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Abstract

We prove a general Li—Yau inequality for the Helfrich functional where the spontaneous
curvature enters with a singular volume type integral. In the physically relevant cases, this
term can be converted into an explicit energy threshold that guarantees embeddedness. We
then apply our result to the spherical case of the variational Canham-Helfrich model. If
the infimum energy is not too large, we show existence of smoothly embedded minimizers.
Previously, existence of minimizers was only known in the classes of immersed bubble trees
or curvature varifolds.

Mathematics Subject Classification 53C42 (primary) - 49Q10 - 92C10 (secondary)

1 Introduction

Lipid bilayers make up the cellular membranes of most organisms. These extremely
thin structures commonly form vesicles, so mathematically they are naturally modeled as
two-dimensional structures, i.e. closed surfaces. The Canham—Helfrich model [10, 19] char-
acterizes the equilibrium shapes of lipid bilayers as (constrained) minimizers of a curvature
dependent bending energy. For an oriented surface ¥ and an immersion f: ¥ — R3, the
Helfrich energy is defined by

1
o) =y [ = con? du.
D)

Here, H = H/ is the mean curvature vector of the immersion, i.e. the trace of the second
fundamental form, n = n is the unit normal induced by the orientation of ¥ (see (2.6)
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below) and i = s denotes the Riemannian measure associated to the pullback metric
g =2gr = f*(-,-) on X, where (-, -) denotes the Euclidean inner product in R3. The constant
co € Ris called spontaneous curvature. Since H is normal to the surface, the Helfrich energy
can also be written as

1
o) = 1 / (Hie — co) dp,
>

where Hy. := (H, n) is the scalar mean curvature with respect to n. We choose the inner unit
normal such that the standard embedding of the round sphere of radius » > 0 has positive
scalar mean curvature Hy, = % > (. In particular, if ¢p > 0, the Helfrich energy is zero for
a round sphere of appropriately chosen radius. Reversing the orientation on ¥ corresponds
precisely to replacing n by —n. Thus, we have

Heo(f) = Hoco (), (1.1)

where 3. is the surface  with reversed orientation and f: % — R, f(p) = f(p). Clearly,
the Helfrich functional is not scale-invariant. However, we observe the following scaling
property involving both arguments:

Heo(f) =Hea (rf) forr > 0.
In particular, we see that

lim Heo(rf) = Hm Hee, (f) = Ho(f) =t W(). (1.2)
r—0+ r—0+

The right hand side is well known as the Willmore energy. In contrast to the Helfrich func-
tional, the Willmore functional WV is scale-invariant and does not depend on the unit normal
field  or the orientation of the underlying surface . One may also consider the L2-CMC-
deficit

_ 1 _
H(f) = inf Heo(f) =+ /(Hsc — Hy)* dpe, (1.3)
CQER 4
z

where Hy := fz Hg dp is the average scalar mean curvature. Also the functional H is scale-
invariant and does not depend on the orientation of X. For more details and corresponding
results, see Sects. 5.2 and 6.4.

We are primarily interested in the following minimization problem suggested by Canham
[10] and Helfrich [19] in order to study the shape of red blood cells. Our main contribution
is stated in Theorem 1.6 below (see also Theorem 6.10).

Problem 1.1 Let ¢ € R and Ap, Vo > 0 be given constants. Let the unit sphere S cR3
be oriented by the inner unit normal. Minimize the functional H,, in the class of smooth
embeddings f: S — R? subject to the constraints

1
ACf) = / lau=4Ao, V()= /(f,n>du — .

s? s?

We consider the following example of Problem 1.1 where the infimum cannot be attained
by a smooth embedding, cf. [31].

Example 1.2 Let to: S> — R> be the inclusion of the unit sphere. Let ¢y := 2,
Ay = 2A(tg2), and Vy := 2V(is2). There exists a sequence of smooth embeddings
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Fig. 1 Visualization of the construction

Sx: S? > R3 satisfying A(fx) = Ao and V(fx) = Vp which converges in the varifold
topology to the set T C R3 given by two translations of the unit sphere that meet in exactly
one point (see Fig. 2a) such that

Jim Moy (f) = 2He, (1g2) = 0. (1.4)

To see this, let Xy, be the spherical C!!-regular surface that results by gluing two spherical
caps at the ends of a cylinder of length £ > 0 with radius » > 0. Denote with X ¢ , the
disjoint union of X, ; with X , (a sphere with radius r) and with X, ¢ , the spherical C L1
regular surface that results by connecting X, | with X¢ , through a catenoidal bridge of
small neck size a > 0, cf. Fig. 1. The sequence (-1 ¢ 1)ken satisfies (1.4). However, the
gluing only gives C'!!-regularity and the conditions on area and volume are not met. We will
first adjust the isoperimetric ratio defined by Z := .A3/V2. A short computation reveals that
Iye.r :=T(Zg4,r) satisfies

Ioe1 > Ioo1 =: 1o = AS/VO2 > 1o,0.r for £ >0and 0 <r < 1.

Moreover, 1, ¢, depends continuously ona > 0, £ > 0 and r > 0. Hence, if k € N and
Ii-1 9.1 > lo, we can first choose 1 — k= < re < 1 such that still ly—10., > lo and then
0 < a; < k~! with Loy 0;,r, = Io where £, = 0.1f on the other hand k € Nand I;-1 o ; < Io,
we can first choose 0 < £, < k~! such that still L1 4,1 < loand then 0 < ar < k!
with Iy ¢, ., = Io where ri, = 1. Now, we let Sy = X4, ¢, and choose A; > 0 such that
A Sk) = Ag and V(A Sk) = Vp. Then, since ay — 0, ¢ — 0,and ry — 1 ask — oo,
there holds A(Sy) — Aog, so V(Sx) — Vp and A — 1. It follows that also the sequence
(A Sk)ken satisfies (1.4).

In order to have C®°-regularity, one can apply mollifications near the patching regions
and subsequently compensate possible changes of area and volume using [32, Lemma 2.1]
supported on the catenoid away from the mollifiers.

Consequently, the infimum of Problem 1.1 is attained by the set 7. Clearly, T cannot be
written as the image of a smooth immersion of S2. If on the other hand f : S — R3isa
smooth immersion with H, (f) = 0 then, by a result of Hopf [20, Chapter VI, Theorem 2.1],
the image of f must be a round sphere. In particular, if f: S> — R is a smooth embedding
with H¢, (f) = 0, then A(f) # Ao and V(f) # V.
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In the terminology of [30, 31], the set T in Example 1.2 is the bubble tree consisting of
two unit spheres. Bubbling phenomena have also been observed in nature and are known
as budding transition [42]. Thus, the space of bubble trees appears to be a natural class in
which to minimize the Helfrich functional. Indeed, in [31, Theorem 1.7], the existence of
minimizers for the Helfrich functional in the class of immersed bubble trees was proven. Each
of the bubbles is given by a map S*> — R3? which outside of finitely many so called branch
points is a smooth immersion. For similar results, see [11, 15]. However, not all minimizers of
Problem 1.1 are necessarily bubble trees, consider for instance the case cp = 2, Ag = A(lge),
Vo = V(tg2). One may conjecture that bubbling can only occur if the parameters A and Vp
are within a certain range depending on co. Apart from the geometric relevance to obtain
such qualitative results for the minimizers of Problem 1.1, it is of great interest to confirm
mathematically that the Canham—Helfrich model is suitable for the study of red blood cells
which are actually embedded—rather than a bubble tree. As a first step in this direction it was
proven in [31] that there exists a constant € = (Ao, Vo) > 0 such that the minimizers are
given by smooth embeddings provided |co| < &. However, apart from the fact that e (Ag, V)
is implicitly small, one would rather want to have a criterion of the following type: For all
co € R, the Problem 1.1 has a solution provided Ay and Vy are in a certain explicit range
depending on cy.

