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Abstract

We establish a Rademacher type theorem involving Hamiltonians H (x, p) under very weak
conditions in both of Euclidean and Carnot-Carathéodory spaces. In particular, H (x, p)
is assumed to be only measurable in the variable x, and to be quasiconvex and lower-
semicontinuous in the variable p. Without the lower-semicontinuity in the variable p, we
provide a counter example showing the failure of such a Rademacher type theorem. Moreover,
by applying such a Rademacher type theorem we build up an existence result of absolute
minimizers for the corresponding L°°-functional. These improve or extend several known
results in the literature.
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1 Introduction

Let Q C R” be a domain (that is, an open and connected subset) of R” with n > 2. We first
recall Rademacher’s theorem in Euclidean spaces. See Appendix for some of its consequence
related to Sobolev and Lipschitz spaces.

Theorem 1.1 Ifu : Q@ — R is a Lipschitz function, that is,
lu(x) —u(y)| < Alx —y| Vx,y e Q forsome( < A < 00, (1.1)

then, at almost all x € 2, u is differentiable and |Vu(x)| = Lipu(x). Here |Vu(x)| is
the Euclidean length of the derivative Vu(x) at x, and Lipu(x) is the pointwise Lipschitz

constant at x defined by

Lipu(x) := lim sup M (1.2)
y—x ly — x|

The above Rademacher’s theorem was extended to Carnot-Carathéodory spaces (€2, X),
where X is a family of smooth vector fields in 2 satisfying the Hormander condition (See
Sect. 2). Denote by Xu the distributional horizontal derivative of u € Llloc (R2). Write dcc
as the Carnot-Carathéodory distance with respect to X. One then has the following; see [19,
21, 24, 36] and, for the better result in Carnot group and Carnot type vector field, see [40,

42].
Theorem 1.2 Ifu : 2 — R is a Lipschitz function with respect to dcc, that is,
lu(x) —u(y)| < Adcc(x,y) Vx,y € Q2 forsome(Q <Xt < 00, (1.3)

then, Xu € L°° (2, R™) and, for almost all x € 2, the length | Xu(x)| < A.

Under the additional assumption that X is a Carnot type vector field in 2, or in particular,
(2, X) is adomain in some Carnot group, one further has | Xu(x)| = Lipdcc u(x) for almost
all x € Q, where Lipdccu(x) is defined by (1.2) with |y — x| replaced by dcc(y, x).

This paper aims to build up some Rademacher type theorem involving Hamiltonians
H (x, p) in both of Euclidean and Carnot-Carathéodory spaces. Throughout this paper, the
following assumptions are always held for H (x, p).

Assumption 1 Suppose that H : Q x R™ — [0, 400) is measurable and satisfies
(H1) Foreach x € Q, H(x, -) is quasi-convex, that is,
H(x,tp+(1—1)q) <max{H(x, p), H(x,q)}, VYp,q e R", Vit e[0,1]andVx € Q.

(H2) Foreach x € , H(x,0) = min,cgm H(x, p) =0.
(H3) It holds that Ry < oo forall A > 0, and lim; _, oo Ri = 00, where and in below,

Ry :=sup{|p|| (x,p) € 2 x R™ H(x, p) <A}
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and
R, :=inf{|p| | (x, p) € 2 x R™, H(x, p) > A}.
For any A > 0, we define

dy(x,y) =sup{u(y) —u(x) |u e W)l(’oo(Q) with [|H (-, Xu)|po@) <A} Vx,y e Q.
1.4)
Recall that W;(’OO(Q) denotes the set of all functions u € L°°(2) whose distributional
horizontal derivatives Xu € L°°(2; R™). It was known that any function u € W)I(’OO(Q)
admits a continuous representative u; see [21, Theorem 1.4] and also Theorem 2.3 and
Remark 2.4 below. In this paper, in particular, in (1.4) above, we always identify functions in
W}](’Oo (£2) as their continuous representatives. We remark that d;, is not a distance necessarily,
but Lemma 2.9 says that dj, is always a pseudo-distance as defined in Definition 2.8 below.
Given any A > 0, by the definition (1.4), if u € V'V)l(’oo(U) and || H (-, Xu)|l L@y < A,
then u(y) — u(x) < dy(x,y) Vx,y € Q. It is natural to ask whether the converse is true or
not. However, such converse is not necessarily true as witted by the Hamiltonian

Lipll =max{t e N||p| —1>0} VxeQ, peR™; (1.5)

for details see Remark 1.9 below. The point is that ||p]|] is not lower-semicontinuous.
Below, the converse is shown to be true if H(x, p) is assumed additionally to be lower-
semicontinuous in the variable p, that is,

(HO) For almost all x € @, H(x, p) < liminf,,, H(x,q) VYp e R".

Theorem 1.3 Suppose that H satisfies (H0O)-(H3). Given any » > 0 and any function u :
Q — R, the following are equivalent:

(i) u € Wy™ () and ||H (-, Xu)|| (@) < As
(ii) u(y) —u(x) <d)(x,y)Vx,y € Q;
(iii) For any x € 2, there exists a neighborhood N (x) C Q2 such that

u(y) —u(z) =dp(z,y) Vy,z € N(x).
In particular, ifu : Q — R satisfies any one of (i)-(iii), then
|H (-, Xu)| Lo (@) = inf{A > O | A satisfies (ii)} = inf{A > 0 | A satisfies (iii)}.  (1.6)

Using Theorem 1.3, when A > Ay we prove that dj_has a pseudo-length property, which
allows us to get the following. Here and below, define

Ay :=inf{A > 0| R} > 0}. (1.7)

Since R defined in (H3) of Assumption 1 is always nonnegative and increasing in A > 0
and tends to co as A — oo, we know that 0 < Ly < oo, and moreover, A > Ag if and only
if R, > 0.

A

Theorem 1.4 Suppose that H satisfies (H0)-(H3). Given any . > Ay and any function

u: Q — R, the statement (i) in Theorem 1.3 is equivalent to the following

(iv) Forany x € , there exists a neighborhood N (x) C Q such that

u(y) —u(x) =d(x,y) Vy e N(x).
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In particular, if u : Q — R satisfies (iv), then
max{ig, [|H (-, Xu)||Le@} = min{A > Ay | A satisfies (iv)}. (1.8)

As a consequence of Theorem 1.3 and Theorem 1.4, we have the following Corollary
1.5. Associated to Hamiltonian H (x, p), we introduce some notion and notations. Denote
by W;%(R) the collection of all u € Wy () with || H (-, Xu)|| (@) < oo. Denote by
Lipy (€2, X) the class of functions u : 2 — oo satisfying (ii) for some A > 0 equipped with
(semi-)norms

Lipy (u, ) = inf{A > Ay | A satisfies (ii)}. (1.9

Denote by Lip7, () the collection of all functions u with
Lip}, (u, ) = sup Lipyu(x) < oo,
xeQ
where we write the pointwise “Lipschitz" constant
Lipyu(x) = inf{A > Ay | A satisfies (iv)}. (1.10)

Thanks to the right continuity of the map A € [Ay, 00) — d, (x, ¥) as given in Lemma 4.3,
the infima in (1.9) and (1.10) are actually minima.

Corollary 1.5 Suppose that H satisfies (HO)-(H3) with Ay = 0. Then WIIJ’OO(Q) =
Lipy (Q2) = Lipj}, () and

I1H (-, Xu)llL=) = Lipy (u, Q) = Lipy (u, Q).

Next, we apply the above Rademacher type property to study a minimization problem
for L°°-functionals corresponding to the above Hamiltonian H (x, p) in both Euclidean and
Caratheddory spaces:

Fu,U) = HH(., X”)HLOC(U) forany u € W;(’voo (U) and domain U C Q.

loc

Aronsson [1-3, 5] in 1960’s initiated the study in this direction via introducing absolute
minimizers. A function u € W)l(”olzc (U) is called an absolute minimizer in U for H and X
(write u € AM(U; H, X) for short) if for any domain V & U, it holds that

F(u,V) < F(v, V) whenever v € W)I(’OO(V) N C(V) and “‘av = v‘av.

Here and throughout this paper, for domains A and B, the notation A € B stands for that A
is a bounded subdomain of B and its closure A C B.

The existence of absolute minimizers with a given boundary value has been extensively
studied. Apart from the pioneering work by Aronsson mentioned above, we refer the readers
to [7,9, 12, 14, 15, 26, 33] and the references therein in the Euclidean setting. For the exis-
tence results in Heisenberg groups, Carrot-Carathéodory spaces and general metric spaces
with special type of Hamiltonians, we refer the readers to [10, 34, 3638, 47]. Usually, there
are two major approaches to obtain the existence of absolute minimizers. When dealing with
C? Hamiltonians, one usually transfers the study of absolute minimizers into the study of vis-
cosity solutions of the Aronsson equation (the Euler-Lagrange equation of the L°°-functional
F). Thus, to get the existence of absolute minimizers, it suffices to show the existence of
the corresponding viscosity solutions. This approach was employed, for instance, in [3, 4, 9,
15,25, 33, 47]. To study the the existence of absolute minimizers for Hamiltonians H (x, p)
with less regularity, one efficient way is to use Perron’s method to first get the existence of
absolute minimizing Lipschitz extensions (ALME), and then show the equivalence between
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ALME:s and absolute minimizers. This idea was adopted in [1, 2, 7, 26, 34, 37, 38]. To see
the close connection between ALMES and absolute minimizers, we refer the readers to [17,
35, 36] and references therein.

Theorem 1.3, Theorem 1.4 and Corollary 1.5 allow us to apply Perron’s method directly
and then to establish the following existence result of absolute minimizers. This is partially
motivated by [12]. However, since we are faced with measurable Hamiltonians, there are
several new barriers to be overcome as illustrated at the end of this section.

Theorem 1.6 Suppose that H satisfies (HO)-(H3) with .y = 0. Given any domain U € Q
and g € Lip,,..(0U), there must be a function u € AM(U; H, X) N Lip,,..(U) so that
ulyy = 8.

Theorem 1.3, Theorem 1.4, Corollary 1.5 and Theorem 1.6 improve or extend several
previous studies in the literature including Theorem 1.1 and Theorem 1.2 above; see Remark
1.7 and Remark 1.8 below.

Remark 1.7 (i) In Euclidean spaces, that is, X = {3871_}151'5,1, if H(x, p) = |p|, then
Corollary 1.5 coincides with Lemma 6, which is a consequence of Theorem 1.1. In
Carnot-Carathéodory spaces (2, X), if H(x, p) = |p|, then Corollary 1.5 coincides
with Lemma 2.7, which is a consequence of Theorem 1.2.

(i) In Euclidean spaces, if H(x, p) is lower semi-continuous in U x R", H(x, -) is quasi-
convex foreach x € U, and satisfies (H2) and (H3), (ii)<>(i) in Theorem 1.3 was proved
in Champion-De Pascale [14] (see also [6, 15] for convex H (p) in Euclidean spaces).
The proof in [14] relies on the lower semi-continuity in both of x and p heavily, which
allows for approximation H (x, p) via a continuous Hamiltonian in x and p. But such
an approach fails under the weaker assumptions (HO)&(H1) here. We refer to Sect. 7
for more details and related further discussions.

(iii) Inboth Euclidean and Carrot-Carathéodory spaces, if H (x, p) = +/(A(x)p, p), where
A(x) is a measurable symmetric matrix-valued function satisfying uniform ellipticity,
then Theorem 1.3 was established in [36, 38]. The proofs therein rely on the inner
product structure, and also do not work here. For measure spaces endowed with strongly
regular nonlocal Dirichlet energy forms, where the Hamiltonian is given by the square
root of Dirichlet form, we refer to [22, 37, 38, 44] for some corresponding Rademacher
type property.

(iv) Under merely (HO)-(H3), one can not expect that Lipg(x) = H(x, Xu(x)) almost
everywhere. Recall that in Euclidean spaces, there does exist A(x), which satisfy-
ing Remark 1.7(iii) above, so that such pointwise property fails for the Hamiltonian

V(A(x)p, p). For more details see [36, 46].

Remark 1.8 (i) In Euclidean spaces, that is, X = {a%l_}lfiin, if H(x, p) is given by
Euclidean norm and also any Banach norm, the existence of absolute minimizers
was established in Aronsson [1, 2] and Aronsson et al [7]. If H(x, p) is given by
J(A(x)p, p) with A being as in Remark 1.7 (iii) above, existence of absolute mini-
mizers is given by [36] with the aid of [35]. In a similar way, with the aid of [35], Guo
et al [26] also obtained the existence of absolute minimizers if H (x, p) is a measurable
function in  x R”, and satisfies that % < H(x,p) <Cforallx € Qand p € sn=1
where C > 1 is a constant, and that H (x, np) = |n|H (x, p) forallx € ©, p € R" and
neR.

(ii) In Euclidean spaces, if H (x, p) is continuous in both variables x, p and quasi-convex
in the variable p, with an additional growth assumption in p, Barron et al [9] built up
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the existence of absolute minimizers. If H (x, p) is lower semi-continuous in x, p and
quasi-convex in p and satisfies (H1)-(H3), Champion-De Pascale [14] established the
existence of absolute minimizers with the help of their Rademacher type theorem in
Remark 1.7(ii). Recall that the lower semi-continuity of H plays a key role in [14] to
obtain the pseudo-length property for dj.

(iii) In Heisenberg groups, if H (x, p) = %l p|2 we refer to [10] for the existence of absolute
minimizers. In any Carnot group, if H € C%(Q2 x R™), D%I,H(x, -) is positive definite,
and there exists & > 1 such that

Hx,np)=n"H(x,p) VxeQ, n>0, peR", (1.11)

then the existence of absolute minimizers was obtained by Wang [47] via considering
viscosity solutions to the corresponding Aronsson equations.

The following remark explains that, without the assumption (HO), Theorem 1.3 does not
necessarily hold.

Remark 1.9 The Hamiltonian H (x, p) = ||p]|] given in (1.5) satisfies (H1)-(H3) but does
not satisfy (HO). Given any A € (0, 1), we have

d(x, y) = sup{u(y) — u(x) | u € Wy () with | H (-, Xu) | o) = | [IXullllz=) < A}
= sup(u(y) — u(x) | u € Wy™ () with || Xull| L~ < 1)
=dcc(x,y) Vx,y e Q.

Fix any z € Q and write u(x) = d,(z, x) Vx € Q. By the triangle inequality we have

u(y) —u(x) =dy(z,y) —dp(z, x) < dy(x,y)

Recall that, when X = {%}15.,-5,, or when X is given by Carnot type Hérmander vector

fields, one always has | Xdcc(z, -)| = 1 almosteverywhere; see [40]. For such X, we conclude
that

NH(, Xu)llpe@) =1 > A.
Thus Theorem 1.3 fails.

The following remark explains the reasons why we need A > Ay in Theorem 1.4, and
why we assume Ay = 0 in Theorem 1.6. Note that, in Theorem 1.3 where Ay maybe not 0,
we do get the equivalence among (i), (ii) and (iii) for any A > 0.

Remark 1.10 (i) To prove (iv) in Theorem 1.4 = (i) in Theorem 1.3, we need a pseudo-
length property for dj, as in Proposition 4.1. When A > Ay (equivalently, R} > 0), to
get such pseudo-length property for d;,, our proof does use Rj > 0 so to guarantee that
the topology induced by {d, (x, -)}xeq (See Definition 2.8) is the same as the Euclidean
topology; see Remark 4.4. When A = Ay, we get such pseudo-length property for dj ,
via approximating by d;,, 4 with sufficiently small € > 0.

(i) Whenig > 0and 0 < A < Ay, we do not know whether dj, enjoys such pseudo-length
property. We remark that there does exist some Hamiltonian H (x, p) which satisfies
the assumptions (HO)-(H3) with Ly > O (that is, for some A > O, Rj\ = 0) ; but
for 0 < A < Ap, the topology induced by {d, (x, -)}xcq does not coincide with the
Euclidean topology; see Remark 2.11 (ii).
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(iii) To get the existence of absolute minimizers, our approach does need Theorem 1.4 and

also several properties of 4V, whose proof relies heavily on the pseudo-length property
for d, and R;\ > 0. In Theorem 1.6, we assume Ay = 0 so that we can work with all
Lipschitz boundary g so to get existence of absolute minimizer.
In the case Ay > 0, our approach will give the existence of of absolute minimizer
when the boundary g : dU — R satisfies u(g, 9U) > Ay, but does not work when
u(g,0U) < Ap. Here (g, 0U) is the infimum of A so that g(y) —d(x) < dfj(x, y)
forallx,y € 0U.

