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Abstract

We show that the components of finite energy solutions to general nonlinear Schrodinger
systems have exponential decay at infinity. Our results apply to positive or sign-changing
components, and to cooperative, competitive, or mixed-interaction systems. As an applica-
tion, we use the exponential decay to derive an upper bound for the least possible energy of
a solution with a prescribed number of positive and nonradial sign-changing components.

Mathematics Subject Classification 35B40 - 35B45 - 35J47 - 35B06 - 35J10

1 Introduction

Consider the nonlinear Schrédinger system
¢
—Aui + Vi =y Bijluj | lui| P 2wy,
j=1
upe H'®RY), i=1,...,¢,

(1.1)
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where N > 1, V; € L®(RY), BijeRand1 < p < % Here 2* is the usual critical Sobolev
exponent, namely, 2* := % if N>3and2* :=ocofor N =1, 2.

Systems of this type occur as models for various natural phenomena. In physics, for exam-
ple, they describe the behavior of standing waves for a mixture of Bose-Einstein condensates
of different hyperfine states which overlap in space [13]. The coefficients 8;; determine the
type of interaction between the states; if §;; > 0, then there is an attractive force between u;
and u j, similarly, if 8;; < 0, then the force is repulsive, and if ;; = 0, then there is no direct
interaction between these components. Whenever all the interaction coefficients are positive,
we say that the system is cooperative. If B;; > 0 and B;; < O for alli # j, then the system is
called competitive. And if some f;; are positive and others are negative for i # j, then we
say that the system has mixed couplings. All these regimes exhibit very different qualitative
behaviors and have been studied extensively in recent years, see for instance [5, 6, 8-12, 17,
19-24, 26] and the references therein.

System (1.1) has a variational structure, and therefore a natural strategy is to find weak
solutions by minimizing an associated energy functional on a suitable set, under additional
assumptions on the matrix (8;;) and on the potentials V;. Using this approach, several kinds
of solutions have been found in terms of their signs and their symmetries. However, there
seems to be no information available about the decay of these solutions at infinity. In this
paper, we show that finite energy solutions must decay exponentially at infinity, and a rate
can be found in terms of the potentials V;. Our main result is the following one.

Theorem 1.1 Assume that, for everyi =1, ..., ¥,

(V1) Vi : RN — R is Hélder continuous and bounded,
(Va) there exists p > 0 such that

o; ;= inf V; > 0.
RN\ B, (0)

Let (uy,...,up) € (HI(RN))K be a solution of (1.1) and let u; € (0, /o;). Then, there is
C > 0 such that

lui(x)| < Ce X forallx e RN andi =1, ..., ¢. (1.2)

Furthermore, if V; = 1 for everyi =1, ..., ¢, then (1.2) holds true with pu; = 1.

We emphasize that each component may have a different decay depending on each poten-
tial V;. The main obstacle to showing (1.2) is to handle the possibly sublinear term |u; |P’2ui
for p € (1, 2) (which is always the case for N > 4). To explain this point in more detail,
assume that (u1, ..., ug) is a solution of (1.1) and write the i-th equation of the system as

4
—Aup + (a;(x) = i O1P )y =0, @ :=V; = Bulwi P72, =Y Bijlujl”.
J#
(1.3)

Since every u; € HY®RN) n ¢°(RY), we know that a; and ¢; are bounded in R, but
|u;|P~% — oo as |x| — 0o and it is also singular at the nodal set of a sign-changing solution.
As a consequence, one cannot use directly previously known results about exponential decay
for scalar equations, such as those in [1, 3, 18]. In fact, one can easily construct a one-
dimensional solution of a similar scalar equation that has a power-type decay. For instance,
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let w € C%(R) be a positive function such that w(x) = |x|~2/3 for |x| > 1 and let
!
O LG S
w(x)?2

Then, w € H'(R) is a solution of —w” + w = cw? in R, c(x) — 0O as |x| — oo, and w
decays as a power at infinity.

This shows that the proof of the exponential estimate in Theorem 1.1 must rely on a careful
study of the system structure. In other words, although the sublinear nonlinearity |u;|?~2u;
appears in (1.1), the system is not sublinear. As a whole, it is always superlinear.

With this in mind, we adapt some of the arguments in [1, 18] preserving at each step the
system structure of the problem. These arguments rely basically on elliptic regularity and
comparison principles.

The exponential decay of solutions is a powerful tool in their qualitative study. As an
application of Theorem 1.1, we derive energy bounds of solutions having prescribed positive
and nonradial sign-changing components. For this, power type decay would not be enough.