The proof of embeddedness of minimizers in [31] is based on the fact that for |co| small,
the Helfrich functional is close to the Willmore functional, see (1.2), and minimizers for
co = 0 are given by smooth embeddings, see [41]. A crucial tool to prove smoothness and
embeddedness of the minimizers in [41] (i.e. solutions of Problem 1.1 for ¢yg = 0) is the
following inequality of Li and Yau [25, Theorem 6]. If X is closed (i.e. compact and without
boundary), for any xo € R? we have

1
HO(f M xo)) < yeaAd R (1.5)

where H° denotes the counting measure. In particular, if W(f) < 8m, then f must be an
embedding. This observation also played an essential role in the study of the Willmore energy
and related topics, cf. for instance [22-24, 33, 35, 41, 43].

In view of the fact that branch points have multiplicity at least 2, such a tool could be the
key to exclude bubbling in the Canham—Helfrich model. Apart from comparing the Helfrich
energy with the Willmore energy for small |co| via (1.2), one might also try to make use of
the Li—Yau inequality (1.5) by estimating the Willmore energy from above in terms of the
Helfrich energy (see (2.5)):

1
W(F) < 2He, (f) + Ec%A(f» (1.6)

Again, if the right hand side is strictly less than 87, then the Li—Yau inequality (1.5) implies
that f is an embedding. However, as one of our results reveals (see Lemma 6.1), in the case
of red blood cells where ¢y < 0 (see [13]), there holds H,(f) > 4u. In particular, the
right hand side of (1.6) is already strictly larger than 87 and one cannot apply the Li—Yau
inequality (1.5) to deduce embeddedness of f.

Another naive attempt to apply (1.5) would be to show that W < H,, for ¢ < 0.
However, this is impossible by the following simple scaling argument. Let f: S> — R3 be
an immersion such that sz Hy.dp < O(suchan f exists by [12, Theorem 1.2]). We find that

reo rzc%
HL'U(rf) _W(rf) = _T/Hscdllv‘i‘ T .A(f)
S2
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which becomes negative if » > 0 is sufficiently small as ¢y < 0.

1.1 Main results

Instead of applying (1.5) by comparing the Helfrich energy with the Willmore energy, the
aim of this article is to prove and apply a Li—Yau type inequality directly for the Helfrich
functional. In the smooth setting, our multiplicity inequality reads as follows.

Lemma 1.3 Let f: ¥ — R3 be a smooth proper immersion of an oriented surface ¥ without
boundary. Let co € R, xg € R3, and suppose that the concentrated volume of f at xq defined
by

Ve(f o x0) == — / %du (17)
X

exists. Then

M(f_l(Bp(XO))) 1

HO(f " {x0}) < lim sup : Hco(f)+ V(f x).  (1.8)

p—>00 TP

In order to apply Eq. (1.8), it is of crucial interest to determine the sign of the concen-
trated volume. Despite singular, the integrand in (1.7) is subcritical and locally integrable,
see Lemma 3.2 and Remark 3.3 below. Moreover, the integrand is nonpositive if f[X
parametrizes the boundary of an open set in R? which is star-shaped with respect to xq and
n is the inner unit normal, cf. [16, 9.4.2]. However, such an immersion f must be embedded
a priori.

It turns out that the sign of the concentrated volume can be determined if we can find a
suitable notion of inner unit normal, resulting in an appropriate divergence theorem.

Definition 1.4 We call a smooth immersion f: ¥ — R of a closed surface ¥ an Alexandrov
immersion, cf. [1], if there exist a smooth compact 3-manifold M with boundary oM = %,
a smooth inner unit normal field v to ¥ and a smooth immersion F: M — R3 such that
F|y = f.The surface X is then necessarily orientable. Moreover, we choose the orientation
on X such that the induced normal field along f (see (2.6) below) satisfies n = dF (v).

Our orientation on ¥ does not coincide with the usual Stokes orientation. The reason for
this is that we want to work with the inner unit normal such that the standard embedding of
a round sphere has positive scalar mean curvature.

In the setting of Definition 1.4, the Li—Yau inequality (1.8) can be put into the following
more convenient form.

Theorem 1.5 Let X be a closed surface and let f: ¥ — R3 be an Alexandrov immersion
with f = Fl|x, F: M — R3 as in Definition 1.4. Then for all xy € R> we have

1 HOF
HOF o] = 5~ Ha () + 22 / D asieo.

F[M]

- xol2
In particular, in case co < 0 we infer

1
HO(f o)) < 2 Heo (F):
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Due to round spheres, the above extension of (1.5) can only hold if ¢y < 0 and #n is the
inner unit normal. Of course, in view of (1.1) we could simply reverse the orientation on X,
but this will generically make it impossible to find an Alexandrov immersion where M in
Definition 1.4 is compact.

As a key application of our Li—Yau inequalities, we prove the following contribution to
Problem 1.1 based on the previous result in [31].

Theorem 1.6 Let ¢9 € R and suppose Ao, Vo > 0 satisfy the isoperimetric inequality
367w VE < A}, Set

n(co. Ao, Vo):= inf(Hey (f) f€ C(S* R?) embedding, A(f)= Ao, V(f)=Vo}. (1.9)
There exists I (co, Ao, Vo) € R such that if
n(co, Ao, Vo) < 8w + I'(co, Ao, Vo)

then the infimum in (1.9) is attained. Moreover, there holds

dr (14 el 1) 0,
I (co, Ao, Vo) > i (\/ " 292(40+31co1Vo) Teo =

—6eo(4m2 V)3 ifco > 0.

In particular T (co, Ag, Vo) > 0 for co < 0 and for any cy < O there exist Ag, Vo > 0 with
n(co, Ao, Vo) < 8.

The explicit estimates of the constant I'(cg, Ao, Vo) are due to further geometric appli-
cations of our Li—Yau inequality, see Lemma 6.4 and Remark 6.11. As a consequence of
Theorem 1.6, the only missing step to exclude bubbling in Problem 1.1 are estimates from
above for n(co, Ag, Vo). This is an interesting problem to be addressed in future research.
One idea is to construct example surfaces that can be used to derive these bounds numerically.

