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Abstract
We show that for an open and dense set of non-reversible Finsler metrics on a sphere Sn

of odd dimension n = 2m − 1 ≥ 3 there is a second closed geodesic with Morse index
≤ 4(m + 2)(m − 1) + 2.

Mathematics Subject Classification 53C22 · 58E10

1 Introduction

In this paper we consider the sphere Sn of dimension n ≥ 2 carrying a non-reversible Finsler
metric f .Hence the length of a curve in general depends on the orientation. The reversibility
λ = max{ f (−X) ; f (X) = 1} was introduced in [17]. Then λ ≥ 1 and λ = 1 if and only if
the Finsler metric is reversible, i.e. f (−X) = f (X) for all tangent vectors X . For a tangent
vector X ∈ T Sn we denote by f0(X) = √

g0(X , X) the length of a vector with respect to
the standard Riemannian metric g0 of constant sectional curvature 1 on Sn . Let D = D( f )
be the smallest positive number such that

D−1 f0(X) ≤ f (X) ≤ Df0(X) (1)

holds for all tangent vectors X . We call this invariant the distortion of the Finsler metric f .
Obviously D2 ≥ λ. Let L = L( f ) be the critical value of a generator of the non-trivial
homology class Hn−1

(
�Sn/S1;Q) ∼= Q in dimension (n − 1) in the free loop space �Sn .

Lyusternik and Fet [12] used an idea by Birkhoff to show the existence of a closed geodesic c1
whose length l(c1) equals L and whose Morse index satisfies ind(c1) ≤ n−1. Inequality (1)
implies that 2π/D ≤ L = l(c1) ≤ 2πD. It follows from a result by Fet [6] that there exists
a second closed geodesic for a reversible Finsler metric which is bumpy, i.e. all its closed
geodesics are non-degenerate.

In this paper we consider the existence of a second closed geodesic for a non-reversible
Finsler metric. On a 2-sphere with a bumpy metric there always exists a second closed
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geodesic c2 geometrically distinct from c1 as shown in [16, (4.1)]. Bangert and Long were
able to show in [2] that this statement holds for any non-reversible Finsler metric. There is
a family fμ,μ ∈ [0, 1), μ /∈ Q of Katok metrics on S2 which are bumpy, have constant
flag curvature 1 and carry exactly two geometrically distinct closed geodesics c1, c2 with
ind(c1) = 1, limμ→1 ind(c2) = ∞, L(c1) < 2π, and limμ→1 L(c2) = ∞. Hence there
exists in general only one short closed geodesic on S2.

In higher dimensions there are many results on the existence of a second closed geodesic,
cf. for example [4, 19, 20], [5, Cor. 1.2], and [1, Cor. 1.14]. Compare also the recent survey
[11]. For existence results for closed geodesics in Riemannian and Finsler geometry we also
refer to the surveys [13, 22]. Under curvature assumptions one can give bounds for the index
of the second closed geodesic, cf. for example [18]. But we are not aware of estimates for
the index of the second closed geodesic holding on an open and dense subset of metrics on
an n-dimensional sphere with n ≥ 3.

We state our main result which shows in particular that for an odd-dimensional sphere
of dimension n = 2m − 1 ≥ 3 endowed with a bumpy metric there are two geometrically
distinct short closed geodesics, with index≤ 4(m+2)(m−1)+2. More precisely we show:

Theorem 1.1 Let f be a non-reversible Finsler metric on the odd-dimensional sphere Sn

of dimension n = 2m − 1 ≥ 3 with distortion D = D( f ) . Let pm be the smallest prime
number which is neither a divisor of (m − 1) nor of m, cf. Lemma 3.3, in particular 3 ≤
pm ≤ m + 2 for all m ≥ 2. Assume that all closed geodesics with length ≤ L3 := 2π pmD3

are non-degenerate. Then there are two geometrically distinct closed geodesics with index
≤ 4pm(m − 1) + 2 and of length ≤ L3 .

For n = 3,m = 2, p2 = 3we obtain for the second closed geodesic c2 on S3 : indc2 ≤ 14.
For n = 6k+3 = 2m−1 resp.m ≡ 2 (mod 3)we have pm = 3, hence for the second closed
geodesic c2 on S2m−1 : ind(c2) ≤ 12m − 10. The proof of Theorem 1.1 is given in Sect. 4.
We use the computation of the homomorphism in homology induced by the projection of the
free loop space�Sn onto the quotient space�Sn/S1 as given in Lemma 2.1 for n = 2m−1.
An analogous result is not available for even dimension n. Recall that f0 is the Finsler metric
defined by the standard Riemannian metric of constant sectional curvature 1. There is a one-
parameter family fμ,μ ∈ [0, 1) of Finsler metrics on Sn starting at the standard metric f0
with the following properties: For every irrational μ the metric is non-reversible and bumpy
and carries exactly 2m geometrically distinct closed geodesics. For n = 2m − 1 of these
closed geodesics the index is at most 6(m −1) but the index of one of these closed geodesics
can be arbitrarily large. This example is explained in detail in Sect. 5, these metrics were first
studied by Katok, cf. [23].

The set of metrics satisfying the assumptions of Theorem 1.1 contains an open and dense
subset. This follows from the following

Theorem 1.2 Let M be a compact manifold endowed with a Finsler metric f0. For an arbi-
trary non-reversible Finsler metric f the distortion D = D( f ) is the smallest positive
number satisfying Eq. (1) for all tangent vectors. For a positive number L let F1(L) be
the set of Finsler metrics f on M all of whose closed geodesics of length ≤ D3( f )L are
non-degenerate. Then F1(L) is an open and dense subset of the space F(M) of all Finsler
metrics on M with respect to the (strong) Cr -topology for r ≥ 4.