The paper is organized as below, where we also clarify the ideas and main novelties to
prove Theorem 1.3, Theorem 1.4 and also Theorem 1.6. We emphasize that in our results
from Sects 2, 3, 4, 5 and 6, X is a fixed smooth vector field in a domain 2 and satisfies
the Hormander condition; and that the Hamiltonian H (x, p) always enjoys (HO)-(H3). In all
results from Sects. 5 and 6, we further assume A g = 0.

In Sect. refspsl, we state several facts about the analysis and geometry in Carnot-
Carathéodory spaces employed in the proof.

In Sect. 3, we prove (i)<(ii)<>(iii) in Theorem 1.3. Since (i)=>(ii) follows from the
definition and that (ii)=>(iii) is obvious, it suffices to prove (iii)=-(i). To this end, we borrow
some ideas from [22, 36, 44, 45], which were designed for nonlocal Dirichlet energy forms
originally.

The key is that, by employing assumptions (HO), (H1) and Mazur’s theorem, we are able to
prove thatif v; € WJI(’OO(Q) with [|H (-, Xvj)|lLx@@) < Aandv; — vin () as j — oo,
then v € W)l(’OO(Q) with || H (-, Xv)|l1=~) < A; see Lemma 3.1 for details. Thanks to this,
choosing a suitable sequence of approximation functions via the definition of d,, we then
show that

dy(x,-) € W)l(’oo(Q) and || H (-, Xdy.(x, ) |lLx@@) < Aforall A > Oand x € Q.

See Lemma 3.3. Given any u satisfying (iii), we construct approximation functions u ; from
d, and use Lemma 3.4 to show H(x, Du;) < A. Thatis (i) holds.

In Sect. 4, we prove (iii) in Theorem 1.3 < (iv) in Theorem 1.4. Since (iii)=-(iv) is
obvious, it suffices to show (iv)=(iii).

This follows from the pseudo-length property of pseudo metric d) in Proposition 4.1.
To get such a length property we find some special functions which fulfill the assumption
Theorem 1.3(iii), and hence we show that the pseudo metric dj,_has a pseudo-length property.

In Sect. 5, we introduce McShane extensions and minimizers, and then gather several
properties of them and pseudo-distance in Lemma 5.2 to Lemma 5.9, which are required in
Sect. 6. These properties also have their own interests.

Given any domain U € €2, via the intrinsic distance d/{] induced from U, we introduce
McShane extensions S;V ofany g € Lip,..(dU) in U. There are several reasons to use d{"

other than d,, for example, d)fj has the pseudo-length property in U but the restriction of d,
may not have; moreover, Theorem 1.3, and Theorem 1.4 holds if (€2, d;) therein is replaced
by (U, d/{j), but not necessarily hold if (€2, d;) therein is replaced by (U, d,). However, the
use of dfj causes several difficulties. For example, dfj may be infinity when extended to U.
This makes it quite implicit to see the continuity of McShane extensions around dU from
the definition. In Lemma 5.6, we get such continuity by analyzing the behaviour of d)fj near
dU. Moreover, as required in Sect. 6, we have to study the relations between df and d)f/ for
subdomains V of U in Lemma 5.3 and Lemma 5.4.

In Sect. 6, we prove Theorem 1.6 in a constructive way by using above Rademacher type
property and Perron’s approach, where we borrow some ideas from [9, 12, 14].
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The proof consists of crucial Lemma 6.2, Lemma 6.4 and Proposition 6.5. Lemma 6.2 says
that McShane extensions S; y in U of function g in 9U are local super/sub minimizers in U.

Since S;,t, y are the maximum/minimum minimizers, the proof of Lemma 6.2 is reduced to

showing that for any subdomain V C U, the McShane extensions Shii v in V with boundary
+ . ’

ht = Sg;U|3v satisfy

Sy ) = Sy () <df (x,y) forall x,yeV;
see Lemma 5.8 and Lemma 5.9 and the proof of Lemma 6.2. However, since Lemma 5.6
only gives

SE0) =Sk, (1) =df (x,y) forallx, y €V,

we must improve dkv (x, y) here to the smaller one d/{/ (x, v). To this end, we show d.) = d){'/
locally in Lemma 5.3, and also use the pseudo-length property of d ){J heavily. Lemma 6.4 says
that a function which is both of local superminimizers and subminimizer must be an absolute
minizimzer. To get the required local minimizing property, we use McShane extensions to
construct approximation functions and also need the fact d)Y = d)t/ \Wihisizn 30 V « V as
in Lemma 5.4. Proposition 6.5 says that the supremum of local subminimizers are absolute
minimizers. Due to Lemma 6.4, it suffices to prove the local super/sub minimizing property
of such a supremum. We do prove this via using Lemma 6.2 and Lemma 5.9 repeatedly and
a contradiction argument.

In Sect. 7, we aim at explaining some obstacles in using previous approach to establish the
Rademacher type theorem and the existence of absolute minimizers. Indeed, in the literature
to study Hamiltonians with better regularity or homogeneity, for instance, [14, 26], another
intrinsic distance dj, is more common used in those proof which is hard to fit our setting.

In Appendix, we revisit the Rademacher’s theorem in the Euclidean space to show that
Theorem 1.3 and Corollary 1.5 are indeed an extension of the Rademacher’s theorem.

2 Preliminaries

In this section, we introduce the background and some known results related to Carnot-
Carathéodory spaces employed in the proof.

Let X := {X1, ..., X;;} for some m < n be a family of smooth vector fields in €2 which
satisfies the Hormander condition, that is, there is a step k > 1 such that, at each point,
{X;}/_, and all their commutators up to at most order k generate the whole R". Then for
eachi =1, ---,m, X; can be written as

n
J .
Xi = Zbllaixl in Q
=1

with b;; € C®°(Q) foralli =1,--- ,mandl =1,---,n.
Define the Carnot-Carathéodory distance corresponding to X by
dec(x,y) ==inf{lge. (v) | ¥ € ACH(O, 15 x, y; Q)} 2.1

Here and below, we write y € ACH(0, 1; x, y; Q)ify : [0, 1] — Qisabsolutely continuous,
y(0) = x, y(1) = y, and there exists measurable functions ¢; : [0, 1] > Rwith1 <i <m
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such that y (1) = Y_1"; ¢; (1) X; (¥ (t)) whenever y (1) exists. The length of y is

1 1 m
tace () :=/0 |)>(t)|dt=/0 > cnar.
i=1

In the Euclidean case, we have the following remark.

Remark 2.1 In Euclidean case, that is, X = {%} I<i<n, One has dcc coincides with the
intrinsic distance d,? as given in (A.2). In particular, dcc(x, y) = dg (x,y) forallx,y € Q
with |x — y| < dist (x, 92). When € is convex, one further have and dcc(x, y) = [x — y|
for all x, y € ©; however, when 2 is not convex, this is not necessarily true. See Lemma A.4
in Appendix for more details.

Since X is a Hormander vector field in €2, for any compact set K C €2, there exists a
constant C(K) > 1 such that

_ 1
C(K) 'x —yl <dcc(x,y) < C(K)|x —y|¥ Vx,y €K,

see for example [41] and [27, Chapter 11]. This shows that the topology induces by (€2, dcc)
is exactly the Euclidean topology.

Given a function u € LlloC (R2), its distributional derivative along X; is defined by the

identity
(Xiu, p) = / uXj¢dx forall ¢ € C3°(Q),
Q
where X7 = — > alxl(b,-p) denotes the formal adjoint of X;. Write X* = (X{, ---, X}).
We call Xu := (Xu,---, X,,u) the horizontal distributional derivative for u € Ll10C ()

and the norm | Xu| is defined by

| Xu| =

m
Z|X,~u|2.
i=1

For 1 < p < oo, denote by W)l(’p (R2) the p-th integrable horizontal Sobolev space, that is,

the collection of all functions u € L%OC (2) with its distributional derivative Xu € LP ().

Equip W)I(‘p(Q) with the semi-norm ||u|| W) = NXulllLr(g)-

The following was proved in [23, Lemma 3.5 (ID)].

Lemma22 Ifu € Wy (U)with1 < p < coandU € , thenut = max{u, 0} € Wy” (U)
with Xut = (Xu) x(xev|u>0) almost everywhere.

We recall the following imbedding of horizontal Sobolev spaces from [24, Theorem 1.4].
ForanysetU C €2, the Lipschitzclass Lip,,. .. (U) is the collection of all functionsu : U — R
with its seminorm
|u(x) —u(y)l
—— <>

Li ,U) =
pdcc (v ) x#y,x,yeU dcc(X, y)

Theorem 2.3 For any subdomain U € L, if u € W;(’OO(U), then there is a continuous
function i € Lipy,..(U) with u = u almost everywhere and

Lipge (@, U) < CWU. )= @) + oo )
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Remark 2.4 For any u € W)l(‘OO(U ), we call above # given in Theorem 2.3 as the continuous
representative of u. Up to considering u, in this paper we always assume that u itself is
continuous.

We have the following dual formula of d¢c.
Lemma 2.5 Forany x,y € Q, we have
dec(x,y) = sup{u(y) —u(x) |u € W;I(’OO(Q) with ||| Xul|| L) < 1}. (2.2)

To prove this we need the following bound for the norm of horizontal derivative of smooth
approximation of functions in W)I(’OO(Q), see for example [27, Proposition 11.10]. Denote
by {ne}ee(o,1) the standard smooth mollifier, that is, 1 (x) = e’”n(f) Vx € R", where n €
C°°(R") is supported in unit ball of R” (with Euclidean distance), > 0 and fRn ndx = 1.

Proposition 2.6 Given any compact set K C 2, thereiseg € (0, 1) suchthatforanye < ek
171,00
and u € Wy~ (2) one has

|X (% ne) ()] < [l Xulllzeo@) + Ae(u) Vx € K, (2.3)
where A¢(u) > 0 and lim¢_,0 Ac(u) — O in K.
Proof of Lemma 2.5 Recall that it was shown by [32, Proposition 3.1] that
dec(x,y) = sup{u(y) —u(x) |u € C(Q) with [ XulllLo@) < 1} Vx,y € Q. (24)
It then suffices to show that for any u € W)l(’oo(Q) with ||| Xu]|| L) < 1, we have
u(y) —u(x) <dcc(x,y) Vx,y € Q.

Note that u is assumed to be continuous as in Remark 2.4.

To this end, given any x,y € €, for any ¢ > O there exists a curve y. C
ACH(O0, 1; x, y; ) such that £4.. (Ye) < (1 + €)dcc(x,y). We can find a domain U € @
such that y. C U. It is standard that u % 5, — u uniformly in U and hence

u(y) —u(x) = lim[u % n,(y) — u *n,(x)].
t—0
Next, by Proposition 2.6, for 0 < ¢ < tz; one has

X (u 5 1) (@) < I XulllLe@) + Au(z) VzeU,

and moreover, A;u(z) — 0 uniformly in Uast — 0. Obviously, we can find lg <ty
such that for any 0 < ¢t < t. g, We have A;u(x) < € and hence, by ||| Xul|p~) < 1,

|X(u*n;:)(2)] <1+e¢, forall z € U. Therefore
1
wxm(y) —ukn(x) = / [(u % ne) 0 2] (s) ds
0

1
= /0 X(usn)(yi(s)) - i (s)ds

= (1 + G)chc (Ve)
< +e)+e)dcc(x,y).

Sending t — 0 and € — 0, one concludes u(y) — u(x) < dcc(x, y) as desired. O
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As a consequence of Rademacher type theorem (that is, Theorem 1.2), we have the follow-
ing, which is an analogue of Lemma 6. Denote by Lipjcc (£2) the collection of all functions
uin Q

with

Lip;’}cc (u, Q) := sug Lip,,..u(x) < oo. (2.5)
xXe

Lemma 2.7 We have Wy ™ (Q) = Lipy..(Q) = Lipj__(u, Q) with

X ulll ooy = Lipgg, (4. ) = Lip.,.(u, Q) (2.6)

Proof First, we show Lipg..(€2) = Lipj;CC (€2) and Lip,,. . (u, ) = Lipjcc (u, 2). Notice
that Lip,..(u, Q) C Lipj}cc (u, ) and Lip:}CC (u, Q) < Lip,,..(u, 2) are obvious. We
prove

Lip}. (u. ) C Lip,.. (u. ) and Lipy., (u, ) < Lip},.(u, ).

Letu € Lipjlcc (u, 2). Given any x,y € @, and y € ACH(O, 1; x, y; 2), parameterise
y such that |y (¢)| = €4, (y) for almost every ¢ € [0, 1]. Since

Ay,y = sup Lipu(y(t)) < oo,
t€[0,1]

for each ¢ € [0, 1] we can find r, > 0 such that

lu(y (s)) —u(y ()| < Ax yly(s) =y (@) = Ax ylace (V)ls — 1|
whenever |s —f| <r;ands € [0, 1].

Since [0, 1] C Uyepo,17(t — 7+, t + 14), we can find an increasing sequence #; € [0, 1] with
to = 0 and ty = 1 such that

N 1 1
[0, 11 C UL (i — zrys ti + z711).

2 2
Write x; = y(¢;) fori =0, ---, N. We have
N-1
lu(x) —u(y)| = | Z[u(xi) —u(xi+1)]|

i=0
N—-1

< > u) — uxig)l
i=0

N-1

< Axylace () Z |t — tiy1l
i=0

= Ax,ygdcc ).

Noticing that Ay , < Lip*(u, Q) < oo for all x, y € 2, we deduce that

lu(y) —u(x)| < Lipg..(u, Dlacc(y) Yx,y € Q. 2.7)

For any € > 0, recalling the definition of dcc in (2.1), there exists {ye}e=o C
ACH(O, 1; x, y; €2) such that

lace (Ye) = (L +€)dec(x,y) Vx,y € Q. 2.8)

@ Springer



144 Page 12 of 52 J.Liu, Y. Zhou

Combining (2.7) and (2.8), we have

lu(y) —u(x)| . [ (y) — u(x)] -
dec(x,y) =0 (I +e)dcc(x,y) = MPic (4, 82) ¥,y € &2

Taking supremum among all x,y € € in the above inequality, we deduce that u €
LiPdcc (u, 2) and Lipdcc (u, Q) < Lip[’;cc (u, €2). Hence the second equality in (2.6) holds.
Next, we show W;'OO(Q) = Lipdcc (2) and Lipdcc (u, 2) = ||| Xul|| L (). By Theorem
1.2, we know Lipy,.(2) € Wy ™ () and [[|Xulll L) < Lipge, (u. ).
To see Wy ™(Q) C Lipy,. () and Lip,..(u, ) < [[|XulllL=@). letu € Wi(Q).
Then ||| Xull|Lo) =: A < 00. If & > 0, then A~ u € W™ () and [[|X 0" w)|[| () =
1. Hence 2~ !u could be the test function in (2.2), which implies

A uy) — 27 ) < dec(x, y) Vx, y € Q,
or equivalently,

|u(y) — u(x)]

<dcc(x,y)Vx,y € Q.
X ulll oo ()

Therefore, u € Lip,,..(2) and Lip,..(u, ) < [|[XullLo(@). If = 0, then similar as the
above discussion, we have for any " > 0

M <dcc(x,y) Vx,y € Q.
Therefore, u € Lipg,..(2) and Lip,,..(u, Q) < A/ for any A’ > 0. Hence Lipy,.. (u, Q) =

0 = |[|Xul|lL>~(q) and we complete the proof. O

Next, we recall some concepts from metric geometry. First we recall the notion of pseudo-
distance.

Definition 2.8 We say that p is a pseudo-distance in a set 2 C R" if p is a function in 2 x ©
such that

(i) p(x,x) =0forallx € Qand p(x,y) >0forall x,y € Q;
(i) p(x,z) < p(x,y) +p(y,z) forallx,y, z € Q.