1.2 A suitable setup for the Li-Yau inequalities

We now discuss the different notions of (generalized) surfaces that we want to prove and
apply Li—Yau inequalities for. There are four key points to be considered.

(i) In order to even define the Helfrich energy, the surface needs to have a unit normal
vector field. In the smooth case, this naturally means that the surface is orientable.

(ii) One of the main applications of the classical Li—Yau inequality for the Willmore func-
tional is to deduce embeddedness of immersions whose energy lies strictly below 8.
Therefore, the Li—Yau inequality should hold for surfaces that are not already embedded
a priori, i.e. we want to allow for multiplicity points.

(iii) Inorder to actually apply the Li—Yau inequality for the Helfrich energy (see Lemma 1.3),
it is necessary to determine the sign of the concentrated volume (1.7). A sufficient tool
to do so would be a divergence theorem.

(iv) Another important application of the classical Li—Yau inequality is to infer regularity
and embeddedness of minimizers. It is therefore of interest to prove Li—Yau inequalities
for weak surfaces that have good compactness properties.

Oriented varifolds The most general notion of surface that comprises all shapes shown in
Fig. 2a—i and that naturally satisfies Items (i), (ii), and (iv) are oriented varifolds, cf. [21].
They generalize the idea of immersed submanifolds and allow for a generalized concept of
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Fig. 2 Profiles of surfaces with different types of multiplicity points. Dotted lines indicate rotationally sym-
metric surfaces

mean curvature. Since they also possess strong compactness properties, they have already
been applied in several variational settings for the Canham—Helfrich model, see [8, 14, 15].
Our most general version of the Li—Yau inequality for oriented varifolds, Theorem 4.2, is
also applicable if the first variation has a nontrivial singular part 8 (see Hypothesis 2.1). The
reason for this generality is that we would like the Li—Yau inequality to be applicable for
surfaces like the one shown in Fig. 2g, see also Example 4.7. Moreover, the Li—Yau inequality
can then also be applied in the context of boundary problems, see [14]. These are naturally
formulated using curvature varifolds with boundary, cf. [26].

Alexandrov immersions In nature, one expects the principle of noninterpenetration of mat-
ter to hold true. As for vesicles that means there is a clearly defined inside. Nevertheless,
membranes can be squeezed together as in Fig. 2b, d, e. In order to satisfy a divergence
theorem, a surface should possess a well defined inside. In the smooth case, the so called
Alexandrov immersions (see [1] and Definition 1.4 above) do satisfy a divergence theorem,
see Lemma 5.1 below. They allow for multiplicity points as shown in Fig. 2b, c. Moreover,
since the underlying 3-manifold of an Alexandrov immersion does not have to be connected,
they also allow for multiplicity points that arise from two touching surfaces as shown in
Fig. 2a or even two intersecting surfaces as shown in Fig. 2h. However, the rotationally
symmetric surface in Fig. 2d is not an Alexandrov immersion. The Li—Yau inequality for
Alexandrov immersions is stated in Theorem 1.5.
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Sets of finite perimeter A nonsmooth notion of surfaces that satisfy a divergence theorem
are the boundaries of sets of finite perimeter, cf. [17, Chapter 5]. As opposed to Alexandrov
immersions, they allow for multiplicity points as shown in Fig. 2d but they do not allow
for the multiplicity points in Fig. 2c. Sets of finite perimeter do have good compactness
properties. Moreover, they comprise nonsmooth objects as shown in Fig. 2g and discussed
in Example 4.7. In Sect. 4.3, we introduce a weak notion of Alexandrov immersions, the
varifolds with enclosed volume. Their underlying 3-dimensional structure is a sequence of
decreasing sets of finite perimeter. They allow for multiplicity points as in Fig. 2a—e and
Fig. 2h and still satisfy a divergence theorem. The corresponding Li—Yau inequality is stated
in Corollary 4.11.

Currents Another important class of surfaces that naturally satisfies Items (i) and (iv) above
are currents (see [18, Chapter 4]). A downside of this concept is that the current associated
with the immersion of Fig. 2e corresponds to the surface shown in Fig. 2f. More precisely,
a current induced by an immersion with a given unit normal field looses information about
multiplicity points that arise by overlapping where the sum of the unit normal vectors vanishes,
cf. also (6.17). As a consequence, the varifold corresponding to the surface in Fig. 2f has a
nontrivial singular part while the varifold corresponding to the immersion of Fig. 2e has no
singular part.

Lipschitz quasi-embeddings In Sect. 6.3, we introduce a concept to model cellular mem-
branes as weak immersions that can only self intersect tangentially. This is a new concept
inspired by the previously developed Lipschitz immersions of Riviere [33]. The resulting
class of surfaces is termed Lipschitz quasi-embeddings and satisfies Items (i)—(iv) above.
They describe cellular shapes and comprise the surfaces in Fig. 2b, d, e, but do not allow
for interpenetration as in Fig. 2c. It turns out that this class is well-suited for the variational
discussion of the spherical Canham—Helfrich model which is why we rely on it for the proof
of Theorem 1.6.

The only kind of surface where the sign of the concentrated volume cannot be determined
in general are those surfaces where the unit normal vector field changes between inner and
outer, see Fig. 2i and Example 3.8. These are surfaces where interpenetration necessarily
happens.

1.3 Structure of this article

After a brief discussion of the geometric and measure theoretic background in Sect. 2, we
examine the concentrated volume and its properties in Sect. 3. This includes Holder continuity
in xo € R? and continuity with respect to varifold convergence. In Sect. 4, we then derive a
monotonicity formula for the Helfrich functional, from which we deduce our most general
Li—Yau inequality for varifolds, Theorem 4.2. After that, we review the notion of sets of
finite perimeter and introduce the concept of varifolds with enclosed volume. The Li—Yau
inequalities in the smooth setting, Lemma 1.3 and Theorem 1.5 are then a direct application,
see Sect. 5. Finally, in Sect. 6, we derive some geometric estimates and discuss implications
of our results. This includes a nonexistence result for the penalized version of Problem 1.1
(Sect. 6.2), diameter bounds (Sect. 6.2), the existence and regularity result for the Canham—
Helfrich model, Theorem 1.6 (Sect. 6.3), and a criterion for positive total mean curvature
(Sect. 6.4).
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2 Preliminaries

In this section, we will review some of the concepts and tools used throughout this article.

2.1 Notation and definitions

Let i be a Radon measure over R? and define the closed balls
By(x):={y R | |x —y| < p}
for all x € R3 and p > 0. For each nonnegative integer m and x € R3, the m-dimensional
lower and upper density of p at x are defined by
B,(x B,(x
67 (1, %) o= timint “E2OD  gem i lim sup 2820
p=0+ Wy p" p—0+  @OmpP™

where w,, = L£™(B1(0)) and L™ is the m-dimensional Lebesgue measure over R™. The
m-dimensional density of j at x is defined by

0" (. x) = lim B
' C 0+ O p" ’

provided the limit exists. We define the support of u by
spt it := R3\{x € R? | 3p > 0 such that (B, (x)) = 0}.