To be more precise, we consider the autonomous system

J4

—Aui i =y Bijluj|? il i,
j=1

u; e HY®RY), i=1,...,¢.

(1.4)

where the B;;’s satisfy the following condition:

(B1) The matrix (8;;) is symmetric and admits a block decomposition as follows: For some
1 <q < {thereexist 0 =¥y < {; <--- < €41 <€y =€ such that, if we set

Lio={ief{l,....0}: b1 <i<t), hefl,....q}
then Bi; > 0, Bi; > 0ifi, j € Iy, and Bij <O0ifi € Iy, j € I and h # k.

According to this decomposition, a solution # = (u1, ..., ug) to (1.1) may be written in
block-form as

u=uy,...,ug) withu, = (e, +1,...,u¢,), h=1,...,q.

We say that u is fully nontrivial if every component u; is different from zero.

Set Q := {1, ..., q}. Given a partition Q = QT U 0~ with 9* N 9~ = ¥ we look for
solutions such that every component of iy, is positive if = € QF and every component of
uy is nonradial and changes sign if 4 € Q™. To this end, we use variational methods in a
space having suitable symmetries. As shown in [11, Section 3], to guarantee that the solutions
obtained are fully nontrivial we need to assume the following two conditions:

(B2) For each h € Q, the graph whose set of vertices is I, and whose set of edges is
Ep:={{i,j}:i,j €Iy, i #j, Bij > 0} is connected.
(B3) If g > 2 then, forevery h € {1, ..., g} such that £;, — £;,_; > 2, the inequality
=
h_rrllin . max Bii q
('min ,~) _— > Cy 1Bijl
{i,j}EER Py Z Bij I; IEZI; Pis
i,jely k#h jelk

holds true, where Cy, = C4(N, p,q, Q) > 0 is the explicit constant given in (3.7)
below.
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In [11] it is shown that, for any ¢, the system (1.1) has a fully nontrivial solution satisfying
the sign requirements described above. Furthermore, an upper bound for its energy is exhib-
ited, but only for systems with at most two blocks, i.e., for ¢ = 1, 2. Here we use Theorem
1.1 to obtain an energy bound for any number of blocks.

Foreachh =1,...,¢,let Rin = {5 = (S¢j_1415---55¢,) 1 5; € Rforalli € I} and
define )
=)
2
. S5
pn = _inf Lien S . (1.5)
seRh 2p
540 (Zi,jelh ﬁileilplSjIP> !
For any £ € N, we write ||u|| for the usual norm of u = (uy, ..., uy) in (HYRY), je.,

£
JulP = ;/RN(WW + i),

We prove the following result.

Theorem 1.2 Let N =4 0or N > 6, and let Q = QT U Q™ with QT N Q™ = 0. Assume
(B1), (B2), and (B3). Then, there exists a fully nontrivial solution u = (uy, ..., uy) to the
system (1.4) with the following properties:

(a) Every component of uy, is positive if h € Q% and every component of iy, is nonradial
and changes sign ifh € Q™.
(b) If g =1, then

lull> = willol>if @ = @ and  |ul* < 10 uillw|? if Q = Q™.
(c) If g = 2 the following estimate holds true

2 : 2
lall> < | min (@ + 30 baun) | o, (1.6)
he Q~{k}

where ay == 1ifk € QF, ay =12 ifk € Q~, by :=6ifh e QF, b, :=12ifh € Q~, and
w is the unique positive radial solution to the equation

—Aw+4w=|w*%w, weH'®RY). (1.7)

To prove Theorem 1.2, we follow the approach in [11] and impose on the variational setting
some carefully constructed symmetries which admit finite orbits. This approach immediately
gives energy estimates but it requires showing a quantitative compactness condition which
needs precise knowledge about the asymptotic decay of the components of the system. Here
is where we use Theorem 1.1.

The paper is organized as follows. Section 2 is devoted to the proof of the exponential decay
stated in Theorem 1.1. The application of this result to derive energy bounds is contained in
Section 3, where we also give some concrete examples.