We call (2, p) as a pseudo-metric space. The topology induced by {p(x, -)}req (resp.
{p(-, x)}req) is the weakest topology on €2 such that p(x, -) (resp. p(-, x)) is continuous
for all x € Q.

We remark that since the above pseudo-distance p may not have symmetry, the topology
induced by {p(x, )}xeq in 2 may be different from that induced by {p (-, x)}rcq-

Suppose that H(x, p) is an Hamiltonian in €2 satisfying assumptions (HO)-(H3). Let
{d;.}»>0 be defined as in (1.4). Thanks to the convention in Remark 2.4, one has

dy(x,y) ==supf{u(y) —u(x) |ue V'V)l(’oo(Q) with [|H (-, Xu)|z~@) <A} Vx,y € Q.
(2.9)
The following properties holds for dj.

Lemma 2.9 The following holds.

(i) Forany A > 0, d,, is a pseudo distance on Q.
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(ii) Forany ) > 0,
Ridcc(x,y) <dn(x,y) < Rudcc(x,y) <00 Vx,y e Q. (2.10)

(iii) If H(x, p) = H(x, —p) forall p € R™ and almost all x € Q, thend, (x, y) = d)(y, x)
forallx,y € Q.

Proof To see Lemma 2.9 (i), by choosing constant functions as test functions in (2.9), one
has p(x, y) > 0 for all x, y € Q. Obviously, one has dj (x, x) = 0 for all x € Q2. Besides,
d (x, 2) = sup{u(z) — u(x) :u € Wy™(Q), [|H(, Xu)l| () < A}

< suplu(y) —u(x) s u € Wy™ (), |H(. X)) < A}
+suplu(z) —u(y) 1u € Wy™(Q), |HC, X)Ly < 1)

=dp.(x,y) +dp(y, 2).

By Definition 2.8, d,, is a pseudo distance.

To see Lemma 2.9 (ii), by (H3), we have
{u e W@ | 1Xullle@) < R} C {u € Wy™(@) | 1Hx, Xw)llz=@) < 1)
C {u e Wy™(@ | 1Xulllx@) < Ri).
From this and the definitions of dc¢ in (2.2) and d,, in (2.9), we deduce (2.10) as desired.

Finally we show Lemma 2.9 (iii), since H (x, p) = H(x, —p) for all p € R™ and almost
all x € 2, then

1H (x, Xu) | ooy = I1H (x, X (=) || Lo forall - u € Wy™ ().

Hence for any x, y € 2, u can be a test function for dj (x, y) in the right hand side of (2.9) if
and only if —u can be a test function for d) (y, x) in the right hand side of (2.9). As a result,
dy (x,y) = d,(y, x), which completes the proof. O

As a consequence of Lemma 2.9, we obtain the following.

Corollary 2.10 For any A > Ay, d;. is comparable with dcc, that is,

d).(x,
0<R;\§M§RA<OO Vx!yEQ_ (2.11)

dec(x,y)
Consequently, the topology induced by {d, (x, )}xeq and {d, (-, x)}xeq coincides with the
one induced by dcc in 2, and hence, is the Euclidean topology.

Remark 2.11 (i) We remark that in Lemma 2.9 (iii), without the assumption H(x, p) =
H(x, —p) forall p € R™ and almost all x € 2, d) may not be symmetric, thatis, d; (x, y) =
d; (v, x) may not hold for all x, y € Q.

(1) If R; = O for some A > 0, then the topology induced by {d, (x, -)}rcq may be different
from the Euclidean topology. To wit this, we construct an Hamiltonian H (p) in Euclidean
disk = {x € R%||x| < 1} with X = {321 , %} which satisfies (HO)-(H3) with Az > 0.
Define H :  x R? — [0, c0) by

H(P) = H(Pl’ PZ) = maX{|p|s Z}X{peR2|p1<0} + |p|X{pER2|p120}

where yg is the characteristic function of the set E. One can check that H(p) satisfies
(HO)-(H3). We omit the details.
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Now we show
R =inf{|p| | H(p) > 1} =0,

and thus Ay > 1 > 0. Indeed, for any p = (p1, p2) and p; > 0, one has H(p) = |p| and
hence H(p) > 1 implies |p| > 1. On the other hand, for any p = (p1, p2) and p; < 0, we
always have H (p) = max{|p|, 2} > 2, and hence

R} =inf{|p|| p = (p1. p2) € R* with |p| < 1and p; < 0} =0.
Writing e; = (1, 0), we claim that
di(x,x +ae)) =0 Vx,x+ae € Qwitha € (—1,0]. (2.12)

This claim implies that the topology induced by {d; (x, -)}cgq is different with the Euclidean
topology.
To see the claim (2.12), writing 0 = (0, 0), we only need to show that

di(o,ae;) =0 VYa e (—1,0). (2.13)

It then suffices to show that u(ae;) —u(0) < 0 forallu € W (Q) with IH(Vu)llpe@) <
1. Given such a function u, observe that ||H (Vu)| =) =< 1 implies 2;’T’ll(x) > 0 and

[Vu(x)| < 1 for almost all x € R2. Let {vs}o<s«1 be the line segment joining dep and
aey + ey with ey = (0, 1), that is,
vs(t) :=1t(a,8) + (1 —1)(0,8) Vrel0, 1]

Since u € WL®(Q) implies that u is ACL (see [28, Section 6.1]), there exists {8, }neN
depending on u such that u is differentiable almost everywhere on y;s,. Noting that ys, (t) =
—ej and by ;—;(x) > 0, one has

a
Vu(ys, (1)) - s, (1) = —i()f&n (1) =0 Vvrel0,1],

and hence
1

1
u((a, 8,)) —u((0, 8,)) = / Vu(ys, (1)) - s, (1) dt = / —01u(ys, (1) dr < 0.
0 0
Thus
u(aer) —u(0) = lim [u((a, 8,)) —u((0,8,))] <0
n—oo
as desired.
Finally, we introduce the pseudo-length property.

Definition 2.12 We say a pseudo-metric space (2, p) is a pseudo-length space if for all
x,y €,
p(x,y) :==inf{€,(y) | y € Cla, b; x, y; )}
where C(a, b; x, y; 2) denotes the class of all continuous curves y : [a,b] — € with
y(a) = x and y(b) = y, and
N-1

Ep(y) = Sup{ Do ey, yig) [a=tg<ti <. <ty = b}~
i=0
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3 Proof of Theorem 1.3

In this section, we always suppose that the Hamiltonian H (x, p) enjoys assumptions (HO)-
(H3). To prove Theorem 1.3, we first need several auxiliary lemmas.

Lemma 3.1 Suppose that {u}jen C W}l(’oo(Q), and there exists ). > 0 such that
|H(x, Xuj)llpo) < Aforall j € N.

Ifuj — uin CYQ), thenu € W)l(’oo(Q) and ||H (x, Xu)||L~@) < A. Here and in below,
forany opensetV C Q,uj — uin CO%V) refers to forany K € V, uj— uin C%(K).

Proof By Lemma 2.7, one has

lu(x) —u(y)| = llm luj(x) —uj(y)| < limsup [[| Xu;|l|L=@dcc (X, y).

j—)OO

By (H3) and ||H (-, Xu )| po(@) < A, we have ||| Xu ;||| @) < Ry forall j, and hence

lu(x) —u(y)| < Rydcc(x,y),

thatis, u € Lipdcc (2). By Lemma 2.7 again, we have u € W;(’OO(Q).

Nextwe show that || H (x, Xu)|| L~ (@) < A.Itsufficestoshow that || H (x, X (u|p)) |l Lew) <
A for any U € Q. Given any U € Q2, we claim that X (uj|y) converges to X (u|y) weakly
in L?(U,R™), that is, for all 1 <i < m, one has

lim | w;Xf¢dx = / dXudx Yo € L>(U).
To see this claim, note that ||[Xu|[|Le@) < Ry forall j € N, and hence ||| Xu;lll 2y <
Ry |U|Y/? for all j € N. In other words, for each k € N, the set {X(ujlu)}jen is bounded in
LU, R™). By the weak compactness of LU, R™), any subsequence of {Xu }jcn admits
a subsubsequence which converges weakly in L2(U, R™). Therefore, to get the above claim,
by a contradiction argument we only need to show that for any subsequence {Xu  }sen of
{Xu;}jen, if Xuj;—qi weakly in L>(U,R™) as s — oo, then X(u|y) = gx. For such
{Xuj }sen, recalling that u; — u in C%) as j — oo, forall 1 <i < m one has

* P— 1 . * P— 1 . * —_ 1 . . —_—
./U”Xi¢dx_ lim uJXi¢dx_sl_1)ngc/quSXi¢dx_Sl_l)rrolo‘/l:/(X,u.,S)tpdx_/quqbdx

J—=oJU

for any ¢ € C2°(U). This implies that Xu|y = g as desired.
By Mazur’s Theorem, for any / > 0, we can find a finite convex combination w; of
{X(uj|U)}?°1 so that lw; — Xul|v)ll2@wy — 0 as [ — o0. Here w; is a finite convex

combination of {X (u |U)} 2 ; if there exist {n;};_, for some k; such that

Zm =1 andw; = wau)

By the quasi-convexity of H(x, -) as in (H1), we have

ki
H(x,w)=H(x, Y njXujly)) < sup H(x, X(uj|y)) <A foralmostallx € U.

j=1 1=i=k
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Up to considering subsequence we may assume that w; — X (u|y) almost everywhere in U.
By the lower-semicontinuity of H (x, -) as in (HO), we conclude that

H(x, X(uly)) <liminf;, oo H(x, w;) < A foralmostall x € U.

The proof is complete. o
Lemma3.2 Ifv € Wy™ (), then
vt = max{v, 0} € V'V)l(’oo(Q) and Xvt = (XV)X(xeq,v>0; almost everywhere. (3.1)

Consequently, let {v;}1<i<j C V'V)l(’oo(Q) for some j € N. If u = maxi<;j<;{vi} oru =
min; <;<;{v;}, then

w e Wy (@) and |1H ., Xu) ) < max (1H G, Xodlx@) (32)

Proof First we prove (3.1). Let v € W)I(’OO(Q). By Lemma 2.7, v € LipdCC(Q). Observe
that

() — v )] < [v(x) — ()] < Lipg (v, Ddee(x,y) ¥,y € Q,

that is, v* € Lip,..(22). By Lemma 2.7 again, v* € W)l(’OO(Q). To get Xvt =
(Xv) x{xeq,v>0y almost everywhere, it suffices to consider the restriction v|y of v in any
bounded domain U € , that is, to prove X(v|y)™ = (Xv|y)xirev v=0; almost every-

where. But this always holds thanks to Lemma 2.2 and the fact v|y € W)l(’p (U) for any
1<p<oo.
Next we prove (3.2). If u = max{vy, v2}, where v; € W)l(’oo(Q) for i = 1,2, then
U=+ () —v2)*. By 3.1), u € Wy™(Q) and
Xu=Xvy + X(v; — 1)2)+
= Xvy + [(X(v1 — v2)]X{xeQ,vi>v2)
= (Xv2)X{XEQ,U1§U2} + (XUI)X{er,Ul>vg}-

Thus
H(x, Xu(x)) = H(x, Xv2) X{xeQ,v1<vp) + H (X, XV1) X{(xeQ,v;>1,) foralmostall x € Q.

A similar argument holds for # = min{vy, v}. This gives (3.2) when j = 2. By an induction
argument, we get (3.2) for all j > 2. O

Lemma3.3 Forany A > 0 and x € 2, we have d) (x, ), d) (-, x) € W;(’OO(Q) and
IHCC, Xda(x, Dliee) <4 and |H(G, —Xdo (-, x) L@ < A

Proof Givenany x € Qand A > 0, write v(z) = d, (x, z) forallz € Q. Tosee H(-, Xv) < A
almost everywhere, by Lemma 3.1, it suffices to find a sequence of function u; € W)l(’oo(Q)
so that H (-, Xu ;) < A almost everywhere and u; — v in C%(Q) as j — oo.

To this end, let {K;} jen be a sequence of compact subsets in &2 with

Q@=[JK; and K;CKjy,.
jeN
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For j e Nand y € K, by definition of dj, we can find a function v, ; € W)l(‘OO(Q) such that
H(-, Xvy j) < A almost everywhere,
1
dp.(x,y) — 2 < vy j(¥) — vy, (x).
Since Lemma 2.9 implies that d) (x, -) is continuous, there exists an open neighbourhood
Ny, j of y with
1
di(x,z) — i < vy,j(@) —vy,j(x), VzZ €Ny ;.
Thanks to the compactness of K;, there exist yi, -+, y; € K; such that K; C Ui:] Ny, ;-
Write
u;j(z) :=max{vy, j(z) — vy, j(x):i=1,---,I} VzeKj.

Then u;(x) = 0, and
1
dy(x,z) <uj(z)+ - forallz € K.
J

Moreover by Lemma 3.2 we have
H(-, Xuj) <A in Q.
Since
dy(x,z) > uj(z)forall z € K;

is clear, we conclude that u; — v in CO%K;) as j — oo for all i, and hence uj = v
uniformly in any compact subset of 2 as j — oo.
Similarly, we can show || H (x, —Xd;. (-, x))|| L~ (q) < A which finishes the proof. O

In general, for any E C 2, we define

dy, g(2) == inf {dy.(x, 2)}.
xeE

Lemma 3.4 Forany set E C Q, we have d;, g € W)l(’oo(Q) and |H (x, Xd;, g)llL@) < A

Proof Let {K};jen be a sequence of compact subsets in & with Q = | J;y K and K; C
K For each j and y € K, we can find zy, ; € E such that

d () = dz, ;(¥) =dpe(y) +1/2).
Thus there exists a neighborhood N (y) of y such that

A e(Y) <dy, () <die(@)+1/j Yz e N().

o
Jj+1

So we can find {y, - - - ,ygj} such that K; = Uéjle(yi) foralli =1,---1;. Write
uj(z) = i_nlﬁnl {dh.z,, (@} VzeK;.
—1od;
doE<uj@) <d,g+1/j ink;.
This means that u; — d; g in C%(Q) as j — oco. Note that
lH(, Xuj)llpe) < A

By Lemma 3.1 we have dj g € WJI(’OO(Q) and | H (-, Xd,, g)llL~(@) < A as desired. O

@ Springer



144 Page 18 of 52 J.Liu, Y. Zhou

We are able to prove (i)=-(ii)=(iii)=-(i) in Theorem 1.3 as below.

Proof (Proofs of (i)=(ii)=-(iii)=>(i) in Theorem 1.3) The definition of d, directly gives
(i)=(ii). Obviously, (ii)=-(iii). Below we prove (iii)= (i). Recall that (iii) says that u(y) —
u(z) <dy(z,y)forallx € Qandy, z € N(x), where N(x) C Qis aneighbourhood of x. To
get (i), since 2 = Uycq N (x), it suffices to show that forall x € 2, onehasu € W}](’oo (N(x))
and || H (-, Xu) | Loo(nv(xy) < A

Fix any x, and write U = N (x). Without loss of generality we assume that U is bounded.

Notice that u € L*®(U). Let M € N so that M > supy, |u|. For each k € N and
l e {—Mk,---, Mk}, set

ug1(z) :=1/k+d p,z) VzeU
where
Fi=ly € Ulu = o).
By Lemma 3.4, one has
I1HC, Xup)llLewy < 2.
Set

ur(z) = le{_nf[r]l:'r.l”Mk} ur1(z) YzeU.
To getu € V'V,l('oo(U) and || H (-, Xu)|lz @) < A, thanks to Lemma 3.1 with @ = U, we
only need to show uy — u in CcOU) as k — oo.

Tosee ur — uin CO(U) as k — oo, note that, forany k € N, —M < u < M in U implies
—Mk < ku < Mk in U. Thus, at any z € U, we can find j € N with —k < j < k, which
depends on z, such that Mj < ku(z) < M(j+1).Lettingl = Mj,wehave% <u(z) < HTM
We claim that uy (z) € [u(z), %]. Obviously, this claim gives

M
lu(z) —up(2)| < - VzeU,

and hence, the desired convergence uy — u in CO9(U) as k — oo.

Below we prove the above claim u(z) € [u(z), #]. Recall that u(z) € [é, #] for
some ! = Mj with —k < j < k.