The m-dimensional Hausdorff measure in Euclidean space is denoted with H". We say that
an integral exists if and only if it exists in the Lebesgue sense (i.e. its integrand is summable
in the terminology of [18, 2.4.2]).

2.2 Oriented 2-varifolds

Let G°(3, 2) be the set of oriented 2-dimensional subspaces of R3. In view of [18, 3.2.28(2)],
we identify G°(3, 2) with

(£ € \,R? | £ is simple, |§] = 1}

which is a smooth submanifold of the 2nd exterior power /\2 R3.In particular, G°(3, 2) is a
locally compact Hausdorff space.

Following Hutchinson [21], we say that V is an oriented 2-varifold on R, if and only
if V is a Radon measure over GE(R3) = R3 x G°(3, 2). The weight measure [ty on R3is
defined by

ny(A) = V({(x,&) e G3[R’) | x € A})  whenever A C R’

It is the push forward of V under the projection R? x G°(3,2) — R3. The set of oriented
2-varifolds in R? is denoted by VS(R?).
For each £ € G°(3, 2) we define the unoriented 2-dimensional subspace T (§) of R by

TE):={veR|vAg=0).

Since £ is simple, there exist vy, vy € R3 such that & = v; A v2. Moreover, |£] = 1 implies
that vy A vy = e; A ey fore; := vy /|vi] and ey := U, /|U2| where U3 := vy — (e, va)er. In
other words, each & € G°(3, 2) corresponds to an oriented orthonormal basis (e}, ep) with
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& = e; Neyand T (&) = span{eq, e2}. In particular, each oriented 2-varifold V € Vg(R3)
induces a general (unoriented) 2-varifold in the sense of [2, Definition 3.1], given by the push
forward of V under the map g (x, &) := (x, T(§)). Notice that the two weight measures of
V and g4V coincide.

For all compactly supported vector fields X € C!(R?; R?) and 2-dimensional subspaces
T of R? with orthonormal basis {e1, ex}, we define

2

divy X(x) := ) (e;, DX(x)e;).
j=1

The first variation of an oriented 2-varifold V in R3 is defined by

SV:ClR R — R, §V(X):= / divre) X (x)dV (x, £). 2.1)
GS(R3)
Notice that § V coincides with the first variation of the unoriented 2-varifold g4V as defined
in [2, Definition 4.2]. In other words, 6V does not depend on the orientation.

Fork = 0,...,3 we may identify k-vectors in R with (3 — k)-vectors by means of the
Hodge star operator

*: N R — Ay R

Ifv;,v; € R3 ~ A1 R3, we have *(v] A v2) = v] X vp, Where x denotes the usual cross
product on R3. In particular, for all £ € G°(3, 2) there holds |x€| = 1. Moreover, we have
*xv = v forall v e R? ~ A R3,

If V has locally bounded first variation, that is the total variation of § V is a Radon measure,
then § V can be represented by integration as follows, where the singular part will be denoted
by Bv (i.e. Bv = I8V lsing, cf. [2, 4.3]).

Hypothesis 2.1 Let V € VS(R?), n € L®(By; S?), and H € L] . (uy; R?). Suppose

V(X)) = —/(X,H)duv +/<X,n)dl3v (2.2)
R3 R3
and
Hx)Ax€ =0 forV-almost all(x, §). 2.3)

The map H is often referred to as generalized mean curvature and spt By can be seen as
generalized boundary. Indeed, one can understand By as the boundary measure. However,
two boundary parts can fall together as in Fig. 2g. Typically, one can determine H and By
using Remark 4.4 and 4.7 in [2]. If V is rectifiable (i.e. g4V is rectifiable in the sense of [2,
3.5]) then the condition in (2.3) means that the generalized mean curvature is perpendicular.
It is satisfied provided V is an integral varifold, see [7, Section 5.8]. In the absence of the
singular part, Hypothesis 2.1 simplifies as follows.

Hypothesis 2.2 Let V € VS(R?) and H € L] .(y; R?). Suppose

SV(X) = —/(X, H)duy 2.4
R3
and

Hx)Ax€ =0 for V-almost all (x, §).
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Let ¢ be a real number, and assume V € V‘Z’(R3) and H € L} _(uy; R?) satisfy Hypoth-

loc

esis 2.1 for some € L%(By; S?). Then we define the Helfrich energy

1 1
Heg (V) = Z/IH(X) —co(E)PdV(x,€) = Z/((H(X),*E) —c0)?dV(x, §).

Notice that the Helfrich energy does not depend on the singular part of the first variation.
This is analogous to the definition in [14, Section 2]. For ¢cp = 0, we obtain the Willmore
Sunctional W := Hy.

Remark 2.3 Since vy and V are Radon measures, we have H € LIQOC(MV; R3) if and only if

the function (x, &) — H(x) — co(x£) is a member of LIZOC(V; R3). Indeed, given any Borel
set B in R3, the Cauchy—Schwarz inequality implies

IH(x) — co)PdV (x, &) < 2/ \HEduy +2¢uy (B).

BxG°(3,2) B

On the other hand,
/Ilede < / H() — cot)2dV (. &) + 23uy(B).  (2.5)
B BxG°(3,2)

In particular, H, (V) < oo implies H € L? (uv; RY).

loc

2.3 Oriented varifolds induced by immersions

A particular class of oriented varifolds will be given by immersions of oriented surfaces. Fol-
lowing [36], we term a surface X to be orientable, if there exists an atlas A = {(Uy, Xo)}aer
such that the Jacobians det D(x, o xojzl) of all coordinate transformations are positive. The
members of A are called positive charts. If f: £ — R3 is a smooth immersion, then we
define the induced smooth normal field n along f (the Gauss map) by

n:¥— S n:= O f x0af ,
[0y1 f X 0y2 f]

whenever x is a positive chart. Notice that since the Hodge star operator is an isometry,
=0 f N2 f/10 f A def] takes values in G°(3, 2). Moreover, in the context of an
immersion f, we will always denote by i = 1y the Riemannian measure induced by the
pullback metric g = g7 := f*{(-, -), and we define by

(2.6)

1
ACS) :=/1du, V(f) = —§/<f,n>du

z z

the area and the (algebraic) volume of f, provided the respective integral exists. If f is an
embedding and # is the inner unit normal, V( f) yields the enclosed volume as a consequence
of the divergence theorem, see [34, Appendix A] for a more detailed discussion.

In the sequel, the immersion under consideration will usually be clear from the context,
so we will drop the dependence on f of the associated geometric quantities.

