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Abstract

We consider equations involving a combination of local and nonlocal degenerate p-Laplace
operators. The main contribution of the paper is almost Lipschitz regularity for the homoge-
neous equation and Holder continuity with an explicit Holder exponent in the general case.
For certain parameters, our results also imply Holder continuity of the gradient. In addition,
we establish existence, uniqueness and local boundedness. The approach is based on an
iteration in the spirit of Moser combined with an approximation method.
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1 Introduction
1.1 Overview

In this article, we study regularity properties of weak solutions of the mixed local and nonlocal
p-Laplace equation

—Apu+ (—A)'u= finQ, (1.1)

where €2 is an open and bounded set in RN, N > 1. Weassumethat) <s < 1,2 < p <o

and f € Lf’OC(Q) for some g > 1 (for the precise assumptions, see Sects. 1.2 and 2). Here

Apu = div(|Vu|" "2 Vu), (1.2)

is the p-Laplace operator and

)P ux) —
(—Ap)su(x):P.V./ () ZuWI" () ~u@)) (1.3)

RN |x — y|N+ps

is the fractional p-Laplace operator, where P.V. denotes the principal value.

The main objective of this article is to establish Holder regularity of weak solutions of
Eq. (1.1), with an explicit Holder exponent. This is done in Theorem 1.3 and Theorem 1.4.
From this, Holder regularity of the gradient follows in the case when f = Oandsp < (p—1).
We also establish existence and uniqueness in Theorem 1.1 and local boundedness in Theorem
1.2. Our results are presented in detail in the next section.

1.2 Main results

Here we present the main results of this paper: existence, uniqueness and regularity of weak
solutions. For the notion of weak solutions and relevant notation such as Tail,_1 s s p, We
refer to Sect. 2. In the theorem below, p* refers to the Sobolev exponent, see (2.1).

Theorem 1.1 (Existence and uniqueness) Suppose | < p < 00,0 <s < land A > 0. Let
Q € Q' C RN be two open and bounded sets where f € L9(S), with

=@ fp#N or g>1 ifp=N,
and g € whrhn prfl (RN). Then there is a unique weak solution u € W&}’p(Q) of

—Apu+ A=Ay’ u=f, inQ,
u=g, nRV\Q.

Theorem 1.2 (Local boundedness) Suppose 2 < p < 00,0 <s < land0 < A < 1. Let
Q c RN be an open and bounded set and u € WIL’CP(Q) N Lf;l (RN) be a weak solution of

(—Apu+A=A)u=f inQ,
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where f € LY (Q) with

loc

N .
q>7vlfp§N’
p

g=1, ifp>N.

Then ut = max{u, 0}, satisfies u™ € L (Q) and for every 0 < R < 1 such that Bg(xq) €

loc

Q and every 0 < o < 1, there holds

™ 1l 2% (B, g xo))
1

<C <][ (u+)de>”+Taﬂ,,,l,s,,,s,,(u+;xo,R)
Br(x0) (1.4)

1
=T
+ (RI7 7 ||f||L‘1(BR(x0))) i|

where C = C(N,s, p,q,0) > 0.

Theorem 1.3 (Almost Lipschitz regularity) SupposeZ <p <00 O <s<land0 <A <1
Let Q@ € RN be an open and bounded set and u € WIOCP(Q) NLY, » (RN) be a weak solution
of

—Apu+A(=Ap)’u=0 inQ.

Then u € CIOC(Q)for every(0 <§ < 1.
More precisely, for every 0 < § < 1 and every ball Bog(xo) € Q with 0 < R < 1, there
exists a constant C = C(N, s, p, §) > 0 such that

C .
[M]CB(BR/Z(XO)) = R (||”||L°°(BR(J60)) + Tail 1,5 p,s p (s x0, R)) . (1.5)

Theorem 1.4 (Higher Holder regularity) Suppose 2 < p < 00,0 <s < land0 < A < 1.
Let Q@ C RN be an open and bounded set, and f € LI (Q2) where

loc
N

q>—, lfPSN9
p

qg>1, ifp>N.

Let® = min{(p—N/q)/(p—1), 1} andu € W]l p(Q)ﬂL (RN) be a weak solution

of

pl’

—Apu+ A=A u=f inQ.

Then u € CI‘SOC(Q)for every() <8 < ©.
More precisely, for every 0 < § < © and every ball Bsg(xg) € Q2 such that R € (0, 1),
there exists a constant C = C(N, s, p, q,8) > 0 such that

C .
[M]C’S(BR/S(XO)) =< R (||u||L°°(BR(xO)) + Tallpfl,s p.s p(U; x0, R)

=7 =
+<R a ||f||Lq(BR)> .
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Corollary 1.5 Suppose 2 < p < 00,0 <s < landsp < (p —1). Let @ C RN be an open
and bounded set, 0 < A < landu € WIL’CP ()N Lf;l (RN) be a weak solution of

—Apu+ A=A u=0 inQ.

Then u € Cllo’g () for some a € (0, 1).
More precisely, for every ball Bop(xg) € Q2 with 0 < R < 1, there exists a constant
C =C(N,s, p,q,8) > 0 such that

C .
[Vulcerpseon = L (lull o (B (xoy) + Tailp—1.5 p,s p(us X0, R))
where Tail,_1 5 p s p(u; X0, R) is defined in (2.2).

Remark 1.6 The reason for which we have included a constant A in the equation in the above
results, is that in the proofs we will consider rescaled solutions. For these, a constant appears
in front of the operator (—A,)*.

1.3 Comments on the results

We first comment on the sharpness of our results, more specifically Theorem 1.4. In general,
the results are most likely not sharp. For instance, the results in [17] give C!®-regularity
for solutions for all s € (0,1) and all p € (1, 00), under the additional assumption that
u e WP RN).

However, our results are almost sharp when (p — N/q)/(p — 1) < psf ;< L. Indeed,
assume

(p=N/@)/(p—1) = p“f =
and let
u(x) =[x["*, y=(p—-N/g9)/(p—1)
for some € > 0. Then
(A u=f, f&)=Cls,p,y,ex|VFTeP=b=

with f € Li]oc(RN) ifandonly if y + € > (sp — N/q)/(p — 1). Moreover,

—Apu=g, gx)=C(p,y,elx|vre D=1

with g € L;]OC(RN) ifandonlyify +€ > (p —N/q)/(p — 1). Itis clear that u ¢ C*(By) for
any o > y + €. This shows that in this regime of parameters, the results of Theorem 1.4 are
almost sharp.

Now we turn our attention to the Holder exponents in Theorems 1.3 and 1.4. Note that
even in the case when f is smooth Theorem 1.4 only gives almost Holder regularity of order
min{sp/(p — 1), 1}, while we for f = 0 reach almost Lipschitz regularity in Theorem 1.3.
The reason for this discrepancy is that we prove Theorem 1.4 by treating the inhomogeneous
equation as a perturbation of the homogeneous one. The restriction of the exponent arises
when we need a uniform control of the decay at infinity at different scales, see (5.17). It may
be possible to treat this as a perturbation of the homogeneous p-Laplace equation instead,
but we were not able to control the decay at infinity in such an approach.
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We also make a small comment regarding the assumption sp < (p — 1) in Corollary 1.5.
This assumption arises as a condition for when (—A ,)*u is bounded for almost Lipschitz
functions . The result is then obtained by treating (—A ,)°u as a bounded term.

1.4 Known results

In the homogeneous setting f = 0 and for p = 2, Eq. (1.1) reads
— Au+ (—A)°u =0. (1.6)

Based on the theory of probability and analysis, Eq. (1.6) has been intensely studied in
recent years. We mention the work of Foondun [27], where a Harnack inequality and local
Holder continuity are established. We also refer to the Chen et al. [13—15], Athreya and
Ramachandran [2] and the references therein for related results. For the parabolic problem
associated with (1.6), Barlow et al. [3], Chen and Kumagai [16] proved a Harnack inequality
and local Holder continuity.

Recently, the regularity theory has also been developed by a purely analytic approach.
For the linear case p = 2, existence, local boundedness, interior Sobolev regularity and a
strong maximum principle, along with other qualitative properties of solutions have been
established by Biagi et al. in [6]. Local boundedness is also established in Dipierro et al.
[20]. For existence and nonexistence results, we refer to Abatangelo and Cozzi [1]. We also
refer to Biagi et al. [4, 8], Dipierro et al. [22], Dipierro et al. [21], Dipierro and Valdinoci
[23] and the references therein.