2 Exponential decay
This section is devoted to the proof of Theorem 1.1. As a first step, we extend the argument

in [2, Lemma 5.3] to systems. Let B, denote the ball of radius r in R¥ centered at zero. Let

o; and B;; asin (V7) and (1.1), then we let o := (o1, ..., 0¢) and B := (ﬂij)f,jzl-
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Lemma 2.1 Let V; € L®(RY) satisfy (Va) and letu = (uy, ..., ug) be a solution of (1.1).
Set

s,»(r>:=/ (IVui > + |ui1?)  and — E(r) = (E1(r), ..., & (r)).
RN\ B,

Then, there are positive constants C = C(u, o, 8, N, p, p) and ¥ = (o), with p and o;
as in (Vy), such that

4
EM)| =) &) < Ce™”" foreveryr > 0.

i=1

Proof Let x : RY — R be given by x(r) :=0ifr <0, x(r) :=rifr € (0,1) and
x() == 1ifr > 1. Let uj (x) := x(|x] — ru;(x) forr > 0, x € RN andi =1,...,¢.
Then u} € H'(RY) and

uf (x) = (Ix| — ru; (x), Vul (x) = (Jx| = r)Vu; (x) + x lu i(x), ifx € Bry1 \ By.

Set § := min{oy, ..., oy, 1}. Using that |u,-‘;—| -Vu;i| < %(IVM,-I2 + |ui|?) we obtain
/ (Vu,- .Vuf—i—\/,'uiu;') Z(S&,‘(}"—l—l)—l-/ [(|x|—r) (|Vu P+ V;u? )+u, Vui]
RN Byi1~B: | x|
1
> 8&(r+1) — Ef (1Vatil* + ui )
By11\B,
>0+ DEC+D) - 150 ifr+12p. 2.1)

As u solves (1.1) we have that
l
N / Z Bijlu 1P i 1P~
4
2
52/ Iﬂullujlf’lu 172 i wa |uj|f’|u,~|"
j:

/NVui -Vul + Viujul
R

and since |u, |P < ¢ ug|2P for everym =1, ..., £, we obtain
k=1 y

/ Vu; - Vu! + Vi ujuj| <
RN

e 14

2
> 1Bl Z/N Jug|*?
i=1 k=1 RN\ B,

Giventhatuy € H' (RV) forallk = 1, ..., ¢, Lemma A.l implies the existence of a constant
C1 = C1(N, p) > 0 such that

14

¢ P
<Y 181 Z(/RN\B (|wk|2+|uk|2)) 2.2)

j=1 k=1

/NVui'Vu§+\/iuiuf
R
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foreveryr > landi =1,...,£.SetCr := C Z&-:l |Bi]. From (2.1) and (2.2), assuming
without loss of generality that p > 2 and adding over i, we get

l
25 +1 1
—+ EC+ Dl = 1§ < C Y 16O = CEMI  ifr+1=p.

k=1

Therefore,

P
g0+ DL _ 1 (Hzczmr)p)S1<1+2C2£(r)|{,_1)::y(r) e

TN~ 25+1 &) 28 +1
2.3)
Since |§(r)|1 — 0 asr — oo, there is ro = ro(u, p, 8, p) € N such that rp > p and
y(r) <y, U for all r > ro with yp := % > 1. Then, forr > ro + 1,
-1
" g + DIy

1
< 1ECo)hy " < llulPyy T,

) < 1EArDI = 1o ]

k=rg

1§

where |r | denotes the floor of 7. Since [£(r)]; < [[ull® < [lul®yy’~ rl

have that

forr <rp+1we

1EP) < lulPy " = a2yt e 00" for every r > 0,
as claimed. o

Lemma 2.2 Assume (V1) and let u = (uy,...,uy) be a solution of (1.1). Then u; €
W2S(@RN) N C2(RYN) foreverys >2andi =1,...,¢

Proof Let N > 3. The argument for N = 1, 2 is similar and easier. Foreachi =1, ..., € set
l
fi= )" Bijluj|Pluil P u;. 2.4)
j=1
Since |uy| < |u| := u% + -4 u% for every k = 1, ... ¢, we have that

14 14 4
£l < D0 1Bl Pl P71 < Zﬂu )=t < [ Y7 1Bl | PP (25)

ij=1 ij=1

Therefore, f; € L' (RV) for s := 23—*_1 > 1 and, by the standard L?-elliptic regularity
theory, u; € w2 (]RN) foralli = 1,...,¢ (see, e.g., [14, Chapter 9] or [25, Section
3.2]). Using a bootstrapping argument, we conclude the existence of s > max{%, 2} such
that u; € W2S(@RN) foralli = 1,...,¢ and thus, by the Sobolev embedding theorem,
u; € CH¥(RN). Since V; is Holder continuous and bounded, applying the Schauder estimates
repeatedly, we deduce that u; is of class c2 (see [15, Section 1.3]). ]