We give the proof in Sect. 6. The essential ingredient is the bumpy metrics theorem for
Finsler metrics, cf. [21, Thm. 4].

Using Theorem 1.2 we obtain from Theorem 1.1 the following
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Corollary 1.3 Let pm be the smallest prime number which is neither a divisor of (m − 1) nor
of m. Then there is an open and dense subset of non-reversible Finsler metrics on the sphere
Sn of odd dimension n = 2m − 1 ≥ 3 carrying two geometrically distinct closed geodesics
with index ≤ 4pm(m − 1) + 2.

2 Homology of the free loop space

Closed geodesics on Sn with a Finsler metric f are the critical points of the functional

F : �Sn −→ R ; F(σ ) :=
(∫ 1

0
f 2(σ ′(t)) dt

)1/2

,

cf. [10, Sect. 1] and [16, ch. 1]. We denote by � = �Sn the free loop space, i.e. the space
of H1-maps σ : S1 = R/Z → Sn . The function F is up to a factor 1/2 the square root of
the energy functional E(σ ) = 1/2

∫ 1
0 f 2(σ ′(t)) dt . The functional F agrees with the length

functional l(γ ) = ∫ 1
0 f

(
γ ′(t)

)
dt on loops parametrized proportional to arc length. The

Morse index ind(c) is the maximal dimension of a subspace of the tangent space Tc�Sn on
which the hessian d2Fc is negative definite, cf. for example [16, ch. 1]. For a closed geodesic
c the iterates ck, k ≥ 1 with ck(t) = c(kt) are closed geodesics, too. These closed geodesics
are geometrically equivalent. Note that in general the curve c−1 with opposite orientation,
i.e. c−1(t) = c(−t), is not a closed geodesic since the metric is assumed to be non-reversible.

For f = f0 we use the following notation:

F0(σ ) =:
(∫ 1

0
f 20 (σ ′(t)) dt

)1/2

; l0(σ ) =
∫ 1

0
f0

(
σ ′(t)

)
dt .

For the sublevel sets of the functional F we use the following notation: �R = {σ ∈
� ; F(σ ) ≤ R}. The free loop space � carries a canonical S1-action by linear reparame-
trization of the curves, i.e. shift of the initial point. We use the following notation for
quotient spaces with respect to the S1-action and its sublevel spaces: � = �/S1 and

�
R = {σ ∈ � ; F(σ ) ≤ R}. For the sublevel sets with respect to the functional F0 we

use the following notation: �R
0 = {σ ∈ � ; F0(σ ) ≤ R}, and �

R
0 = {σ ∈ � ; F0(σ ) ≤ R}.

The set of prime closed geodesics of positive length of the standard metric f0 equals the sub-
set BSn ⊂ �Sn of great circles which can be identified with the unit tangent bundle T 1Sn .
Then the set of closed geodesics equals the union

⋃
j≥1 B

j . Here B j := {c j0 , c0 ∈ BSn}
is the set of j-fold covered great circles, i.e. great circles c0 parametrized proportional to
arc length with l0(c

j
0) = jl0(c0) = 2π j . The functional F0 : �Sn −→ R is a Morse-Bott

function, i.e. the subsets B j are non-degenerate critical submanifolds. This follows since the
dimension of the kernel of the hessian of a great circle equals the dimension 2n − 1 of the
manifold BSn = T 1Sn . For n = 2m − 1 ≥ 3 we have

Hj
(
T 1S2m−1;Z) ∼=

{
Z ; j = 0, 2m − 2, 2m − 1, 4m − 3
0 ; otherwise .

If νk : Nk −→ Bk is the negative normal bundle of the critical submanifold Bk of dimension
ind(ck) = (4k − 2)(m − 1) with the associated disc bundle νk : DNk −→ Bk, resp. sphere
bundle SNk −→ Bk, then the generalized Morse lemma implies

Hj

(
�2πk

0 ,�
2π(k−1)
0 ;Z

) ∼= Hj (DNk, SNk;Z) ,
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cf. [15, Sect. 4]. The negative normal bundle νk is oriented for all k, since ind(c20)−ind(c0) =
4(m − 1) is even resp. γc0 = 1 for a great circle c0, cf. [16, Prop. 2.2]. Hence the Thom-
isomorphism implies

Hj

(
�2πk

0 ,�
2π(k−1)
0 ;Z

) ∼= Hj−(4k−2)(m−1)
(
T 1S2m−1;Z)

. (2)

The functional F0 is perfect, i.e.

Hj (�,�0;Z) ∼=
⊕

k≥1

Hj

(
�2πk

0 ,�
2π(k−1)
0 ;Z

)
(3)

which follows for m ≥ 2 from the long exact homology sequence. Hence

Hj
(
�,�0;Z) ∼=

⎧
⎨

⎩

Z ; j = 2r(m − 1); r ≥ 1
Z ; j = 2r(m − 1) + 1, r ≥ 2
0 ; otherwise

, (4)

and the homomorphism

Hj

(
�2πk

0 ,�0;Q
)

−→ Hj
(
�,�0,Q

)
(5)

induced by the inclusion is an isomorphism for all k ≥ 1 and j < i(k+1) = (4k+2)(m−1).
This follows since i(k + 1) = ind(ck+1

0 ) = i(k) + 4(m − 1).
The quotient space T 1Sn/S1 of unparametrized oriented great circles can be identified

with the Grassmannian G̃(2, 2m − 2) of oriented two-dimensional linear subspaces of R2m .