First, we prove uy(z) < HTM If/+M > Mk,then M < (I + M)/k. Since

Fiue={yeU|u(y) <M}=U,

we have d; F ,, (z) = 0 and hence,

I+ M
g mk(2) = M +dy F (1) = M < —
Therefore,
I+ M
up(z) < up,mi(z) < - (3.3)

If/ +M < Mk, thenu(z) € [£, =] implies z € Fy ;4 and hence dy (z, Fy1+m) = 0.
Thus
I+ M

[+ M
ur(z) <upgem (@) = — +d. (2, Frivem) = — 3.4
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Combining (3.4) and (3.3), we have u(z) < HTM as desired.

Next, we prove u(z) < uy(z). Forany —k < j < k with Mj <, since u(z) > % > %
we can find w € 3 Fy p; such that d,\,pk’Mj (z) = dy(w, z). Since w € dFy p;, we deduce

that u(w) = % and

Mj

ug,mj(z) = X

+di Ry (2) = u(w) + d(w, 2). (3.5)

Note that w € U, hence there exists a sequence {ws}sen C U such that wy — wass — oo.
Thus by the assumption (iii),

u(z) —u(w) = Sgrgo[u(z) —u(wy)] < sl_igodx(ws, 2)

By the triangle inequality and d) (ws, w) < Rydcc(ws, w) given in Lemma 2.9, we then
obtain
u(z) —u(w) = lim [d; (wy, w) + dp(w, 2)] = dy(w, 2). (3.6)

Combining (3.5) and (3.6), we have

u(z) < u(w) +dy(w, z) = ug,p;(2). 3.7)

On the other hand, for any —k < j < k with Mj > [, we have

Mj M(I+1
uk,Mj(Z) > TJ > % > u(z).
From this and (3.7), it follows that
= i : >
uk(z) jeq i, kM (2) =z u(z)
as desired. O

4 Proof of Theorem 1.4

In this section, we always suppose that the Hamiltonian H (x, p) enjoys assumptions (HO)-
(H3).

To prove Theorem 1.4, we need to show that (€2, d,) is a pseudo-length space for all
A > Apg in the sense of Definition 2.12. In other words, define

pr(x,y) :=inf{ly (y) | y € Cla, b; x, y; Q)},

where we recall the pseudo-length £4, () induced by d; defined in Definition 2.12 and Ay
in (1.7). We have the following.

Proposition 4.1 For any .. > Ay, we have d,, = p;.
To prove Proposition 4.1, we need the following approximation midpoint property of d, .

Proposition 4.2 For any ). > 0, we have

1
insf2 max{d, (x, z), d,(z, y)} < Ed;\(x, y) forall x,y € Q. 4.1
ZE
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Proof We prove by contradiction. Suppose that (4.1) were not true. There exists xg, yo €
such that

. 1
Zlggfz max{d, (xo, 2), d).(z, yo)} = de(xo, Yo) + €0 =19 “4.2)

for some €¢ > 0.
Given any § € (0, €9), define f(z) := f1(z) + f2(z) with

f1(z) := min{d, (xo, z) — (ro — §), 0}, f2(z) := max{(ro — &) — d,.(z, yo),0} Vz e Q.

We claim that f satisfies Theorem 1.3(iii), that is, for any z € €2, there is an open neighbor-
hood N (z) such that
JO) = fw) =di(w,y) Yw,y € N(z). (4.3)

Assume the claim (4.3) holds for the moment. Since we have already shown the equivalence
between (ii) and (iii) in Theorem 1.3, we know that f satisfies Theorem 1.3(ii), that is,

fO) — fw) <dy(w,y) Yw,ye Q.

In particular,
f (o) — f(xo0) < dx(x0, Yo)- (4.4)

On the other hand, we have f(xg) = —(ro — 8) and f2(yo) = ro — 8. Since (4.2) implies

d).(x0, yo) = max{d; (xo, x0), dx(x0, yo)} = %d,\(xo, Yo) + €0 =ro
and f2(xg) = 0 and f1(yg) = 0. Therefore,
f o) — f(x0) = fa(yo) — fi(xo) = 2ro — 28 = ds(x0, yo) + 2€0 — 26,
By 6 < €p, one has

J (o) — f(xo) > di(xo, yo),

which contradicts to (4.4).
Finally we prove the above claim (4.3). Firstly, thanks to Lemma 3.2 and 3.3, H (x, X f1) <
A and H (x, X f>) < A almost everywhere in €2, and hence, by the definition of dj,

J1) = filw) = dp(w, y) and fo(y) — fo(w) < dp(w,y) Yw,y € Q.
Next, set
Ay :={z € Q|di(x0,2) <ro}, Ar:={z € Q|d(z,y0) <ro}.
and
A3 :={z€ Q|dy(x0,2) >ro—38 and d,(z, yo) > ro — &}
For any z € Ay, that is, dj (xo, 7) < ro, (4.2) implies d, (z, yo) > ro. Consequently,
f2(z) = max{(ro — &) — d,.(z, y0), 0} =0
and hence, f(z) = f1(z). Consequently,
fw) = f(y) = fitw) = fi(y) =dp(y, w) Yw,y € Ay. 4.5)

Similarly, for any z € A», that is, d)(z, yo) < ro, (4.2) implies d; (xg, z) > ro. Conse-
quently,

J1(2) = min{d, (xo, z) — (ro — 8),0} =0
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and hence, f(z) = f2(z). Consequently,
Fw) = fy) = falw) = f2(y) <da(y, w) Yw,y € Ay (4.6)

For any z € A3z, thatis, dj (xo,z) > ro — 8§ and d,.(z, yo) > ro — 8, we have fi(z) =0 =
f2(z) and hence f(z) = 0. Consequently

Sw) = f(y)=0=d(y,w) Yw,y € Az. @7
Noticing that {A;};=1,2,3 forms an open cover of €2, for any z € 2, we choose

Ay ifz e Ay,
N(E)=13 Ay ifze A\ Ay, (4.8)
Az ifzeQ\ (A1UA)).

From (4.5), (4.6) and (4.7), we obtain (4.3) as desired with the choice of N(z) in (4.8). The

proof is complete. O

Lemma 4.3 Given any x,y € Q, the map A € [Ayg,00) — d;,(x,y) € [0, 00) is nonde-
creasing and right continuous.

Proof The fact that dj (x, y) is non-decreasing with respect to A is obvious for any x, y €
from the definition of d,. Given any x, y € 2, we show the right-continuity the map A €
[Ag, 00) > dy(x,y) € [0, 00). We argue by contradiction. Assume there exists g > Ay
and x, y € Q such that

liminfd, (x,y) = lim d,(x,y) =c > dy,(x,y). 4.9)
A= Ao+ A= Ao+

Let wy (-) :=dy(x, -). By Lemma 3.3, we know || H (-, Xw;) [l L) < A. Since {wy}isy, 18
a non-decreasing sequence with respect to A, {w;} converges pointwise to a function w as
A — Ao+ and for any set V € Q and x, y € V, we have w;, — w in C°(V). Then applying
Lemma 3.1, we have

for any A > Ao, which implies

1H( Xw)ll oo vy < 2o- (4.10)
By the definition of w, we have
wx)= lim dy(x,x) =0, andw(y) = lim dy(x,y) =c 4.11)
A—=>Ao+ A= Ao+

Combining (4.10) and (4.11) and applying Theorem 1.3, we have
c—0=w(y) —wkx) <dy(x,y),
which contradicts to (4.9). The proof is complete. O
We are in the position to show

Proof of Proposition 4.1 We consider the cases A > Ay and A = Ay separately.

Case 1. L > Ap. First, d) < p, follows from the triangle inequality for d.

To see p, < d,, it suffices to prove that for any z € €2, the function p;(z,-) : @ - R
satisfies Theorem 1.3(iii), that is, for any x € 2 we can find a neighborhood N (x) of x such
that

on(z,y) — palz, w) <dp(w,y) Yw,y e N(x). (4.12)
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Indeed, since we have already shown the equivalence of (i) and (iii) in ”_Fheorem 1.3,
(4.12) implies that p;,(z,-) satisfies Theorem 1.3(i), that is, py(z,-) € W;(’OO(Q) and
|H (-, Xpxr(z, )L < A.Taking py(z, -) as the test function in the definition of dj (z, x),
one has

oz, x) <dy(z,x) Yx €Q

as desired.
To prove (4.12), let z € Q2 be fixed. For any x € Q and any ¢ > 0, write

By (x, 1) :={y € Q| di(x,y) < tordy(y,x) <1}
and

Bd;(x, ) :={yeQ|dy(x,y) <tandd,(y,x) < t}.
For any x € €, letting ry = min{f—édcc(x, 0%2), 1}, by Corollary 2.10, we have

6r
By (x,6ry) C Byec (x, R—j‘) € Q, (4.13)
A

where Rj\ > 0 thanks to (H3). Write N(x) = Bd_A (x, ry). Given any w, y € N(x), it then
suffices to prove p,(z, ¥) — pa(z, w) < d)(w, y). To this end, for any 0 < € < %d)\(w, ¥),
we will construct a curve

Ve : 10, 1] = By (x, 6ry) with ye(0) = w, ye(1) = y and £y, (ve) < dy (w, y) + €. (4.14)

Assume the existence of y, for the moment. By the triangle inequality for p;, we have

P1(2,y) — pr(z, w) < g, (Vo) < dp(w, y) + €

By sending € — 0, this yields py(z, y) — pa(z, w) < dy(w, y) as desired.
Construction of a curve y, satisfying (4.14). For eacht € N, set

D;:={k27"|keN, 0<k<?2}.
We will use induction and Proposition 4.2 to construct a set
Y: = {ysksen, C B (x,5ry) (4.15)
with yo = w and y; = y sothat ¥; C Y;41, and that
& (yjo-1s Y(j+1)2-1) < 27dy(w, y) +€) forany 0 < j <2 — 1. (4.16)

The construction of {Y;};cn is postponed to the end of this proof. Assuming that {Y;},cn are
constructed, we are able to construct y, as below.
Firstly, set D := U;enD; and Y := U;cnY;. Given any s1, 52 € D with 51 < 52, there
exists t € N such that sy = [27" € Dy, so = k27! € D, for some [ < k and hence
Ysi» ¥so € Y:. Using (4.16) and the triangle inequality for d;, we have
k—1

d.(¥s1» ¥s2) = Zd)»()’ﬂ"v Y(+12-1) < [k—=j127 (dp(w, y)+€) = |s1 —s2[(dr(w, y)+e).
j=l
! 4.17)

Next, define a map yeo :D — Y by )/EO (s) = ys forall s € D. The above inequality (4.17)
implies that

lim y2(s") = y2(s) forall s € D.

D>s'—s
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Since D is dense in [0, 1] and B;; (yo, Sry) is complete, it is standard to extend yeo uniquely
to a continuous map y. : [0, 1] — Bj; (yo, 6ry), that is, Y (s) = yeo(s) for any s € D and

Ye(s) = lim yp.(s") = lim yyforany s €[0,1]\ D.
D>3s'—s D>s'—s
Recalling (4.17), one therefore has

dy(Ve(s1), Ve (52)) < |s1 — s2l(dpr(x,y) +€) Vs1,5 €[0,1], 51 < 52,

which gives €4, (ve) < & + €. Thus the curve y, satisfies (4.14) as desired.
Construction of {Y;};cn via induction and Proposition 4.2. Since y, w € Bd’k (x, ry),
we have d) (w, x) < ry and d, (x, y) < ry, which implies

§:=dy(w,y) <dp(w,x)+d)(x,y) <2r,.
We construct Y1 = {yo, y1,2, y1} which satisfies (4.16) with ¢t = 1 and
Y1 C By (x,3ry) C By (x,5r2). (4.18)
We set yo = w and y; = y. Noting that Proposition 4.2 gives
. 1
inf max{d; (yo, 2), d»(z, y1)} < =d;x(y0, y1)
7eQ 2

we choose y /> € 2 so that

1 1
max{d; (Yo, ¥1,2), dr(y1/2, Y1)} < 53 + ok 4.19)
Obviously, (4.19) gives (4.16). To see (4.18), obviously,
Y0, V1 € Bd_A(x, ry) C B;;(x, 3ry).

Moreover, noting that 0 < € < %8 < ry implies
1 1
58 + ZE <8 < 2ry

and that y € Bd; (x, ry) implies d (y, x) < ry, we have

1 1
d(y12, x) < dp.(y172, y1) +dy(y1,x) < 55 + yid +dy(y, x) < 3ry,

which gives yi/2 € By (x,3ry).

In general, by induction given any ¢ > 2, assume that Y;_1 = {ys}sep,_, is constructed
so that
t—2 t—1
Y1 CBj(x, B+ Y 27 +e) 270 (4.20)
=1 =1
and that

t—1

dr (Y ja-a-1+ Y(j41y2-0-1) < 2*0*“(5 +e Zz*l> forany 0<j<2~'—1. (421
=1

Here and in what follows, we make the convention that Z;;f 2= = 0if t = 2. Since

o0 oo
B+Y 2 )re+ey 27 <dr +e<dr+5<5n, (4.22)
=1 =1
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the inclusion (4.20) implies Y;_; C B;A (x, 5ry) and hence (4.15).
Below, we construct Y; = {ys}sep, satisfying (4.16) and

t—1 t
Y, CBf (x. 3+ ) 27 )re+ey 27, (4.23)
=1 =1

Note that (4.22) and (4.23) imply ¥; C B;; (x, 5ry) and hence (4.15).

We define Y; = {ys}sep, first. Since D, & Dy, fors € D;_1, ys € Y, is defined. It
is left to define y; for s € D, \ D;_1. Given any s € D; \ D;_}, we know that s = j27' €
D;\ D,_ forsomeodd j withl < j <2 — 1. Writes’ = (j —1)27"and s” = (j +1)27".
Then s’, s” € D,;_ and hence yy € Y;_| and y,» € Y;_; are defined. Since Proposition 4.2
gives

. 1
Zlgg max{d, (yy, 2), di.(z, ys)} = . (ys', Ys) (4.24)

we choose y; € €2 such that

1 -
max{d; (s, ¥5), s (s )} = 5 (v, ) +27 e, (4.25)

Note that (4.25) and (4.21) gives (4.16) directly. Indeed, forany 0 < j <2/ —1,if j is
odd, applying (4.25) with s = j277, s’ = (j — )27 and s = (j + 1)277, we deduce that

1 _
(vt ¥(j+02-1) = (s y) = 5 (s yr) +2 He,

Since s’,s” € D;_y and s” = s’ + 27U~ applying (4.21) to yy, ys» we have

t—1

1. B o _ L
dr(yja-1: Y+12-) = 52 @ 1)<8+e;2 l)+2 17le =2 '(5+e§2 l).

If j is even, then j < 2" — 2. Applying (4.25) with s = (j + )27, 5" = j27" and
s" = (j +2)277, we deduce that

1 _
G yjrs Vi) = Qs ¥9) = 5 (e, ) + 277
Similarly, we also have (4.26).
To see (4.23), since (4.20) gives

t—2 t— t—1

1 t
Y1 CBj(x,B+) 27 hre+ed 27h B (x, B+ ) 27 +e ) 27, (427)
=1 =1 =1 =1

it suffices to check
Yi\Yioi ={yjpp 1 =j = 20 —1,

t—1 t

jisodd} € B} (x. 3+ 27 hre+ey 27,
=1 =1

For any odd number j with 1 < j < 2’ — 1, since Y(j—1)2-t € Y;—1, combining (4.26) and
(4.27) and noting € < 6 < 2r,, we obtain

A (yjo-1,x) < dp(yjort, yj—12-1) + d(yi—1)2-1, X)
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t =2 —1
<27t <2rx +e ZT’) + (3 + ZT’);»X +e 22—1
=1 =1 =1
—1 t
< (3 + 22_1>rx +e 22"
=1 =1

which implies (4.23). We finish the proof of Case 1.
Case 2. . = Ly. Fix x, y € Q. For any € > 0 sufficiently small, by the right continuity
of the map A — d (x, y) at A = Ay from Lemma 4.3, there exists i > Ay such that

€
du(x,y) <dy,(x,y)+ 5 (4.28)
By Case (i), there exists y : [0, 1] — €2 joining x and y such that
€
La,(y) < dy(x,y) + 5 (4.29)

By the definition of the pseudo-length and recalling from Lemma 4.3 that the map A +—
d;.(z, w) is non-decreasing for all z, w € 2, we have

Lay,, (v) =< La, (). (4.30)
Combining (4.28), (4.29) and (4.30), we conclude
la,,, (V) < dpy(x,y) +e€.
The proof is complete. O
We are ready to prove Theorem 1.4.