In the nonlinear setting p # 2, for f = 0, regularity results of weak solutions in terms
of local boundedness, Harnack estimates, local Holder continuity and semicontinuity results
have been obtained in Garain and Kinnunen [28]. In [7], Biagi et al. established boundedness
and strong maximum principle in the inhomogeneous case. In the case of a bounded function
f, Biagi et al. [5] has obtained local Holder continuity for globally bounded solutions and
Garain-Ukhlov [31] studied existence, uniqueness, local boundedness and further qualitative
properties of solutions. Moreover, for more general inhomogeneites, local boundedness is
proved in Salort and Vecchi [34]. Very recently, Holder and gradient regularity were proved
by De Filippis and Mingione in [17], where a general type of mixed nonlinear problems are
considered. Even a mix of different orders and different homogeneities of the operators is
allowed. The results therein that applies to (1.1) are proved under the global assumption that
u € WP(RN). Under this assumption, their results contain ours as a special case.

We also seize the opportunity to mention that very recently, the regularity theory for mixed
parabolic equations has gained an increasing amount of attention. In the linear case, a weak
Harnack inequality is proved for the parabolic analogue of Eq. (1.6) in Garain and Kinnunen
[30]. For the nonlinear case, see Fang et al. [26, 35] and Garain and Kinnunen [29]. Among
other things, local boundedness and Holder continuity have been established.

Finally, we wish to mention [24], where a similar approach using difference quotients has
been used to obtain improved regularity for quasilinear subelliptic equations in the Heisenberg

group.

1.5 Plan of the paper
In Sect. 2, we introduce relevant notation and definitions and certain standard result in func-

tion spaces. In Sect. 3, we establish existence and uniqueness using standard methods from
functional analysis. The core of the paper is mainly in Sect. 4, where we prove almost Lips-
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chitz regularity for the homogeneous equation, using a Moser-type argument that results in
an improved differentiability that can be iterated. Here we also prove Corollary 1.5. This is
followed by Sect. 5, where the local boundedness and higher Holder regularity for the inho-
mogeneous equation is established. This is based on approxmation with the homogenous
equation. Finally, in the “Appendix”, we include a list of pointwise inequalities that are used
throughout the paper.

2 Preliminaries

In this section, we present some auxiliary results needed in the rest of the paper. Throughout
the paper, we shall use the notation that follows. We denote by B, (xp), the ball of radius r
centered at xo. When xo = 0, we will simply write B,. It will also be convenient to use the
notation u™ = max{u, 0}. The monotone and (p — 1)-homogeneous function

Jp@) = lal’%a, a€eR,

is expedient when treating equations of p-Laplacian type. Discrete differences play an impor-
tant role. Therefore, for a measurable function 1 : RN — Randavectorh € RV, we define

Un(x) =y +h), Y@ =yrx) - y¥x),
S (x) = (B (x)) = Yo (x) + ¥ (x) = 295 (x).

2.1 Function spaces

For p € (1, 00) and u € W1-P(Q), the W!-P-seminorm is defined by

[l = /Q |Vul? dx.
We also define the critical Sobolev exponent as
N N
7Np,ifp<N, No_N+op 11\7] . ifp <N,
p*: - P and (p*)/: p—N+p

400, if p> N, 1, it p > N.

(2.1)

Moreover, for 0 < § < 1, we will employ the §-Holder seminorm, given by

S (G By 160
c@ xXF#yeQ |)C - y|(S

For 1 < ¢ < oo and for 0 < 8 < 2, we introduce the Besov-type space
Bl ®Y) = v € LIRY) & W, < +00]

where

82

|kl

[W]Biq(RN) = sup .
|R]>0 La(RN)

Similarly, the Sobolev—Slobodeckii space is defined by

whaRN) = [w e LYRY) : [Wlysa@n < +oo], 0<p<l,
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where the seminorm [ - ]y p.q gn) reads

W () — () g
s = ([, S5 )’

These spaces are endowed with their corresponding norms
19l g gy = 1V Loy + ¥ o oy
and
1V lwea@myy = 1V Lo wyy + [¥ lwsa @y
At times, we will also work with the space wha (2) for a subset 2 ¢ RN,

W) = {y € LYQ) : Wwpaq < +oo}. 0<p <1,

where we define
1
Y (x) =¥ WI? 0
[V]wsa@) = <//§sz =y VRa dxdy) .

2.2 Tail spaces

In the study of nonlocal equations, the global behavior of solutions comes into play. This is
entailed by the fail space

Jue]?

N Ny .
Lq(R )_{MELIOC(R ) /RNWdX<+OO}, q>0anda>0,

and measured by the quantity

Taily o4 (1; x0. R) [Rﬂ/ e, ]; 2.2)

ail, o, (U; x0, R) = ——dx| , .
b RN\ Bg(xo) 1X — Xo|V*+e

defined for every xo € RN, R > 0, 8 > O and u € LL(RY). We observe that the quantity

above is always finite, for a function u € L{ (RM).

2.3 Auxiliary results for functions spaces

The next result asserts that the standard Sobolev space is continuously embedded in the frac-
tional Sobolev space, see [18, Proposition 2.2]. The argument uses the smoothness property
of € so that we can extend functions from W7 () to WP (R") and that the extension
operator is bounded.

Lemma 2.1 Let Q be a smooth bounded domain in RN, 1 < p < oo and 0 < s < 1. There
exists a positive constant C = C(N, p, s, Q) such that ||u | ws.rq) < Cllullwrr (e for every
ue whr(Q).

The following result for the fractional Sobolev spaces with zero boundary value follows
from [12, Lemma 2.1]. The main difference compared to Lemma 2.1 is that the result holds
for any bounded domain, since for the Sobolev spaces with zero boundary value, we may
always extend by zero.
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Lemma2.2 Let Q be a bounded domain in RV, 1 < p < oo and 0 < s < 1. Then there
exists a positive constant C = C(N, p, s, Q) such that

|u(x) —u(y)|”
// Cx — y[NEPs dXdYSC/QWM(x)I”dx

foreveryu € W(;’p (R2). Here we consider the zero extension of u to the complement of 2.
The following result is a local version of [9, Lemma 2.3].
Lemma23 Let B € (0,1), p € (1,00), xg € RN, R>0andh; > 0. Suppose

uc LP(BR+MT,(xo)) and

82u
sup # < 0. @3)
0<lhl<hy || 171] LPB. shy (o))
R+25L
Then
5},14
sup  ||——=
0<|h|<h; |h|/3 LP(Bg(x0))
5 2.4)
< sup | o 7"+ DIl oo
1 — B |o<in|<h, || 1] R+

L”(BRJrSth(xo))
Here C = C(N, p) > 0.
Proof Without loss of generality, we assume that xp = 0. Let 0 < |h| < hy. Let n €

Cé’o(BRJrhl )besuchthat)0 < n < 1,|Vp| < %,||D277|| < h% in BR+h] for some constant
2 1 2
C=C(N, p)>0andn = 1in Bg. Then

||772h||L<><>(BIé s) = L, ||5h(nh)||L°°(BIé+%)

_CL e _ Clnp? 23
= ’ U L°°(Bﬁ+5th) = h%

)

for some constant C = C(N, p) > 0. Note that the functions 125, 8,7, and 82 ;11 have support

inside B RS- Moreover, we obtain
2

82(un) = nandiu + 285u 85 (ny) + udin. (2.6)

By the hypothesis (2.3) and n € CSO(BR+Q)» it follows that un € ng)p (RM). Then by [9,
2
Lemma 2.3], we have

p (un)
o<ihi<hy | 1RIP | Loy
2.7
c 82 (un) -
57{ sup B + (h +1)||u77”LP(]RN)]'
=B Locimi<n || 1017, gy
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Using the above properties of 7, (2.5)—(2.7) and the fact that 0 < 8 < 1, we have

Op (un) - O (un)
O<|h|<h |h|/3 LP(BR) B O<|h|<h |h|'8 LP(RN)
87 (un) -
< 7{ sup h 3 +(h1ﬁ+1)”un”LP(RN)}
I =B Locni<n, || 1Al Lr@Y)
o) 82 (un) _
< — | + P+ Dllulles )
1= 1| InlP ! Ry
LP(RN) z
C Sju h|'=P
< ﬂ sup W + sup Shu
— B Lo<ini<h 0<l|h|<h 1
<|h|<hy Lp(BR+5/%) <|h|<hi LP(BR_*_@)
|h|>~F —p
+ sup 5 + (h " + DllullLrs i)
O<lhl<h hl LP(B_ s5p,) T
R+25L
2
< sup | o + P Dlullre b
L =B |o<ini<n, || 17 R+ iL

LP(BR+5hT1)
for some C = C(N, p). This proves the result.
Our next result is a local version of [9, Proposition 2.4].

Lemma24 Leta € (1,2), pe (1,00), R >0, xo € RN and hy > 0. Suppose

2
Sj,u

u € LP(Bryoh, (x0)) and sup G

O<|h|<h

< Q.

LP(BRryshy (x0))

Then

hi* +hi! hy®
IVulemseon = € (1+ g ey + o g) teia, co

3—«a

(Slzlu
———————  sup
(@ —1DQ2—a) g<ip|<h,

[h]«

LP(BRrysiy (x0))

where C = C(N, p) > 0.