The equivariant Morse Lemma implies

Hj

(
�

2πk
0 ,�

2π(k−1)
0 ;Z

) ∼= Hj
(
DNk, SNk;Z

)
,

cf. [15, Sect. 4]. Here the quotient bundle νk : DNk −→ Bk resp. νk : SNk −→ Bk is a
bundle with fibre Di(k)/Zk resp. Si(k)−1/Zk . Here i(k) = ind(ck0) = (4k − 2)(m − 1) is the
Morse index of a k-fold covered great circle ck0 as a closed geodesic of the standard metric
f0. Then

H∗
(
Di(k)/Zk, S

i(k)−1/Zk;Q
) ∼= H∗

(
Di(k), Si(k)−1;Q

)

and the Thom isomorphism implies

H∗
(
�

2πk
0 ,�

2π(k−1)
0 ;Q

) ∼= H∗−i(k)
(
G̃ (2, 2m − 2) ,Q

)
.

Non-trivial homology only occurs in even dimensions since

Hj (G̃(2, 2m − 2);Z) ∼=
⎧
⎨

⎩

Z ; j = 0, 4m − 4
Z ⊕ Z ; j = 2m − 2
0 ; otherwise

. (6)

This follows from the Gysin sequence of the S1-bundle T 1S2m−1 −→ G̃(2, 2m), cf. [14,
Beweis Satz 4.9]. Hence we obtain:

H∗
(
�,�

0;Q
) ∼=

⊕

k≥1

H∗
(
�

2πk
0 ,�

2π(k−1)
0 ;Q

)
,
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which implies

Hj

(
�,�

0;Q
) ∼=

⎧
⎨

⎩

Q ; j ≥ 2(m − 1), j even , j �= 2k(m − 1), k ≥ 2
Q ⊕ Q ; j = 2k(m − 1), k ≥ 2
0 ; otherwise

, (7)

[16, Rem. 2.5(a)]. Therefore the functional F0 : � −→ R can be seen as a perfect Morse
Bott function for rational coefficients, too. In particular the homomorphism

i∗ : Hj

(
�

2πk
0 ,�

0;Q
)

−→ Hj

(
�,�

0;Q
)

induced by the inclusion is an isomorphism for all k ≥ 1 and j < i(k+1) = (4k+2)(m−1) .

This follows since i(k + 1) = ind(ck+1
0 ) = i(k) + 4(m − 1).

Lemma 2.1 n = 2m − 1,m ≥ 2. Let ak ∈ H4k(m−1)(�,�0;Z) ∼= Z, k ≥ 1 be a generator.

Then the canonical projectionρ : (
�,�0

) −→ (�,�
0
) induces an injective homomorphism

ρ∗ : H4k(m−1)
(
�,�0;Z) ∼= Z −→ H4k(m−1)

(
�,�

0;Z
)

with ρ∗(ak) = kãk �= 0 and ãk is not a torsion element.

Proof The projection ρ : � −→ � induces the homomorphism

ρ∗ : H4k(m−1)
(
�,�0;Z) ∼= Z −→ H4k(m−1)

(
�,�

0;Z
)

.

The homomorphism

ρ∗ : H4k(m−1)

(
�2πk

0 ,�
2π(k−1)
0 ;Z

)
−→ H4k(m−1)

(
�

2πk
0 ,�

2π(k−1)
0 ;Z

)

can be expressed by the homomorphism

ρ∗ : H4k(m−1) (DNk, SNk;Z) ∼= Z −→ H4k(m−1)
(
DNk, SNk;Z

)

which is a multiplication with the number k, i.e. for a generator a′
k with 0 �=

a′
k ∈ H4k(m−1)(DNk, SNk;Z) ∼= Z we have ρ∗(a′

k) = ksak for a generator ak ∈
H4k(m−1)

(
DNk, SNk;Z

)
and an integer s > 0. This follows since the homomorphism

H4k(m−1)(D
4k(m−1), S4k(m−1)−1;Z) ∼= Z

−→ H4k(m−1)
(
D4k(m−1)/Zk, S4k(m−1)−1/Zk;Z

) ∼= Z

induced by the canonical projection is a multiplication by k. This follows since the isometric
Zk-action on the disc D4k(m−1) is free on an open and dense subset, which we see as follows:
For any divisor d|k, d < k we have the following inequality for the indices of coverings ck0
of a great circle c0 : ind(cd0 ) < ind(ck0). Actually one can show s = 1, i.e. ρ∗(ak) = kãk .
This follows from the Gysin sequence of the S1-bundle T 1S2m−1 −→ G̃(2, 2m − 2) and
Eq. (6). ��
Remark 2.2 The S1-action on � induces the homomorphism

	 : H4k(m−1)
(
�,�0;Z) ∼= Z · ak −→ H4k(m−1)+1

(
�,�0;Z)

,

cf. [8, (17.1)]. The homomorphism is used to define the Batalin Vilkovisky algebra, cf. [3,
Thm. 5.4].
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It can be expressed as composition 	 = τ ◦ ρ∗ of the homomorphism

ρ∗ : H4k(m−1)
(
�,�0;Z) ∼= Z · ak −→ H4k(m−1)

(
�,�

0;Z
)

induced by the canonical projection and the transfer map

τ : H4k(m−1)

(
�,�

0;Z
)

−→ H4k(m−1)+1
(
�,�0;Z) ∼= Z · ãk .

Hence we obtain 	(ak) = τ(ρ∗(ak)) = ks̃ãk for a positive integer s̃ and a generator
ãk ∈ H4k(m−1)+1(�,�0;Z). The homomorphism can be computed, cf. [14, Satz 4.13] resp.
[10, Lem. 6.2], it follows that s̃ = 2.