Example 2.4 (Oriented varifold associated with immersed surface) Let f: & — R3 be a
smooth proper immersion of an oriented surface ¥ without boundary. We define the oriented
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45 Page 120f43 F. Rupp, C. Scharrer

2-varifold V € VS(R3) associated with (X, f) by
V(A) :=u({p e = | (f(p),*n(p)) € A})  whenever A C G(R?),

i.e. V is the push forward of p under the map ¥ — R3 x G°@3,2), p — (f(p), *n(p)).
Since this map is continuous and proper, V is indeed a Radon measure (see [18, 2.2.17]).
Notice that T (xn(p)) = d f,[Tp 2] for p € X. In view of [39, Lemma 2.3], there holds

wy(B) = (fsu)(B) = /Ho(f*‘{x}) dH?(x)  for all Borel sets B in R,
B

0% (uy, x) =H(fYx})) forallx € R>.
Moreover, by [18, 2.4.18] and the area formula (cf. [39, Lemma 2.3]), we have
/ k(x,§)dV(x,§) = /k(f(p), *n(p)) du(p)
G9(R3) by

= D k(x,#n(p)) dH?(x) (2.7)

Ry pef~x)

whenever k: G (R* > Risa nonnegative Borel function.
LetHy: ¥ — IR3 be the classical mean curvature (vector) of f,i.e. the trace of the second
fundamental form, and define

ez(ulv,x) 2 pes-ite) Hr (p) if 02 (iy, x) > 0

H = 2.8
) io if 02(uy, x) = 0. (28)

Then, H € L{; (v R3) and in view of [39, Example 2.4], H (x) A x€ = 0 for V-almost all
(x,&),and

sV(X) = —/(X, H)dpy.

R3

Thus, V, H satisfy Hypothesis 2.2.

In the sequel, we will always use the above notation to distinguish H as the classical
mean curvature when f is an immersion and H defined by (2.8) as the generalized mean
curvature of the associated varifold. By [40, Theorem 4], there holds

Hy(p) = H(f(p)) for p-almostall p € X.

Thus, by (2.7) we observe

1
Heo(V) = Z/|Hf—con|2du. (2.9)
)

3 On the concentrated volume

In this section, we discuss the concentrated volume (1.7) in the context of varifolds.
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Definition 3.1 Suppose V € Vg(R3) and xo € R3. Then we define the concentrated volume
of V at xo by

VeV, x0) i= — / %dvu,g)
G‘z’(R3)

and the algebraic volume at x¢

1
Vo) =5 [0 ave
GS(R3)
provided the respective integral exists.

If the varifold V is associated with an immersion f: ¥ — R3, then we also write
Ve (f, xo) instead of V.(V, xp). By (2.7), this is consistent with (1.7). If ¥ is closed, then
we have V(V, xo) = V(f) forall xg € R3 after integration by parts.

In general, the algebraic volume of an oriented varifold depends on the point x¢. Indeed,
one may consider the varifold associated to the 2-dimensional unit sphere in R3 where the

upper hemisphere is oppositely oriented to the lower hemisphere. Moreover, the algebraic
volume at xq exists if and only if the concentrated volume at xq exists, see Proposition 3.4.

Lemma 3.2 Suppose m, pg, D > 0, u is a Radon measure over R3, xo € R3, and
w(Bs (x0)) < D™
forall0 < o < pg. Then, forall 1 < p < m, there exists C(p, m, D) < oo such that
1
/ ———du(x) < C(p,m, D)a™™ P
lx — xo|?
B, (x0)
forall0 < o < py. Moreover, C(1,2, D) = 2D, and if,u(]R3) < o0 then

1 _ R3
——dux) < C(p, m, D)pg' Lgus w® < 00
|x — xol? ob

R3 0

Remark3.3 (i) Assume V € V§(R?), H € L} (v; R?) satisfy Hypothesis 2.2. By [39,
Theorem 3.6], we find that the density 92(,uv, xp) exists and is finite for all xy € R3,

Hence there exist pg = po(V, x9) > 0and D = D(V, xg9) < oo such that
wy (By(x0)) < Do? forall0 <o < 00, X0 € R3.

This immediately implies 1y ({xo}) = 0 for all xg € R3. By Remark 2.3, the condition
H e L%OC(,uv; R?) is in particular satisfied if H, (V) < oo.

(ii) IfV € VS(R?), uy (R?) < oo,and H € L*(uy; R3) satisfies Hypothesis 2.2, then the
hypothesis of Lemma 3.2 is satisfied for m = 2, pg = oo, and all xg € R3 with
D = CW(V) for some universal constant 0 < C < oo. Indeed, by [24,
Appendix (A.16)] there holds

v (By (x0)) < CW(V)o? forallo > 0, xo € R>.
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Proof of Lemma 3.2 Using Fubini’s theorem, we compute (cf. [27, Theorem 1.15])

o0
1
/ ——dux) = /M(Bo(xo) N B,-1/p (x0)) dt
|x — xol?
B (x0) 0
o P [
- / (B (r0)) i+ / W11 (x0)) di
0 o~ P
o~ P 00
<D / o™ dt + / t~"P 4y
0 o~ P
m—p
-D (o’”*f” + 22 ) = C(p,m, D)a"P.
m—p

The last statement follows by splitting the integral into R3 = B, (x0) U (R3\Bp0 (x0)). O

Proposition 3.4 Suppose V € Vg(]l@) and H € L2 (wy:R3) satisfy Hypothesis 2.2 and

loc
assume that V(V, xq) exists for some xo € R3. Then also V.(V, xo) exists.

Proof Splitting the integral, for pg > 0 we find

/Mdvu,s)s / : duv(X)Jr% /|<x—xo,*s>|dV<x,s>.
0

lx — xol? |x — xol
GS(R3) By (x0) GS(R3)

By Lemma 3.2 and Remark 3.3(i), on the right hand side the first integral is finite for pg > 0
small, whereas the second integral is finite since V(V, xq) exists. O

We recall the concept of convergence of oriented varifolds.

Definition 3.5 Suppose V; is a sequence in V3 (R?). Then we say that Vi converges to V in
VS(R?) and write

Vi =V inV‘z’(]R3) as k — 0o
if and only if V € V§(R?) and
/ @(x,§)dVi(x,§) — / p(x,5)dV(x,§) ask— o0
GS(R3) GS(R3)
for all continuous functions ¢: G$ (R3) — R with compact support.

Lemma 3.6 Suppose Vi is a sequence in Vg(]l@), V e Vg(R3), H, € Lz(uvk; R3) and
H e L*(uy; R?) satisfy Hypothesis 2.2,

sup (1, (RY) + W(Vp)) < o0 (3.1)
keN

and
Vi >V inVS(R?) as k — oo. (3.2)

Then for all xo € R3, the concentrated volume converges: limg_ o0 Ve (Vi, x0) = Vo (V, x0).
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Proof Let xo € R3,0 < 0 < p < 00, and pick a continuous function y : R3 — R with
compact support in R3\{xo} suchthat 0 < y < land x(x) = 1foro < |x — xo| < p.
Define the function

(x — xo, x§)
@RSXG0(3,2)—)R, (p(x E) —X( )ﬁ
Then ¢ has compact support, ¢ is continuous, and thus, by (3.2),
/ pdVy — / ¢odV  ask — oo. 3.3)

GY(R3) GH(RY)
Let

A= sup(py, (RY) + py (RY), D = sup(W(Ve) + W(V)).
keN keN

Then, by (3.1), Lemma 3.2, and Remark 3.3(ii), we have

1 1
sup / dpy, (x) + / duy(x) | < C(D)o
lx — xol lx — xol

keN

Bo (x0) Bo (x0)
and
1 1 (A)
sup dpy, () + duy () | < ==
keN [x — xo [x — xo P
3\B, (x0) R3\ B, (x0)
Since |p(x, &) < 1/|x — xp| for all (x, &) € GY (R3) it follows
VeV, x0) = Ve(Vi, 10)] < / pdVi - / pdV| +C(D)o + L
S(R3) GS(R3)

Now, the conclusion follows from the convergence in (3.3). O

Lemma 3.7 Suppose V € Vg(ﬂ@), sptuy is compact, and H € L%(uy; R?) satisfies
Hypothesis 2.2. Then the concentrated volume V.(V, -) is Holder continuous with exponent

o forany 0 < o < 1 and constant C = C(«, V) depending monotonically nondecreasing
on wy (R and W(V).