(2.8)

(2.9)

Proof Without loss of generality, we assume that xo = 0. Let n € C°(B R ) be as
2

defined in (2.5). Using the assumption (2.8) and n € CZ°(B,_ 1, ), we have un € B3P RN).
2

Therefore, by [9, Propsotion 2.4], we get

82 (un)
||

)

LP(RN)

C
V@l p@yy < Cllunll s wyy + sup
PRN) )T T ko

(2.10)
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for some C = C(N, p) > 0. Next, using the properties of 1 from (2.5) and (2.6), we observe
that

5;21(W7) _ 772h5;2,M + 28pudp (np) + u5;2,n
|h|>0 || LP(RV) |h|>0 |h]“ LP(RN)
S7u Spu
=C sup 20 + 5h(77h)|h|a
0<|h|<hy LP(BR+5h1 ) Ll?(BR+5hT1)
z (2.11)
2 u
+ 8h(7l)ﬁ
|h] LP(BR+5h—1)
2
¢ { O Lt 7l }
= sup o . - 1 WUILPB sup) (>
h hle 1 R 1
o<in<hy U|[ 7] LGB, ) 1 ll1A] LrB, 51p) +5t

for some positive constant C = C(N, p) > 0. Now we estimate the second integral in the
RHS of (2.11). To this end, using (2.8), we get

8%14
|h|°‘71

u € L?(Bryen;) and  sup
0<|h|<hy

< oo0. 2.12)

LP(BRrysn)

Since 0 < o — 1 < 1, by Lemma 2.3, it follows that

Spu
Sup |27
0<|h\<h1 |h|0l 1 Lp(BRJrShI)
2
82u o
< P { sup h];_l +(h105 1+1)||u||LP(BR+6h1)} (213)
—a | o<ppj<n, | 17 Lo Brasn,)
C (Siu .
= hi sup o + T+ DllullLrgeg ) b
2—0{{ 0<|h|<h; || 17]* 1 (Br+6hy)

LP(BRrysny)

for some C = C(N, p). Combining the estimates (2.13) and (2.11) in (2.10) and noting that
n = 1 in Bg, the result follows. O

Lemma 2.5 Suppose u € WhP(RN), where p € (1, 00). Then
%]
h

< ||Vu .
LP@®RN) = I ||Lp(]RN)

sup
|h|>0
Proof We have
1
u(x +h) —ulx) = / Vu(x +th) - hdt.
0

Therefore, by Holder’s inequality

ulx+h) —u(x) ‘P

1
< / [Vu(x + th)|Pdt.
i 0
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Upon integrating, we obtain

B 1
[ DD o [ e i
RN Y0

A
1
5// |Vu(x + th)|Pdxdt
0 JRN

= ”VuHZp(RN)'

[}

We seize the opportunity to mention that a local version of the above lemma can be found
in Theorem 3 on page 277 in [25].

2.4 Weak solutions

Below, we define weak solutions of (1.1), allowing also for a factor A that will be needed in
the sequel, when treating rescaled solutions.

Definition 2.6 Letl < p <00, 0 <s < 1 and A > 0. Suppose f € L9(2), with
g=>p" ifp#sEN or ¢g>1 ifp=N.
We say that u € W]LCP N Lf,,_ ! (RV) is a weak subsolution (or supersolution) of
—Apu+ A(=Ap)'u = finQ,

if for every K € 2 and for every nonnegative ¢ € W(; "P(K), we have

/ |Vu|P*2Vu-V¢dx+A/ / Jp((u(x) —u(y)(@x) — ¢ (y))du
K RN JRN (2.14)

< [ rodx o 2
K
where
Jp(a)=lalP%a, aeR, du=I|x—y| NP dxdy. (2.15)
We say that u is a weak solution of (1.1), if equality holds in (2.14) for every ¢ € WOl P(K).
Remark 2.7 By Lemma 2.1 and Lemma 2.2, Definition 2.14 makes sense.

We now detail the notion of weak solutions to the Dirichlet boundary value problem. For
that purpose, given  C R" an open and bounded set, consider a bounded domain € such
that Q € Q@ < RN. Then for g € WP ('), we define

W (@) =fve W@ n Ll ' ®RY) :v—ge W, (@) (2.16)
When u € W;’p (£2) we will repeatedly identify u as being extended by g outside of €.

Definition 2.8 (Dirichlet problem) Let 1 < p < 00,0 < s < 1 and A > 0. Suppose
Q € ' c RY be two open and bounded sets, f € L7(Q), with

g=(p* ifp#EN o g>1 ifp=N,
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67 Page 12 of 36 P. Garain , E. Lindgren

andg € WP (Q)HN pr_l (RV). We say thatu € ng’p(Q) is a weak solution of the boundary
value problem

—Apu+A(—Ay))*u=f, inQ,
{ ’ ’ u=g, inRV\Q, 217
if for every ¢ € Wol‘p(Q), we have
/|W|P—2w.v¢dx+A/ / Tp(@(@) — u()G) — () dpe
Q RY JRY (2.18)

= / fodx,
Q

where J), and du are defined in (2.15) above.

Remark 2.9 Note that Definition 2.18 makes sense by Lemma 2.1 and Lemma 2.2, since we
may choose a smooth set K such that @ € K € '.

3 Existence and uniqueness

Here we prove existence and uniqueness of solutions of the Dirichlet problem (2.17).

Proof of Theorem 1.1 In what follows, whenever X is a normed vector space, we denote by
X* its topological dual.
We first note that W(; "P(Q) is a separable reflexive Banach space. We now introduce the

operator A : W;’p(Q) — (W&’p(Q))* defined by
o = [ 1907 20vpd+a | 500 =000 (60 = em) du
v2a [[ g0 - oo veWIT@, o e W@,
Qx(RN\Q)

where (-, -) denotes the relevant duality product. We observe that A(v) € (Wol’p (2))* for

every v € W; () (by Lemma 2.1 and [32, Remark 1]). Moreover, as in the proof of [32,
Lemma 3], we have that A has the following properties:

1. forevery v, u € W;’P(Q), we have
(Aw) — A(), u —v) =0,

with equality if and only if u = v; This follows from applying Lemma A.1 to the nonlocal
part and noting that for the local term we have the following inequalities (see [37, Page

11]):

1
cl(/ |V(u—v)|de)", if p>2,
Q
Cz(/QW(u—v)V’dx)

(o) s}

ST

(A() — A@), u —v) =

ifl <p<?2,

3.1)
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for some positive constants C, Co.
2. if {un}nen C WP () converges in WP (Q) to u € Wy'” (), then

(A(un) — A), v) =0 forallv e W,?();

lim
n—00

This follows from the application of Lemma 2.1 together with Holder’s inequality and
the coupling of weak and strong convergence.
3. From (3.1), it follows that

im (AQw) — A(g), u — g)
H””Wl,p(Q)—)"FOO ||M — g”WI,p(Q)

= +00.

Finally, we introduce the modified functional
Ao(v) = A(v + g), for every v € Wol’p(Q).

We observe that Ay : W(}’p (Q) — (W(;’p (2))*. Moreover, properties (1), (2) and (3) above
imply that .4 is monotone, coercive and hemicontinuous (see [36, Chapter II, Section 2] for
the relevant definitions). It is only left to observe that under the standing assumptions, the
linear functional

Tf:v|—>/fvdx, veWol‘p(Q),
Q

belongs to the topological dual of W&’p (€2). Notice that for every v € Wol’p (€2) we have!

11
/ *

< I llza@ ol g ) < 12147 7" I lza@ VIl Lo (-

Ty = ’/vadx

and the last term can be controlled using the Sobolev embedding whr(@RN) - L (RM)
(see [25]). Then by [36, Corollary 2.2], we obtain the existence of v € W(}’p (€2) such that

(Ao(), @) = (Ty, @), for every ¢ € W(;’p(Q).

By definition, this is equivalent to

(AW +9),9) = (Tr, @),  forevery g € Wy (),

i.e.
/ V(v + g)IP V(v + g) Ve dx
Q/
A //Q o Jp((x) + g(x) —v(y) = g() (p(x) — () du

+24 // Jy(w(x) +g(x) —g(y)e(x)du :/ fodx,
Qx (RN\Q') Q

1 We assume for simplicity that 1 < p < N. The cases p > N can be treated in the same manner, we leave
the details to the reader.
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67 Page 14 of 36 P. Garain , E. Lindgren

which is the same as (2.18), since v = 0 in RV \ 2 and that
2 // Jp(0() + g() — g(») 9(x) d
Qx(RN\Q')
= // Jp(wx) +g(x) —v(y) —g(y) e(x)dp
Qx (RN\Q')
- // Jp((x) +g(x) —v(y) — g e(y) du.
RVN\Q)xQ

Then v + g is the desired solution. Uniqueness now follows from the strict monotonicity of
the operator Ag. O

Remark 3.1 (Variational solutions) Under the slightly stronger assumption g € W7 (') N
L? » (RM), existence of the solution to (2.17) can be obtained by solving the following strictly
convex variational problem

min [ F0) : v e Wy (@) N L, @Y},

where the functional F is defined by

F) = l/ |Vul? dx + A // [v(x) —v(MIPdp
pPJjQ p 394

2A
+ — // Iv(x)—g(y)lpdu—/ fvdx.
p Qx(RN\Q) Q

Existence of a minimizer can be obtained using the Direct Methods in the Calculus of Vari-
ations.