In the rest of the paper, we write | - |; for the norm in L’(]RN), 1<t <oolfu=
(i, ..., ue) € [L®@RY)]E, then U|so = Zle supgn |u;|. Moreover, for a proper open
subset €2 of RY we denote the usual Sobolev norm in H'(2) by || - a1, i€

Il gy = [ (Vi + 1,
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Lemma 2.3 Assume (Vy). Let u = (uy, ...,ug) be a solution of (1.1), s > max{2, %}
and A > 0 be such that |Vilco < A fori = 1,...,L. Then there is a constant C =
C(B, N, p, A,s) > 0 such that, for any x € RV,

) 2 2ps—(s+2)
illwzscs, oy < € [ Tuilod il ey + ltloo
2

4 ) 2
(Z"ujnHl(Bl(x))) ’
j=1

where Bg(x) is the ball of radius R centered at x.

Proof Since u; € W25(RN) c L>®(RY), we have that

2, 2 2
= [u; [* " |uj -

Jui | < lui 3 |ui
Set f; as in (2.4). By (2.5), there is a constant C, = C»(f8) such that
1fil* < C3lul P05 |u|P* = C3lu| P HPOD 0 o ud)P
< Clull TP Wi 4 ulh),

where |u| := ‘/u% + -+ u% and (p — 1)s + p(s —2) > 0. Then, by [14, Theorem 9.11],
there is a positive constant C1 = Ci(s, N, A) such that

luillw2s s, oy < C1t (liles sy + | filLssixy) forany x € RY.
2
From the previous inequalities we derive

s=2 2 P 2ps—(s+2)
luillwzsgs o = Cr ( luilo Wil 0 + €267 Calttlo

¢ »
12 s
<Z”u/”H1(Bl(X))) )
j=1

where C3 = C3(N, p) is the constant given by the Sobolev embedding HY(B)) c L*!(B)).
O

Lemma 2.4 Assume (V) — (V2), letu = (uy, ..., ug) be a solution of (1.1) and let f; be as
in (2.4). Then, there are constants n > 0, C1 > 0, and C> > 0 such that

lui ()| < Cre™™ | fi(x)] < Cre” P~V foralix e RN andi =1, ..., .

Proof For x € RN with |x| > 2, set r := %le. Then, Bi(x) C RY < B, and, by Lemma
2.1, there are positive constants K| = K(u, 0, 8, N, p, p) and ¢ = ¥(0), with p and o;
as in (V3), such that

14
1131,y < N6 W1 v, = &7 < D &i(r) < Kae ™" forevery j=1,....¢.
i=1

Fix s > max{%, 2}. By Lemma 2.3 there are positive constants Ko = Ky (u, B, N, p, A, s)
and K3 = K3(u, 0, B8, p, N, p,s) such that

“ls

14
2
5 2 _2
Il o = K2 | Wil oy (0 135 o) | = KoK
j=1

Therefore,

0

i ()] < il () < Kalltillwes s, oy < K2K3Kse 5
2 3

for every x € RN < B>,
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where K4 is the positive constant given by the embedding WZ*S(B%) C L“(B%). Since u;

. . _2
is continuous, we may choose C; > K, K3 K4 such that |u; (x)| < C1e” s forevery x € B>.
So, setting n := 2%, we obtain

lui(x)| < Cre™ "™ forevery x € RV.
The estimate for f; follows immediately from (2.5). O

The following result is a particular case of [18, Theorem 2.1]. We include a simplified
proof for completeness.

Lemma 2.5 Assume that V : RN — R satisfies o := infpy g, V > 0 for some p = 0.
Let w be a classical solution of —Aw + Vw = f in RN such that

lwx)| < Ce ™™ and | fx)| < Ce?* forallx e RN

and for some constants C > 0, n € (0, /o) and § € (n, \/o|. Then, for any 1 € (1, ),
thereis M = M (w, 8, p, o, C) > 0 such that

lw(x)| < Me ¥ forall x e RV,
Proof Let p, o, 1,8, i, and C be as in the statement. Set v(x) := e *I for x € RV Then,

Av(x) = v(x)h(x]) forx € RYN ~ {0},  where h(r) :=pu*> — (N — 1)%.