Proof of Theorem 1.4 Obviously, (iii) in Theorem 1.3 = (iv) in Theorem 1.4. To see the
converse, let A > 0 be as in (iv). Given any x and y, z € N(x), where N (x) is given in (iv)
we need to show

u(y) —u(z) <d(z,y).

By Proposition 4.1, we know (€2, d;) is a pseudo-length space. Hence for any € > 0, there
exists a curve Y, : [0, 1] — €2 joining z and y such that

ba, (Vo) < di(z, y) + €. (4.31)
Since y. C 2 is compact, we can find a finite set {#;}7_, C [0, 1] satisfying
t0=0, t, =1, and yc(ti+1) € N(ye(t;)), i =0,--- ,n—1
where N (ye(t;)) is the neighbourhood of y.(#;) in (iv). Hence by (iv) we have
u(Ve(Wig1)) — u(ye (W) < dp(ve(wi), ve(wit1)), i =0,---i — 1.

Summing the above inequalities from 0 to n — 1, we have

n—1 n—1
u(y) = u(2) = u(ye(Wn)) — u(veo)) < > dr(Ve), y Wis1)) < Y La, Velfurmwi i)
i=0 i=0

=Ly, (Vo) <dp(y,2) + €

where in the last inequality we applied (4.31). Letting ¢ — 0 in the above inequality, we
obtain (iii) in Theorem 1.3.
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Finally, (1.8) is a direct consequence of (iv)<>(i) and thanks to Lemma 4.3, the minimum
in (1.8) is achieved. ]

Remark 4.4 The assumption R} > 0 is needed in the proof of Proposition 4.1. Indeed, recall
the construction of y, in the proof of Proposition 4.1 below (4.17). To guarantee y. is a
continuous map, especially y. ([0, 1]) is compact under the topology induced by dcc, we
need {d, (x, -)}xeq induces the same topology as the one by dc¢. By Corollary 2.10, Ri >0
can guarantee this.

Moreover, to show y. € 2 in (4.13) in the proof of Proposition 4.1, for each x € 2, we
need the existence of r, > 0, such that

B;; (x, ) € Q. (4.32)

Again, by Corollary 2.10, R] > 0 can guarantee this. If R, > 0 does not hold for some
A > 0, in Remark 2.11 (ii), the example shows that (4.32) may fail for some x € Q.

5 McShane extensions and minimizers

In this section, we always suppose that the Hamiltonian H (x, p) enjoys assumptions (HO)-
(H3) and further that Az = 0.

Let U € Q2 be any domain. Note that the restriction of d; in U may not have the pseudo-
length property in U, and moreover, Theorem 1.3 with €2 replaced by U may not hold for the
restriction of dj in U. Thus instead of d,, below we use intrinsic pseudo metrics {d){] }aso in
U, which are defined via (1.4) with €2 replaced by U, that is,

d? (x,y) := suplu(y)—u(x) :u € Wy™U), |H(, Xu)l o) <} ¥x,y € Uand A > 0.
(5.1)
Obviously we have proved the following.

Corollary 5.1 Theorem 1.3, Theorem 1.4 and Proposition 4.1 hold with Q replaced by U and
d,, replaced by d){j . In particular, dij has the pseudo-length property in U for all A > 0.

Observe that, apriori, d)fj is only defined in U but not in U. Naturally, we extend d)fj :
UxU — [0,0) as afunctiond)fl U x U — [0, 0] by

d (x.y) = lim inf{d @ w) | (2. w) € U x U, |z, w) = (x. )| <7},
r—
Obviously, cz%] (x,y) = de (x, y) forall (x,y) € U x U, and (7/%] is lower semicontinuous in
U x U, thatis, for any a € R, the set
{(x,y) eﬁxﬁ|g){](x,y) > a}

is open in U. One may also note that it may happen that df (x,y) = +oo for some (x, y) ¢
U x U. Below, for the sake of simplicity, we write d}? as d}fl . We define dgc by letting
H(x,p)=|p|inU and A = 1 in (5.1).

The following property will be used later.

Lemma5.2 Let U € Q2 be a subdomain and ) > 0.

(i) Foranyx,y € U, we have d” (x, y) > dy(x, y) > Ridcc(x,y).
(ii) For any x € U and y € U with dcc(x,y) < dcc(x,dU), we have d/{/(x,y) <
Rydcc(x, y).
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(iii) For any x € U, let x* € dU be the point such that dcc (x, x*) = dcc(x, 0U). Then
dY (x,x*) < Rydcc(x, x*) < oo.
(iv) Forany x € U and y € U we have
d,{](x, 7) < d,{](x, y) + dij(y, 2) andd,{](z, x) < d,{](z, y) + d){](y, x) VYzedU.

(v) Given any z € 0U, ifd,{](x, 7) = oo for some x € U, then d/{](y,z) = +o0 for any
yeU.

(vi) Givenanyx,y € U x U the map A € [0, 00) > df(x, y) € [0, oo] is nondecreasing
and for0 < A < pu < 0o,

dAU(x, y) < oo if and only ifdllL](x, y) < oo.
As a consequence,
U= {y eUld){‘/(x,y) < oo forsome x € U and ) > 0}

is well-defined independent of the choice of ) > 0.
(vii) Given any x,y € U* x U*, the map A € [0, 00) — dij(x,y) € [0, oo] is right
continuous.

Proof To see (i), for any x, y € U, since the restriction u|y is a test function in the definition
of dfj (x, y) whenever u is a test function in the definition of d; (x, y), we have df (x,y) >
d;.(x, y). In general, given any (x,y) € (U x U) \ (U x U), for any r > 0 sufficiently
small, we have df(z, w) > d)(z, w) whenever z, w € U and |(z, w) — (x,y)| < r. By the
continuity of dj in 2 x 2, we have

lin%)inf{d,{](z, w) | z,w e U and|(z,w) — (x, )| <r}>di(x,y),

that is, d/{/ (x,y) > d;(x,y). Recall that d; (x, y) > R'dcc(x, y) comes from Lemma 2.1.

To see (ii), given any y € U with dcc(x,y) < dcc(x,dU), there is a geodesic y
with respect to dcc connecting x and y so that y C By, (x, dcc(x, dU)). For any function
u e W}l{,oo(U) with || H (-, XM)HLOO(U) < X\, weknow that ||Xu||Loo(U) < R;.LetU’ € U and
x,y € U’'. Thanks to Proposition 2.6, we can find a sequence {u }reny € C*°(U’) such that
uy — u everywhere as k — oo and || Xug| gy < Rj + Ag(u) with limy_, oo Ag(u) — 0.
Since

)~ = [ Xu-y < [ Xulyl = [ R Ay
12 Y 12

= (R) + Ax(u))dcc(x,y) forall k € N,
we have

u(y) —u(x) = klingo{uk(y) —up(x)} < klirlgo[RA + Ar(w)ldcc(x,y) = Rudcc(x, y).

Taking supremum in the above inequality over all such «, we have d/{] (x,y) < Rydcc(x,y).
To see (iii), given any x € U, there exists x* € dU such that dcc(x, x*) = dcc(x, dU).
By (ii) and the definition of d)’:' (x, x*), we know that d/{/ (x,x*) < Rydcc(x, x*) < 0.
To get (iv), forany x € U, y € U and z € dU, choose x, zx € U such that d¥ (x¢, y) —
df(x, y) and dAU(y, %) — df(y, z) as k — oo. Since

dY (xi, zi) < dY (e, y) +dY (9, 20,
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letting k — oo and by the lower-semicontinuous of dl{j we get
dY(x,z) <d! (x,y) +dY(y,2)
In a similar way, we also have
dY(z,x) <d?(z,y) +dY (y,x)

Note that (v) is a direct consequence of (iv).

We show (vi). The fact that dfj (x, y) is non-decreasing with respect to A is obvious for
any x,y € U. Assume 0 < A < i < oo. Then dg(x, y) < 400 implies d}fj(x, y) < 4o00.
Conversely, if d,i] (x,y) = 400, we show d/{] (x, y) = +o0. This may happen if at least one
of x and y lie in dU. Then for any {xx}xeny C U and {yg}ren C U converging to x and y, it
holds

liminf d? (x¢. y) = +o0
k— o0

where we let x;y = x (resp. yx = y) if x € U (resp. y € U). By (i) and (ii), we have for any
A<u

L. U T R;‘ s U
liminf d;” (x, y) = R liminf dcc (xk, yi) > == liminf d;] (xi, yx) = +00
k—o00 k—00 R, k—oo ®

where we recall that R} > 0 for all A > 0.

Finally, we show (vii). Since we only consider x, y € U, by an approximation argument,
it is enough to show the right-continuity for x, y € U. The proof is similar to the one of
Lemma 4.3. We omit the details. The proof of Lemma 5.2 is complete. O

Lemma 5.3 Suppose that U € 2 and that V is a subdomain of U. For any X > 0, one has
dY(x,y) <d/(x,y) ¥x,yeV.

Conversely, given any . > 0 and x € V, there exists a neighborhood N, (x) € V of x such
that

d}{](x, y) = d)Y(x, y) andd)lf(y,x) = d){/(y, x) forany y € N, (x).
Proof For any u € W}(’OO(U) with [|H (-, Xu)||Lee)y < A, we know that the restriction
uly € W}(’OO(V) with |H (-, Xul|y)llz~) < A. Hence by the definition of dAU and d;’,
dY(x,y) <d (x,y)forallx,y € V and then forall x, y € V.
Conversely, we just show d}lf (x,) = dAV (x, -) in some neighborhood N (x). In a similar
way, we can prove dﬁj (,x) = dAV (-, x) in some neighborhood N (x).
By Lemma5.2 (i), onehasd){/(x, y) > R;\dcc(x, y)forany x, y € V.Thusforanyr > 0,

d)f/(x, y) < rimplies dcc(x,y) < r/R}.Givenany x € V and0 < r < dcc(x,dV)/R;,
we therefore have

Nr(x):={y € V|d)(x,y) <) C Baec(x,r/R}) E V.
Define uy , : Q2 — R by
uy,(z) == min{d) (x,2),r} VzeQ.
If r < dcc(x, dV)R; /4, we claim that
uxr € Lipy..(€2) with H(z, Xuy,(z)) <2 foralmostall z e Q. 5.2)
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Assume claim (5.2) holds for the moment. By (5.2), we are able to take u, .|y as a test
function in d/%] so that

Uy (2) =y, (w) <df (w,z) Y(w,z) €U xU.

On the other hand, forany y € N, (x), since dX (x,y) = ux r(y)—uy r(x), weget dX (x,y) <
d/{/ (x, y) as desired.

Finally, we prove the claim (5.2).

Proof of the claim (5.2). First, by Lemma 3.3 and Lemma 3.4, the restriction u, .|y of

uy,, in V belongs to W}(’OO(V) with H(z, Xuy r|v(z)) < A almost everywhere in V, and
hence
e lv(2) =ty ly(w) <df (w,2) Y(w,2) eV x V. (5.3)
Next, we show u € Lip,..(§2). Given any w, z € €2, we consider 3 cases separately.

Case 1. w € Bg..(x,r/R}) and z € Bg..(x,r/R}). We have z € By..(w,2r/R}).
Since

4r r 3r

.
dcc(w,0V) > dcc(x,0V) —dcc(x,w) > = — >dcc(w, 2),
by

2
I
R, R R
by Lemma 5.2 (ii), dX (w, 2) < Rydcc(w, z), which combined with (5.3), gives
”x,r(z) - ux,r(w) =< R)LdCC(ws Z)-

Case 2. w, z ¢ By, (x, r/R;\). Then w, z € Q\ By (x, r/R/’\), since uy , is constant r
in Q\ Bgq(x,r/R}), we know that

uy r(z) — ux,r(w) =r—r=0=<Rydcc(w, z).

Case 3. w € By..(x,r/R}) and z ¢ By (x,r/R}). Then for any € > 0, there exists a
curve Y, : [0, 1] — Q joining z and w such that

Lice (Ve) <dcc(w, 2) + €

and there exists ¢ € [0, 1] such that y.(¢) € 9By, (x, r/Rj\). Thus using Case 1 and Case 2,
we deduce

Ux,r(2) = Uy, r (W) = Uy p (2) = U, r (Ve (D)) + 1ty r (Ve (1)) — Uy r (W)
< Rudcc(z, ve (1) + Ridec (e (1), w)
< Rildce (Yelio.) + Raldce (Velir1))
< Rildcc(w, 2) +¢€].
Letting € — 0 in the above inequality, we conclude

ux,r(z) - ux,r(w) = RAdCC(wa 2).

Finally, by Lemma 2.7, u, , € W)I(’OO(Q). Note that Xu, , = 0in Q \ By (x, r/R;L)
implies H(z, Xuy ,(z)) = 0 almost everywhere. Therefore recalling H (z, Xuyx ,(z)) < A

almosteverywherein V and Q = VU(Q2\ By (x, r/R;)), we conclude H(z, Xuy (z)) < A
almost everywhere in . 0

Lemma5.4 Suppose that U € Q and that V. = U \ {x;}1<i<m for some m € N and
{xiY1<i<m C U. Then for any A > 0, one has

d)t/(x, y) = dij(x, y)forallx,y € U.
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Proof Obviously d¥ < d) in U. Conversely, we show d} < dY in U. First, by an
approximation argument, it suffices to Con51der X,y € U By the right continuity of

A € [0,00) — a’U(x y) for any x, y € U, up to considering dﬂ . for sufficiently small

€ > 0, we may assume that u > 0. For any A > 0, by the pseudo-length property of d)ff as
in Proposition 4.1, it suffices to prove that for any curve y : [a, b] — U, one has

& (y(@).y (b)) < L (y). (5:4)

We consider the following 3 cases.
Case 1. y((a,b)) C V and y({a, b}) C V, thatis, y([a, b]) C V. Recall from Lemma
5.3 that, for each x € V, there exists a neighborhood N (x) such that

d)t/(x, y) = d){](x, y) Vy e N(x).

Since ¥ C Usela,p)N(y(?)), wecanfinda =t =0 < 1 < --- < t, = b such that
y CULGN(y(4)) and y([4;, tiy1]) C N(y(%)). By the triangle inequality, one has

m—1

& (y(@).y ) < Y d (r (). v (ti41) < Lo ().
i=0

Case2. y((a, b)) C Vandy({a, b}) ¢ V.Applying Case 1 to y|[4+e b—¢] for sufficiently
small € > 0, we get

4 (y(@),y (b)) = lim &) (y(a+ ),y (b =€) < iminf €40 (¥ liasep—e)) < Ly (1)-

Case 3. y((a,b)) ¢ V. Without loss of generality, for each x;, there is at most one
t € (a, b) such that y (f) = x;. Indeed, let * as the maximum/mimimum s € (a, b) such that
y(s) =x;.Thena <t~ <tT <b.Ift~ < t+,weconsidery; : [a,b— (tT —t7)] - U
with yi (1) = y(t) fort € [a,t7], and y1(t) = y(t — (t+ —t7)) for ¢t € [tT, b]. Then
Y4 dv (y1) < ¢ av (y). Repeating this procedure for x7, - -- , x;,, in order, we may get a new
curve 1 such that for each x;, there is at most one ¢ € (a, b) such that y(t) = x; and
Lqu () = Lo (y).

Denote by {aJ}J_O witha = a9 < a; < --- < a; = bsuchthat y({ay,--- ,as-1}) C
U\V = {xiti<i<m and y(la, b]\ {ai, - ,as—1}) C V. Applying Case 2 t0 y|[q;,q;,,] for
all0 < j <s — 1, we obtain

s—1 s—1
& (v @),y ) < Y d (raj). y@js) < Y Lgo (Vliagazn) < Lav (@)

j=0 j=0
as desired. The proof is complete. O
Forany g € COQU), write
(g, 8U) :=inf {2 0] g(y) —g(x) =di (x,y) Vux,y€dU}.
The following lemma says the infimum can be reached.

