =AY inX 3.1)
VY = —@M(y, ) indx, @
on the G-equivariant sections I'¢(NX) of the normal bundle, admits a discrete spectrum
AM <Ay <...<Ax <...— 400 and the G-equivariant index coincides with the number
of negative eigenvalues. This follows from the two-sided case applied to the double cover
of . Indeed, let us consider the double cover 7: ¥ — X, then every isometry & € G
lifts to two isometries le, ﬁg of ¥, where ﬁl o ﬁ; Uis given by the isometric involution

: ¥ — ¥ associated to the universal cover. We denote by G the finite group generated by
these isometries. Every ¥ € I'(NX) lifts to a vector field Y € [(NY) and we can write
itas ¥ = ub, where ¥ is a global unit normal to Sandu € C OQ(2) Vice versa, for all

u e COGO(Z), the vector field Y := m,(u?) is well-defined and belongs to I'g (N X). Hence

we can just apply Theorem A.3 to ¥ and G (as we did in the previous subsection) to obtain
the desired properties on the spectrum of problem (3.1).

4 Free boundary minimal surfaces with bounded equivariant index

In this section, roughly speaking, we prove that a limit of free boundary minimal surfaces
with bounded equivariant index satisfies the same bound on the equivariant index.
Throughout the section, we assume (M 3, y) to be a three-dimensional compact Rie-
mannian manifold with boundary satisfying property (3), G to be a finite group of
orientation-preserving isometries of M and S C M to be the singular locus of G, namely

S:={xeM :3JheG\{id}, h(x) =x}.
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Moreover, given a free boundary minimal surface £ C M and an open subset U C M, we
let 11 (X N U) denote the first eigenvalue of the problem

—ALY —Ricy, (Y, ) = |AP’Y =pY inTNU
ViY = —@M(y, ) indzTNU @.1)
Y=0 ind(TNU)\ oz

on the sections I'(N (X N U)) of the normal bundle. Furthermore, if ¥ and ¥ N U are
G-equivariant, let A1 (X N U) be the first eigenvalue of the same problem (4.1) on the G-
equivariant sections I'g (N (2 N U)) of the normal bundle (see Sect. 3).

Remark 4.1 We stress the fact that we use the letters A and p to denote the eigenvalues
respectively taking and not taking into account the symmetry group.

Lemma 4.2 (cf. [19, Proposition 4.6]) In the setting above, let 2 C M be a G-equivariant
Jfree boundary minimal surface in M and fix x € ¥ \ S. Then, there exists e > 0 such that,
forall 0 < & < gy, the G-equivariant subset U, (x) 1= UheG h(Bg(x)) consists of exactly
|G| disjoint balls { B (h(x))}neg, and it holds

n1 (XN Be(x)) = (XN Ue(x) = A(E N Vs (x)).

Proof First, note that B, (h(x)) = h(B.(x)) since every h € G is an isometry. Moreover, if
&o is sufficiently small (in particular smaller than half of the distance between x and & (x) for
all h € G), then we have that h(B;(x)) N Be(x) = Be(h(x)) N Be(x) # () forsome h € G
if and only if #(x) = x, which implies that 4 = id because x ¢ S. In particular, we get that
the subset Ug (x) := J,c h(Bg(x)) consists of exactly |G| disjoint balls.

Now, we let ¢ > 0 be sufficiently small such that ¥ N B.(x) is two-sided. Then, we
can write any section X € ['(N(X N Bg(x)) of the normal bundle as X = uv, where
u € C®°(Z N Bg(x)) and v is a choice of unit normal, as in Sect.3.1. Consider the first
nonnegative eigenfunction ¢ € C>°(X N B (x)) relative to the eigenvalue (X N B (x)),
and define ¢ € C®°(Z N Ug(x)) as

@(h(x)) := sgny (h)e(x)

for all 2 € G. Note that ¢ is well-defined and G-equivariant, i.e., ¢ € CZF (X N Ug(x)).
As a result, since ¢ € C 80(2 N Ug(x)) is nonnegative and G-equivariant, we obtain that
¢ is the first eigenfunction relative to the eigenvalue w1 (X N Ug(x)), and also relative to
A1(Z N Ug(x)). This implies that the three numbers £1(X N Bg(x)), n1(X N Ug(x)) and
A1(X N Ug(x)) actually coincide. ]

Theorem 4.3 [n the setting above, let { Xy }ren be a sequence of G-equivariant free boundary
minimal surfaces in M, with uniformly bounded area, such that indg (2x) < n for some fixed
n € N. Then (up to subsequence) Xy converges locally graphically and smoothly, possibly
with multiplicity, to a free boundary minimal surface il M\(S UY) in M\(SUY),
where S C M is the singular locus of G and )Y is a finite subset of M with |Y| < n|G|.
Furthermore, if there exists a G-equivariant free boundary minimal surface ¥ C M such

that ¥ = % \ (S UY) (namely lfi) extends smoothly to M), then indg(X) < n.
Remark 4.4 The previous theorem holds even when X is a free boundary minimal surface

with respect to a G-equivariant Riemannian metric y; on M, for all k € N, and the sequence
{vk }ren converges smoothly to y.
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Proof Let us consider the set

Y= {x eM\S : Ve >0, limsup ui(Ex N Bg(x)) <0} CM\S.

k—o00

By Theorems 18 and 19 in [1], having uniformly bounded area, the surfaces X converge (up
to subsequence) locally graphically and smoothly in M \ (S U ) with finite multiplicity to
a free boundary minimal surface TcM \(SUY).

Assume by contradictions that ) contains n’ := n|G| + 1 distinct points xi, ..., X, €
M\S. Then, there exists ¢ > 0 sufficiently small, such that the balls B (x1), ..., B:(x,) C
M\S are disjoint and (up to subsequence) w1 (2x N Be(x;)) < O forall k sufficiently large and
i =1,...,n".Now, defining the G-equivariant subsets U; = U, (x;) := Jycq h(Bg(x;)) for
alli =1,...,n" as in Lemma 4.2 (taking ¢ possibly smaller), we have that 11 (Z; N U;) =
m1(Zk N Be(x;)) < 0. Moreover, U; NU; # @ for some i, j € {1,..., n'} if and only if
U; = U;.Note that, fixedi € {1, ..., n'}, there are at most |G| values of j € {1, ..., n} such
that U; = Ug(x;) = Us(x;) = U;. Therefore, at least n + 1 = f%l, say Uy, ..., Upy1, of
the sets Uy, . .., U,y are disjoint. In particular, this contradicts the assumption indg (Xx) < n,
since Xy N Uy, ..., Xy N Uy41 are disjoint G-equivariant G-unstable subsets of Xj;. Hence,
we have that |Y| < n|G].