In particular, V(x) — h(|x]) > 0 — u?=:e>0for|x| > p.Fixt e R satisfying
C
r>—e™ 92 and  w(x) < tu(x) for x| = p. (2.6)
&

We claim that w(x) < rv(x) for all |[x| > p. Indeed, let 7 := w — tv and assume, by
contradiction, that m := SUP|y|>p z(x) > 0. Since lim|x| 0 2(x) = 0, there is R > p such
that z(x) < 2 for |x| > R. Let Q := {x e RY : p < |x| < Rand z(x) > 0}. Then z < 5
on d€2 and, by (2.6),

—Az(x) = —Aw(x) +1Av(x) = f(x) = V(x)wx) + rv(x)h(lx])
= f(x) = V(x)z(x) + tv(x)(h(|x]) — V(x))

—dlx|

< Ce —erv(x) = Ce O —gre ¥l < 0 forevery x € Q.

Then, by the maximum principle, m = maxq z = maxygz < %. This is a contradiction.
Therefore m < 0, namely, w(x) < te~ M for all |x| > p. Arguing similarly for —w and

using that w € L>®(R™) we obtain that |w(x)| < Me **l forall x € RV, as claimed. 0O
We are ready to prove Theorem 1.1.

Proof of Theorem 1.1 Tterating Lemmas 2.4 and 2.5, using that 2p — 1 > 1, one shows that,
for any p; € (0, \/07), there is C > 0 such that |u; (x)| < Ce il for all x € RN and for
alli =1,...,¢.

Now, assume that V; = 1foreveryi =1, ..., fandletu € (0, 1) besuchthat 2p—1)u >
1. By Lemma 2.4, we have that | f; (x)| < Cre~@P=Dulxl for all x € RY. The claim now
follows from [1, Theorem 2.3(c)]. O
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3 Energy estimates for seminodal solutions

In this section we prove Theorem 1.2. Consider the autonomous system (1.4) where N > 4,
1l<p< % and B;; satisfy the assumption (B) stated in the Introduction. According to
the decomposition given by (Bj), a solution u = (uy, ..., ur) to (1.4) may be written in
block-form as

u=uy,...,uy) withu, = (g, +1,...,u¢,), h=1,...,q.

u is called fully nontrivial if every component u; is different from zero. We say that u is
block-wise nontrivial if at least one component in each block uy, is nontrivial.

Following [11], we introduce suitable symmetries to produce a change of sign in some
components. Let G be a finite subgroup of the group O (N) of linear isometries of RY and
denote by Gx := {gx : g € G} the G-orbit of x € RN. Let¢p: G — Zp :={—1,1}bea
homomorphism of groups. A function u : RN — R is called G-invariant if it is constant on
Gx for every x € RN and it is called ¢-equivariant if

u(gx) = ¢p(gu(x) forallg € G, x € RV, (3.1

Note that, if ¢ = 1 is the trivial homomorphism and u satisfies (3.1), then u is G-invariant.
On the other hand, if ¢ is surjective every nontrivial function satisfying (3.1) is nonradial and
changes sign. Define

HI(JRN)¢ ={u e H! @R :uis ¢-equivariant}.

Foreachh =1, ..., g, fix ahomomorphism ¢, : G — Z;. Take ¢; := ¢, foralli € I; and
set ¢ = (¢1, ..., ¢¢). Denote by

H? = H'RY)? x ... x HI(RY)%,
and let 7% : H® — R be the functional given by
1 o 1 <
¢ — 2 - . . .
J% () .—Zglluzll 2p i;]ﬁu ‘/RN|M1|’)|M]|I).

This functional is of class C! and its critical points are the solutions to the system (1.4)
satisfying (3.1). The block-wise nontrivial solutions belong to the Nehari set

N® = {ueH®: |ay| #0and &;, 7 @)i, =0 foreveryh = 1,..., £}.

Note that
¢

K — — 12
0, T wyy, = [[un))* =) . Z Bij /RN i 1P |uj|?,
k=1 (i,j)elxI}
and that 7% (u) = 1’2—;‘||u||2 ifu € N¢. Let
¢® = inf J¢(u).
ueN®
Ifs = (s1,....5) € Rl and u = (uy, ..., u,) € H® we write su := (siuty, ..., s4llq).

The following facts were proved in [8].

Lemma3.1 (i) ¢® > 0.
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160 Page100f16 F. Angeles et al.

(ii) If the coordinates of u € H? satisfy

q
Z Z /ﬂijluilpluj|p>0 foreveryh =1,...,q, (3.2)
RN

k=1 (i,j)el,xIi
then there exists a unique s, € (0, 00)? such that s,u € N®. Furthermore,

T?uu) = max JT%(su).
s€(0,00)4

Proof See [8, Lemma 2.2] or [11, Lemma 2.2]. ]

Lemma 3.2 If ¢® is attained, then the system (1.4) has a block-wise nontrivial solution u =
(uy,...,up) € H®. Furthermore, if u; is nontrivial, then u; is positive if ¢; = 1 and u; is
nonradial and changes sign if ¢; is surjective.