4 Almost Lipschitz regularity for the homogeneous equation

In this section, we prove the almost Lipschitz regularity for the homogeneous equation. We
first start with the result below, where we differentiate the equation discretely and test with
powers of & u. This yields an iteration scheme of Moser-type. This is the core of the paper.

Proposition4.1 Ler 2 < p < 00,0 < s < land 0 < A < 1. Suppose that
u € WhP(Ba(xo)) N LE (RN is a weak solution of —A yu + A(=A ) u = 0 in Ba(xo).

loc
Assume that

lu(y)P~!
N <1 WD gy <1 4.1
llull oo By (xo)) < /RN\BI(xo) S DS 4.1

Let 0 < hg < % and R be such that 4hy < R < 1 — 5ho and Vu € L1(Bgr44n,(x0)) for
some q > p. Then

q+1
6iu
sup

0<lh|<hg

<C(1+4) / Vulldx +1), @2
BRang (x0)

for some constant C = C(N, hg, p,q,s) > 0.

1+
+1
A1 Lot (BR_apy (x0))
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Proof Without loss of generality, we assume that xo = 0. We divide the proof into five steps.
Step 1: Discrete differentiation of the equation. Let » = R — 4hg and ¢ € WP (Bg)
vanish outside BR%. Since u is a weak solution of —A,u + A(=A,)*u = 0 in By, from
Definition 2.6, we have

/B VulP2VuVe dx + A /R ” /R Upw) —uGE) ~ 0N di = 0. (43)

Let h € R"™ \ {0} be such that |h| < hg. Choosing ¢ = ¢_j in (4.3) and using a change of
variables, we have

/ IVup|P~2Vu,Vé dx

Br

+A / / Uy () — un O @G () — () dpp = 0. (4.4)
RN JRN

Subtracting (4.3) with (4.4) and dividing the resulting equation by ||, we obtain

(IVup|P=2Vup — |Vu|P~2Vu)

B i

A / / (Jp (up(x) — up(y)) — (Jp(u(x) — u(y)))
RN JRN 7]

Vo dx
4.5)

(p(x) —p(y)du =0,

for every ¢ € W17 (Bg) vanishing outside B Rpr. Let 1 be a nonnegative Lipschitz cut-off

function such that

C C
=lonB,, n=00nRY\ Brer, |Vn| < =—,
n onB,, 1 onRTA\ Bryr, | nI_R_r o

for some constant C = C(N) > 0. Suppose o > 1,0 > 0 and testing (4.5) with

¢ = Ja+1(%)nl’, 0 < [h] < ho,
we get
I+AJ =0, @6
where
I 5 (IVuh|p—2VIZ|hl+_9(|Xv”|P—2vu)V(Ja+](uh — ) dx @
and

J / (Jpup(x) —up(y)) — (Jpx) —u(y)))
n e |h|]+90t (48)
X (Jag1 up(x) — u@)n? (x) = Joqp1(un(y) —u(y)n?(y)) du.
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67 Page 16 of 36 P. Garain , E. Lindgren

Step 2: Estimate of the local integral /. We observe that

Iy = (\Vup P>V, — |VulP72Vu)V (Joi1 (uy — u)n?)
= (\Vup|?>Vup = [Vul?>Vu)yn? V (Jyg1 (p — u))
+ (IVupl P2 Vup — |VulP "2 Vu) Jy g1 up — u)V (nP)
> (IVun " *Vuy, — |VulP2Vuyn”V (Jog1 (up — 1))
— [IVunlP2Vup = [VulP 72V |[lup — ul*|V(1P)|
=1 —D.

4.9)

Estimate of /;: Since p > 2, using Lemma A.2 and that o > 1, we get

I = (\Vup|P~2Vuy, — |VulP2Vu)nP V (Jus1 (up — 1))
= a(|Vup| P Vuy — Va2 V)V (up — w)|uy, —ul*~"'n” 4.10)

4 L .
= 7(|Vuh|pTVuh - |VM|pTVu|2|uh — ey
p

Moreover, for p > 2, using Lemma A.1, we have

Iy = a(|Vup|P72Vuy, — |VulP 2V u)V(up — u)luy, — ul®1n?
n
= P22 p| V(up u)|p|”h ula lfip

([ o )

Zp22—p(ﬁ;_l)p[2—l"v(|uh—u|a771(uh—u)n)’p

4.11)

a1 p
—‘|Mh—14| » (uh—u))’ |V77|”}.

Estimate of /: Since p > 2, using Lemma A.3 and Young’s inequality with exponents 2
and 2, we obtain

L = |[Vup|P2Vuy, — [VulP2Vul|lup — u|* |V (5P)]
< (p = D(Vunl "™ +1Vul"T)||Vup) T Vuy — [Vu| T —ul*2n 8 |V (yt
< (p—D(Vup| = +|Vu| 7)||Vuy| up — |Vul Z Vullup —ul*2n2|V(n?)|
=2 p=2 atl P
=((p—1)(|Vuh| T 4 | Vul 2)|up —ul 2 IV(nZ)I)
p=2 p=2 a1l p
(|V14h| 2 Vup — |Vu| 2 Vu}luh—ul 2 2772) (4.12)
p=2 P=2\2 P
< C(p, ) (IVunl = +1Vul 7 ) lup — ul* |V (n?)
=2 P2 2 a—1
+e(|Vup| 2 Vup — |Vu| 2 Vu} lup — u|*"'n?

p=2

2
p=2 P=2\2 P €p
< C(p, (IVunl = +1Vul ) [lun — "IV 2P + == 1,
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for some € € (0, %), where to obtain the last inequality above, we have used the estimate
(4.10). Thus, using the estimate (4.12) in (4.9), it follows that

p=2 P
Iy = el — C(IVunl "™ + 1Vul T ) |lun — ul* V()P
a=1 P
> p22 7 (L) 12|V (ju — ul 7 s — )|
a+p—1
a1 p
— Jlun — w7 (uh—m)} Vi)

P
— C(IVun!” B vu)'T ) up —ul” V()%

(4.13)

for some positive constants ¢, C depending on p. Therefore, using the estimate (4.13) in
(4.7), we have

112
1= ——dx
/BR |h|1+9a
al P
up —ul 7 (uh—u)fl "uh —ul G —w] [Vl?
( 1+0a )‘ dx_c/BR |h|1+60¢ dx

= |
Br |h| I

Vuy| T + 1Vul TV |y — ul@ V()2
—C/ (IVupl |Vl )||h [*THV(n2)] dx
Br

|h|1+9a

:=cli3 —cli4s — Clys,
(4.14)

for some positive constants ¢, C depending on p, «
Estimate of 114 : Let p > 2, then using the properties of n and Young’s inequality with

exponents 4 and +2, using that |[u| L p,) < I from (4.1), we have

|h|l+0a X

Bpletr
s/BR a1Vl d

ag
C \r Spu|a-r+2 )

(S)([ B s [ )
4hg B 7 Br

R |h| a=p+2

|8 u| 7772
=¢( i dx+1),

R |h|a-pF2

=l % =] 19917
114:/ d
Bg

(4.15)

for some constant C = C(N, ho, p,q) > 0. Note that when p = 2, again using that
lluell ooy < 1 from (4.1), we have

|8pu|*t!

=< 20ull oo By 18nul* < 2|8pul®,
which gives the estimate (4.15) for p = 2.
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Estimate of /,5: We observe that

L (1Vunl "7 + V|7 )!|uh—u|‘*+1|V(nz)|2
5= |h|1+0a

IA

4/ (IVun|P=2 + |Vu|P~ 2)!Iuh—ul"‘“lv(w)l2
Br |h|1+0a

g [ NVl 2 |up —ul‘”lIV(nZ)Iz (4.16)
Br |h|l+9a dx

+4/ |Vuu| P2 |ug, — I"“IV(nZ)I2
Bx |h|1+0a

=46 + 117).