Let us now suppose that  extends smoothly to X in M, and assume by contradiction that
indg(X¥) > n. Then, there exist G-equivariant vector fields X1, ..., X;41 € I'g(NX) on
% such that Z;’;Lll a; X; is a negative direction for the second variation of the area of ¥ for
all (ay, ..., any1) € R"1\{0}. Since the isometries in G are orientation-preserving, ¥ NS
consists of a finite union Sy of isolated points and of a finite union §; = (£ NS)\Sp of smooth
curve segments (see [12, Theorem 2.4] and [19, Lemmas 3.3, 3.4 and 3.5]). In particular,
by Lemmas 3.4 and 3.5 in [19], for all x € S; there exists 4 € G such that h(x) = x and
h.v = —v, where v is a choice of unit normal to ¥ at the point x. Therefore, by equivariance
of X1,..., Xnt+1 € Tg(NX), we have that X; = Oon S foralli = 1,...,n+ 1. As a
result, thanks to a standard cutoff argument, we can assume without loss of generality that
X1, ..., Xpy1 are compactly supported in M \ (S U ). Indeed, we can first suppose that
X1, ..., Xp4+1 are compactly supported in M \ Sy, because every continuous function on a
surface that is zero along a smooth curve can be approximated in the H ! -norm with functions
that are zero in a neighborhood of such curve (see e.g. the proof of Theorem 2 in [15, Section
5.5]). Secondly, we can suppose that X1, ..., X,4+1 are zero in a neighborhood of the finite
set SpUY using a standard log-cutoff argument. Observe that all these operations can be made
in an equivariant way, because both S and Sy U ) are G-equivariant. Since X smoothly
converges (possibly with multiplicity) to ¥ in M\ (SUY), we thus get that indg (2x) > n for
k sufficiently large, which contradicts our assumption. This proves indg (¥) < n, as desired.
O

5 Outline of the proof of regularity and genus bound

In this section, we outline the results about the regularity and the genus bound for the surface
obtained via a Simon—-Smith equivariant min—-max procedure. Besides being interesting on
its own, we also need to unfold some of those arguments for the proof of Theorem 1.10.
Indeed, we do not prove that the surface obtained from the min—max procedure has controlled
equivariant index, but we show that it is possible to properly modify the proof in order to
obtain a surface with the desired bound on the equivariant index.
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We also include some detailed proofs for completeness, even if they are very similar to
existing ones. This is because sometimes we need slight variations of existing results (for
example here we consider n-dimensional sweepouts) or the proofs are split in many different
references.

Definition 5.1 In the setting of Theorem 1.10, given a minimizing sequence of sweepouts
3= {Ei’}[e]n € for j € N (namely such that lim , o sup, ¢ n %Z(Zi/) = W), we define
its critical set as

C({Z7}en)
= {V € V& (M) such that3j, — +o00,1;, € I" with F(zf}k, V) =0, |V|(M) = Wn}.

5.1 Min-max sequence converging to a stationary varifold

The first step is to show that there exists a min—max sequence converging to a stationary
varifold, as stated in the following proposition.

Proposition 5.2 (cf. [19, Proposition 3.9]) In the setting of Theorem 1.10, given a minimizing
sequence {Aj}jeN = {{A,]},.E[n}jeN, there exists another minimizing sequence {Zj}jeN =
{{Zt] }tern} jen such that, if {E,J/, }jeN is a min—max sequence, then (up to subsequence) Etj/

converges in the sense of varifolds to a stationary varifold. Moreover, it holds C ({z/) jeN) C
C{A}jen).

Proof We include the proof for completeness. However, the argument is the same as in the
proof of [8, Proposition 2.1], given the suitable modifications to the equivariant setting.
We first restrict to the compact space

X:={VeViM) : |V[(M) <2Wn}

and we denote by V, the subspace of G-stationary varifolds of X', which coincides with the
subspace of stationary varifolds by Remark 3.5, and we define ) := X'\ V4. Now, for every
V € ), consider a G-equivariant smooth vector field £y € X (M) such that §V (§y) < 0.
Up to rescaling, we can assume without loss of generality that ||§y ||ox < 1/k, whenever
F(V, V) < 2 %and k > 1is any positive integer.

Then, forevery V € Y,let 0 < p(V) < F(V, V) /2 be such that sW (§y) < O for every
W e BE(V)(V)' Note that {BE(V)(V)}VEJJ is a cover of ) and thus it admits a subordinate
partition of unity {¢v}vey. Therefore, for every V € ), we can define the smooth G-
equivariant vector field

Hy ==Y ow(V)éw.

wey

Notethatthemap) > V +— Hy € X5 (M) iscontinuous. Moreover, observe thatV (Hy ) <
0 for every V € Y and that, if F(V, Vs) < 2%~ for some positive integer k > 1, then
|Hy ||cx < 1/k. This last property follows from the fact that, if F(V, V) < 2751 for some
positive integer k > 1 and ¢w (V) > 0 for some W € ), then F(W, V) <2F(V,Vy) <
2% and therefore ||Ew || cx < 1/k.

As a result, the map V +— Hy defined on Y can be extended to a continuous function
X — Xg(M) by setting it identically equal to O on Vs. Then, for every V e X, the
flow Wy : [0, +00) — Diff (M) generated by Hy is a G-equivariant isotopy. Since the map
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V € X — Hy € Xg(M) is continuous, then also the map V + Wy is continuous. In
particular the function V +— §(Wy (s, )1 V)(Hy) is continuous as well for all s > 0 and
Wy (0, -):V = V. Hence, forevery V € Y, let 0 < (V) < 1 be the maximum such that

S(Wy (s, )sV)(Hy) < %rSV(Hv) < 0 foralls € [0, T(V)].

The map 7: Y — [0, 1] is continuous, hence we can redefine Hy multiplying it by (V)
in ), i.e., we reset it to be equal to t(V)Hy in ) and equal to O elsewhere. Note that this
gives a well-defined vector field X > V + Hy € X5 (M), because 7 is bounded in ) and
therefore the newly-defined Hy is continuous if we set it equal to 0 in V. As a result, we
also redefine the flow Wy and it holds

S(Wy (s, )sV)(Hy) <Oforall V € Yands € [0, 1].

Now let {Af}jeN = ({A] }tE,n}]eN C IT be a minimizing sequence and define the G-
equivariant surface E’ =y A/(1 A’ ) for all j € N and r € I". Observe that the map

(t,x) — o/ (t,x) = ‘-IJA_, (1,x) is C' in the parameter ¢; however, it is not necessarily
t

smooth, hence {f]tj }tern 18 not necessarily contained in I'[.~ Therefore, for all j € N, let
us define a smooth map (¢, x) — &/ (¢, x) by convolving ®/ with a smooth kernel in the
parameter ¢ € /" in such a way that

197 (1) — (1, Y er < . 5.1)
j+1

Note that &7 (¢, -) is G-equivariant, because we are convoluting in the parameter ¢ and oIz, )
is G-equivariant. Then, define the G-equivariant surface Z,j = dJ(t, A,j ) forall j € Nand
t € I". By smoothness of the map t ®J (¢, -), we have that {Z,j},em € Il forall j € N.
Moreover, by (5.1), it holds that

lim supF(Z/, £7) =o0. (5.2)

Jj—+0o0 teln

As aresult, using that ,%z(f}f) = 1%2(\111\]- (1, A,j)) < a%”z(A,j), we have that
t

mq < lim sup sup %Q(E,j) = lim sup sup %z(i,j) < lim sup sup %Z(A{) = my,
jeN tel” jeN rtel” jeN rel”

thus, a posteriori, all the inequalities are equalities; in  particular
lim sup ¢y SUp; ¢ n %Z(Z!) = my.