Proof Let0 < & < 1, xg, x1 € R3 with 0 < |xg — x| < 1, and abbreviate o := |x¢ — x1],
A= py(R?) and D := W(V). By Lemma 3.2 and Remark 3.3(ii) there holds

1
/ duy (x) <4D|xg — x| < C(D)|xo — x1|*
lx — xol
Boo (x0)

and, since By, (xg) C B3 (x1),

1 1
/ duy(x) < / duy (x) <6D|xg — x1| < C(D)|xo — x1|*.
lx — x1] [x — x1]
Bog (x0) B3o (x1)
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Thus, we have

[ VeV, x0) = Ve(V, x1)|

(x —x0.#8)  (x —x1, %) dV(x,&). (3.4

[x — xo/? Ix —x1/?

< C(D)lxo — x1|* + /

7R3\ Bag (x0)]

where 77 : R? x G°(3,2) — R3 is the projection. For all x € R3\ Bys (x0) we have
2|xg —x1l =20 < |x —xol,  |x —xo| < 2|x — xo| = 2|xo — x1| < 2[]x — x1]

and thus |x — x1| > |x — x0|/2. Since also |xg — x1| < |x — x¢|, we infer

(x = x0, %E) <x—x1,*s>‘

lx — xo/? Ix — x1/?
(x—x0.%)  (x—xi#f)| | —xikE)  (x—xixE)
Ix — xol? Ix — xol? Ix — xo/? |x — xollx — x1]
(x = x1, %) _(x—XL*%‘)‘
|x — xollx — xi] lx —x1]?
|xo — x1] lxo — x1] - [xg — x11%
Ix —x0l>  x —xollx —xi| T |x —xol!te”

Integrating this inequality and applying Lemma 3.2 for p = 1 +a,m =2 and pg = 1, (3.4)
becomes

1
[Ve(V,x0) = Ve(V,x1)| < C(D)|xo — x1|* +4]xo — x1|* | ————duy(x)
|x _x0|l+a
R3

< [C(D) +4C(a, D) + 4A]xg — x1|* = C(a, A, D)|xo — x1[°.
For |xop — x1| > 1 we apply Lemma 3.2 to see
[ VeV, x0) = Ve(V,x1)| <22D + A) < C(A, D)|xo — x1|*

which concludes the proof. i

Example 3.8 Consider S := 9B (0) C R?, the round sphere with radius one centered at the
origin. Moreover, for 7 > 0 let 7, C R be the torus which is obtained by revolving a circle
with radius r and center (1 +r, 0) (in the xz-plane) around the z-axis. Note that if we revolve
the corresponding disk instead of the circle, we obtain a full torus 7,!" with 97, " = 7,.. We
now define a smooth unit normal n on S U 7, by taking n to be the outer unit normal on S
and the inner unit normal on 7}, cf. Fig. 2i. It is not difficult to see that S U T, is the image
of a C"'-immersion f: S§? — R3.
By standard formulas in geometry, the algebraic volume can be computed as

V(f) = =L3(B1(0) + L3/ = —4?” +27%72(1 + 7). (3.5)
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Let xo = 0 be the origin. Using that [x — xo| = 1 for x € § and applying the divergence
theorem to Trtun, the concentrated volume is given by

Ve(f, x0) = / " d£3<x>

Tmu

Clearly |x — xq| > 1 for £3-almost every x € Trf““, so that

47 3
Velf %) <~ + / AL ) = V(p).

full
T

By means of (3.5), we thus find > 0 such that V(f) = 0 but V.(f, xg) < 0. Slightly
increasing the radius, we have V. (f, xo) < 0 < V(f) by a continuity argument. Lastly, we
replace a small disk on S by a thin dent, such that the new surface S satisfies xo € S and such
that S U T, is still the image of an immersion f: S — R3. Making this dent sufficiently
thin and smoothing, we can achieve that V. ( f ,x0) < 0 < VY( f ) is still satisfied and f is
smooth. Therefore, positive algebraic volume does not imply positive concentrated volume,
even at points in the support.

4 The Li-Yau inequality in the varifold setting
4.1 A monotonicity formula

Our first essential observation is the following lemma, which can be seen as an extension
of the monotonicity formula due to Simon [43, (1.2)]. We follow the varifold approach in
[24, Appendix A] relying on the first variation identity and examine the additional terms
originating from the spontaneous curvature.

Lemma 4.1 Suppose V € VO(R3) neL®By:S?), and H € Lloc(/,LV; R3) satisfy Hypoth-
esis 2.1. Let xo € R3 and abbreviate B, := B:(xg), Ar := B, x G°(3,2) forallr > 0.
Then, for co € Rand 0 < o < p < 00, there holds

B, 1 )\ 2
wz)Jr / (*(<H(x),*é) CO)‘I‘%) dV(x, &)
o 4 | ol
Ap\Ag
—1 [ mw-aseraves -2 [ B gy + 00
lx — xol
AP\AG AD\AJ
1
) /(x —x0, H(x) — co(x§))dV (x, §) — C—Oz /(x — X0, &) dV (x, &)
o 20
Ay i,
1
Tz /<x —x0, H(x) —co(x§))dV (x, §) + C—Oz /(x — x0, *E)dV (x, &)
P 2p
A, A,
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I L[ (= xo.n()
t s /(x — 0, () Ay () + 5 / Ee I 4y
By By\Bo
1
~ 5 [ o =0 n gy o). @)
Bp

Proof of Lemma 4.1 Following the computations in [43, p. 284], we consider the smooth
vector field X (x) := x — xp for x € R? and the Lipschitz function

¢: R — R, @(t) := (max{t, 0}_2 — ,0_2)+. 4.2)
Choose a sequence ¢y in C°(—o00, p + 1) such that sup; < lerllcrry < o0,

Ok —> @ locally uniformly as k — oo,

(1) = @) as k — oo for all t € R\{o, p}

and such that for all X € N, there holds ¢|(c) = 0 and g|(p) = —2p . Abbreviating
@y := ¢y o | X| it follows

2(4 — ﬁ) for (x, &) € Ag

o2
. . 2 * 2
Jim divy ) (@eX)(x) = 1 2EESE — 5 for (x,8) € A,\Aq
0 for (x, &) € GSRI)\A,.