Estimates of /16 and /17: If p = 2, using the boundedness assumption |[u ||z (p,) < 1
from (4.1) and the properties of 7, we have

lup — ul® | Vn|? |Vn12|8hul®
—————————dx < |lullLoBg, ) ————dx
/BR |h|1+0a R+ho Br |h|1+0a

C \2 Spul®
- (7) / |8nu dx.
4h0 Br |h|1+0a

for some C = C(N, p) > 0. For p > 2, using Young’s inequality with exponents =5 5 and

4.17)

m , We get

(a+1)g

[Vuan P2 — w0 |wh|"dx+(£)‘1*% Onul "0
Bg |h|1+0a ~ I ho B (1+0a)g

R |h| q—p+2

_aq
7 |8pu|a=r+2

SC/ IVuhqux+C/ llu ||£oop(§k+h —— i dx (4.18)
Br o ikaz:

|8 u| =2
SC |Vuh|qu+c de
Br B 7

R |h| q—p+2

for C = C(N, ho, p, q) > 0, where we have again used using the boundedness assumption
lluell oo,y < 1 from (4.1). Therefore, using (4.17) and (4.18), for any p > 2, we obtain

S| 7772
116 < C |Vuh|qu+C de, (419)
Bg Br |h| q—p+2
for C = C(N, ho, p, q) > 0. Similarly, we obtain
8414|7772
q—r
Iy < C/ IVul9 dx +c/ o dx (4.20)
Bg Br |p|a-rt2

for C = C(N, hg, p, q) > 0. Combining the estimates (4.19) and (4.20) in (4.16), we have

|Spte| T2
115 SC |Vl/lh|qu+c |Vu|q dx +C de (421)
Br Bpg Bp |h| a=rT2
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for C = C(N, ho, p, q) > 0. Using the estimates (4.15) and (4.21) in (4.14) we have

|8y P72
12c113—C/ |Vuh|qu—C/ |Vu|qu—C/ g dx = C
Br Br Br |h| a=r+2
a1
— P —
:c/ v('”h ul G ”)”)"'dx—c/ Vup | dx 4.22)
Br |h| 7 Br

ag
S q—p+2
@)q
Br B

R |h| q—p+2

forc =c(p,a) >0and C = C(N, ho, p,q,a) > 0.
Step 3: Estimate of the nonlocal integral J. First, we notice that

J=N+) -, (4.23)
where
= / (Jpup(x) —up(y)) — (Jp(ulx) —u(y)))
Br J B |h|l+0a

X (Jot1 (up(x) = u@)n? (x) = Jor1 @n(y) —u())n? () du,
)= / / (Jpup(x) —up(y)) — (Jpu(x) —u(y)))
By JRN\Bg

Jat1(up(x) — u(x)n” (x) dp

|h|1+0a
2
and
J - - -
;= _/ / (Jp(up(x) uh(y))He( pu(x) —u(y))) Jas1 () —uO)P () dp.
RM\Bg JB gy, Ao

2

Estimate of J;: Proceeding exactly as in the proof of the estimate of Z; in [10, Step 1,
pages 813-817], we get

I = / / (Jpun(x) = un(y)) = (Jpux) — u(y)))
Br J Bg

|h|1+9a
X (Ja1 (up (0) = u @) (x) = Jag1 (un(y) — u())n” (y) dp (4.24)
el P
ZC|:|uh_T}|lll+9(Zh_u)n:| —CJn —Cl,
W*P(BR)

for some constants ¢ = ¢(p, @) > 0and C = C(p, o) > 0, where

p=2 r=2\2 2 2o
= [ [ () = w0l o) = %) e = nn
Br J Bg

o Jun () — U@ 4 Jup (y) = u)“H!

|l |1+0e du
and
lup(x) — ()22 Jup(y) — u(y) @
h = el
N /B/B( B T i ) =9I dp
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Proceeding along the lines of the proof of the estimates of Z1;% and Z5 in [10, Step 2, pages
817-819], we get

|| =2
Il <C / 7qu+/ \Vulldx +1), (4.25)
Bg |h|(1_*—60[)‘ifﬁ+2 BRoan
and
|8 |q7a;§l+2
[Jal < C / SO T v+, (4.26)
Bg |h|(]+9°‘)q—p+2

where C = C(N, hg, p, s, q) > 0. Therefore, using the estimates (4.25) and (4.26) in (4.24),

we have
a=1 p
o | el T —w)
1=zc |h|1+9a n

W (Br) “.27)

oq
b q—p+2
e / “luliqu—k/ \Vul9dx + 1),
BR |h|(1+0a)qu+2 BR-ang

for some constants ¢ = ¢(p, @) > 0and C = C(N, ho, p,s,q,a) > 0.
Estimates of J, and J3: Noting the assumptions in (4.1) and then proceeding along the lines
of the proof of the estimates of Z, and Z3 in [10, Step 3, pages 819-820], it follows that

1+0a

VAESYARY: 1+/
Br '|h| «

where C = C(N, hg, s, p) > 0. Combining the estimates (4.27) and (4.28) in (4.23), we

have
=l 7wy —wy |
up —u| ? (U, —u
J=zc |: |h|1+6a 77:|
Ws-P(BR)
Spu

-c / g T +/ |Vul? dx + 1),
|h| e BRoan

for some constants ¢ = c(p,«) > 0and C = C(N, ho, p,s,q,a) > 0.
Step 4: Going back to the equation. Inserting the estimates (4.22) and (4.29) in (4.6), it
follows that

Spu

oq
e dx) , (4.28)

(4.29)

[ ot ey,

|hl 7

§C</ |Vuh|qu+/ |Vu|qu+/
Br Br Br
Spu

vea( [ |-
B ! |h| e

2 We remark that to estimate J 11 above in (4.24), we also used Lemma 2.1 to estimate the fractional seminorm
[u]q sp-2-0) on page 818 in [10].
woprZz (BR+h)

Spu
1+6a

|| e

T +/ IVqudx—i-l).
Brang

aq
Ty + 1), (4.30)
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for some constant C = C(N, ho, p, s, g, ®) > 0. Next, we estimate the integral in the left
hand side of the above inequality (4.30). Indeed, we observe that following the lines of the
proof of the estimate (4.12) in [10, page 821] (one can run the same argument with s = 1
there), we have the following estimate

5 Spu e |8hu|%(8hu>n
P 1+0a |$| 1+6a )
|$|a—1+p|h|a—1+p Loc—l+p(3}) |h| P LP(RN)
=, 4.31)
P
H5 y (10017 @)
14+6a ’
|§| |h| tv L”(]RN)

where C = C(p, @) > 0. Next, by Lemma 2.5 combined with the fact that 5 is supported
only in Bg

P a1
8 1)

SC/ V(W)’ dx, (432
LP(R") Br |h| P

where C = C(N, ho, p) > 0. Noting the properties of 5, the fact that |[u||z=p,) < 1
from (4.1) and using Young’s inequality as in the proof of the estimate (4.14) in [10, pages
821-822], for any 0 < |&| < hg, we get

(183017 (am)

Spu
|€_-| E C( ’ 1+60a
h) LP(RN) |h| "=

where C = C(N, hg, p) > 0. Combining (4.32) and (4.33) in (4.31), forevery 0 < |&| < ho,
we have

1+6a

|hl 7

gi(whufﬂl(shu)n)

&[>0

= gy 1) (4.33)

H 8edpu

—1
ot 18l 7 Sy J
P 1+6a ( ) X
|§|ail+p|h|ufl+p

= C/ 1+0a
Le=1+P(B,) Bgr |h| P

8 7
ce(f, [ )
|h| "«

where C = C(N, hg, p, ) > 0. Choosing £ = h and taking supremum over % for 0 <
|h| < hg and then using (4.34) in (4.30), it follows that

(4.34)

Shu a—l+p
/ ‘ I+p+6a dx
0<\h|<h0 I |h|a I+p
8
§C( sup / |Vuh|‘1dx+/ IVul9dx + sup / " T +1)
0<|h|<ho J Bg Bg O<|h|<ho J/ Bg ' |h| «
8
+ca( sup / ’fi‘ga T g 4 / Vul? dx + 1) (4.35)
O<|h|<ho JBg ' |h| @ BR-an
8
§C(/ V9 dx +  sup / | T +1)
Bring 0<Ihl<ho \h| e
s
+ca( sup / ’ffga T +/ [Vul dx +1),
O<|h|<ho /Bg ' |h| @ BRoyan

where C = C(N, ho, p,q,s,a) > 0.
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Step 5: Conclusion. Now we set,
q—p+1
a=qg—p+2, 0=——.
q—p G—p+2
Therefore, we obtain
1 0 1 1+6
Rl +1 a—l+p=q+1, —2 Ll
a—14+p q+1

q—p+2 =4 o
Plugging these values in (4.35), we finally deduce that

2 q+1 q
(Shu Shu

sup m

0<|h|<ho

0<|h|<hg
q

< c(/ IVulfdx + sup + 1)
Brn L49(BR)

+/ |Vu|qu+1),
BRan

(4.36)

1
|h|m+l Lat1(B,)