Our aim now is to prove that the minimizing sequence (/) jeN = {{2,’ }tern} jen has the
properties claimed in the statement. Let7; € I" be such that {% t/, } jen is a min—max sequence.
Up to subsequence, Z,];. converges in the sense of varifolds to a varifold V, which coincides
with the limit in the sense of varifolds of f]j by (5.2). Possibly passing to a subsequence,

we can also assume that AJ converges in the sense of varifolds to some varifold W and, by
continuity of the map ¥, we have that Wy (1, ): W = V.
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First consider the case when W is not stationary. Then | W|| (M) = mo, but on the other
hand it holds

mo=lim 2(5]) = |VI(M) = [ Ww (1. ):W[[(M)
Jj—+oo

1
= [WI(M) +/0 S(Ww (s, )sW)(Hw)ds < mo,

which is a contradiction. As a result W is stationary and therefore W = Wy (1, )y W =V,
which implies that V is stationary, as desired. Moreover, since A,Jj — W =V, we also get
that C ({27} jen) C C({A7}jer). o

5.2 Min-max sequence G-almost minimizing in annuli

The second step is to prove that we can further assume that the min—-max sequence found
in the previous section has a certain “regularizing property”, namely that of being G-almost
minimizing in suitable subsets. The precise statements and definitions are given below.

Definition 5.3 Given §, ¢ > 0, a G-equivariant open set U C M (namely #(U) = U for all
h € G), and a G-equivariant surface ¥ C U, we say that X is (G, §, €)-almost minimizing
in U if there does not exist any G-equivariant isotopy W : [0, 1] — Diff (M) supported in U
such that

o (VU (s, X)) < H#ET)+Sforalls € [0, 1];
o A(VU(1, X)) < H#T) —e.

A sequence {Ej}jeN is said to be G-almost minimizing in U if there exist sequences of
positive numbers 8, £; > 0 with &; — 0 such that ¥/ is (G, §;, £;)-almost minimizing in
U.

Definition 5.4 We say that a subset An C M is a G-equivariant annulus if there are x € M
and O < r < s such that An = UgeG g(An(x, r,s)), where An(x, r,s) = Bg(x) \ Br(x) is
the open annulus of center x, inner radius r and outer radius s. Note that, for r, s sufficiently
small | J 2cG g(An(x, r, s)) consists of a finite union of disjoint open annuli (note that some

annuli in the union could possibly overlap). Given x € M, we denote by AN (x) the
union of all G-equivariant annuli [ J 2eG g(An(x, r1, rp)) as the radii r1, r vary in the range
O<ri<mr=<r.

We say that a family of G-equivariant annuli is L-admissible for some positive integer L, if
it consists of L G-equivariant annuli Any, ..., Ang such that An; = UgEG g(An(x, ri, si))
for some x € M and r;, s; > O withrj41 > 2s; foralli =1,..., L — 1.

Definition 5.5 We say that a surface ¥ C M is (G, §, ¢)-almost minimizing in an L-
admissible family A of G-equivariant annuli ifitis (G, §, €)-almost minimizing in at least one
G-equivariant annulus of A. Moreover, we say that a sequence {%/} jeN is G-almost minimiz-
ing in an L-admissible family .A of G-equivariant annuli if there exist sequences §;, &; > 0
with ; — 0 such that >/ is (G, 8}, €j)-almost minimizing in A; equivalently, {Zj}jeN is
G-almost minimizing in A if it is G-almost minimizing in at least one G-equivariant annulus
of A.

Lemma5.6 (cf.[11,LemmaA.1]) Let {Ej}jeN = {{Ei/}tel" } jen be a minimizing sequence
obtained from Proposition 5.2, then there exists t; € 1" for all j € N such that {Z,/j }jenisa

@ Springer



201 Page 14 0f 28 G. Franz

G-equivariant min—max sequence that is G-almost minimizing in every L-admissible family
. . . n
of G-equivariant annuli, where L = (3")3".

Proof Let {X/ } jen be the minimizing sequence given by Proposition 5.2. Fixed any J > 0,
we prove that there exist j > J and t; € I" such that Z,Ji is (G, 1/(2”+ZJ), 1/J)-almost
minimizing in every L-admissible family of G-equivariant annuli and .77 2 () tj;_) >mo—1/J.
To this purpose, consider any j > J and define K := {t € I" : %Q(Etj) >mo—1/J}.
Assume that for all # € K there exists an L-admissible family A, = {An,l, ce, An,L} of
G-equivariant annuli where % is not (G, 1/(2"+2J), 1/J)-almost minimizing, namely for
allt € Kandi = 1,..., L there exists a G-equivariant isotopy ¥, : [0, 1] — Diff(M)
supported in An} such that

o AA(Wi(s, B))) = AX(E]) +1/@"2)) forall s € [0, 1];
o PV, X)) <2 - 1/1.

By continuity in the sense of varifolds of the map 7 — Z,j, for every t € K we can find a
neighborhood U; C I" such that

o HA(Wi(s, T})) < AAE]) + 1/ ) forall s € [0, 11, r € Uy
o P(Wi(1, T))) < #*(2)) —1/(2J) forall r € U;.

Since {U,};ck is an open cover of K and K is compact, we can extract a finite subcover
U. We now want to find another cover O of K and for every O € O we want to choose a
G-equivariant annulus Ang such that

(i) for all O € O there exists U, € U such that O C U; and Angp = An§ for some
i=1,...,L;
(ii) forall O1, O € O with nonempty intersection we have that Anp, N Ang, = ¥.

To this purpose, we follow [31, Chapter 4]). For all m € N, let I(1,m) be the
CW complex structure, supported on the 1-dimensional interval /' = [0, 1], whose 0-
cells are [0], [37],[2 - 37™],...,[1 — 37™],[1] and whose 1-cells are the intervals
[0,37],[37™,2-37™],...,[1=37", 1]. Then consider the CW complex structure I (n, m)
on the n-dimensional interval 1", whose p-cells for 0 < p < n can be written as
01 ® 03 ® ... ® g,, where o1, ..., 0, are cells of the CW complex /(1,m) such that
>or_ dim(e;) = p.

Foreverycello = 01 ® 02 ® ... ® 0, € I(n,m), let T (o) be the open subset of I,
defined as T (o) := T (01) X T(02) X ... x T(0,), where

(x =31 x 43 m=-1y jfg; = [x]is aO-cell

T(O’i) = . .
(x,y) if o; =[x, y]is a 1-cell.

Note that {T'(¢) : o € I(n,m), T(c) N K # #} is an open cover of K. Then define O to be
such an open cover for some m sufficiently large such that 37 ,/n is less than the Lebesgue
number of U/, thus O has diameter less than the Lebesgue number of I/ for all O € O. Then,
for all O € O, let Ap be an L-admissible family of G-equivariant annuli in M such that
there exists U; € U with O C U; and Ap = A;.

Now, note that 7' (o1) N T (02) # @ for some o1, 02 € I(n, m) if and only if o1 and o, are
faces (possibly of different dimension) of a cell in 7 (n, m). We can thus exploit the following
proposition to associate to every O = T (o) € O a G-equivariant annulus Angp € Ag.
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Proposition 5.7 ([31, Proposition 4.9]) Forevery o € I(n, m), let A(c) be an L-admissible
family of G-equivariant annuli in M with L = (3" Then for every o € I(n,m) it is
possible to choose a G-equivariant annulus An(o) € A(o) such that An(o1) N An(oz) = 0
for every o1 # o € I(n, m) that are faces of a cell in I (n, m).