Remark 2.3 Since c is prime and since for all divisors q of r with q < r the inequality
ind(cq) < ind(cr ) holds, we can conclude that for r ≥ 1 the following holds: There are
generators

sr , tr ∈ H∗
(
�r L ,�(r−1)L ;Z

)
; Sr ∈ H∗

(
�

r L
,�

(r−1)L ;Z
)

(8)

with deg(sr ) = deg(Sr ) = deg(tr ) − 1 = ind(cr ) = j such that the induced projection

ρ∗ : Hj

(
�r L ,�(r−1)L ;Z

) ∼= Z · sr −→ Hj

(
�

r L
,�

(r−1)L ;Z
) ∼= Z · Sr (9)

satisfies

ρ∗(sr ) = r · Sr , (10)

cf. [15, Sect. 3]. This will be crucial in the Proof of Theorem 1.1 given in Sect. 4. For the
transfer homomorphism

	 : Hj

(
�r L ,�(r−1)L ;Z

) ∼= Z · sr −→ Hj+1

(
�

r L
,�

(r−1)L ;Z
) ∼= Z · tr

one obtains 	(sr ) = r · tr .

3 Morse theory for a metric with only one closed geodesic

In this sectionwe studynon-reversibleFinslermetrics on S2m−1 forwhich all closedgeodesics
with length ≤ 2π pmD3( f ) are geometrically equivalent to the closed geodesic c of length
L = l(c). We will show that this assumption determines the sequence ind(cr ), r L ≤
2π pmD3 completely.

Lemma 3.1 Let f be a non-reversible Finsler metric on the sphere Sn, n ≥ 2 with distortion
D = D( f ). We assume that all closed geodesics with length ≤ 2πD are non-degenerate.
Then there exists a prime closed geodesic c whose length satisfies L := l(c) ≤ 2πD and
with ind(c) ≤ n − 1.

Proof Equation (1) implies that �2π
0 ⊂ �2πD . Since

Hn−1
(
�2π

0 ,�0;Q) −→ Hn−1
(
�,�0;Q) ∼= Q

is an isomorphism, cf. Eq. (5), we conclude that the homomorphism

Hn−1

(
�2πD,�0;Q

)
−→ Hn−1

(
�,�0;Q) ∼= Q
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is surjective, i.e. dim Hn−1
(
�2πD,�0;Q) ≥ 1. It follows from the Morse inequalities

for the space �2πD that there is a closed geodesic c with length l(c) ≤ 2πD and index
ind(c) ≤ n − 1, cf. [16, Sect. 2]. ��

We later use the following

Assumption 3.2 For m ≥ 2 let pm be the smallest prime number which does not divide
(m − 1) nor m, cf. Lemma 3.3. Given a non-reversible Finsler metric f on a sphere of
dimension n = 2m − 1 ≥ 3 with distortion D = D( f ) we assume that all closed geodesics
γ with L(γ ) ≤ L3 := 2π pmD3 are non-degenerate and that all closed geodesics with length
≤ L3 = 2π pmD3 and index ≤ 4pm(m − 1) + 2 are geometrically equivalent.

Hence we conclude from Lemma 3.1 that there is a prime closed geodesic c such that every
closed geodesic γ with l(γ ) ≤ L3 = 2π pmD3 and ind(γ ) ≤ 4pm(m − 1) + 2 is up to
the choice of the initial point a covering of the closed geodesic c, i.e. there is a positive
integer r ≥ 1 and an element z ∈ S1 = R/Z = [0, 1]/{0, 1} such that γ = z.cr . Here
z.c(t) = c(t + z) defines the canonical S1-action on the free loop space � = �Sn leaving
the functional F invariant.

Lemma 3.3 For m ≥ 2 denote by pm the smallest prime number, which is neither a divisor
of (m − 1) nor of m. Then p2 = 3, p3 = 5, and for m ≥ 4 : 3 ≤ pm ≤ m + 1.

Proof For m ≤ 5 we have: p2 = 3, p3 = p4 = 5. Assume m ≥ 5. If m ≡ 2 (mod 3) then
pm = 3. Ifm −2 �= 2s for some s choose a prime factor q ≥ 3 ofm −2 ≥ 4. Ifm −2 = 2s,
choose a prime factor q ≥ 3 of m + 1. Then pm ≤ q ≤ m + 1, and hence 3 ≤ pm ≤ m + 2
for all m ≥ 2. ��

The invariant γc ∈ {±1/2,±1} of a prime closed geodesic is defined as follows: γc = ±1
if and only if ind(c2) − ind(c) is even and γc > 0 if and only if ind(c) is even, cf. [16, Def.
1.6].

Lemma 3.4 Let Assumption 3.2 be satisfied, i.e. there exists a prime closed geodesic c with
L = l(c) ≤ 2πD such that all closed geodesics γ with length l(γ ) ≤ 2π pmD3 and index
ind(γ ) ≤ 4pm(m − 1) + 2 are geometrically equivalent to c, cf. Lemma 3.1.

We use the following notation for Betti numbers of the quotients �
2πDpm and �

2πD3 pm

of the sublevel sets by the canonical S1-action:

β j := dim Hj

(
�

2πDpm
,�

0;Q
)

, β
∗
j := dim Hj

(
�

2πD3 pm
,�

0;Q
)

.

Let L1 = 2π pmD, L3 = 2π pmD3 = L1D2 and let

v j := #{1 ≤ r ≤ L1/L; ind(cr ) = j, r ≡ 1 (mod 2) or γc = ±1}
v∗
j := #{1 ≤ r ≤ L3/L; ind(cr ) = j, r ≡ 1 (mod 2) or γc = ±1} .

Then for all even j ≤ 4pm(m − 1) + 2 :
β j = v j ; β

∗
j = v∗

j

and β j = β
∗
j = 0 for all odd j ≤ 4pm(m − 1) + 2.