Shu

+CA( sup m

0<|h|<hg

L4(Bgr)

where C = C(N, hg, p,q,s) > 0. In particular, recalling that r = R — 4ho and using
Theorem 3 on page 277 in [25] to estimate the difference quotients, (4.36) gives

8214 q+1
sup | —— <cd +A)</ |Vul? dx + 1), (4.37)
0<lhl<ho |h|l+m L9+ (Br_sng) BRreang
where C = C(N, ho, p,q,s) > 0. O

Lemma 4.2 (Estimate of the local seminorm) Let2 < p <00, 0 <s <land0) < A < 1.
Suppose u € Wllo’cp(Bz (xp)) N pr_l(RN) is a weak solution of

—Apu+ A(—Ap) u = 0in By(xp)

satisfying

e <1 / LI
ullLoo By o)) < 1, — dr < L.
e RN\By (xg) [XIV TSP

Then

/ |Vu|Pdx < C(N, p,s).
B%(Xo)

Proof Without loss of generality, we assume xo = 0. We only provide the proof for w = u™,
the proof of u~ is similar. We apply [28, Lemma 3.1] with »r = 1, xg = 0 and with ¢ €
Cgo(Bg) such that ¥ = 1 on B%, 0<v <1land|Vy| < C forsome C = C(N) > 0. By

using the properties of ¢ and A € [0, 1] this yields

/ |Vw|desc(N,p></ |w|"dx+/ / (|w(x>|”+|w<y)|”)|x—y|1‘”"Ndxdy>
B7 By By /B
8

lw(y)|P~! /
——dy [ |wx)|dx
RV\B, |y|Ntsp B

<C(N,p)d+C(p,s)+ 1).

+C(N, p)

Hence the result follows. O
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We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3 We first observe that u € L}, (2), by [28, Theorem 4.2]. We assume
for simplicity that xo = 0, then we set

Mpg = ||”||L°°(BR) +Tai1p_1,xp,sp(u; 0,R) > 0.

We point out that it is sufficient to prove that the rescaled function
1
ur(x) := —u(Rx), for x € B», (4.38)
Mg

satisfy the estimate

[MR]C(S(BI/Z) S C

By scaling back, we would get the desired estimate. Observe that by definition, the function
upg is a local weak solution of —A ,u + A RP7P°(—A,)*u = 0 in B, and satisfies

lur(y)P~!
lugllLoeo) <1, / ————dy <1, [ugplyi, <C(N,p,s).
(B1) RN\ B, |y|N+Sp w I(B%)

(4.39)

The last estimate follows from Lemma 4.2. In what follows, we will omit the subscript R
and simply write u in place of u g, in order not to overburden the presentation.
We fix 0 < § < 1 and choose i, € N\ {0} such that

1—-6>

ptico
Then we define the sequence of exponents
qgi =p+i, i=0,...,lc.
We define also

1 7
R = - —4ho — 14 hoi, fori =0,...,ic-

ho = ,
T 120 8

‘We note that
7 3
R0+4h0:§ and R[m+4h021.

By applying Proposition 4.1 with?
R=R; and qg=qi=p+Ii, fori =0,...,i,
and by (4.39) along with A € [0, 1] and R € (0, 1), we obtain
521/l q1
su h
0<|h|<hg

. <C <[u]€V'~P(BZ) + 1) <C(N,p,s,9). (4.40)
LRI 7 (BRro—4hg) 8

3 We observe that by construction we have
4hg < R <1—5hy, fori =0,...,ix.

Thus these choices are admissible in Proposition 4.1.
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Noting that R; — 10hg = R;41 + 4ho foreveryi =0, 1,...,ix — 1 and using Lemma 2.4
in (4.40), we get

[u]? < C(N, p,s, ). 4.41)

wha (BRy+4hg) —
Again, by Proposition 4.1 and applying (4.41), we obtain

2 q2
Spu

sup
0<|h|<hgo

1

1
\h|' a2

<C ([ll]q1 + 1) <C(N,p,s,8). (4.42)

W41 (Bg, yany)
L% (BR,—4n)

Further, using Lemma 2.4 in (4.42), we get
[u]% <C(N, p,s,9). (4.43)

W92 (B, yang) —

Repeating this procedure, we obtain the iteration scheme

[l =C(N,p,s.9), (4.44)

La; =
Wi+ (BR, |y +4ng)

foralli = 0,1,...,icc — 1. Choosing i = i — 1 in (4.44) and using the facts that
lullze(sy) < 1, [ulyipg,) < 1, we obtain

. <
”u”W'*"’w (BRioo+4hO) =

for C = C(N, p,s,8) > 0. Since g;.,, > N and R, +4ho = %, by Morrey’s embedding

theorem, we get u € CI‘SOC(B% ) and

< . <
[leosyy = Clllly o py, ) =

forC = C(N, p,s,8) > 0. Since § € (0, 1) is arbitrary, the result follows. ]

Since the result above implies that the nonlocal term is bounded when sp < (p — 1), we can
finally give the proof of Corollary 1.5.

Proof of Corollary 1.5 Upon rescaling as in the proof of Theorem 1.3, it is sufficient to prove
that ||ugllcrep,) < C with ug as defined in (4.38) satisfying
8

ur()|P~"!
el <1 [ B U (4.45)

Theorem 1.3 implies that there is § > sp/(p — 1) such that
[urlco(p, ) = C(N, s, p, 3).

Now take any xo € By/4. Then

ur(xg) —u p—1
/ ) =80Ty < ¢ / o — y[V PP "Day = C(N,5, p, 8),
B (x0) lxo — ¥l B (x0)
I Fy

by the choice of §. Moreover,

_ p=l
/ lug(xg) — ug(y)| dy < C(N,s, p),
RN\B}((XO)

|xo — y|NFsp
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by (4.45). Hence, || (=Ap) ur ||Loo(31/4) < C(N,s, p, $)andthereforealso | A ur ||Loo(31/4) <
C(N,s, p,8) which together with (4.45) and the well known C L.e_estimates for the p-
Laplacian (see for instance the corollary on page 830 in [19]) imply

||”R||c1a(3 y S C(N, s, p,é).

5 Regularity for the inhomogeneous equation

In this section, we prove the boundedness and the regularity for the inhomogeneous equation.

5.1 Boundedness

We now address the boundedness, by comparing with the homogeneous equation. The first
one is a consequence of Sobolev’s inequality.

Lemma5.1 Let2 < p <o00,0<s < land A > 0. Supposef € L1(Q) forq > N/p if
p < N and q > 1 otherwise. Assume that u € Wl p(Q) N L (RN) is a weak subsolution

of
—Apu+ A=Ay u=finQ

such that B, (xo) € Q2 and that v € WJ’p(Br (x0)) solves

{—Apv +A(=Ap)v =0 in B (xo).

v=u inRN\B,(xo).
Then
N p=2 Fir—ptw)
I(u —v) ”Lq’(g (x0)) <2r (”f”L"(Br(xo))SN p)(p DB (x0)| 7~ 4 ., (5.
f(L/—7,+L)
IV @ =) Lo, aop < 277 ||f||Lq(B uo»S"”’ V1B, (xo) | 7T TN (5.2)
and
+ =2 ]Ill p(p ) L L+
l(u —v) ”Ll’(B,(xg)) <2r-TC(N, P)||f||Lq(B, (xo))S | By (xo)|P~1d" P .
(5.3)
Here, Sy p is the constant in the Sobolev embedding in whp,
Proof By Sobolev’s inequality and Holder’s inequality we have
L-L+d
Il (e — U) ”L‘I (B, (x0)) = (SN p)p IV — v)lLe(B, (o) | Br(xo) 4" 7 V. 54

We test the difference of the equations for u and v with (z — v)™ and observe that by Lemma
A.1 and some manipulations, we have

/ / (Jpu(x) = u(y) = Jp(x) = v (@ = )" (x) = @ = )" () du = 0.
RN JRV
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Therefore, we may throw away the nonlocal term. We obtain from Hoélder’s inequality and
Lemma A.1

22r / IV =) 1Pdx < | fllos el = 0 g 00 65

By (x0)
The two inequalities (5.4) and (5.5) together imply (5.1) and (5.2). Finally, using Poincaré’s
inequality and (5.2), we obtain (5.3). O

We now perform a Moser iteration to obtain the boundedness.

Proposition 5.2 (L*-estimate) Let2 < p < 00, 0 <s < land A > 0. Suppose f € L1(R2)
forq > N/pif p < N and q > 1 otherwise. Assume that u € Wl:)’cp(Q) N Lf,;l(]RN) isa
weak subsolution of

—Apu+ A=Ay ’u=finQ (5.6)
such that B, (xg) € Q2 and that v solves

—Apv+ A(=A,)'v =0 in B, (xp),

v=1u in RN\ B, (xp). 7

Then (u — v)™ € L (B, (xg)), with the following estimate

1

p_1 =)
I — v) Tl Lo, () < C(N, p,q) (lBr(xo)lN q ||f||Lq(B,(x0))) .