Hence, for all O = T (o) € O, let us define Anp := An(c), where An(o) is given from
Proposition 5.7. This proves the existence of the open cover O of K with properties (i) and
(ii) above. Moreover, by definition of ¢/ and O, for all O € O there exists a G-equivariant
isotopy Wo : [0, 1] — Diff (M) supported in Ang such that

o A2(Wo(s, T))) < A2(E)H) +1/@F D) foralls € [0, 11,7 € O;
o 2(Wo(l, ) < #*(2]) —1/2J) forallr € O.

Now, for all O € O choose a C* function ¢ : I" — [0, 1] supported in O, such that
for all s € K there exists O € O such that ¢ (s) = 1. Then, given any ¢ € I", consider the
function ®, € Diff (M) defined as

qD[(x) =

Yo (po(t),x) ifx € Ang for someO € O witht € O,
ift ¢ Oforall O € O.

Observe that ®; is well-defined since Ang, N Angp, = ¥ whenever O, O, € O are not
disjoint. Moreover, t — ®; is a G-equivariant isotopy with ®, = id for¢ € d/". Indeed, note
thatd(K, d1") > 0, hence we can choose m possibly larger in such a way that 0 N 91" = ¢
for all O € O. Therefore, we can define 2, = th(E’) and we have that {E bern € T
Now note that, for every t € K, there exists O € O such that pp(#) = 1, moreover t € O
for at most other 2" — 1 sets O € O. As a result, we can estimate

AE] < D! L, 2= e !
(%) ( )—*+2n+1‘] ‘ (z)—m
forallt € K, and
HED) < AT+ 2 !
onrly SMOT 57

forallz € 1"\ K. By arbitrariness of j, this would give lim inf ; , | oo sup;¢n %z(itj) < mo,
which is a contradiction. This proves that, for every J > 0, there exists j > J and ¢; € I"

such that E,j is (G, 1/ "2, 1 /J)-almost minimizing in every L-admissible fam1ly of
G-equivariant annuli and %2(2 ) > mgo — 1/J. In particular, we have that {X; } jeNisa

G-equivariant min—max sequence that is G-almost minimizing in every L- adm1551ble family
of G-equivariant annuli. O

Remark 5.8 Observe that the min—max sequence that we obtain is (G, 1/ Q"2 1 /J)-
almost minimizing. This coincides with the result obtained in [7] (see Definition 3.2 therein)
in the case of 1-parameters sweepouts, i.e., n = 1.

5.3 Regularity and genus bound as a consequence of G-almost minimality

The third and final step is to show that the properties of the min—-max sequence obtained in
the previous sections are sufficient to prove that this sequence converges to a G-equivariant
free boundary minimal surface (possibly with multiplicity) for which the genus bound in
Theorem 1.10 holds.
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Proposition 5.9 In the setting of Theorem 1.10, given a G-equivariant min—max sequence
(7} jeN that is G-almost minimizing in every L-admissible family of G-equivariant annuli
for L = (3" (as the one obtained in Lemma 5.6), there exists a G-equivariant function
r: M — RY such that (up to subsequence) {Ej}jeN is G-almost minimizing in An €

.ANf;(x)(x)forallx € M. Moreover, {Zj}jeN converges in the sense of varifolds as j — 400

to B = Ule m; 8;, where B; is a G-equivariant free boundary minimal surface and m; is
a positive integer foralli = 1, ..., k, and the genus bound in Theorem 1.10 holds.

Proof Thanks to [11, Lemma A.3], we have that there exists a G-equivariant function
r: M — R* such that (up to subsequence) {Z/} jeN is G-almost minimizing in every
An € AN f;(x)(x) for all x € M. Indeed, the only difference in the proof is that, instead
of considering annuli An(x, r, s) centered at some point x € M, here we have to consider
G-equivariant annuli |_J ¢€G g(An(x, r,s)) “centered” at some point x € M.

At this point the proof of the second part of the statement follows using the G-almost
minimality of {7} jeN. Indeed, given a G-equivariant min—max sequence (=4} jeN that is
G-almost minimizing in An € AN rG( v (x) forall x € M, we get that (up to subsequence)
¥/ converges as j — oo to &, which is a finite union of G-equivariant free boundary
minimal surfaces (possibly with multiplicity), and the genus bound in Theorem 1.10 holds.
The proof of the regularity of E can be found in [7, Theorem 7.1] for the closed case and in
[23, Proposition 4.11] for the free boundary case. The proof of the genus bound is instead
contained in [14, 21]. The adaptations to the equivariant setting are the object of [19, Section
4, after Proposition 4.12] and [20, Section 7.2]. ]

Remark 5.10 Note that in the references above about the regularity and the genus bound
(namely, [7, 14, 19-21, 23]) the definition of almost minimizing sequence (corresponding to
Definition 5.3 in this paper) requires §; = £;/8. However, the relation between §; and ¢; in
the definition of almost minimality is not important in the proof of Proposition 5.9.

Remark 5.11 Observe that the difficulties in the equivariant setting arise around the points
in the singular locus of G, i.e., points x € M such that there exists 1 € G with h(x) = x.
Since we required the isometries in G to be orientation-preserving, we have that the limit
surface can intersect the singular locus only in a point where, locally, the symmetry group
is conjugate to Zy or Dy for some k > 2 (see [12, Theorem 2.4] or [19, Lemma 3.3]). This
is the reason why we add the assumption of “orientation-preserving” to the isometries in G,
namely to exclude the case in which locally the singular locus is a plane.

6 Deformation theorem

In this section we prove that, in the setting of Theorem 1.10, it is possible to modify a
minimizing sequence in a way that, so to say, it avoids a given free boundary minimal
surface with G-equivariant index greater or equal than n + 1. The deformation theorem,
Theorem 6.5, is the analogue of Deformation Theorem A in [27]. Before presenting it, we
recall three lemmas contained in [27] that are needed in the proof.

Lemma 6.1 Let (M3, y) be a three-dimensional Riemannian manifold with strictly mean
convex boundary and let G be a finite group of isometries of M. Given a finite union
®% C M of G-equivariant free boundary minimal surfaces (possibly with multiplicity)
with indg (spt(®)) > n + 1, there exist 0 < ¢co < 1, § > 0 and a smooth family
{FU}UEEI,H C Diff g (M) of G-equivariant diffeomorphisms with:
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() Fo=id F_, = F forallve B"";
(i) foranyV € Ega (®), the smooth function AV En-H — [0, +00) given by

AV () = (R4 V II(M)
. . n+1 . . _ 1 24V
has a unique maximum at m(V) € BCO/m(O) and it satisfies —c, id < D*A" (v) <
—coid forall v € §n+1.