123
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Proof We conclude from [16, Sect. 2] and [16, Def. 1.6] or [19, Sec.2]:
Let v j (cr ) = b j (�

r L
,�

(r−1)L ; Q). If l(cr ) = rl(c) ≤ L3 we conclude from Assump-
tion 3.2 for all j ≤ 4pm(m − 1) + 2 : v j (cr ) ∈ {0, 1} with v j (cr ) = 1 if and only if
j = ind(cr ) and r is odd or ind(c2) ≡ ind(c) (mod 2). It follows that for 1 ≤ r ≤ L3/L :

v j (c
r ) = 1 ⇒ j = ind(cr ) ≡ ind(c) (mod 2) . (11)

The Morse inequalities for the functional F on the space �
L1 = �

L1 Sn resp. �
L3 =

�
L3 Sn give a relation between the number of (homologically visible) critical points v j , resp.

v∗
j with index j and length l ≤ L1, resp. ≤ L3 with the Betti numbers β j , resp. β

∗
j . We

obtain:

v j = β j + q j + q j−1 resp. v∗
j = β

∗
j + q∗

j + q∗
j−1

for a non-negative sequence q j , j ≥ 0, resp. q∗
j , j ≥ 0, cf. [16, Sec. 2]. Equation (11) implies

the following for all j ≤ 4pm(m − 1) + 2, j ≡ 1 (mod 2)

v j = v∗
j = 0 (12)

and q j = q∗
j = 0 for all j . Here we have used that under the assumptions of the Lemma

there is up to geometric equivalence only one closed geodesic of length≤ 2π pmD3, and that
an iterate cr can have non-trivial local homology in degree j only for even j, cf. Eq. (11).
Hence

v j = β j ; v∗
j = β

∗
j (13)

for all j ≤ 4pm(m − 1) + 2. ��
For a topological pair (X , A) with singular homology Hj (X , A;Z) with integer coef-

ficients let Tor j ⊂ Hj (X , A) be the torsion submodule. We denote by FHj (X , A;Z) =
Hj (X , A;Z)/Tor j the associated free module. Then Hj (X , A;Q) ∼= Hj (X , A;Z) ⊗ Q ∼=
FHj (X , A;Z) ⊗ Q.

Lemma 3.5 If the Finsler metric f on S2m−1 satisfies Assumption 3.2 and p = pm then the
homomorphism

Hj

(
�

2π pD
,�

0;Q
)

−→ Hj

(
�,�

0;Q
)

induced by the inclusion is an isomorphism for all j ≤ 4p(m − 1) + 2. Using the notation

from Lemma 3.4 we obtain for the Betti numbers b j := dim Hj (�,�
0
,Q) for all j ≤

4p(m − 1) + 2 :
β j = b j . (14)

Proof From the definition of the distortion given inEq. (1)weobtain the following inclusions:

�
2π p
0 ⊂ �2π pD ⊂ �

2π pD2

0 ⊂ �2π pD3
(15)

and

�
2π p
0 ⊂ �

2π pD ⊂ �
2π pD2

0 ⊂ �
2π pD3

.

It follows that the composition

Hj

(
�
2π p
0 ,�

0;Q
)

−→ Hj

(
�
2π pD

, �
0;Q

)
−→ Hj

(
�
2π pD2

0 , �
0;Q

)
∼= Hj

(
�, �

0;Q
)

(16)
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is an isomorphism for j ≤ 4p(m − 1) + 2, cf. Eq. (7) and the arguments below. Therefore
we conclude that the homomorphism

i1∗ : Hj

(
�

2π pD
,�

0;Q
)

−→ Hj

(
�,�

0;Q
)

(17)

induced by the inclusion is surjective for j ≤ 4p(m − 1) + 2 since 4p(m − 1) + 2 <

i(p + 1) = (4p + 2)(m − 1). From Assumption 3.2 and Lemma 3.4 we conclude

Hj

(
�

2π pD
,�

0;Q
)

= Hj

(
�

2π pD3

,�
0;Q

)
= 0 (18)

for all odd j ≤ 4p(m − 1) + 2.
If the homomorphism given in Eq. (17) is not injective for some j ≤ 4p(m − 1) + 2 then

there is a non-trivial class

Z ∈ Hj

(
�

2π pD
Sn,�

0
Sn;Q

)

with deg(Z) = j ≤ 4p(m − 1) + 2 such that i1∗(Z) = 0.
We consider the homomorphisms induced by the respective inclusions

i2∗ : Hj

(
�

2π pD
,�

0;Q
)

−→ Hj

(
�

2π pD2

0 ,�
0;Q

)

i3∗ : Hj

(
�

2π pD2

0 ,�
0;Q

)
−→ Hj

(
�

2π pD3

,�
0;Q

)

i4∗ : Hj

(
�

2π pD3

,�
0;Q

)
−→ Hj

(
�,�

0;Q
)

.

Then i1∗ = i4∗ ◦ i3∗ ◦ i2∗. Since the homomorphism

i4∗ ◦ i3∗ : Hj

(
�

2πD2

0 ,�
0;Q

)
−→ Hj

(
�,�

0;Q
)

(19)

is an isomorphism for all j ≤ 4p(m − 1) + 2, cf. Eq. (16), we conclude that Z lies in the
kernel of the homomorphism

i3∗ ◦ i2∗ : Hj

(
�

2π pD
,�

0;Q
)

−→ Hj

(
�

2π pD3

,�
0;Q

)
, (20)

i.e. (i3 ◦ i2)∗(Z) = 0. The exactness of the long homology sequence of the triple