Proof For simplicity, we assume that xo = 0. We follow closely the proof of Theorem 3.1 in
[11]. We first note that if p > N then by Morrey’s inequality

11
[ —v)F Lo,y < C(N, p)IB Y 7|V — )T llLos,).

This together with Lemma 5.1 implies

_L 1
I = v) llzoecs) < CON.PIIF 1| a1 Br 7
which is the desired result.
We now prove the result for the positive part of u — v in the case p < N and then comment
on how the proof would be changed if p = N.Letw = (u —v)*,8 > Oand B > 1. We
observe that u + § is again a weak subsolution of (5.6). Insert the test function*

go=(w+8)ﬂ—8ﬁ

1 1
(?—;-‘r

1
P

1 1
VB, |~

in the difference of the equations for # + § and v. The part coming from the nonlocal part
will be non-negative. Indeed, this part is given by

/RN /RN (Jp(x) +8 — (u(y) +8))
—Tp((x) = v())) (W + 8P (x) — (w + 8P (y) dp = 0.

by Lemma A.4 and some manipulations. For the local term we will apply Lemma A.1. This
gives

22—1) ,Bpp /
B+p—DP Jp,

4 This function is not really admissible but it can be made rigorous by instead taking min(w, M) for some
M > 0 and then letting M — oo.

B+p—1 |P

Vw+38) P

dr = [ fodx <1l 10 +9 I
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By observing that for every B > 1 we have
B+p—1
(7 =@
P B
we can rewrite the previous estimate as
pap1 | p=2 (gyp-1 g

Vw+48) » dx =272 (B N fllas)llw + 871 Lo p,)-

With & = (B8 + p — 1)/ p, the previous inequality is equivalent to
19+ dx <2726 s 0 +0) (58)
Br

We now proceed using the Sobolev inequality:

([ o ax)

A
3

=

< Sy, p/ |[Vol|P dx, for every ¢ € W&’p(Q),

where p* = (N p)/(N — p). By using this inequality in the left-hand side of (5.8), we get

P

* p* _ _
( / [(w+8)” —38"|" dx) < Snp2" 2B N F ey I w + 8P Il Ly 5,
Br
and thus

lw+8)" = 8"l o,y < (2772877 U f o) Sn.p)? +8)ﬂ||;, By

By the triangle inequality
lw + 8)F — 8”||L,;*(B) > 18°7 ((w+8)7 — 87, (B)
L L
? H((u)+-5)”HLp @) =9’ IBrIP*-

Therefore, since ¥ = (8 4+ p — 1)/p, we obtain
1

p=1
P

1

1
(22871 L0y Sw.p) P llw + 917, B

B
l(w +8)» ”Ll’*(B,) =
)

Using that § > 1 we also have

1 1

8P = 18P 1l Ly ()| B 7 < BPVlw + )P Nl ) |1B
Therefore,

[
|B,|

L
2

B,|7" < BT ||<w+8>ﬂ||

L4 (B,)

so that

B
|(w+8)r ”L"*(B )

1

D 1 1 Z_J v
< 2P=2/pglr= ‘>/P||<w+6)f’||£q (B)( (Lfllzaem)Sn.p)? +277 1Br| Pd" 2
)

p=l
P

+871B,|7".

+‘*>
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Now we make the choice
a2l

o
8= (2" flLacs)Sn.p) 7" |B;] =1 g

Then we obtain the estimate

a_a 1
»F pq/ﬁ(p 1)/p||(w+5)ﬁ||£q,(3r)

B
[(w~+8)r ”LI’*(B,) <|B,

or with the notation y = B¢’ and x = p*/(pq’) > 1
q ¢ (=D
14

(F=7) AN
lw+8llpxr,) < | 1B P 4 7 l(w + &)Ly (B,

7 (p=1)

q ¢ (p=b
A=z -1y\r Yy Y
=<|Br| N q) (;) l(w~+&)lLr(s,)-

Now it is just a matter of following the exact same steps as in the proof of Theorem 3.1 in
Brasco-Parini [11] with s = 1. Here we make the choices

w=q, w=x"q.
Then

and

The final estimate becomes
X

e W N2 (=% )*"
lw +8llLoe(s,) < (C) T (xP7) u=b" [ |B,] ‘ w438l 4 5,)

for some constant C = C(p) > 0. Therefore

X

N 2 e} S A i
lwil ooz, < (C)FT (xP~hyo1? (|Br| N ) (llwlqu«B»”'Br'")-

By the choice of § this becomes

L x
lwl Lo,y < (C)7T (xP~1) 612

_Lr p—2 L1 ﬁ
|Br| d ||w”L‘1/(B,)+(2 |Br|N q||f||L‘i(B,4)SN,p) .
By the estimate (5.1) in Lemma 5.1 we obtain

I T e S v s SN LI NS SV B
lwllzs,) < (€7 (xP~H o (2 1/, SN 1B 1P P

ey

p_1 T
+ (1BAY 41 f Lo s Sn.p)

1

p_1 -1
= CN. p.) (1BAY 71 s Swp)
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Comment on the case p = N. For the case p = N, we simply replace the Sobolev
embedding with the embedding inequality of WO1 N (B,) into L4 for q large. O

Proof of Theorem 1.2 We may assume xo = 0. Upon using the rescaling x +— Rx it is also
enough to prove the estimate

1 1
P . =1
lutllLoe(p,) < C(N, p,s,0) [(ﬁ lu™|P dx) + Tail 1 g p,sp(u+; 0, 1)+ Il fr ||£q231)} ,
1

for a solution of
—Apu+ ARPTP(=A,)* u = fr(x) := R” f(Rx)
in By. Take p = (1 — 0)/2 + o and let v be the solution of

—Apv+ ARPTP(=A,) v =0, in B,

v =u, in RN \ Bp.
By Proposition 5.2
i
I

p

p_1 L
(e — U)+||L°°(Bp) <C(N,p,q) (|Bp|N 70 fR ||L4(Bp))> =C(N,p.q, O)IIleliq(]Bp)-

Moreover, by [28, Theorem 4.2] (note that R”~*F < 1, since R < 1)

1
: L
vt L8,y < C(N, p,s) [(f |v+|”dx> + Tailp—1 5 ps p(v7; 0, o)]
B2(7

Therefore,

lutllzoe s,y < vt llLoes,) + 1@ — v)FllLes,)
+ , : +
<C(N, p,s) ][ T [Pdx ) +Tailp—15psp®";0,0)
BZ(I

1
+C(N. p.q. ) f&l [a(s,)

1

7
<C(N,p.q,s,0) (][ |U+|p dx) + Tailp—l,sp,sp(v+; 0, 0) + ||fR||£t;(pr)
By

1 1
P . 5T
< C(N’ p,q,S, o) |:(][ |u+|p dx) + Tallpfl,s p,sp(u+; 0, 1) + ”fR”Zq(lBl)i| s
By

where we used Lemma 5.1 to estimate the L”-norm of vt in terms of the L”-norm of ut
and the fact that u = v outside B, to estimate the tail term. This is the desired result. O

5.2 Higher Holder regularity

Here we turn our attention to the regularity of the inhomogenous equation. We first establish
the regularity when f is small and then extend this to the desired result.
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Proposition 5.3 Let2 < p < 00,0 < s < 1 and q be such that
N
q>—, fp=N,
p

g=1, ifp>N,
We consider ® = O (N, p, q) the exponent defined as

- N
® :min{l, u, i]
p—1 p—1

For every 0 < ¢ < © there exists n(N, p,q, s, &) > 0 such that if f € LY (B4(xg)) and

loc
NfllLaB oy <n. 0<A<I,

1’Cp(B4 (x0)) N Lf;l (RN) of the equation

then every weak solution u € W,

—Apu+ A(=Ay)’u=f,  in Bs(xp),
that satisfy

Ju|P~1

lullLoon <1, /‘ ———dx <1 (5.9)
(B1(x0)) RV B (r0) [x|[NF5 P

belongs to CO~¢ (B1/8(x0)) with the estimate
[M]C(')’E(T/g(xo)) < C(Na s, p,q, 8)~

Proof Without loss of generality, we may assume that xo = 0. We divide the proof in two
parts.

Part 1: Regularity at the origin. Here we prove that for every 0 < ¢ < ® and every
0 < r < 1/2, there exists n and a constant C = C(N, p,q, s, &) > 0 such thatif f and u
are as above, then we have

sup |u(x) — u(0)] < Cro*.