Proof Using that indg (spt(®)) > n + 1, we can find G-equivariant normal vector fields
X1, ..., Xpy+1 on spt(®) such that

n+1 n+l
Q@ (Zaixi,zaixi> <0
i=1 i=1

for all (ay,...,an+1) # 0 € R"*!, These vector fields can be extended to G-equivariant
vector fields defined in all M (see Remark 3.6). Furthermore recall that, given the flow
®: [0, 400) x M — M of a G-equivariant vector field Y, we have that ®; € Diff (M) for
all t € [0, +00) (see Remark 3.3). Given these observations, the proof follows exactly as in
[27, Proposition 4.3], see also [27, Definition 4.1]. O

The following two lemmas coincide exactly with [27, Lemmas 4.5 and 4.4], since the
G-equivariance does not play any role in these two results. We report them here for the sake
of expository convenience.

Lemma 6.2 ([27, Lemma4.5]) In the setting of Lemma 6.1, for every G-equivariant varifold

Ve Eg(; (®), let ®V: [0, +00) x §n+1 — EnH be the one-parameter flow generated by

the vector field
urs —(1 = uHva¥w), ueB",

as defined also in [27, pp. 476]. Then, for all 0 < n < 1/4, there is T =

T(1.8,0.{Fy),_z1.c0) = O such that, for all V. € Byy(®) and v € B"" with
v —m(v)| > n, we have

AY (@Y (T, v)) < AV (0) — % and |V (T, v)| > %0.
Remark 6.3 Note that ®" is smooth since A" is. Moreover, for all u € §”+1, the map
s = AV(®V (s, u)) is nonincreasing.
Lemma 6.4 ([27, Lemma 4.4]) There exists ) = 17(3, ©, {FU}UEEHH) > 0 such that, for any
G-equivariant varifold V € (Bg(@))c with
I(F)#VIM) < VM) +7

for some v € En-H, we have F((Fy)#V, ©®) > 27.

Theorem 6.5 (Deformation theorem) Let {Ej}jeN = {{E,j},e/n}jeN be a minimizing
sequence in the setting of Theorem 1.10. Moreover, assume that

(i) ©2 is a finite union of G-equivariant free boundary minimal surfaces (possibly with
multiplicity) with indg (spt(®)) > n + 1;
(i) #%(©) = Wn;
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(iii) K is a compact set of varifolds such that ® ¢ K and Etj ¢ K forall j e N, t € I".

Then there exist ¢ > 0 and another minimizing sequence {A‘i}jeN = {{A{},gln}jEN cII
such that A,] N (Ef(@) U K) = @ for all j sufficiently large.

Proof As aforementioned, the result is the analogue of Deformation Theorem A in [27] and
the idea of the proof is to exploit the fact that we have many negative directions for the second
variation of the area along ®, hence it is possible to push the minimizing sequence {X/} jeN
away from ©, keeping the fact that it is a minimizing sequence. Indeed, the sweepout is
n-dimensional, while we have n + 1 negative directions.

Since spt(®) has G-equivariant index greater or equal than n+ 1, we can apply Lemma 6.1
and obtain 0 < ¢p < 1, 8 > 0 and the family {F,} g1 C Diff g (M) given by the lemma.

ve

Moreover, up to modifying § and {Fv}veﬁ"“’ we can assume that

F(O, F,(®)) <F(©,K)/2 forall ® € By;(®) andve B, 6.1)
Fixed j € N, define the open subset U; C I" given by

Up={rel" : FO,%]) <75/4).

1 1 : . . n+l1 . . _ Jj
Consider the continuous function m ;: U; — BCO/ m(O) given by m (1) = m(X;), where

. . . . . o T n+l
the function m is defined in Lemma 6.1. Since dimU; =n <n+1 = dlm(BCO/m(O)), by

. . . . ~ . . n+1
the transversality theorem givene.g.in[17, Theorem 2.1], there exists mm j : U; — BCO/ m(O)

suchthatm ;(t) # Oand [m;(t) —m;(t)| < 27/ forallt € U;. Hence, consider the function
aj:Uj — B;’fjl (0) given by a;(t) = m;(t) — m(t) and note that a;(t) # m;(t) for all
t € U;. In particular, we can assume that there is n; > 0 such that |a;(t) —m(¢)| > n; for

all t € U; (possibly taking §, and so U}, smaller).
Now, forall t € U}, consider the one-parameter flow (D (s, Vs=0 = {CIDErI (s, )}s=0 C
Dift(B" ") defined in Lemma 6.2 and

Tj=T(@1;,8 0, F) g, c0) =0

given by the lemma. Then, given a nonincreasing smooth function p: [0, +00) — [0, 1] that
is 1in [0, 35/2] and O in [7§/4, +00), we define the continuous function

o 1 B b = I (p(F(O, )T, p(F(O, T/ )ajt)) fort e U,
& n 0 fort ¢ Uj,

and then set

N Fy,(Z}) fort e U;
! %/ fort ¢ U;.

Note that A,j is G-equivariant since Etj is G-equivariantand Fy ;) € Diff g(M). However, a
priori {A,’ }tern 1s not contained in IT, since (¢, x) — Fvi(t)(x) is not necessarily smooth but
only continuous. Anyway, let us first show that lim; 4 o SUp,¢n 2 (A]) < Wr and that

A,j n Ef(@) =P forall t € I", for j sufficiently large, where 0 < & < § has to be chosen.
Later, we will describe a regularization argument to get a sequence of sweepouts with the
same properties of {A’};cn, but also contained in IT.
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Observe that %Z(A,j) = %Z(Zf) fort ¢ Uj and, fort € U;, we have

2 JN a2 J a2
AN = A (Foy0 (B)) = A F 506 50 0 (B

However |p(F(®, Ej))aj (1)] <277, which implies that

lim max,%"z(AJ)< 11m maxjfz(Z ) = Wi

Jj—>+oo tel”

Now let us prove that A,j OES((H)) = @forallt € I", for j sufficiently large. Up to taking
8 > 0 possibly smaller (note that Lemma 6.1 still holds for § smaller), we can assume that

|j‘f2((:)) — %2(®)| < ¢p/20 for all O e Ega (®). Then, let us distinguish three cases:

e If € I" is such that F(®, I/) > 76/4, then A] = %/ and therefore F(©, A)) =
F(O,5]) >75/4 > ¢.

e If # € I" is such that F(®, X/)
therefore, by Lemma 6.2, it holds

IA

38/2, then we have v;(t) = ®"/(T},a;(t)) and

AN]) = A (Foyi(Z)) = A% (d>’~l‘< La;(1))) < A% (0) — 10

) j_i 2
= (2] 0= < H7(0O) — 20

where the last inequality holds for j sufficiently large. Hence, it is possible to choose

& > 0 possibly smaller (depending on ® and cg) such that this implies that F(®, A,j ) > ¢
(indeed note that ¢y does not depend on ‘8).

e If r € I" is such that 3§/2 < F(©, Etj) < 75/4, then we apply Lemma 6.4. Indeed,
givenn =16, O, {Fv} 7n+1) as in the lemma, for j sufficiently large it holds that

AN = A Foy 0 (B < A g 50 0 (ED) < AE) +7,

since |p(F(®, I/))a;(t)] < 27/ — 0. This implies that F(A], ®) > 27. Choosing
& < 277, we then get that F(A/, ®) > ¢ for j sufficiently large, as desired.