Proof 1t is shown in [8, Lemma 2.4] that any minimizer of 7% on N'® is a block-wise
nontrivial solution to (1.4). If u; # 0 and ¢; is surjective, then u; is nonradial and changes
sign. If ¢; = 1 then |u;| is G-invariant and replacing u; with |u;| we obtain a solution with
the required properties. O

Set Q :={1, ..., g} and fix a decomposition Q = QT U Q= with QT N 0~ = ¢. From
now on, we consider the following symmetries. We write RV = C x C x R¥~* and a point
inRY as (z1, 22, y) € C x C x RN 4,

Definitions 3.3 Let i denote the imaginary unit. For each m € N, let

Ky = {e¥V/m . j=0,....,m—1},
G, be the group generated by K, U {t} U O(N — 4), acting on each point (z1, 22, y) €
CxC xRN *as

/M (21, 20, ) 1= (/M gy, XMy, ), t(z1, 22, ¥) == (22, 21, ¥),
a(z1,22,y) == (z1,z2,y) ifa € O(N —4),

and 0 : G, — Z be the homomorphism satisfying
6>/Mmy =1, 6(r)=—1, and 6H(a)=1 foreverya € O(N-4).

Define ¢y, : G, — Z; by
1 ifheQt,

=g ithe o 3

Due to the lack of compactness, c¢? is not always attained; see e.g. [11, Corollary 2.8(i)].
A sufficient condition for this to happen is given by the next lemma. We use the following
notation. If Q" € Q := {1, ..., g} we consider the subsystem of (1.4) obtained by deleting
all components of uj, for every h ¢ Q’, and we denote by 7. 3, and Ng, the functional and
the Nehari set associated to this subsystem. We write

( : ¢
cy, = inf J/), (u).
Q ue/\/'g, e

If Q' = {h} we omit the curly brackets and write, for instance, cf or j}? .
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Lemma 3.4 (Compactness) Let N #= 5, m > 5 and ¢ : G, — Zy be as in (3.3). If, for
eachh € Q :={1,...,q}, the strict inequality
) —1y o2
C¢ - Co(h) +ml"«hpz7”w” . ifhe Q+a

- : - (3.4)
oy +2mun B o2, ifh e 0™,

holds true, then c® is attained, where w is the positive radial solution to (1.7) and py, is given
by (1.5).

Proof This statement follows by combining [11, Corollary 2.8(i7)] with [11, Equation (5.1)].
O

To verify condition (3.4) we introduce a suitable test function. Fix m > 5 and let K, be
as in Definitions 3.3. If h € Q7T, we take ¢, := (%, % 0) and, for each R > 1, we define

opR(x) = Z w(x — Rgty), xeRV.
8€Km
Ifh € Q~ we take ¢, := (1, 0, 0) and we define
Ghr(x) = Y ¢n(@ w(x — Rg&n), x €RY,
8eGy,

where w is the positive radial solution to (1.7) and G/, is the subgroup of G,, generated by
K, U {t}. Note that 5,z (gx) = ¢ (g)Gnr (x) for every g € G, x € RV Let

OhR ‘= thROKR. (3.5)

where ;g > 0 is chosen so that ||oyg % = / |ohR|2p.
RN

Lemma3.5 If m > 5, then, for each h € {1, ..., q}, there exist t, = (t¢, ,+1,...,1s,) €
(0, 00)en =1 gnd Cy, Ry > 0 such that thopg = (tej_y+10hRs - - - Le, OR) € ./\/'Z’ and

Rdy,

Jh (thonr) < 1Gmnl pn o ||w|| — Coe™ Jforevery R > Ry,

where |Gy, &p| is the cardinality of the Gy,-orbit of &y, i.e., |Gy = m ifh € QT and
|Gmin| =2mifh € Q~, and

dp = |1 —e2miim. (3.6)
Proof Take 7, = (ty, ,+1,---,1,) € (0, 00)% %=1 such that
2= Bt =
iEIh l]EI;,
and apply [11, Proposition 4.1(7) and Lemma 4.4]. O

Proof of Theorem 1.2 Assume (B1) and let ¢, : G,,, — Z be given by (3.3). For ¢ = 1 and
m > 5 itis proved in [11, Corollary 4.2 and Proposition 4.5] that ¢? is attained at u € N'¢
satisfying

lull* = pillol?if @7 = {1} and  [ul? < 2mpuillol?if 0~ = {1}.