Denoting |X|, := max{| X]|, o}, testing the first variation identity (see (2.2), and (2.1)) with
the vector fields ®; X and passing to the limit as k — 0o, we obtain

GO R

P X Ve d

A\As

M /(|X| 2 _ p=2\(X, H) duv+/(|X| 2= 0 (X, ) dBy.

By (2.3) and since [x&| = 1 for & € G°(3, 2), we have the pointwise identity

1 (X)) [* 1 2 (H =€), X) | (X, #£)>
‘Z(H—CO(*S))‘FT = E|H—CO(*S)| + XL X
and consequently

1ty (Bs) I (X(x), )\
o2 + / (Z((H(x)a*g)—co)‘f‘W) dV(x, &)
Ap\As
1 B
= / H(x) — o)AV (x, &) + 1L 50)
P
Ap\As
1 (H(x) — co(x€), X (x)) 1 2
; / s v ) 2/(|X|(, P~ DX, H) dpay
Ap\As
w1 [axi2 = p 43
5 o =P . 1) dBy. 4.3)
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Moreover, we have

1 / (H () = co(+£), X))

_l 72_ -2
v (x. &) 2/<|X|a p2)(X. H) dpy

2 X
Ap\As
w0 [ (X, #E)
=75 / de(%é&)— /(X H>dMV+2 5 [ (X, H)dupy
o\As By B,
[ (X, #E)
2 / xeop VD
Ap\Ag
1
s / (X(x), Hx) — co(x€)) AV (x, &) — / (X(x), #€) AV (x. &)
o AU
1
3 2/<X<x) ) — o)V (x,8) + 20 /<X<x>,*s>dV<x,s) (4.4)
Ay p

as well as

1
5/(|X|;2 (X ) dBy

1 1 (X,n
— s [xmape vy [ S as - o [omepe @)

Bs Bp\Bs By

Now, using X (x) = x — xo and putting (4.4), (4.5) into (4.3), the conclusion follows. O

4.2 The general varifold case

We now use the monotonicity formula (4.1) to prove our most general Li—Yau inequality.

Theorem 4.2 Suppose V. € VS[R?), n € L®(By;S?) and H € L] (uv;R3) satisfy
Hypothesis 2.1. Let ¢y € R and suppose that

Hey (V) < 00 (4.6)
and
B,
6*2 iy, 00) := lim sup L";)) < . 4.7)
p—>00 o

Then, for all xo € R3\ spt By we have

92( < 9*2 L
Wv, xo) < (MV»OO)+4T[HCO(V)

imswp S| [ (07 el ) 0,400V,
p—oo 7T
\B, (x0) xGS(R?)
o o
4 lim sup —— /(|x—xo| 2 oD —xo @ dByo | @)
p—oo 7T
Bp(x())
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Remark4.3 (i) We do not assume uy (R3) < oo in Theorem 4.2. Indeed, let r = 1 /co for
co > 0,let f: Rx S! - R3, f(t,9) = (rcosg,rsing, t) be the cylinder with radius
r, let V be the associated varifold, cf. Example 2.4, and let xo = (r,0,0) € spt wy. It
is not difficult to see that 8 = 0, H (V) = 0 and py (B, (x0)) = O(p) as p — 00,
so that 0*2(uy, 0o) = 0 whereas py (R?) = oo. Moreover, the third term on the right
hand side of (4.8) is

2 |f—xo|2 2a<¢>>+r2 v

RxS!

where a(¢) := r2(1 — cos ¢) > 0. Hence, the inner integral can be evaluated using the
arctan, yielding

< (f —x0,n / “(‘/’

om Lf —xol2
RxS!

In the last step, we used 1 — cos¢ =2 sinz(%) and the symmetry of the sine function.

(i) We can reverse the orientation of the varifold V by considering V, the push forwad
under the map (x, §) — (x, —£), which is continuous and proper so V € V3 (R?) by
[18, 2.2.17]. In view of (1.1) it is not suprising that

Hey (V) = Hegy (V).

Similarly, the other term in (4.8) involving co remains unchanged if we replace V by
V and ¢ by —co. The singular part does not change under reversing the orientation.

(iii) Equality holds for ¢y = 0 if V corresponds to the unit sphere and x is any point on the
unit sphere. Equality also holds for ¢g = 0 if V corresponds to the unit disk and xq is
the center, and if V corresponds to a plane and xg is any point on the plane.

(iv) If the singular part By is regular enough, for instance if spt Sy is given by a smooth
embedding y: S' — R3 and 5 o y is a unit normal field along y, then the statement
remains valid even for xg € spt By . Indeed, for x close to xg, the vectors x — xo and
n(x) are nearly orthogonal. Thus, since 0'(By, xo) = 1, a short argument using the
Taylor expansion of y implies

X |x —X0|72<x —x0, n(x)) € Llloc(ﬂV)'

Proof of Theorem 4.2 For p > Olet B, and A, be as in Lemma 4.1. By Remark 3.3(i), there
exist D < oo and pg > 0 such that

w(By) < D,o2 forall0 < p < po. 4.9)

Consequently, Lemma 3.2 yields

| | duy(x) <Cp forall 0 < p < po, (4.10)
x —

and thus x — |x —xg|~! € L!

ioc (V). Moreover we have dist(xg, spt By) > 0, and conse-
quently

X > [x — X0/ 72 (x — x0, n(x)) € Ll (Bv). (4.11)
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Using (4.6), (4.10) and (4.11), we find that the function y : (0, co) — R with

royi= 100 1 [l - aeoPavis - 2 [ S0 gy
[x — xo]
Ap P
+53 /<x — x0, H(X) — co(x6)) AV (x, £) + — /(x — x0, %) AV (x, &)
P 2p
P Ap
1
+3 /(|x — %0172 = p72){x — x0, 7(x)) dBy (x) (4.12)
B,

is well defined and, by Lemma 4.1, it is monotonically nondecreasing.