To conclude the proof, we need to address the regularity issue. Forall j € N, letv;: I"

7n+ be a smooth function such that v; = 0 on I"\U; and |v;(t) — v;(¢)| < 27 7 for all
t € U;. Then, define

A = Fﬁ_f(l)(ztj) fort € U,
t Et] fort ¢ Uj

Note that {[\lj},eln € II for all j € N. Moreover, sup,» F([\{,A{) — 0as j - 4o0,
which implies that

lim sup%”z(A/)— lim sup%z(Aj) < Wn,

J—>+00 cqn J—>+00 scqn

and that [\,j al Ef(@) = @ forall t € I", for j sufficiently large (possibly taking ¢ > 0
smaller). i )
Finally note that, thanks to (6.1), for all # € U; it holds that Al = F,;j(,)(E,j) ¢ K, since

¥/ e §§5(®) and ¥;(1) € B Moreover, for all ¢ € I"\U,, we have Al =3/ ¢ k.
Hence {f\{ }term also avoids K and thus satisfies the desired properties. O
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7 Proof of the main theorem

We now have all the tools to prove Theorem 1.10. Inspired by the proofs of [27, Theorems 6.1
and 1.2], the idea consists in repeatedly applying Theorem 6.5 in order to obtain a minimizing
sequence in IT that stays away from the G-equivariant free boundary minimal surfaces with
G-equivariant index greater than n.

Proof of Theorem 1.10 First of all, let us assume that the metric ¥ on the ambient manifold
M is contained in Bg", defined in Definition B.1, i.e., it is bumpy. Let us consider the set
V+1 of finite unions (possibly with multiplicity) of G-equivariant free boundary minimal
surfaces in M with area Wy and whose supports have G-equivariant index greater or equal
than n + 1. We want to prove that there exists a minimizing sequence {X/} jeN C IT such
that C({X/}jen) N V"1 = ¢. First note that, since y € BY, the set V'*! is at most
countable thanks to Proposition B.3 (because V"*! consists of finite unions with integer
multiplicities of G-equivariant free boundary minimal surfaces). Therefore, we can write
Y+l = (@1, Oy, ...}. Now, the idea is to repeatedly apply Theorem 6.5 in order to avoid
all the elements in V"1

Let us consider a minimizing sequence {X/} jen and apply Theorem 6.5 with ® = ©j.
Then we get that there existe; > 0, j; € Nand another minimizing sequence {X '/} jen C 11

i _ —F
such that Ztl” N B, (©) = @forall j > j and ¢ € [". Moreover, we can assume

that no ® belongs to anl (®1). Let us now consider ®;: if it belongs to Efl (®1), we
choose g7 = ¢1 — F(®1, ®3) > 0 (here we use that @, ¢ 8B£1 (®1)); otherwise we apply
Theorem 6.5 with ® = ®, and K = Efl (®1). In both cases, we get &2 > 0, j» € N and
another minimizing sequence {Zz’j}jeN C TIT such that Z,z’j N (Efl Opu Efz (®) =0

forall j > j, and ¢t € I". Moreover, we can assume again that no ®; belongs to E)BSF2 (®7).
Then we proceed inductively for all ®;’s and we have two possibilities:

e The process ends in finitely many steps. In this case there exist m > 0, a minimizing
sequence {X"/};cy C I, €1, ..., &, > 0 and j, € N such that

e —=F
=" N (B, (O U...UB, (©,)) =1

forall j > j, andz € I" and V"' C BE (©1)U... U BE (©,,).

1
e The process continues indefinitely. In this case for all m > 0 there exist a minimizing

sequence {Z"”j}jeN c I, &, > 0 and j, € N such that E,m’j N (Efl O®p)u...U

Efm (®p)) = P forall j > j, and r € I" and no Oy belongs to BBEl ®pu...U
F @

9BF (©,).

In the first case we define A’ = X"/ while in the second case we set A’ = X5l foralli e N,
for some /; > j; such that {Ai}ieN C IT1is a minimizing sequence and C({Ai}ieN) Nyt =
. Hence, we can apply Proposition 5.2, Lemma 5.6 and Proposition 5.9 to conclude the
proof in the case of y € BZ.

Now, consider the case of an arbitrary metric y and let {yx}xen be a sequence of metrics
in B converging smoothly to y, which exists because of Theorem B.4. Thanks to the first
part of the proof (in particular applying Proposition 5.2 and Lemma 5.6 to the minimizing
sequence found in the first part of the proof with respect to y%), for every k € N there
exist a G-equivariant min—max sequence {Ag.c)’f }jen C I (e., jfyi (Ag_()’J) — Wn,y,, the
width of IT with respect to the metric y%) that is G-almost minimizing (with respect to yx)
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in every L-admissible family of G-equivariant annuli with L = (3")*" and that converges
in the sense of varifolds to a finite union &y of G-equivariant free boundary minimal (with
respect to y%) surfaces (possibly with multiplicity). Moreover, it holds indg (spt(Ex)) < n
and 7 (Er) = Wiy,

Note that Wry,,, converges to the width W = Wrp,, (the proof is the same as in the
Almgren-Pitts setting, for which one can see [18, Lemma 2.1]). Hence, since the varifolds
Ex have uniformly bounded mass, up to subsequence E; converges in the sense of varifolds
to a varifold E with mass equal to Wrj. Moreover, taking a suitable diagonal subsequence
of {Ag{)’]}j,keN we can obtain a min—max sequence {Aj}jeN for TT with respect to y,
converging in the sense of varifolds to E and which is G-almost minimizing (with respect
to y) in every L-admissible family of G-equivariant annuli. More precisely, we can get the
min—max sequence {A/} jeN in such a way that A ; is (G, ¢/ 203 2 j)-almost minimizing
in every L-admissible family of G-equivariant annuli, for some sequence of positive numbers
g; — 0. Indeed, given g; > 0, if y; is sufficiently close (depending on ¢;) to y, and A is
(G,¢gj/ 22 e j)-almost minimizing in every L-admissible family of G-equivariant annuli
with respect to yx, then A is (G, ¢ j/2"+3, 2¢ j)-almost minimizing in every L-admissible
family of G-equivariant annuli with respect to y.

Now, given the min-max sequence {A/} jeN, we can apply Proposition 5.9, and obtain
that E is a disjoint union of G-equivariant free boundary minimal surfaces (possibly with
multiplicity) and the genus bound in the statement holds. One can look at Fig. 1 for a scheme
of the argument.

Note that, thanks to Theorem 4.3 (see also Remark 4.4), up to extracting a further sub-
sequence, we can assume that spt(&;) converges smoothly (possibly with multiplicity) to a
free boundary minimal surface away from the singular locus S and, possibly, from finitely

//r \\\\
Y
\\\ \\\
k k1) k+2),j ;
Aﬁj) J ~ AE]- ):3 A§J )53 diagonal sequence,
L G-almost minimizing in
A(k)’j+1 A(k'f‘\l\j\a%kl A(k+2)\3\4:1\ L-admissible families
i1 ti+1 S \ of G-annuli
(g2 (D042 (b2t ™~
Ay At Abrs e
~_
: : : F
- - - F _
Zk Zkt1 Zk+2 =
PHER)  pHE)  pHEriz) 0 ——————— pi(E)
smoothly in
M\ (SUY)

(multiplicity possible)

Fig.1 Scheme of the convergence argument in the proof of Theorem 1.10
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many additional points ). This free boundary minimal surface coincides with the limit of
spt(Eyx) in the sense of varifolds, which is spt(E), in M \ (S U Y). In particular, we get that
indg (spt(E)) < n, which concludes the proof. ]

8 Equivariant index of some families of (free boundary) minimal
surfaces

In this section, we want to make use of Theorem 1.10 to compute the equivariant index of
some families of minimal surface in $3 and free boundary minimal surfaces in B3. Let us
start by proving Theorem 1.13.