(�
2π pD3

Sn,�
2π pD

Sn,�
0
Sn) implies that there exists a non-trivial class

Y ∈ Hj+1

(
�

2π pD3

Sn,�
2π pD

Sn;Q
)

with ∂∗Y = Z .Here ∂∗ is the boundary operator of the long homology sequence of the triple.
But since j is even this leads to a contradiction to Eq. (18). ��

Let L = F(c) = l(c) be the length of the prime closed geodesic c. Then we obtain for
the Betti numbers b j (cr ) = rkHj (�

r L ,�(r−1)L ;Z) of the critical group of cr , r ≤ L3/L :

bk
(
cr

) =
⎧
⎨

⎩

1 ; k = ind(cr ), r odd, or γc = 1
1 ; k = ind(cr ) + 1, r odd, or γc = 1
0 ; otherwise

.
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The Betti numbers bk(cr ) = rkHk(�
r L

,�
(r−1)L ;Z) = dim Hk(�

r L
,�

(r−1)L ;Q) of the
S1-critical group of cr for r ≤ L3/L :

bk(c
r ) =

{
1 ; k = ind(cr ) , γc = 1 or r odd
0 ; otherwise

.

The Betti numbers bk = rkHk(�Sn,�0Sn;Z) = dim Hk(�Sn,�0Sn;Q) are given by

bk =
⎧
⎨

⎩

1 ; k = 2s(m − 1), s ≥ 1
1 ; k = 2s(m − 1) + 1, s ≥ 2
0 ; k otherwise

,

cf. Eq. (4). The Betti numbers bk = rkHk(�S2m−1,�
0
S2m−1;Z)

= dim Hk(�S2m−1,�
0
S2m−1;Q) of the S1−quotient space are as follows:

bk =
⎧
⎨

⎩

2 ; k = 2s(m − 1), s ≥ 2
1 ; k ≥ 2m − 2, k even, k �= 2s(m − 1), s ≥ 2
0 ; k otherwise

, (21)

cf. Eq. (7).
Bott’s formula for the sequence (ind(cr ))r≥1 of indices of the iterates cr implies (cf. for

example [19]):

ind(cr ) ≥ ind(c), r ≥ 1 . (22)

Lemma 3.4, Eqs. (22) and (21) imply that ind(c) = n − 1 and that the sequence ind(cr ) is
monotone increasing, i.e. for all r ≥ 1 :

ind
(
cr+1) ≥ ind

(
cr

)
, (23)

cf. [20] or [19]. Bott’s formula implies that v j > 0 resp. v∗
j > 0 for j ≤ 4p(m − 1) + 2

holds only for even j . Since

v j = v∗
j = β j = β

∗
j = 0 (24)

for all odd j ≤ 4p(m − 1) + 2 the Morse inequalities take the simple form for all j ≤
4p(m − 1) + 2, cf. Eq. (13):

v j = β j = b j ; v∗
j = β

∗
j . (25)

If γc = 1/2, i.e. if indc2 = 2m − 1 = indc + 1, we obtain from Bott’s formula for ind(cr )
that the sequence ind(cr ), r ≥ 1 is strictly monotone increasing. But b4m−4 = 2, cf. Eq. (21).
This contradicts Eq. (25). Hence γc = 1, resp. ind(c2) = 2m. The sequence ind(cr )1≤r≤L1/L

is uniquely determined by Eq. (23) and Eq. (25):
(
ind(cr )

)
r≥1 =

(2m − 2, 2m, 2m + 2, . . . , 4m − 6, 4m − 4, 4m − 4, 4m − 2, . . .

. . . , 6m − 8, 6m − 6, 6m − 6, 6m − 4, . . .)

From Lemma 3.5 and Eq. (21) we conclude

β4p(m−1) = dim H4p(m−1)

(
�

2π pD
,�

0;Q
)

= b4p(m−1) = 2 .

Therefore we obtain the following, cf. [20, Eq. (13)]:
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Lemma 3.6 If Assumption 3.2 holds then for p = pm we have

ind
(
c(2p−1)m

)
= ind

(
c(2p−1)m+1

)
= 4p(m − 1) . (26)

and l(c(2p−1)m+1) = ((2p − 1)m + 1)L ≤ 2π pD.

Lemma 3.7 If Assumption 3.2 holds, p = pm then for all j ≤ 4p(m − 1) + 1 :

Hj

(
�2π pD3

,�2π pD;Q
)

= 0 ; Hj

(
�

2π pD3

,�
2π pD;Q

)
= 0 , (27)

and the homomorphism

Hj

(
�2π pD,�0;Q

)
−→ Hj (�,�0,Q) (28)

induced by the inclusion is an isomorphism for all j ≤ 4p(m − 1).

Proof Since ind(cr ) ≥ 4p(m − 1) + 2 for all r ≥ (2p − 1)m + 2 it also follows that for
j ≤ 4p(m−1)+1 : v j = v∗

j , hence Eq. (27) follows, cf. Lemma 3.6. The inclusion Eq. (15)
together with the isomorphism (3) imply that the homomorphism (28) is an isomorphism for
j ≤ 4p(m − 1). ��

4 Proof of Theorem 1.1

In this proof we use as coefficient ring for homology the ring Z of integers if not otherwise
stated. We assume that Assumption 3.2 holds and derive a contradiction. Let p = pm .

Because of the Morse inequalities (25) and Lemma 3.5 we obtain for j ≤ 4p(m − 1) + 2 :
FHj (�,�

0;Z) ∼= FHj

(
�

2πDp
,�

0
) ∼=

⊕

r L≤2π pm D

FHj

(
�

r L
,�

(r−1)L
)

.

We have shown that ind(c) = 2m − 2, ind(c2) = 2m and ind(c(2p−1)m) =
ind(c(2p−1)m+1) = 4p(m−1), cf. Eq. (26). It also follows that ((2p−1)m+1)L ≤ 2π pD.