Lemma5.5 We have

(g, 0U) =min {3 >0 g(y) —g(x) <d/(x,y) Vx,yedunT }.
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Proof First,if x € 3U\U ory € 3U\ U, we have d” (x, y) = 0o. Hence g(y) — g(x) <
d/%] (x, y) holds trivially, which implies that

(g, 9U) =inf {1 = 0] g(y) — gx) < (x,y) Vx,yedunU },
Thanks to Lemma 5.2(vii), we finish the proof. ]
If w = (g, 0U) < oo, we define

Sy = inf {g(y) +d/ (v, 1)} and S, (1) = sup {g(v) —d;/(x, )} Vx e T.
yedlU yedlU

Note that Sgi_ y serve as “McShane" extensions of g in U.

Lemma5.6 If u = u(g, 0U) < oo, then we have
(i) Sgy € Wy™(U) N COU) with Sy, = g on U

(ii) foranyx,y € U,
Seu () = Sy @) = d (x, y); (5.5)

(iii) |1H(, XSy )llew) < .
Proof By Corollary 5.1, (ii) implies (iii) and Sqy € Wy (U). Below we show Sqy =2
on 3U, (i) and S, € CO(U) in order.
Proof for S; y = gondU.Forany x € dU, by definition we have
Sgy () = 8(x) = 8, (x).
Conversely, for y € 0U, one has
gy —d)(x.y) <gx) < g(y) +dY (y. x)

and hence S;U(x) <gkx) < S;U(x) as desired.
Proof of (ii). We only prove (ii) for Sg_;U; the proof for S;U is similar. For x, y € dU,
by the definition of & one has

Sgu () = Sy (1) = 8(y) — g(x) < dy/ (x, ).
Forx € U and y € dU, by definition
Sgu @) = 8(y) —dy (x,3) = Sz, () = d] (x, )
and hence
Sgy () = Sy () < d (x, ).
For x € U and y € U, by Lemma 5.2(iv), we have
dY(x,2) <dl (x,y) +d (v.2) VzeaU.

One then has

Sgy () = sup {g(x) —d}/ (v, 2))
zedlU

< sup (g(z) —d/ (x,2) +d (x. y)}
zedU
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Spy @ +d] (x,y),
and hence
Sey (V) =S,y () <d (x, ).

Proof of SiU e COU). We only consider S_U e CO(U); the proof for S+U e CO%U)
is similar. It sufﬁces to show that for any x € oU and a sequence {x;} C U converging to x,

jli)n;oS;U(xj) =8,y =gM).
Choosing x.’; € 0U such that dcc(x;, x;f) = dist g (xj, 9U), one has
dcc(xj, xj) <dcc(xj,x) — 0, andhence dcc(x}‘f, x) — 0.
Thanks to Lemma 5.2(iii) with x = x; and x* = xjf therein, we deduce
dg(xj, x;) < Rudcc(xi,x;f) — 0.
Since
Sguj) = g —dy (xj, x7),
by the continuity of g, we have
liminf S i) > .
im in v (Xj) = 8(x)
Assume that

liminfS;U(wj) > g(x) + 2¢ forsome {w;}jen C U with w; — x and some € > 0.
J—>00 ’

By the definition we can find z; € 0U such that
Seywj) —€ < g(z)) — d (wj.z)).
Thus for j € N sufficiently large, we have
8 —d (wj.zj) > g(x) +e.
Up to some subsequence, we assume that z; — z € dU. Note that
d(x,2) < li]n_l)iolgfdg(wj, zj)
By the continuity of g, we conclude
g(x) —d. (x,2) > g(x) + e,
which is a contradiction with the definition of u and u < oo. o
Write
(g, U) = inf(| H(-, X)) |u € Wy @) N CO @) ulay = g).  (5.6)
A function u : U — R is called as a minimizer for I(g, U) if
ue Wy*W)NC),ulpy =g and [ H(, Xw)ll=w) =g, U).

We have the following existence and properties for minimizers.
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Lemma 5.7 Forany g € C(aU) with u(g, dU) < oo, we have the following:

(i) We have u(g,doU) =1(g, U). Both ofS;U are minimizers for I(g, U).
(ii) If u is a minimizer for 1(g, U) then

Seu SMSS;U in U and |H(x, Xu)|row) =g, U) = u(g, dU).

(iii) If u, v are minimizer for (g, U), then tu + (1 — t)v with t € (0, 1), max{u, v} and
min{u, v} are minimizers for I(g, U).

Proof (i) Since u(g, dU) < 0o, then by Lemma 5.6, we know that S;U satisfies the condition
required in (5.6) and hence

I(g,U) < |H(, XS;U)”LOO(U) < W (5.7
Below we show that p(g, dU) < I(g, U). Note that combining this and (5.7) we know that
(g, U) = |H(, XSyl = 1

and moreover, S;'E_U are minimizers for I(g; U).

For any A > I(g, U), there is a function u € W)l(‘OO(U) NCO%U) withu = gon dU such
that || H (x, Xu)|| 1) < A. By Corollary 5.1,

u(y) —u(x) < d){](x, y), Vx,y e U.
By the continuity of « in U and the definition of 4” in U x U we have
gx)—gly) < d)fj(x, y) forall x,y € 0U.

Thus (g, 0U) < I(g, U).
(ii) If u is a minimizer for I(g, U), one has

IH (-, Xu)l| L) =18, U) = p.

By Corollary 5.1, u(y) — u(x) < dg (x,y) for any x, y € U and hence, by the continuity
of u and the definition of dﬁ/, forall x,y € U. Since u = g on dU, for any x € U, one
has g(y) — dﬁ/ (x,y) < u(x) forany y € aU, which yields S;U(x) < u(x). By a similar
argument, one also has u < StU in U as desired.

(iii) Suppose that u, u> are minimizers for I(g, U). Set

uy = (I —muy +nuy forany 5 € [0, 1].
Then u, € Wy™(U) N COU), and u, = g on U, and by (H1),

H(, Xuy()) = max{H(, Xu;(:))} < p ae.on U.

This, combined with the definition of I(g, U), implies that u,, is also a minimizer for I(g, U).
Finally, note that

max{uy, ur} € Wy (U) N CO(U), max{u;, uz} =g on dU.
By Lemma 3.2, one has

H(, X max{uy, uz}(-)) = max{H(, Xu;())} < p a.e.onU.
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‘We know that
I(g. U) < F(max{uy, uz}, U) < max{F(u, U), F(v,U)} =1(g, U),

that is, max{u1, ua} is a minimizer for I(g, U). Similarly, min{u, u»>} is a minimizer for
I(g, U). |

We have the following improved regularity for Mschane extension via d;,.

Lemma 5.8 Suppose that U € Q2 and that V- C U is a subdomain. If g : 0V — R satisfies

g(y) —gx) <d(x,y) Vx,yeaV (5.8)
for some A > 0, then (g, 0U) < A and
SEy () — SEy ) =dl (x.y) VayeV. (59

Proof Since d)fj < d){/ in V x V, we know that
g(y) —gx) <d) (x,y) ¥x,ye€dV
and hence
(g, V) =minfn > 0] g(y) — g(x) < d, (x,y) Vx,y €V} <A

To prove (5.9), by the pseudo-length property of d )fj as in Corollary 5.1, it suffices to prove
that for any curve y : [a, b] — Q with y(a), y (b) € V, one has
StV (b)) = S5y (@) = Lo (), (5.10)

We consider the following 4 cases.
Case 1. y((a,b)) C V and y({a,b}) C V, thatis, y([a,b]) C V. Noting u =
u(g, dV) < A, one then has d/a] < dX in V x V. From the definition of S;V, it follows

Sy () =Sy () <dy (x,y) Vx,yeV.

Recall from Lemma 5.3 that, for each x € V, there exists a neighborhood N (x) € V such
that

d) (x,y) =d!(x,y) Vye N(x).
We therefore have
Sey( = Sgy () <dl(x,y) ¥xeU,yeN). (5.11)

Since y C Usela,p)N(y(t)), wecanfinda =t =0 < #; < --- < t, = b such that
y CULGN(y()) and y ([#;, ti+1]) C N(y (#:)). Applying (5.11) to y (t;) and y (fj+1), we
have

Sey (i) = Sgy (v (@) < d) (y (@), y (1141).

Thus
m—1
Sy ®) = S5y (r(@) = Y ISy (i) = Sy (y 1))
i=0
m—1
< D& @),y i) < Lo ().

i=0
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Case2.y((a,b)) C Vandy({a, b}) ¢ V. Applying Case 1t0 y |4+, »—e] for sufficiently
small € > 0, we get

Sy (YD) = Sgy (v (@) = TSy (y (b =€) = Sgy (v (@ + )]
< liminf £,u (¥ la+eb-e1) = Lqu (¥)-
Case 3.y ((a,b)) ¢ V and y ({a, b}) C V. Set
t, = min{t € [a, b], y(t) ¢ V}and r* = max{r € [0, 1], y(t) ¢ V}.
Then y(t,) € 9V and y (t*) € V. Write
Sy () = Sgy (v (@) = Sy (y(B) = Sgyy (1) + S5y (v (%)
=Sy (6) + Sgy (v (1)) = Sy (v (@)
Note that
Sev (1) = Sgy (1) = g (1) = 8 (1)) < & (y (1), ¥ (1)) = v (¥ liaun,)-
By this, and applying Case 2 to y|[4.r,] and y |5, We obtain
Sav () = 83y (@) < Ly (15D + v (102D + v (¥ l1a) = €gu (1)
Case 4. y((a,b)) ¢ Vand y({a, b}) ¢ V.If y({a, b}) C 0V, then
Sev () = Sgy(r(@) = gy ) — g(r (@) = df (y(B), (@) < L (1)

If y(a) € V and y(b) € dV, set s* = min{s € [a, b] | y(s) € dV}. Obviously a < s* < b,
and we can find a sequence of ¢; > 0 so thate; — Oasi — ocoand y(s* — ¢;) € V. Write

Sy ®) = Sy (r(@) = Sgy (y(B) = Sgy (Y (s™) + S5y (v (5M) = Sy (v (@)
Since y (s*), y(b) € 3V, we have
Sev () = Sgy (r(8") = g(r (b)) — g (s*) = d (Y (B). ¥ (5")) < Lo (¥ l1s+.0)-
Applying Case 3 t0 ¥ |[a,s*—¢,;]> ONE has
Sev (V™) = Sgy (@) = lim [Sg7y (v 5" — &) = Sy (v (@))]
=< 11_1120 Edil (V|[a,s*—e,~]) = Zd{/ (Vl[a,s*])~
We therefore have
Sqv((®) = Sg7y (7 (@) < Lo (155D + Lgv Vlias) = Lqu ().

If y(a) € 3V and y(b) € V, we could prove in a similar way. Thus (5.10) holds and the
proof is complete. o

The following will be used in Sect. 6. Let U € Q and u € Wy (U) N CO(U) satisfying
u(y) —u(x) §dftj(x,y) Vx,y eU (5.12)

for some 0 < u < oo. Given any subdomain V C U, write h = ulyy as the restriction of u
in V. Since dg < dX in V x V as given in Lemma 5.3, one has

u(y) —u(x) < dlY(x, y) Vx,yedV
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and hence p(ulsv, V) < p. Denote by S;F‘w_v the McShane extension of u |3y in V. Define
S* in Vv
S {uum,v o T (5.13)
Lemma 5.9 Under the assumption (5.12) for some 0 < p < 00, the functions u® defined in
(5.13) are continuous in U and satisfy
wt(y) —ut(x) <d(x.y) Vx,yeU. (5.14)
In particular, u* € W)l(‘OO(U) NCY'U) and | H (-, Xu®) || Low) < p.

Proof We only prove Lemma 5.9 for u™; the proof of Lemma 5.9 for u™ is similar. By
Lemma 5.6, S,TV e CO(V) and S;rv = u on dV. These, together with u € C°(U) imply

that u™ € CY(U). Moreover, by Corollary 5.1, if u™ satisfies (5.14), then ut € W)I(’OO(U )
and || H (., Xui)||Lo0(U) < . Below we prove (5.14) for u™ via the following 3 cases. By
the right continuity of A € [0, 00) — d (x, y) forany x, y € U, up to considering d/i/ 4 for
sufficiently small € > 0, we may assume that > O.

Casel.x,y € U\ V.By (5.12) we have

wt(y) —ut () =u(y) —ulx) <d(x,y).

Case 2. x € Vandy € Vorx € Vand y € V. Applying Lemma 5.8 with
,dv, v, dAV, g) replaced by (U, dyv,v, d)f, ulyy), one has
wty) —ut () =85, =Sy ) <d(x.y) Vx,yeV.

Case3.x e VandyeU\Vorx eU\Vandy e V.Foranye > 0, by Corollary 5.1,
there exists a curve y joining x, y such that

by () =d;/(x.y) +e
Letz € y N9V. Applying Case 2 and Case 1, we have
Wt () —ut ) =ut () —uT @) +ut @) —ut () < djf 2y) +dy (x,2)
<Ly (y) <dg (x.y) +e

By the arbitrariness of € > 0, we have u*(y) —ut(x) < dg (x, y) as desired. m]

6 Proof of Theorem 1.6

In this section, we always suppose that the Hamiltonian H (x, p) enjoys assumptions (HO)-
(H3) and further that Az = 0.

Definition 6.1 Let U € Q be a domain and g € C%(3U) with u(g, dU) < oo.

(1) A minimizer u for I(g, U) is called a local superminimizer for I(g, U) if u > S;‘av, v
in V for any subdomain V C U.

(i1) A minimizer u for I(g, U) is called a local subminimizer for I(g, U) if u < S:Iav‘V in
V for any subdomain V C U.

The next lemma shows McShane extensions are local super/sub minimizers.
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Lemma6.2 Let U € Qand g € CO(U) with (g, dU) < oo.
(i) For any subdomain V- C U, we have

S, ., <&

v SSy SSLyin V., where ht =87l (6.1)

In particular, Sg y s a local superminimizer for I(g, U).
(ii) For any subdomain V. .C U, we have

Seu <SSy .y S8y inV, where h™ =S_lav. (6.2)

In particular, S;U is a local subminimizer for 1(g, U).

Proof We only prove (i); the proof for (ii) is similar. Write u = u(g, 9U). By Lemma 5.7,
Sy is a minimizer for (g, U), u = 1(g, U) = |H(-, X5, )l w), and

Sy =SLy) =d/(.y) Vx.yeU 6.3)

Fix any subdomain V C U. Denote by S}fv the McShane extension of 2T = S;:U l[ay in V.
Note that S,: v =< SZV in V, that is, the first inequality in (6.1) holds.

Below we show S,TV < S+U in V, that is, the second inequality in (6.1). Let u™ be as in
the (5.13) with u = S, that is,

g.U
ut = Sh+ y in Vv
: i . =
Sg; in U\V.

By (6.3), we apply Lemma 5.9 to conclude that u™ € WJI(’OO(U) N Cc%U) and
|H(, Xut)||Le@w) < p. Note that ut = S+U on U and hence, by definition of

I(g,U), one has I(g, U) < ||H(, Xu+)||Loo(U) Recalling © = I(g, U), one obtains that
I(g,U) = |H(, Xu+)||Loo(U), that is, u™ is a minimizer for I(g, U). By Lemma 5.7(i)
again, ut < S+U in U. Since S, = u™ in V, we conclude that S}, < S .y inVas
desired. The proof is complete. O

Lemma6.3 Let V € Q beadomainand P = {x;}jeny C V be a dense subset of V. Assume
ueCOV)and {uj}jen C W}(’OO(V) N CO(V) such that for any j € N,

1
luj(x;) —u(x;)| < — forany i=1,---,], 6.4)
J

and
NH(, Xuj(DllLew) <A < oo. (6.5)
Thenuj — uin CO(V), and moreover,

u€ Wy™(V)and | H(x, Xu)| =) < A. (6.6)

Proof We only need to prove u; — uin C 0(V). Note that (6.6) follows from this and Lemma
3.1.