Proof of Theorem 1.13 First note that, applying Theorem 1.10, we can assume that the surface
My in [10, Theorem 1.1] has D, 1-equivariant index less or equal than 1. We want to prove
that the D, -equivariant index is exactly 1. To do so, it is sufficient to construct a test
function on which the associated quadratic form attains a negative value.

Recall that M, contains the horizontal axes of symmetry &1, . .., &, 1. Hence, sgn M, (h) =
—1 for all 2 € D¢y given from a rotation of angle 7 around any horizontal axis. Observe
that these isometries generate all D¢, |, because the composition of the rotations of angle
7 around & and & is equal to the rotation of angle 2w /(g + 1) around &y. Hence, we can
infer the sign of all the elements of the group. In particular, we obtain that the function
u(xy, x2, x3) = x3 on M, belongs to Cgo (M,) forall g € D¢ 1. Moreover, one can compute
that

Om, (u,u) = —/ |APu? d* <0

My

(see [13, Lemma 6.1]). This proves that the D¢, |-equivariant index of M, is exactly 1. O
Remark 8.1 Note that the function x+ = (x, v) is in CZ (M) and o(xt xhH =o0.

Remark 8.2 Similarly to what we did for the surfaces M, constructed in [10], we can apply
Theorem 1.10 to any other surface obtained via an equivariant min—max procedure. To our
knowledge, the known equivariant min—max constructions so far are:

e The minimal surfaces in S° of [19, Sections 6.2, 6.3, 6.5, 6.6 and 6.7].
e The minimal surfaces in S* of [22, Theorem 3.6].
e The free boundary minimal surfaces in B3 of [20, Theorems 1.1, 1.2 and 1.3].
e The free boundary minimal surfaces in B3 of [10, Theorem 1.1], discussed above.
For all these surfaces we get that the equivariant index (with respect to the corresponding
symmetry group) is less or equal than 1. Then, one has to find a suitable equivariant test
function to get the equality, on a case-by-case basis. However, in most of the cases above the
constant function 1 is such a test function. Indeed, the constant 1 is a negative direction for
the second variation of the area functional for every minimal surface in S> and every free
boundary minimal surface in B3. Moreover, if the unit normal is equivariant (i.e., i,V = v
for all 4 in the symmetry group, where v is a choice of unit normal), the constant function is
also equivariant.

In other cases some more work is needed, as in the proof of Theorem 1.13. This last claim
applies for example to the surfaces in B3 constructed in [20, Theorem 1.1], for which a good
test function is again u(xy, x3, X3) = X3.
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Appendix A: Spectrum of elliptic operators with Robin boundary condi-
tions

In this appendix we consider an elliptic operator with Robin boundary conditions in presence
of a symmetry group and we prove that it admits a discrete spectrum. The proof is very
similar to the one in the case without equivariance (see for example the notes [4]), but we
report it here for completeness.

LemmaA.1 Let £ be a compact Riemannian manifold with boundary 0Z # (). Then there
exists a constant C > 0 such that

75y < Cllullzzs)lull s
forallu € H' ().

Proof Theresultis aslight variation of the standard trace inequality ||u || 20x) < Cllullgi(s)-
Indeed, one can look at the proof of [6, Lemma 9.9] where ¥ = R} = {(x1,...,x5) €
R™ : x, > 0} and note that, integrating the second last line and applying Cauchy—Schwarz
inequality, we get that there exists a constant C > 0 such that

2 <

||u||L2(32) = C“””Lz():) ”u“Hl():)

forallu € C!(R™). Then the proof of the lemma follows from a standard partition argument.
O

LemmaA.2 LetV, H be Hilbert spaces such that there exists a compact (continuous) embed-
d

ding j: V — H with dense image. Leta: V x V — R be a bounded symmetric H -elliptic

Sform, i.e., assume that there exist v € R and ¢ > 0 such that

a(u,u) + ol j@)% = cllull?

for all u € V. Moreover, let A: D(A) C V — H be the operator associated with the
symmetric form a, i.e., givenx € V and y € H we have x € D(A) and Ax = y if and only
ifa(x,u) = (v, j(u))y for all u € V. Then the operator A + wid: D(A) C V — H is
invertible with bounded compact inverse (A + wid)™': H — D(A) — H.
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Proof We briefly sketch the proof. Let us consider the operator b: V x V — R given by
b(u,v) :==a(u,v) +w(j), j(v))g. Since b is bounded and coercive, we can apply Lax—
Milgram theorem (cf. [6, Corollary 5.8]) and obtain that B: V — V* defined as Br(v) :=
b(u, v) is an isomorphism. Finally one can prove that the operator j o B~! o k, where
k: H — V*is given by k(y) = (y, j(-)) u, coincides with (A 4 wid)~!. m}

Theorem A.3 Let X be a compact connected Riemannian manifold with boundary 0% # (0,
G be a finite group of isometries of ¥ and sgny,: G — {—1, 1} be a multiplicative function.
In particular we can define CEO(E), L%; (%), H(l; (X) as in Definition 3.7. Let . ¥ — R and
B: 0% — R be smooth G-equivariant functions, i.e., « oh = aand foh = B forallh € G.
Then there exists an orthonormal basis (¢i)i=1 C CF(X) of L%;(E) and a nondecreasing
sequence (M)r>1 C R diverging to 400 such that

—Agrp —app = A in X%
Opor + Bor =0 inox.

Proof Let us consider the quadratic form a: HL(X) x HL(X) — R defined as

a(u,v) := / (Vu - Vv — auv) d#"
b

+ / Buvdm !
E))
Note that a is continuous, because

la(u, v)| < ||VM||L2():)||VU||L2():) + ||Ol||L°°(2)||u||L2(z)||U||L2(2)
+ 1BllLe@s)litrull 2gs litrvllL2gy)

and the trace tr: Hé(E) — LZG(B Y) is continuous. Moreover, a is LZG(E)-elliptic, ie.,
a(u, w) + ollul sz, = clullz g,

forallu € Hcl;(Z), for some ¢ > 0 and w € R. Here we used that Lemma A.1 implies
1 c
2 —1 2 1 2
”ﬂ”LOO /32|u| dse™ =i ||u||L2(Z) ”u”Hl(Z) = 5”””[{1(2) + ?”u”LZ(E)
for some ¢; > 0.