Taking m = 5 gives statement (b).
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Fix m = 6. We claim that ¢? is attained and that the estimate (c) holds true for every
g > 2. To prove this claim, we proceed by induction. Assume it is true for ¢ — 1 with g > 2.

We will show that the compactness condition (3.4) holds true. Using a change of
coordinates, it suffices to argue for # = ¢. By induction hypothesis there exists w =
(Wi, ..., wy-1) € /\/g\{q
asin (3.5) and take 7, € (0, 00)*~%-! asin Lemma3.5. Setwyg = wy, forh =1,...,q¢—1
and wyp = fqoqR, and define wg = (wig,...,wer) = (WiR,..., Wyr). Then, as

such that Jg\{q}(w) = cg\{q}. For each R > 1 let o4g be

w e N, ¢\ ) and the interaction between the components of w and o4g tends to O as
R — 00, we have that wg satisfies (3.2) for large enough R and, as a consequence, there
exist Rj > 0 and (sig, ..., 5;r) € [1/2,2]7 such that (sigWIR, - .., SqrWgr) € N® if
R > Ry.Setug = (iR, ..., ugr) := (SIRWIR, - - ., SgrWqr)- Using that w € Ng\{q} and

t404R € /\/f , from the last statement in Lemma 3.1(ii) and Lemma 3.5 we derive

TP ug) = Znumn —— Z ﬂ,,f luirl”lujr|”

1]1

-1
, 15
= Jg\{q}(w) + 78 Gqoqr) — — Yo > B /RN Isnrwirl”|sgrw;rl”

h=1 (i, j)elx1,

< ) H1Gmtnl g 5t o) — Coe_Rd’"-l-ClZZ/ |wir|”logrl”.
h=1 i€l

if R > max{Ry, R}, where Cq and C| are positive constants and d,, is given in (3.6).
It is well known that | (x)| < Ce™"™! and, as w solves a subsystem of (1.4), Theorem 1.1
asserts that
lwir(x)] < Ce ™™ foreveryi e I withh =1,...,q — 1.

Therefore, for every g € G,

/ vl lo (- — Reggnl” < € / e rlemrRealdy < ce™.
R R

So, if p > d,,,, we conclude that

< g+ 1Gmnl g Bt ool

and, by Lemmas 3.4 and 3.2, ¢? is attained at a block-wise nontrivial solution z of (1.4) such
that every component of iy, is positive if # € Q% and every component of %, is nonradial
and changes sign if 7 € Q™. Furthermore, since we are assuming (B>) and (B3) with C, as
in (3.7) below, [11, Theorem 3.3] asserts that u is fully nontrivial.

Finally, note that p > 1 = d,,, becausem = 6.As|G,,{;| = 6ifh € QT and |G, & = 12
if h € O, the estimate in statement (c¢) follows by induction. ]

Remark 3.6 If m = 5 and p > d,, we arrive to a similar conclusion, where, in this case,
the constant by, in statement (b) is Sif h € Q+ and itis 10 if » € Q~. Note, however, that
numbers p satisfying ds = 2sin 3 < p < N ~—5 existonly for N < 13.
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Remark 3.7 For ¢, as in (3.3), the constant C,, > 0 appearing in (B3) depends on N, p, q,
and Q7. It is explicitly defined in [11, Equation (3.1)] as

p

d
c,=|—P% | . 3.7)

p

p—1
(p=DS;

where

2P @ievg)eUd

with U® = {(v1, ..., vy) : vy € H' RV {0}, flupll®> = |vh|§§, vk = 0 if h # k},
and

2
o Bl
S¢ := min 7

h=1,...q veH!(RN)%h ~ {0} Ivlzp

Remark 3.8 In the proof of Theorem 1.2 we use [1, Theorem 2.3], which also characterizes
the sharp decay rate for positive components by providing a bound from below. This kind of
information can be useful to show uniqueness of positive solutions for some problems, see
[4, Section 8.2].

To conclude, we discuss some special cases.

Examples 3.9 Assume (B;) and let p € (1, %).