Since u € C%(V) and V is compact, u is uniform continuous in V, that is, for any € > 0,
there exists i, € (0, €) such that for all

lu(x) —u(y)| <e whenever x,y eV with |x —y| < he. 6.7)
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Recalling the assumption (H3), by (6.5) one has
NXu;(OlliLevy < Ry VjelN. (6.8)

By Lemma 2.7,

wj(y) —uj(x) < Rpdlc(x,y) Yx,yeV.
Given any K € V, recall from [41] that

dé’c(x, y) <C(K,V)lx — y|1/k Vx,y e K.
It then follows

() = u; (0] = RCK, V)lx = y['* vx,y e K.

Given any € > 0, thanks to the density of {x;};en in V, one has K C Uy, e B(xi, he). By

the compactness of K, we have
K CU{B(xj,he) |1 <i<ig and x; € K}

for some igx € ﬁ For any j > max{ig, 1/€} and for any x € K, choose | < i < ig
such that x; € K and |x — x;| < he < €. Thus |u(x;) — u(x)| < €. By (6.4) we have
luj(xi) —u(xi)| < & < . Thus

loj(x) —u()| < fuj () —uj Qo) 4 fuj () — u(xi)] + luxi) — u(x)]
< RiC(K, V)e'* 4 2¢.
This implies thatu; — u in C 0(K) as j — o0. The proof is complete. O

The following clarifies the relations between absolute minimizers and local super/
subminimizers.

Lemma 6.4 LetU € Qand g € C%OU) with u(g, dU) < oo. Then a function u : U—>R
is an absolute minimizer for 1(g, U) if and only if it is both a local superminimizer and a
local subminimizer for 1(g, U).

Proof If u is an absolute minimizer for I(g, U), then for every subdomain V C U, u is a
minimizer for I(u|py, V). By Lemma 5.6, S;‘W’V <u< Sljr‘av’v, that is, u is both a local
superminimizer and a local subminimizer for I(g, U).

Conversely, suppose that u is both a local superminimizer and a local subminimizer for
I(g, U). We need to show that u is absolute minimizer for I(g, U). It suffices to prove that
for any domain V € U, u is a minimizer for I(u, V), in particular, || H (-, Xu(-))|[Leov) <
I(u, V).

The proof consists of 3 steps.

Step 1. Given any subdomain V C U, choose a dense subset {x;};en of V. Set V; =
V\ {xi}1<i<;j and Vp = V. Note that

0V =0V, U{x;j} =0V U {xi}i<i<j VjeN
For each j > 0, set
. Vi
wj = uulyy;, V) =inf{r > 0l u(y) —u(x) <d,”(x,y) Vx,y € dV;}.
Since V. C U, we have d/ (x, y) < d; (x, y) forall x, y € V", we have

u(y) —u(x) <dy(x,y) Vx,yeV.
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and hence o < u. By Lemma 5.7 (i), I(u, Vo) = po. In a similar way and by induction, for
all j > 0, since V1 C V;, we have

Lu, Vie) = pwjr1 Sy =Xu, V;) < o =XIu, Vo) < u=1Iu,U). (6.9)
Step 2. We construct a sequence {u} jen of functions so that, for each j € N,
uj € W)I(’OO(V]')OCO(V) and u;(x) =u(x) forany x € dV; =dVU{x;}1<i<; (6.10)

and
||H(, Xuj('))||L°°(Vj_1) = MHj-1 for any ] e N. (6.11)

Forany j > 1, since u is both alocal superminimizer and a local subminimizer for I(g, U),
by Definition 6.1,

— + .
< < .
Sulavv V-t —= U= Su\avj,l,V_,‘fl m Vf_l'

At xj, we have

Y . . , . + .
aj =Sy v ) Sue) b=y () (6.12)
Define u :Vj_l =V — Rby
+ .
wi u\avjil,V/,l if aj = b]7
Jj = u(xj)—a; o+ u(x ) a; .
bj]—aj ’ u\avj + (] . J) u\av 1 V 1 lf aj < b/

To see (6.10), observe that Lemma 5.7 gives u ; € W;(’OO(V,-) NCO(V). Moreover, for any
x € dV;, one has eitherx € 0V;_j orx = x;.Inthe case x € 9V;_1, by Lemma 5.70ne has

y =8,

uj(x) =38 ulav,

+ —
“‘BVJ;I Vicl (x) = u(x).
In the case x = x;, if a; = b}, then (6.12) implies

M(Xj) =S

+ N = = -
u\avjil,vl',l(xj) - b] - M(X]),

ifaj < bj, then

u(xj) —aj u(x;) — a]
“j(xj): bj—a Sum, ijl(xj)'i‘(l_ bj_ )S, | M\dv Y 1(xj)
=mbj+(l—u(xj)_aj)aj
bj—aj bj—aj
= u(x;).
u(x,) aj

Tosee (6.11), applying Lemma 5.7(iii) witht =
for L(ulsy,_,, Vj—1), that is,

NH G, Xuj(D e,y =Lulyy, , Viei) = wj-1. (6.13)

, we deduce that u ; is a minimizer

Step 3. We show that, for all j € N,

uj(z) —uj(y) <d;(y.z2) Vy.zeV. (6.14)

@ Springer



144 Page 40 of 52 J.Liu, Y. Zhou

Note that, by Corollary 5.1in V, (6.14) yields thatu ; € W)l(’oo(V) and || H (x, Xu )| pov) <
. Applying Lemma 6.3 to {u;}jen and u, we conclude that u € W;(’OO(V) and
|H (x, Xu)| Loo(vy < p as desired.

To see (6.14), using (6.11) and Corollary 5.1 in V;_1, we have

i@ —uj() <d - (3.2 Vy.ze Vi
Thus (6.9) implies
i@ —uj() <dy (3.2 Yy.ze Vi
Thanks to Lemma 5.4 we have dl‘t/j = d,‘f in V x V and hence
uj(@) —uj(y) <d (y,2) Vy,z€Vji.
By the continuity of u; in V we have (6.14) and hence finish the proof. O

Finally, using Perron’s approach, we obtain the existence of absolute minimizers.
Proposition 6.5 Let U € Q2 and g € CY(dU) with (g, dU) < oo. Define
U;(x) = sup{u(x)|u : U — R is a local subminimizer for I(g,U)} Yx e U (6.15)
and
U, ) ;== inf{u(x)|u : U — R is a local superminimizer for I(g, U)} Vx € U.

Then U;E are absolute minimizers for I(g, U).

Proof We only show that U g is an absolute minimizer for I(g, U); similarly one can prove
that Ug’ is also an absolute minimizer for I(g, U). Thanks to Lemma 6.4, it suffices to
show that U g"' is a minimizer for I(g, U), a local subminimizer for I(g, U) and a local
superminimizer for I(g, U). Note that I(g, U) = u(g, 0U) < oo.

Prove that U ;r is a minimizer for I(g, U). Firstly, since any local subminimizer w for
I(g, U) is a minimizer for I(g, U). We know

w e Wy™ )N CcU), wlay = g, and [H(-, Xw() |l =) = I(g, U) < oo.

Recalling the assumption (H3), we have ||| Xw/|| Loy < R, vy and hence w € Lipy,.. )
with Lipdc . (w,U) < Ry(g,v)- By a direct calculation, one has

Uy € Lip,,..(U) withLip,.. (U, U) < Riguyand Uy [y = g. (6.16)

Next, let {x;};en be a dense set of U. For any i, j € N, by the definition of U, ;‘ , there
exists a local subminimizer u;; for I(g, U) such that

N 1
uij(xij) = Uy (xi) — I

Note that, by Definition 6.1, u;; is also a minimizer for I(g, U).
Moreover, for each j € N, write
uj = max{uij}lsisj.

Lemma 5.7(iii) implies that u ; is a minimizer for I(g, U) and hence

uj € Wy™U)and | H (-, Xu;())lL=w) < g U) VjeN. (6.17)
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For 1 <i < j, from the definition of U;, it follows that
1
U (i) = ujxi) = U (i) — 7 (6.18)
Finally, combining (6.16), (6.17) and (6.18), we are able to apply Lemma 6.3 to U;' and
{uj}jen so to get
uj — U in COU), U € Wy™(U) and |[H(, XUD) =) <X(g.U).  (6.19)
Hence
| H(, XUng)llLOO(U) =1I(g, U).

Together with (6.16) yields that U : is a minimizer for I(g, U).

Prove that U ; is a local subminimizer for I(g, U).

We argue by contradiction. Assume on the contrary that U gr is not a local subminimizer
for I(g, U). Then, by definition, there exists a subdomain V C U, and some x¢ in V such
that

U;_(.XQ) > S;tv(xo),

where S+ v is the McShane extension in V of A = UF |3y By the definition of U, there
exists a local subminimizer u for I(g, U) such that

Uy (x0) = u(x0) > S\ (x0). (6.20)
The definition of U, also gives
u< U;' in U. (6.21)
Define
E:={xeV|ukx) > s;w(x)}.

Since both « and S

4+ v are continuous, E is an open subset of V. Since

U;' = S;tv ondV,

by (6.21), we infer that u < Sht v ondV and hence E C V. Obviously, xo € E. Denote by
E( the component of E containing xq.

Recalling that u is a local subminimizer for I(g, U), by Definition 6.1, we have u <

S;lan, g, I E. Since xo € Eo, we have waago, £, (¥0) = u(xo), which, combined with
(6.20), gives
Sitag £0(X0) = u(x0) > S (x0). (6.22)

On the other hand, we are able to apply Lemma 6.2 with (U, V, g, h = S;U |av) therein
replaced by (V, Eo, ht,h = Sht,v |E,) here and then obtain

+ +
Syt gy = Sptyy

in Ep.
Since u|g, = ;—ﬂV'EO = h, at xo € E, we arrive at
St

ulyey. Eo

(x0) < 8;1  (x0). (6.23)

Note that (6.22) contradicts with (6.23) as desired.
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Prove that U ;r is a local superminimizer for I(g, U). By definition, it suffices to prove
that, for any given subdomain V C U, we have S, |, < U;' in V, where we write hT =
Uflav.

To this end, define u™ as in (5.13) with u therein replaced by U, that is,

S in V
MR AR — 6.24
! { U in O\V. (024
Then ut is a minimizer for I(g, U). Indeed, since U g+ is a minimizer for I(g, U), we know
that U; satisfies (5.12) with u = I(g, U) therein. This allows us to apply Lemma 5.9 with
u= U;' therein and then conclude that u™ € W)I(‘OO(U) NCcoU), ut = U; =gondU,
and ||H (x, Xu™")|| < I(g, U). Therefore, by definition of I(g, U), || H (x, Xu™)| = I(g, U),
and hence u™ is a minimizer for I(g, U).
We further claim that

u™ is a local subminimizer for I(g, U). (6.25)
Assume that this claim holds. Choosing u™ as a test function in the definition of U ;r in (6.15),
we know that

Ug+ >uTin U.

and in particular U;” > S, |,
Proof the claim (6.25).

To get (6.25), by Definition 6.1, we still need to show for any subdomain B C U,

in V as desired.

ut <S8, in B. (6.26)

— “utlyp,B

To prove (6.26), we argue by contradiction. Assume that (6.26) is not correct, that is,

Wi={xeBlut(x)>S8, .(x)#0 6.27)

utlyp, B

Up to considering some connected component of W, we may assume that W is connected.
Note that

ut =8, pondW. (6.28)
Consider the set
D:={xeB| U;’(x) > S;ﬂas.B(x)}' (6.29)

By continuity, both of W and D are open.
Below, we consider two cases: D = ) and D # (.

Case D = (. If D is empty, then we always have U < S;E,‘M,B in B. Thus
U;' < Slj_ﬂaB,B <utinw.
Since U = u™ € U\ V, this implies
wWcVv. (6.30)
Sinceu™ =S, |, inVand W C V gives 3W C V, we have
ut = SpryondW. (6.31)
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Moreover, by Lemma 6.2, we know that S h_+ v

for I(U ; , V). By the definition of local subminimizer, and by W C V, we have

withht = U;r|3v is a local subminimizer

—_ JF .
Spry = Su*law,w in W, (6.32)

where we recall Sh_+ V|3W = uT|yw from (6.31).
Applying Lemma 6.2 with (U, V, g, h'") thereinreplaced by (B, W, u™ |3, S;+\33,3|3W)
here, recalling 8;;'83 glaw = u™|w from (6.28), we obtain

St <S8, in W. (6.33)

utlow,W = “utlap, B

Combing (6.32) and (6.33), by W C V, one arrives at

+ _ o + :
u _Sh+,v S$M+|BB,B in W,

which contradicts with (6.27).
Case D # (. Up to considering some connected component of D, we may assume that
D is connected. By the definition of D in (6.29), we infer that

+ _ ot
U; = Su*\aB,B on dD. (6.34)
Since U ;r is a local subminimizer for I(g, U) as proved above, we know

+ + :
U <85 ,inD. (6.35)

Applying Lemma 6.2 with (U, V, g, k™) thereinreplaced by (B, D, u™ |3, Sl:r*IaB,BbD)’
recalling S;+|BB.B|BD = U |sp from (6.34), we obtain

55;|w,o <8y, pin D (6.36)
Combining (6.35) and (6.36), we deduce
Ut < S;‘M'B in D.
Recalling (6.29), this contradicts with D # (. The proof is complete. O

Theorem 1.6 is now a direct consequence of the above series of results.

Proof of Theorem 1.6 Let g € Lip,..(dU). It suffices to show that 1(g, dU) < oo, which
allows us to use Proposition 6.5 and then conclude the desired absolute minimizer U ; therein.
Taking 0 < A < oo such that R} > Lipy,..(g, dU), we have

g(y) —g(x) < Ridcc(x,y) Vx,yedU.
From Lemma 2.9 (ii), that is, R} dcc < dY | it follows that
g(y) —gx) <dY(x,y) Vx,yedU.
and hence that

u(g, oU) =inf{u > 0]g(y) — g(x) <du(x,y)} <A < o0,

The proof is complete. o
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7 Further discussion

Note that Rademacher type Theorem 1.3 is a cornerstone when showing the existence of
absolute minimizers. Indeed, Champion and Pascale [14] and Guo-Xiang-Yang [26] estab-
lished partial results similar to Theorem 1.3 for a special class of Hamiltonians considered in
this paper to show the existence of absolute minimizers. However, their method seems to be
invalid for more general Hamiltonians considered in this paper. We briefly explain the reason
below.

Remark 7.1 Champion and Pascale [14] showed the McShane extension is a minimizer for H
when H is lower semi-continuous on U x R”. In fact, they defined another intrinsic distance
induced by H (x, p). For every A > 0,

Ly(x,q):= sup p-q, VYxeUand qeR".
{peH,(x)}
where H, (x) is the sub-level set at x, namely, H, (x) = {p € R" | H(x, p) < A}.
For0 <a <b < 4oo,lety : [a, b] — U bea Lipschitz curve, that is, there exists a
constant C > 0 such that |y (s) — y(¢)| < C|s — t| whenever s, ¢ € [a, b]. The L;-length of
y is defined by

b
G(y) = / Ly (y(0), y'(®)) a8,

which is nonnegative, since Ly (x, g) > 0 for any x € U and g € R”. For a pair of points
x, y € U, the d;-distance from x to y is defined by

@(x,y) = inf {60 |y € Cla by, v, D,
Then, they prove two intrinsic pseudo-distance are equal, that is
dy(x,y) =d;(x,y) forany A > 0andforanyx,y e U. (7.1)

Thanks to the definition of d;, they can justify (i)<>(ii) in Rademacher type Theorem 1.3.
However, when asserting (7.1), we will meet obstacles in generalizing [14] Proposition
A.2 since we are faced with measurable H.
On the other hand, Guo-Xiang-Yang [26] provided another method to identify a weak
version of (7.1) for measurable Finsler metrics H, that is

. dy(x,y) —
lim = =1 forany A > Oand forany x,y € U. (7.2)

Y=xdy(x, y)

Here d;, induced by measurable Finsler metrics H is defined in the following way.

dy(x, v) i=supinf {£7) |y € Tv(a, b %, 3, ) (7.3)
N

where the supremum is taken over all subsets N of U such that [N| = Oand 'y (a, b, x, y, U)
denotes the set of all Lipschitz continuous curves y in U with end points x and y such that
H'(N N y) = 0 with 1! being the one dimensional Hausdorff measure.