XEB,
Without loss of generality, we assume u(0) = 0. Fix 0 < ¢ < ©® and observe that it is
sufficient to prove that there exists A < 1/2 and n > 0 (depending on N, p, ¢, s and ¢) such
that if f and u are as above, then

sup |u| < A% (©79), /
B}\k RN\ B

for every k € N. Indeed, assume this is true. Then for every 0 < r < 1/2, there exists k € N
such that A**! < r < A From the first property in (5.10), we obtain
1

sup |u| 5 Sup |u| S )\‘k (6“)78) — 5 )\‘(k+l) ((’_‘)78) S Cr@)*é‘,
B, B ATTE

u(k xy [P

Ty WA (5.10)

2k

as desired.
We prove (5.10) by induction. For k = 0, (5.10) holds true by the assumptions in (5.9).
Suppose (5.10) holds up to k, we now show that it also holds for k 4 1, provided that

Il fllLasy < n,
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with n small enough, but independent of k. Define

_ u()»kx)
P ICEDN

Wk

By the hypotheses

wy P!

—_— 5.11
N\ B, |x|N+sp X = ( )

lwillLesy) <1 and /
R

Moreover
—Apwi(x) + AMPI) (A ) wy(x) = 2K P =O=0@=D1 ek 0y = f(x),

so that

1 fillzacay) = AP —©=e)p=1); =5k (/
B

Here we used the hypotheses on f and the definition of ®, and again the fact that A < 1/2.
By Theorem 1.1, we may take %y to be the weak solution of

1

q
|f1? dx) <\ fllLa) <n.

Wk

—Aph + AMPUA= (A )h =0, in By,
h = wy, inRN\ By.

By Proposition 5.2, we have

1
||wk_hk||L°°(B3/4) < Cﬂ”_l, C:C(Nv Pv‘])
Then, we have the following estimate
[wi ()] < Jwi(x) = he ()| + |he(x) — hr(0)] + [7£(0) — wi (0)]

o o (5.12)
< 2C7]p_l + [hk]c@—s/Z(Bl/z) |x| 2, forx € B]/z,

We also used that s is C©¢/2 in (By,2) thanks to Theorem 1.3, that implies5

(hilco-er2p, ) < C (I1x I Lo By + Tailp— 1 gp.5p (e, 0,1)) < C1, Cr=C1(N, p.q.s,¢).
Here we have observed that the quantities in the right-hand side are uniformly bounded,
independently of k. Indeed, by the triangle inequality, Proposition 5.2 and (5.11) we have
1
NAklizeosy) < Mk — willeoo(s)) + lwklizeop) < Cnr=t + 1.
Let

CuM ) wx)
Wk+1(x) = NESICE

1
By choosing 7 so that 2C7T < A© and A small enough, we can transfer estimate (5.12) to
wi+1. Indeed, we have

1
Wit ()] <2007 T A5270 4 C A2 1x |92 < (1 + € x|P79/H A2, xeB

1.
iy

5 Note that Theorem 1.3 gives an estimate in B, but by covering B with balls of radius 1/4 this yields an
1 2

estimate in B .
2
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The previous estimate implies in particular that ||wiy1 [z (p,) < 1 for A satisfying
1 _2
A<m1n{§,(1+C1) 8}. (5.13)

This information, rescaled back to u, is exactly the first part of (5.10) for k 4 1. As for the

second part of (5.10), the upper bound for |wi41| and the fact that ® < % imply

/ |7.Uk+l|p_l dx < 1f (p—l)/2/ (1 + Cy |X|®_6/2)p_1 dx
B 1 \B; |x|N+Sp - B 1 \B; |X|N+SP
2x 2

1
p—lye(p=1)/2 14
= ({@+Cy) A /B B |x|N+sp+(s/2—®) (p—1) dx (5.14)
2%

- C2 HE-D/2,
Tsp—©—¢/2)(p—1)
By a change of variables and using that |wg| < 1 in By, we also see that

|wig1 P!
ToNE dx
Bi\B, X[V

A 2

-

=) (=45 p w7 oy se -2, (5.15)
Bi\B| |x|N+Sp

2

In addition, by the integral bound on wy in (5.11)

w1 ()|~ d
| |N+sp X
RN\BL X
x

-1
= 7= (p=Dsp [ @IP ) gew-n2 (5.16)
RN\ B, |x|N+sp — . .

In both estimates, we have also used that A < 1/2 and the fact that

(g—(~))(p—1)+spzep;l. (5.17)

We observe that the constants C, and C3z dependon N, p, g, s and ¢ only. From (5.14), (5.15)
and (5.16), we get that the second part of (5.10) holds, provided that

(L +C3+ 1) Af (=2 <
e(p—=1

By taking (5.13) into account, we finally obtain that (5.10) holds true at step k + 1 as well,
provided that A and n (depending on N, p, g, s and ¢) are chosen so that

)1 _2 C> D 1
A<miny -, (1+Cy))" e, | ————+C3+1 and 2Cnr-1T < —.
2 e(p—1) 2
The induction is complete.
Part 2: We now show the desired regularity in the whole ball By/5. We choose 0 < & < ©
and take the corresponding 7, obtained in Part 1. Take zo € By /2, let L = 2VF1 (1 + |By|)
and define

_ 1 /x N
v(x):=L P*‘u(E-i-Zo), x € R™.
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We observe that v € WIOCP(B4) N Lsp (RN) and that v is a weak solution in By of

AP + AP A = 2 f (54 a) = T,
with
~ oN/q=p oN/q—p
1 acs,y = —7 Wl = n<n.
2

By construction, we also have
lvllLoe) < 1,

and since Bj,2(z0) C By, it follows that

() P! dx — 275P lu(y)|P~! J
N |x|N+sp x = L N | _ |N+sp y
RN\ B RN\ Bj2(z0) 1Y — 20

(T NH”/ Oy 2
— L \2 1 — |zo| RN\ B |y|N+sp LP- 1(Bl)

2 )l 2N|Bl|
< Sl <ty < 1.

- L ]RN\Bl

by the definition of L and the hypotheses in (5.9). Here we have used Lemma 2.3 in [10]
with the balls Bj,2(z0) C By. We may therefore apply Part 1 to v and obtain

O—¢ 1
sup [v(x) —v(0)| <Cr , O<r<—.
XEB, 2
In terms of u this is the same as
1 o 1
sup |u(x) —u(zo)| <CL T r9%  0<r< T (5.18)

X€By(z0)

We note that this holds for any zgp € Bj/>. Now take any pair x, y € By/g andset [x —y| =r.
We observe that r < 1/4 and we set z = (x + y)/2. Then we apply (5.18) with zop = z and
obtain

lu(x) —u)] < lu(x) —u@]+u(y) —u@)| =2 sup |u(w)—u(2)|

weB;(2)
<2CLplr —2CLP1|JC—y|O's
which is the desired result. O
We are now in the position to prove Theorem 1.4.

Proof of Theorem 1.4 We may assume xo = 0 without loss of generality. We modify u so that
it fits into the setting of Proposition 5.3. We choose 0 < § < ®, take 5 as in Proposition 5.3
with the choice ¢ = ® — § and set

1 1

, lu(y)|P~! [ RPN/ Fll Loy \ P
Ag = llullesg) + (R”’ / — 4y + :
B RM\Bg |YINFSP n

By scaling arguments, it is sufficient to prove that the rescaled function

1
ugp(x) = A—R u(R x), for x € By,
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satisfies the estimate
lurles ) = €
It is easily seen that the choice of Ag implies

—1
lur|?

urllreosy <1, ——dx <1

lugllzoo(s)) /RN\BI NI

In addition, u g is a weak solution of

RP
—Apug (x) + ARPPup(—=Ap)ug (x) = s f(Rx):= fr(x),  x € By,
R

with || frllze(B,) < nand RP~7 < 1. We may therefore apply Proposition 5.3 withe = ©—§
to u g and obtain

[urles () = €.
This concludes the proof. O
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A Pointwise inequalities

In this section, we list the pointwise inequalities used throughout the whole paper.
The following result can be found in [33, page 97, Inequality (I)].

LemmaA.1 Fora,b e RN and p > 2, we have
(lal”2a — |bIP~%,a — b) = 2*"Pla — b|".
For the following result, see [33, page 99, Inequality (V)].
LemmaA.2 Leta, b € RN. Then for any p > 2, we have
4 ) -2 |2
(Ib1P=2b —lal”?a,b—a) = —|Ib] "> b —|a| 7 a| . (LD
p

For the following inequality, see [33, page 100, Inequality (VI)].
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LemmaA.3 Leta,b € RN. Then, for any p > 2, we have
-2 -2 -2 -2
161772 — a1 2| < (p = (161" + 11" ) 161 b~ la"Ta].  (12)

The following is Lemma A.5 in [10].
LemmaA4 Letp>2,yv >1landa,b,c,d € R. Then we have

(dp@=0) = 16 =) (Jyr1a=b) = Jyi1(c = D))

y—1
P

, , (13

1 y=1
ZE"“"" @—by—lc—d'7 (c—ad)| .

for some C = C(p,y) > 0.
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