(a) If g = 1 the system (1.4) is cooperative and more can be said. Indeed, it is shown in [11,
Corollary 4.2 and Proposition 4.5] that, if (B5) is satisfied, then (1.4) has a synchronized

solution u = (fu, . .., teu), where (11, ..., t¢) € (0, c0)¢ is a minimizer for (1.5) and u
is a nontrivial ¢-equivariant least energy solution of the equation
—Au+u=u*u, ueH R (3.8)

Here, if 9+ = {1}, then ¢ = 1 (and therefore u = ) and lul> < p1llew||?. On the other
hand, if 9~ = {1}, then ¢ : G,,;, — Z; is the homomorphism 6 given in Definitions 3.3
and [|lu||* < 10p |||
(b) If ¢ = £ > 2 the system (1.4) is competitive, i.e.,, ;; > O and B;; < 0if i # j.
1
Assumptions (B2) and (B3) are automatically satisfied and, as u; = B;; 7! the estimate
in Theorem 1.2(c) becomes

1 1

i < | min (a;8,7 "+ > b7 | Nl
JjeQ . .
ieQ~i}
_ 1
(610F1+ 121071 =5) B, " llwl? if OF # 0,
__1
1210718, " lol? if 0t =4,

where |QF| denotes the cardinality of O and By := min{Bi1, ..., Bu}
(¢) Similarly, for any g > 2, the estimate in Theorem 1.2(c) yields

. < ] 61271121071 =5) willel® if OF %4,
- 12107 1 ualel? it 0+ = .
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where (s = max{uy, ..., g}

Assumptions (B;) and (B3) guarantee that u is fully nontrivial. Note that the left-hand
side of the inequality in (B3) depends only on the entries of the submatrices (8;;);, jer,»
h =1,...,q, whereas the right-hand side only depends on the other entries. So, if the
former are large enough with respect to the absolute values of the latter, (B3) is satisfied.
For example, if we take ¢ = 2g and the matrix is

A A BizPia Bis ... Bu

A A B3P Pos ... Bu
B3t B2 A A Bas ... B
Bar Paz A A Bas ... Pa
/3@;11 . e Be—t1e—2 A )»
Ber ver Bre—2 A A

with A > O and B;; = B;; < 0, then (By) and (B;) are satisfied. If, additionally,

2p—1
=47 (g —1C, and Bl < 1.

then, foranyh =1,...,q,

p—1
min max §j; P

q
. h=1,...q i€l =
(, min ﬂ,j) Tt =x[—} > Cdlg—1 = C Y Y 1Bl
{i.j}eEn Z ﬂij 4 k=1 iely
i,jel k#h jely

so (Bs3) is satisfied.
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A An auxiliary result

LemmaA.1 Foreveryr > 1 there is a linear operator E, : H'(RN . B,) — H'(RN) such
that, for every u € HI(RN ~ B)),
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() E;u =uae inRN B,
G0) |Erul3 < Cilulfomn gy
@ii) [ Erull® < Cillul gy g
Sfor some positive constant C| depending only on N and not on r. As a consequence, given
pe(, %) there is a positive constant C depending only on N and p such that

lulp2r @y gy < Cllull gy p,y foreveryu € H' (RN <\ B,)and everyr > 1.

Proof Fix a linear (extension) operator E; : H'(RY < B;) — H!'(R") and a positive
constant Cy satisfying (i), (i7) and (iii) for r = 1; see e.g. [16, Theorem 2.3.2]. For r > 1,
set (x) := u(rx) and, foru € H' (RN < B,), define

(E0 () = (Ei(2).

Then,ﬁ: Equ. Clearly, E, satisfies (i). Note that |z]
that

N |u| d

2 _ 2
L2RNBy) = L2®RN < B,) 4D

~2 _ —N 2 2 2
Ay (/RN\B (P 1val + 1ul ))

Similar identities hold true when we replace RN < B; and RY < B, with R . Therefore,
—N 2 _ i o2 ~2 ~12 -N 2
r | Ewuly = |Eruly = |Equly < C1”u||L2(RN\Bl) =r C1|M|L2(]RN\B,)’

which yields (ii). Furthermore,
N ( [, (o + |Eru|2)> = IEul? = | B
RN

= Cll@l gy gy =7 (/RN\B (rz‘wlz + |"|2)> '

This inequality, combined with (ii), yields
PIEP = [ (PIVER +ER) + 02 =1 [ 1Bl
RN RN

soif (PP sP)rae -0 [ R =R
RN\ B, RN\ B, HI®RY~By)

which gives (iii).

For p € (1, %) let Co = C»2(N, p) be the constant for the Sobolev embedding
H'(RY) c L?’(RY). Then, for any u € H'(RY ~ B,), using statements (i) and (iii)
we obtain

2 2 2 2
|M|L2”(RN\Br) S |Eru|2p f C2||Eru” S CZCIHMHHI(RN\Br)a

as claimed. O
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