In fact, (7.2), combined with the method in [14] will be sufficient for validating (i)<>(ii) in
Rademacher type Theorem 1.3. Unfortunately, since we are coping with Hormander vector
field, a barrier arises when modifying their proofs. Indeed, their method uses a result by
[16] that every x-measurable Hamiltonian H can be approximated by a sequence of smooth
Hamiltonians { H,},, such that two intrinsic distances ;z"f " and df " induced by H,, by means
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of (7.3) and (1.4) satisfy lim,— dfl” =d, andlimsup,,_, gf’“ < 211 uniformly on U x U
respectively. The process of the proof of [16] is based on a C! Lusin approximation property
for curves. Namely, given a Lipschitz curve y : [0, 1] — U joining x and y, for any € > 0,
there exists a C! curve 7 : [0, 1] — U with the same endpoints such that

L' el0, 11170 #y@) or 7O #y O <e

where £! denotes the one dimensional Lebesgue measure. Besides,

1Vl < cllyllzee,

for some constant ¢ depending only on 7. Although this version of C! Lusin approximation
property holds for horizontal curves in Heisenberg groups ([43]) and step 2 Carnot groups
([39]), it fails for some horizontal curve in Engel group ([43]).

In summary, it is difficult to generalize the properties of the pseudo metric Elvl not only from
Euclidean space to the case of Hormander vector fields but also from lower-semicontinuous
H (x, p) to measurable H (x, p). Hence we would like to pose the following open problem.

Problem 7.2 Under the assumptions (H0)-(H3), does (7.2) holds?
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Appendix A: Rademacher’s theorem in Euclidean domains—revisit

In this appendix, we state some consequence of Rademacher’s theorem (Theorem 1.1) for
Sobolev and Lipschitz classes, see Lemma 3 and Lemma 6 below. They were well-known in
the literature and also partially motivated our Theorem 1.3 and Corollary 1.5. For reader’s
convenience, we give the details.

Recall that @ C R" is always a domain. The homogeneous Sobolev space W12 (Q) is the

collection of all functions u € L}OC (2) with its distributional derivative Vu = (E?TI:,-) l<i<n €

L®(£2). We equip W!-°°(£2) with the semi-norm
lllyiroo iy = VUl Loy

Write Wllc;go(ﬂ) as the collection of all functions u in Q so that u € WI’OO(V) whenever
V & Q. Here and below, V € Q2 means that V is bounded domain with V' C 2. On the other
hand, denote by Lip(£2) the collection of all Lipschitz functions « in €2, that is, all functions
u satisfying (1.1). We equip Lip(£2) with the semi-norm
. lu(y) —ux)| . e
Lip(u, Q) = sup ————— = inf{A > 0 satisfiying (1.1)}.
X, yEQ, x#y |x — ¥
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Denote by Lipy,. (€2) the collection of all functions # in € so that u € Lip(V) for any
V € Q. Moreover, denote by Lip*(£2) the collection of all functions u in €
with
Lip*(u, ) := sup Lipu(x) < oo. 1)
xeQ
Obviously, Lip(2) C Lip*(2) with the seminorm bound Lip*(u, Q) < Lip(u, 2).
Next, we have the following relation.

Lemma 1 We have Lip*(2) C Lip . (). For any convex subdomain V C Q and u €
Lip*(2), we have

lu(x) —u(y)| < llullLiprvylx —y| Vx,y e V. ()

Proof Let u € Lip*(2). To see u € Lip, (), it suffices to prove u € Lip(B)
for any ball B € Q. Given any x,y € B, denote by y(t) = x + t(y — x). Since
A,y = sup,eo, 1y Lipu(y (1)) < oo, for each t € [0, 1] we can find r; > 0 such that
[u(y(s)) —u(y @) < Axyly(s) — v ()] = Ax yls — t]lx — y| whenever |s — 7| < r; and
s € [0, 1]. Since [0, 1] C Us¢o,17(t — ¢, t +r,) we can find an increasing sequence t; € [0, 1]
with 7o = 0 and 7y = 1 such that [0, 1] C vazl(t,- — %r,,., ti + %r,l.). Write x; = y(t;) for
i=0,---,N.Wehave

N-1 N—-1
) —u() =1 Y [uCe) = ulxis)Il < D ) — ulxig)|
i=0 i=0
N—-1
=< Ax,y Z |x; —xiy1] = Ax,y|x =yl
i=0

Noticing that A, , < Lip*(u, B) < Lip*(u, 2) < oo for all x,y € B, we deduce that
u € Lip(B) and hence u € Lip,,, (€2).
If V € Q is convex, then for any x, y € €2, the line-segment joining x and y lies in V.

Hence similar to the above discussion, we have

lu(x) —u(y)l < Axylx —yl, Vx,y €V
and Ay y < |lullLip*(vy < oo for all x,y € V. Therefore, (2) holds and the proof is
complete. O

1,00
loc

On the other hand, functions W (£2) admit continuous representatives.

Lemma2 (i) Each u € Wll(;so(ﬂ) admits a unique continuous representative U, that is,

u e Wll(;fo(Q) with U = u almost everywhere in Q. Moreover, i € Lip,,. (), and for any
convex subdomain V C 2, we have

i (x) — U] = Nullyprooylx =yl Vx,y € V.

(ii) Each u € WI’OO(Q) admits a unique continuous representative U, that is, U €
W12(Q) with i = u almost everywhere in Q. Moreover, i € Lip* () with Lip*(if, Q) <

||”||W1.00(Q)-

Proof Since (ii) can be shown in a similar way as (i), we only prove (i). Given any convex
domain V & , for any pair x, y of Lebesgue points of u, we have

u(y) —u(x) = limfu*ns(y) — uxns(x)] = im V(u % ns)(x + 15y — x)) - (v = x)
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where 7 is the standard mollifier in R” with its support sptns C B(0, ) and t5 € [0, 1].
Also, since forany z € V,

[V (u*n15)(2)] = |(Vu) *n5)(2)| < [IVullL=(B(.s8)-

we deduce that for any pair x, y of Lebesgue points of u,

lu(y) —u@) < [VullL=w)ly — x|

If z € V is not a Lebesgue point of u, let {z;};ey C V be a sequence of Lebesgue points of
u converging to z. We have

lim |u(z;) —u(zir)| < lim [|Vullpovylzi — zig1l =0,
i—00 =00

which implies {u(z;)}ien C V is a Cauchy sequence. Since |lu]lzvy < 00, we know
{u(zi)}ien has a limit in R independent of the choice of the sequence {u(z;)}icn. Define
u(z) := u(z) if z € V is a Lebesgue point of u and u(z) = lim;_, u(z;) if 7 € V isnot a
Lebesgue point of u where {z;};eny C V is a sequence of Lebesgue points of # converging to
z. We know u# : V — R is well-defined and moreover,

[#(y) —u(x)| < [[VullL=yly —x| Vx,y e V.

Thus # € Lip(V) with sup,.y Lipii(x) < Lip(it, V) < ||[Vu|lp=(v). In particular, i is
continuous, which shows (i). O

Thanks to lemma 2, below for any function u € Wll(;so(Q) oru € WIVOO(Q), up to
considering its continuous representative i, we may assume that u is continuous. Under this
assumption, Lemma 2 further gives Wll(;so (2) C Lipjy (£2), and W) ¢ Lip*(2) with
a norm bound Lip*(u, Q) < [ully1.x @- Rademacher’s theorem (Theorem 1.1) tells that

their converse are also true. Indeed, we have the following.

Lemma3 (i) We have W;>°(Q) = Lip o, () and Lip(Q) € W>(Q) = Lip*(Q2) with
Lip*(u, Q) = [[ullyj1.00(q) < LipQu, Q).

(ii) If Q2 is convex, then Lip(Q2) = Wwhe@Q) = Lip*(2) with Lip*(u, Q) =
lellyirr.oo () = Lip(u, €2).

Proof (i)Ifu € Lip,,. (2), applying Rademacher’s theorem (Theorem 1.1) to all subdomains
V € Q, one has u € WII(;SO (2) and |Vu(x)| = Lipu(x) for almost all x € Q (whenever
u is differentiable at x). Hence Lip .. (2) C W]l(;fo (£2). Combining Lemma 2(i), we know
Lip o () = W13 ().

If u € Lip*(2), that is, Lip*(u, Q) = sup,.q Lipu(x) < co. We have u € Lip ;. (2)
and hence u € WIIO’SO(Q) and |Vu(x)| = Lipu(x) < Lip*(u, Q) < oo for almost all x € Q.
Thus u € Wh(RQ).

By definition, it is obvious that Lip(£2) C Lip*(£2). Hence Lemma 3 (i) holds.

(ii) By Lemma 3 (i), we only need to show Lip*(2) C Lip(£2). Applying Lemma 1 with
V = Q therein, (2) becomes

[u(x) —u(y)l
lx — I

Taking supremum among all x, y €  in the left hand side of the above inequality, we arrive
at

< llullLipr@) VYx,y € Q.

lull Lipey < llull Lip*(e)»

@ Springer



144 Page 48 of 52 J.Liu, Y. Zhou

which gives the desired result. O

Remark 4 (i) Lemma 1 and Lemma 3 fail if we relax sup,.q Lipu(x) in the definition (1)
to be || Lipul| zoo () = esssup ,cq Lipu(x). This is witted by the standard Cantor function w
in [0, 1]. Denote by E the standard Cantor set. It is well-known that w is continuous but not
absolute continuous in [0, 1]. Since Lipschitz functions are always absolutely continuous,
we know that w is neither Lipschitz nor locally Lipschitz in = (0, 1), and hence w ¢
Lip . (£2). On the other hand, observe that 2 \ E consists of a sequence of open intervals
which mutually disjoint, and w is a constant in each such intervals and hence Lipw(x) =0
therein. So we know that Lipw(x) = 0in Q\ E. Since | E| = 0, we have || Lipu|| 1<) = 0.

(i1) In general, if €2 is not convex, one cannot expect that Wl'OO(SZ) C Lip(2) with a
norm bound. Indeed, consider the planar domain

U .= {x=(x1,x2)e]R2||x| < 1}\ [0, 1) x {0}. 3)
Indeed, in the polar coordinate (r, 6),let w : U — R be
w(r,0) :=rfforall0 <r <land0 < 6 < 2.

One can show that w € WI’OO(U) so that w(x1,x2) < m/3 when 1/2 < x; < 1 and
0 < x3 <1/10, and w(xy, x2) > 57/6 when 1/2 < x; < 1 and —1/10 < x3 < 0. One has
Lip(w, €2) = co and hence w ¢ Lip(2).

The example in Remark 4 (ii) also indicates that the Euclidean distance does not match
the geometry of domains and hence Lip(€2) defined via Euclidean distance is not the prefect
one to understand W1 ().

Instead of Euclidean distance, for any domain €2, we consider the intrinsic distance

dg (x,y) =inf{€(y) |y : [0, 1] — 2 is absolute coninuous curve joining x,y}, (4)
where £(y) := fol |y (t)| dt is the Euclidean length. We have the dual formula.
Lemma5 (i) Forany x,y € €,
dif (v, y) = sup{u(y) —u(x) |u € W Q). [|Vull=@) < 1}. ®)

(ii) If x, y € Qwith |x — y| < dist (x, dQ), then d¥(x, y) = |x — y.
(iii) If Q is convex, then dg(x, y) =|x —y|forallx,y € Q.

Proof (i) Set
d(x,y) = sup{u(y) — u(x) |u € W'(Q), |Vullpo@ < 1). (©6)

Notice that d(x, -) € Lip*(2) = W*(Q) (Lemma 3 (i)) and || Vd¥(x, )|l Lo < 1 for
all x € Q. Hence letting dg (x, -) be the test function in (6), we see

d¥(x,y) < dg(x,y)Vx,y € Q.

To see the contrary, fix x, y € Q. Let {i; };cry be a sequence of test functions in (6) such
that

dif (v, y) = Tim (i (y) = u; (x)).

Let y : [0, 1] —  be an arbitrary absolute continuous curve joining x and y. Then there
exists a domain U € Q with y C U. Let {ns}s-0 be the standard mollifiers in R”. For each
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i €N, weknow u; x5 € C*(R) and |V(u; * ns)llLew) < [VuillLew) < 1. Then we
have
dg(x,y) = lim [u; (y) — u; (x)]
1—> 00

= lim lim[u; * ns(y) — u; * ns(x)]
i—008—0

1
= lim lirrz) V(ui *ns)(y (1)) - y (1) dt
0

i—008—

A

i—008—0

1
< lim nm/O IV (i 1)y )17 ()] d

A
<-
—_
~
-~
QU
~

Finally, taking infimum among all absolute continuous curves joining x and y in the above
inequality, we conclude

d(x,y) < d¥(x,y) ¥x,y € Q.
(i) If |x — y| < dist (x, 92), then the line-segment y joining x and y is contained in 2.
Letting y be the absolute continuous curve in (4),
o=yl <dF (e, y) < €y) =Ix =yl Vx,y € Q.
(iii) If €2 is convex, for all x, y € €2, since the line-segment joining them is contained in
2, similarly to (ii), we have dg (x,y) = |x — y|. The proof is complete. ]

Note that if €2 is not convex, one cannot expect dg (x,y) = |x—y|forallx, y € Q.Indeed,
if  is given by the domain U as in (3), for points (1/2, €) and (1/2, —e) with e € (0, 1/10),
the Euclidean distance between them is 2¢. However, note that any curve y : [0, 1] —
joining them must have intersection with (—1, 0) x {0}, which is call z. One then deduce
that

Ey) =2 1(1/2,€) =zl +1(=1/2,€) 2| = 1/2+ 1/2 =1 + 2e.

Thus the intrinsic distance between (1/2, €) and (1/2, —¢) is always larger than or equals to
1+ 2e.

With in Lemma 5, we show that the Lipschitz spaces defined via the intrinsic distance
perfectly match with the Sobolev space W'+ (£2), see Lemma 6 below. Denote by Lip a2 ()

the collection of all Lipschitz functions u in Q with respect to 2, that is,
lu(x) —u(y)l
T vy -

dE (.X ’ y)

We also denote by Lip:,g2 (£2) the collection of all functions u in €2
E

Lipdg (u, 2) :=sup

with

Lip;;g (u, Q) := sup Lip;ou(x) < oo.
xe

Lemma 6 We have Lipdg (Q) = Who(Q) = Lip*(2) and

IVullz) = Lipge (. @) = Lip"(, Q) = sup Lipau(x).
xeQ
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Proof Recall that Lemma 6 gives dfg(x, y) = |x — y| whenever |x — y| < dist (x, 0€2).
One then has Lipd‘s;_z (2) C Lip;, (2), and moreover, Lipu(x) = Lipdgu(x) forall x € ,
which gives Lip:;Q (2) = Lip*(Q2).

E .

Next, we show W1(Q) c Lipdéz(Q) and LipdsEz(u,Q) < |Vullpo(g). Let u €
Wo(Q). Then |Vullp=@ =: A < oo. If A > 0, then A~'u € W'*(Q) and
IV~ )|l (@) = 1. Hence A~ 'u could be the test function in (5), which implies

)L_lu(y) — A_lu(x) < dg(x, y)Vx,y e,
or equivalently,

) w0l _ o yyvey e .
Vil Loo ()
Therefore, u € Lipdg (2) and Lipdg (u, Q) < ||Vul||L=@). If A = 0, then similar as the
above discussion, we have for any A’ > 0
lu(y) — u(x)]
A'/
Therefore, u € Lipdg (2) and Lipdg (u, Q) < A/ forany A’ > 0. Hence Lipdg U, Q) =0=

< d?(x, y)Vx,y € Q.

(IVullLo()-
Moreover, we show Lipd,? () c Lip*(R) and Lip*(u, Q) < LipdsEz (u, Q). Letu €

Lipdéz (2). Then Lipd)sgz (u, ) < oo.Since Lip:';g (u, Q) < Lipdg (u, 2) and Ling (u, Q) =

Lip(u, 2), we arrive at
Lip(u, Q) < Lipdg(u, Q) < oo.

Therefore, u € Lip*(L2). )
Finally, recalling that whe Q) = Lip*(2) and || Vu| z~@) = Lip(u, Q) in Lemma 3,
we finish the proof. O
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