Let s(2p−1)m, s(2p−1)m+1 denote generators of the local critical groups, cf. Eq. (8). It follows
that

H4p(m−1)

(
�((2p−1)m+1)L ,�((2p−1)m−1)L

)

∼= H4p(m−1)

(
�((2p−1)m+1)L ,�(2p−1)mL

)
⊕ H4p(m−1)

(
�(2p−1)mL ,�((2p−1)m−1)L

)

∼= Z · s(2p−1)m+1 ⊕ Z · s(2p−1)m .

We consider the following commutative diagram, the vertical homomorphisms are induced
by inclusions, the horizontal ones by the canonical projection with respect to the S1-action:

H4p(m−1)(�
((2p−1)m+1)L ,�((2p−1)m−1)L )

ρ1∗
FH4p(m−1)

(
�

((2p−1)m+1)L
,�

((2p−1)m−1)L
)

H4p(m−1)(�
((2p−1)m+1)L ,�0)

ρ2∗

h1∗

∼= h2∗

FH4p(m−1)

(
�

((2p−1)m+1)L
,�

0
)

∼= j2∗

∼=j1∗

H4p(m−1)(�,�0)
ρ∗

FH4p(m−1)(�,�
0
)

123
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j1∗, j2∗ are isomorphisms,which follows from the following arguments: For r ≤ (2p−1)m−
1 : ind(cr ) ≤ 4p(m−1)−2, hence Hj (�

((2p−1)m−1)L
,�

0
) = 0 for j = 4p(m−1), 4p(m−

1) − 1. Therefore j1∗ is an isomorphism. The homomorphism j2∗ is an isomorphism since

FHj (�,�
((2p−1)m+1)L

) = 0 for j = 4p(m − 1), 4p(m − 1) + 1, cf. Eq. (25) and Eq. (24).
Lemma 3.7 implies that h2∗ is an isomorphism.
Since H4p(m−1)(�

((2p−1)m−1)L ,�0) = 0 the map h1∗ is injective and the image of
a generator a′

p ∈ H4p(m−1)(�
((2p−1)m+1)L ,�0) ∼= Z is a prime element. Let ap ∈

H4p(m−1)
(
�,�0

)
be a generator. Then we conclude from Lemma 2.1:

ρ∗(ap) = pãp

for a generator ãp ∈ H4p(m−1)(�,�
0
).

Definea′
p = (h2∗)−1ap and forη ∈ {0, 1} : s′

(2p−1)m+η = ( j2∗)−1s(2p−1)m+η, s′′
(2p−1)m+η

= ( j1∗)−1s′
(2p−1)m+η. Then there are coprime integers α, β

h1∗(a′
p) = αs(2p−1)m+1 + βs(2p−1)m .

Here we also allow α = 0, which implies β = ±1 resp. β = 0, which implies α = ±1. By
Eq. (10) we have

ρ1∗(s(2p−1)m+1) = ((2p − 1)m + 1)s(2p−1)m+1 ; ρ1∗
(
s(2p−1)m

) = (2p − 1)ms(2p−1)m .

Since s′′
(2p−1)m+1, s

′′
(2p−1)m form a basis for FH4p(m−1)(�,�

0
) there are integers w, z ∈ Z

with

ãp = ws′′
(2p−1)m+1 + zs′′

(2p−1)m .

We obtain the following explicit description of the last commutative diagram with respect to
the given basis elements

Zs(2p−1)m+1 ⊕ Zs(2p−1)m ρ1∗

(
(2p − 1)m + 1 0

0 (2p − 1)m

)

Zs(2p−1)m+1 ⊕ Zs(2p−1)m

Za′
p

ρ2∗

h1∗
(
α, β

)

∼= h2∗

Zs′
(2p−1)m+1 ⊕ Zs′

(2p−1)m

j2∗
(
1 0
0 1

)

j1∗
(
1 0
0 1

)

Zap
ρ∗

Zs′′
(2p−1)m+1 ⊕ Zs′′

(2p−1)m

We conclude from this diagram

ρ∗(ap) = pãp = p
(
ws′′

(2p−1)m+1 + zs′′
(2p−1)m

)

123
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= j2∗ρ2∗h−1
2∗ (ap) = j2∗ρ2∗(a′

p) = j2∗ j−1
1∗ ρ1∗h1∗(a′

p)

= j2∗ j−1
1∗ ρ1∗

(
α · s(2p−1)m+1 + β · s(2p−1)m

)

= α((2p − 1)m + 1) · s′′
(2p−1)m+1 + β(2p − 1)m · s′′

(2p−1)m .

Since s′′
(2p−1)m+1, s

′′
(2p−1)m form a basis we obtain:

pw = ((2p − 1)m + 1)α ; pz = (2p − 1)mβ

which is equivalent to

p(2mα − w) = (m − 1)α ; p(2mβ − z) = mβ. (29)

Equation (29) implies that p is a common divisor of the numbers α and β since p = pm
neither divides m nor m − 1, cf. Lemma 3.3.

But the numbers α, β are by assumption coprime, hence we arrive at a contradiction. Note
that this argument is also valid for the cases α = 0, β = ±1, resp. α = ±1, β = 0.

5 Katokmetrics

Choose numbers p1 < . . . < pm which are relatively prime and let p = p1 · · · pm .

Let

R(φ) =
(
cosφ − sin φ

sin φ cosφ

)

be the rotation inR2 with angle φ. LetR2m = V1⊕ . . .⊕Vm be an orthogonal decomposition
into 2-dimensional subspaces and let A(t) ∈ SO(2m) be the 1-parameter family of isometries
of S2m−1 with A(t)|Vj = R(pt/p j ), j = 1, . . . ,m. This one-parameter group of isometries
generates a Killing field V on S2m−1 with norm

‖V ‖ = a(p1, . . . , pm) = p

⎛

⎝
m∑

j=1

p−2
j

⎞

⎠

1/2

.