Hence, since the embedding j : Hé (Z) —» L2G (X) is compact, we can apply Lemma A.2
with H = LZ(X)and V = H/(2), and obtain that A+ wid: D(A) C H,(Z) — L%(X)is
invertible with bounded compact inverse (A + wid)~!: LzG(E) — D(A) C LzG(E), where
A: D(A) C Lé():) — L2G(2) is the operator associated with the symmetric form a, as in

the statement of the lemma.
Now we want to prove that A = —A — « and D(A) = Dpg, where

Dg = {u € HL(Z) : Aue LL(D), [x(Auw)v + Vu - Vv dra™
=[5 Buvd™ ' Yy € Hé(Z)}.
Letu € D(A) and f € Lé(E) be such that Au = f, then

/(Vu-Vv—auv)djfm—i—/ Buv dsm! =/ foda™
) X p)

@ Springer



Equivariant index bound for min-max free boundary minimal... Page250f28 201

forallv € Hcl; (2). In particular, if we consider v € CZ’(¥) with compact support in int(%),
we get that Au € LzG(Z) and —Au — au = f. Exploiting this equation we obtain

/ (Au)v+ Vu - Vod#" = — | Buvds™!

= D>

forall v € H(l;(E). This proves that u € Dg and Au = —Au — au. Conversely, given
u € Dg, we can easily show that u € D(A).

Now observe that the bounded compact operator (A + wid)~!: Lé(E) — Lé(E) is
positive definite. Therefore, by the spectral theorem, there exists an orthonormal basis (¢x)keN
of L%; (Z) of eigenvectors of (A + wid)~! with corresponding eigenvalues (i4x)ren such that
Ho > (1 > p2 > ... — 0. Then note that ¢ € Dg and it is an eigenvector of A with
corresponding eigenvalue Ay := 1/ux — o for all k € N. Finally, the fact that ¢ € CZ (%)
follows from standard regularity theory and, from the fact that ¢ € Dg, we obtain also that
Ok + Por =0in 0X. O

Appendix B: Bumpyness is G-generic

In this section, let M™t! be a smooth, compact, connected manifold with boundary and let
G be a finite group of diffeomorphisms of M. Moreover, let ¢ be a positive integer > 3 or
q = oo.

Definition B.1 [cf. [1, Theorem 9]] Denote by Fg be the set of G-equivariant C¢ metrics on
M endowed with the C? topology. Moreover, let Bg C FqG be the subset of metrics y € FZ;
such that no compact, smooth, G-equivariant manifolds with boundary that are C¢ properly
embedded as free boundary minimal hypersurfaces in (M, y), and no finite covers of any
such hypersurface, admit a nontrivial Jacobi field.

Remark B.2 Note that we do not require the Jacobi field in the previous definition to be
G-equivariant.

Proposition B.3 Let y € BZ be such that (M, y) satisfies property (). Then (M, y) con-
tains countably many G-equivariant free boundary minimal hypersurfaces.

Proof This follows from Theorem 5 in [1], similarly to Corollary 8 therein. O
Theorem B.4 The subset B‘é defined in Definition B.1 is comeagre in F‘é.

Remark B.5 1In [38, Theorem 2.1], White proved a stronger result in the closed case, namely
that a generic, G-equivariant, C? Riemannian metric on a smooth closed manifold is bumpy
in the following sense: no closed, minimal immersed submanifold has a nontrivial Jacobi
field. We decided to state Theorem B.4 only for properly embedded G-equivariant submani-
folds, since White’s generalization requires more technical work and we do not need it here.
However a similar proof should work also in the case with boundary.

Before proceeding to the proof of Theorem B.4, we need to introduce some notation,
which are the adaptations to the G-equivariant setting to the ones given in [1, pp. 22].
Consider a compact, connected, smooth manifold X" with boundary and fix any @ € (0, 1).
Forw € C171%(%, M), let

[w]:={wo¢p : ¢ € Diff(¥)}.
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Then define

PEZ ={lw] : we Ci= (s, M)isa proper embedding with G-equivariant image}
and
S& = {(y,[w]) € TE x PEL + w is a free boundary minimal proper embedding w.r.t. y}.

Finally denote by ng : Sg — F‘é the projector onto the first factor, namely 77 (y, [w]) = y.

Given these definitions, we can now state the main ingredient to prove Theorem B.4.
This is a structure theorem, whose first version was discovered by White in [39], stating the
relation between critical points of 77 and degenerate minimal hypersurfaces that underlies
any bumpy metric theorem.

Theorem B.6 (Structure Theorem, cf. [38, Theorem 2.3] and [1, Theorem 35] In the setting
described above, Sg is a separable C' Banach manifold and ng: Sg — l"g isa C!
Fredholm map of Fredholm index 0. Furthermore, (y, [w]) is a critical point of ng if and
only if w(X) admits a nontrivial G-equivariant Jacobi field.

Remark B.7 Theorem 2.3 in [38] is the version of the theorem in the case without boundary,
while Theorem 35 in [1] is the case with boundary but where no group of symmetries is
considered.

Proof As observed by White in the proof of [38, Theorem 2.3], the proof of the Structure
Theorem works the same in the equivariant case replacing “metric” with “G-equivariant
metric”, “functions” with “G-equivariant functions” and working on a G-equivariant hyper-
surface instead of on any hypersurface. In fact, the reader can follow the proof of the Structure
Theorem in the case with boundary contained in [1, Section 7.2] with these modifications.
In particular note that:

e Here we used M™*! for the ambient manifold and £™ for the embedded hypersurface,
instead of A"*! and M" as in [1].

e The background metric y, shall be chosen G-equivariant. This way, the exponential
map with respect to y, induces a diffeomorphism between V” (as defined in [1]*pp.
25) and a G-equivariant open neighborhood of w(X). Then a class [w] such that w €
C971%(%, M) isaproper embedding with G-equivariant image corresponds to a function
ue Cgfl’a(E, V) with G-equivariant symmetry (cf. Definition 3.7).

e As observed in Remark 3.5, being G-stationary is the same as being stationary. Hence
[1, Proposition 41] does not require modifications.

e The computations in [1, Proposition 45] are the same. The only change that we need
is in point (2), where the operator L(y, u) should be consider between the spaces
(2, V) and €LV, V) x €LY, V). Then, similarly as in [1], one can
prove that L(y, u): C& (2, V) - CL (2, V) x CL>(@X, V) is a Fredholm
operator of Fredholm index 0.

e Finally, [1, Proposition 46] and the final proof of Structure Theorem itself (at [1, pp. 31])
can be modified accordingly to fit the equivariant setting. Just note that the functions in
ker L(y, u), where L(y, u) is seen as a map between the equivariant spaces, correspond
exactly to the G-equivariant Jacobi fields.

[m}

Proof of Theorem B.4 Given Theorem B.6, the proof is exactly the same as the proof of Theo-
rem 9in [1, Section 7.1] substituting I'?, §9, 3 with re, Sg, ch. In fact, the only difference
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in the proofs is hidden in the application of [38, Lemma 2.6], which is the point where the
Structure Theorem (in the different variants: Theorem B.6, [38, Theorem 2.3] or [1, Theorem
35]) is used. However, White in [38] works in the equivariant setting as we do here, hence
the argument there can be applied in our context without changes, since the presence of the
boundary does not play a role in this lemma, as observed also in [1, pp. 24]. As said above
(in the proof of Theorem B.6), the reader should pay attention to the fact that here we used
M"*! for the ambient manifold and = for the embedded hypersurface, instead of A+
and M" asin [1]. O
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