For μ < a(p1, . . . , pm)−1 we define the Killing field Vμ = μV with ‖Vμ‖ < 1. Then the
sphere bundle determined by {ξ ∈ Tx Sn ; ‖ξ − Vμ(x)‖ = 1} determines the unit sphere
bundle of a non-reversible Finsler metric fμ. These metrics are called Katok metrics, cf. [23,
p.139] or Zermelo deformation of the standard metric [7]. For the flow ψt of the Killing
field Vμ the geodesics of the Finsler metric fμ are of the form t �−→ ψt (c(t)) for a great
circle c(t) on Sn . For irrational μ the Katok metric fμ determined by the Killing field Vμ

has exactly 2m closed geodesics c±
j , j = 1, . . . ,m with c−

j (t) = c+
j (−t) for all t, cf. [23,

p.139] and [7]. These are the great circles invariant under the flow ψt . Since μ is irrational
these metrics are bumpy. As remarked in [7, 17] these metrics have constant flag curvature
1. The lengths l(c±

j ), j = 1, . . . ,m of the closed geodesics c±
j are given by

l
(
c±
j

)
= 2π

1 ± p
p j

μ
, j = 1, . . . ,m .

The distortion is given by:

D = λ = 1

1 − max{‖Vμ(x)‖, x ∈ Sn} = 1

1 − μa(p1, . . . , pm)
.
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If we choose p1 = 1 then for an arbitrary N ∈ N one can choose N < p2 < . . . < pm and
an irrational μ satisfying

1

p

N − 1

N
< μ <

1

a(1, p2, . . . , pm)
.

This implies that l(c−
1 ) ≥ 2πN , ind(c−1

1 ) ≥ 2N (m − 1) and the distortion satisfies D ≥ N .

One can also show that l(c+
j ) < 2π, ind(c+

j ) ≤ 4(m − 1), 1 ≤ j ≤ m and for 2 ≤ j ≤ m

we obtain l(c−1
j ) < 2πN/(N − 1), ind(c−1

j ) ≤ 6(m − 1).
For n = 3,m = 2 we obtain for any N a bumpy Katok metric fμ with exactly four closed

geodesics c±
1 , c±

2 with the following (in)equalities for the indices resp. lengths of these closed
geodesics: l(c1), l(c2) < 2π, ind(c1) = 2, ind(c2) = 4, l(c−

2 ) ≤ 2πN/(N − 1); ind(c−1
2 ) ∈

{4, 6}, and l(c−1
1 ) ≥ 2πN , ind(c−1

1 ) ≥ 2N (m − 1).
In a certain sense one can say that these examples show that the minimal number of short

closed geodesics on a sphere of dimension n = 2m − 1 resp. n = 2m is 2m − 1. Here short
closed geodesics posess an a priori bound for the index.

6 Genericity statement

The set F(T ) of Finsler metrics on a compact manifold M for which all closed geodesics
of length ≤ T are non-degenerate is an open and dense subset of the space F = F(M) of
Finsler metrics on M with the strong Cr -topology for r ≥ 4, cf.[21, Thm. 4].

Proof of Theorem 1.2 Let f1 ∈ F1(L), hence by definition all closed geodesics of the Finsler
metric f1 of length ≤ D3( f1)L are non-degenerate. Let φt

f1
: T M −→ T M be the geodesic

flow of the Finsler metric f1. If τ : T M −→ M is the tangent bundle projection then
t �−→ τ(φt

f1
(v)) is the geodesic cv determined by the initial condition c′

v(0) = v. Let
HM = (T M − M)/R+ be the bundle of oriented directions in the tangent bundle T M . We
consider instead of the geodesic flow φt

f1
: T M −→ T M the map�t

f1
: HM −→ HM with

�t
f1
(v) = φt

f1
(v/ f1(v)), hence the geodesic t ∈ R �−→ τ(�t

f1
(v)) ∈ M is parametrized by

arc length. If �t
f1
(v) is a periodic flow line of period a, then t ∈ [0, a] �−→ τ(�t

f1
(v)) is a

closed geodesic of length a. The minimal period is then the length of the underlying prime
closed geodesic.

Let�t
f1
(v1), . . . , �

t
f1
(vN ) be the periodic flow lines of the geodesic flow�t

f1
: HM −→

HM corresponding to the closed geodesics of period (resp. length) a1, . . . , aN which satisfy
ai ≤ D( f1)3L.

Then there is an open neighborhood U ⊂ F of f1 such that the following holds: There
are continuous maps vi : f ∈ U �→ vi ( f ) ∈ HSn , ai : f ∈ U �→ ai ( f ) ∈ (0,∞), i =
1, 2, . . . , N with vi = vi ( f1), ai = ai ( f1), i = 1, . . . , N such that for all f ∈ U the sets
�t

f (vi ( f )), t ∈ [0, ai ( f )], i = 1, 2, . . . , N are periodic and non-degenerate flow lines of
the geodesic flow of f of period a1( f ), . . . , aN ( f ) and there are no further periodic flow
lines of f of length ≤ D3( f )L. This holds since the distortion

f ∈ F �−→ D( f ) ∈ (0,∞) (30)

is a continuous function. Hence the set F1(L) is an open subset of F .

Choose T = 2D3( f )L. Since F(T ) is a dense subset of F we find a sequence ( fk)k≥2 ⊂
F(T ) converging to f1. Since the function given in Eq. (30) is continuous it follows that also
F1(L) is dense in F . ��
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