We now examine the limit lims_,04 ¥ (o). By (4.6), the second term in y (o) goes to
zero as 0 — 0+ and so does the third term by (4.10). For the fourth term, we use the
Cauchy—-Schwarz inequality to estimate

o*z/<x — X0, H(x) — co(x£)) dV (x, &)

Ao
1

2

< (0 uv(B,))? /IH(X)—CO(*S)IZdV(x,E) , (4.13)

where the right hand side goes to zero by (4.6), (4.9) and since 1y ({xo}) = 0by Remark 3.3(i).
The fifth term in y (o) also goes to zero as o — 0+, since

o /(x — x0,%E)dV (x,&)| < 0"y (By) < Do, (4.14)

o

using (4.9). Since xo ¢ spt By, we have By (B,) = 0 for 0 > 0 sufficiently small. Conse-
quently, using wy = 7, we find limy .04 y (o) = 7T92([,Lv, X0).
Now, we discuss the limit lim,_. » ¥ (p). It is not too difficult to see that
v (By) _

i . wy (B, (0))
im sup 3 lim sup ——5—

7 =607 (uy. 00). (4.15)
p—>00 TP p—>00 T

For the fourth term in (4.12), for any 0 < 0 < p, we estimate by Cauchy—Schwarz

o2 /(x — xo Hx) — co)) AV (x, )

Ap

=

1

(2w )| [ Hw - aeoPaves

G R\ Ao

nps /|H<x) o)AV (x, §).
Ay
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Sending first p — oo and then 0 — o0, this goes to zero by (4.6), (4.7) and (4.15). The
claim then follows from the monotonicity of y. i

If the singular part By vanishes and V.(V, xo) exists, using Lemma 3.2 we obtain the
following

Corollary 4.4 Suppose V € VE(RS) and H € L% (uy;R3) satisfy Hypothesis 2.2. Let

loc
co eR, xg € R3 and suppose that V.(V , xo) exists. Then we have

2 *2 L <o
0° (v, x0) < 0™ (ny, 00) + 4an0(V) + T Ve(V, xp).

Proof Without loss of generality, we may assume H, (V) < oo, 0*2(py, 00) < 00. By
Theorem 4.2, we only need to discuss the third term on the right hand side of (4.8). To that
end, for 0 < o0 < p we estimate

1
—2/|(x — x0, %6)|dV (x, §)
o

Ap

< / Mdv(%g)-{-%/ux—xo,*é)ldV(x,S)-
Ao

lx — xo|?
GI®H\ A,

Sending first p — coandtheno — oo this goesto zero since V. (V, xg) exists by assumption.
The result follows. O

4.3 Varifolds with enclosed volume

In this section we introduce a class of oriented varifolds that satisfy a divergence theorem,
see Hypothesis 4.5. These varifolds comprise the surfaces shown in Fig. 2a—e, h. We then
show that their concentrated volume is positive, see Lemma 4.9. We start with a short review
of sets of locally finite perimeter, cf. [17, Chapter 5], [18, Section 4.5].

Let E C R3. We define the measure theoretic boundary of E by

WE ={xeR® |07 (LE, x) >0, 0L L®RNE), x) > 0}.

Moreover, we denote with ng : R3 — R3 the measure theoretic inner unit normal of E (see
the definition [18, 4.5.5]). In view of Federer’s criterion [18, 4.5.11,2.10.6], we say that E
has locally finite perimeter, if and only if E is an £3-measurable set, and H>(K N84 E) < 00
for all compact sets K C R3.

Let E C R3 be a set of locally finite perimeter and B = {x € R3 | ng(x)| = 1}. We
collect the following properties (see [18, 4.5.6]).

e The sets B and 9, E are HZ-almost equal.
e H2 9, E is a Radon measure over R> and n is H?L 9, E-measurable.
e The divergence theorem reads as

- /(X,nE)dH2=/dide£3 (4.16)
0+ E E

for all Lipschitz maps X : R3 — R3 with compact support.
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In view of Riesz’s representation theorem, we define the oriented varifold V € V9 (R3)
associated with 9, E by

Vip) = /(ﬂ(x, s g (x) d(H*L0,E) (x) (4.17)
R3
for all real valued continuous functions ¢ on G§ (R3) with compact support. There holds
ny = H2L 3, E and (4.16) reads

/ (X(x), *E)dV (x, &) = —/dide£3
GS(R3) E
for all Lipschitz maps X : R3 — R3 with compact support.

This divergence theorem is the main motivation for considering a particular class of
varifolds in the sequel.

Hypothesis 4.5 Suppose V € VS(RS) and H € LIIOC(MV;RS) satisfy Hypothesis 2.2,
E C R3 is an £3-measurable set, © € LllOC (£3LE; N),

diam spt(£3LE) < diam spt sy, (4.18)
and
- / (X(x),*&)dV(x,S):/(divX)®d£3 (4.19)
G3(R3) E

for all Lipschitz maps X : R3 — R3 with compact support. In this case, we term V a varifold
with enclosed volume.

Remark4.6 (i) IfV € V3 (R3) is integral with compact support and such that the associated
2-current has zero boundary, by [18, 4.5.17] we find that (4.19) is satisfied for some

measurable E C R3and © € LlloC (L3LE; Z),seealso[15, Section 3]. In Hypothesis 4.5
we additionally require ® > 0 a.e. on E, the diameter bound (4.18) and that V satisfies
Hypothesis 2.2.

(ii) The sign in Eq. (4.19) is adapted to our convention that the unit normal points to the
interior.

(iii) Since the divergence theorem (4.16) remains true if we replace E with R3\E and ng
with —n g, condition (4.18) ensures that we pick the correct orientation.

(iv) The function ® has locally bounded variation (see the definition [17, Section 5.1]) and
the coarea formula [18, 4.5.9(13)] implies that

Ep:={xeR|Ox) >k} forkeN

defines a sequence of decreasing sets of locally finite perimeter.

(v) If ® = 1, then the varifold associated with 9, E does not necessarily coincide with V,
compare Fig. 2e, f.

(vi) If V is associated with the reduced boundary of a set E of locally finite perimeter,
then g4V is an integral varifold (in the sense of [2, 3.5]). Hence, if additionally V' has
generalized mean curvature H and vanishing singular part By = 0, then there holds
H(x) Ax€ = 0 for V-almost all (x, &) by [7, Section 5.8], V, H satisfy Hypothesis 2.2
and thus V, H, E and ® = 1 satisfy Hypothesis 4.5.
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As the following example shows, not all varifolds associated with sets of finite perimeter
satisfy Hypothesis 4.5.

Example 4.7 Let C,, be the closed spherical cap of the unit sphere with opening angle« = /3
(the hemisphere has opening angle 7 /2) whose boundary circle lies in the plane {z = 0}. Let
S =Cq U (—Cy),i.e. S is the gluing of the spherical cap C, with its reflection at the plane
{z = 0}. The surface S looks like a lens, see Fig. 2g. Its singular part is the circle I, of radius
a = +/3/2 centered at the origin and lying in the plane {z = 0}. Since H>(S) < 47 < oo,
one can use Federer’s criterion to show that S is the boundary of a set E of finite perimeter.
However, the varifold V associated with S = 9, E (cf. (4.17)) does not satisfy Hypothesis 4.5.
In fact, V does not satisfy Hypothesis 2.2, but the more general Hypothesis 2.1.
Indeed, in view of [2, 4.4,4.7], there holds uy = H2LS, By = V3H' T, and

SV (X) :—/(X, H)dH2+\/§/%dHl(x)
S s,

where H is the mean curvature of the spherical caps +C,. Notice that GI(ﬁV, xX) = /3 for
all x € I',. In other words, By does not have integer multiplicity even though 6% (uy, x) = 1
for all x € S. Notice also that V satisfies the hypothesis of Theorem 4.2 for all ¢y € R.

The set E in Hypothesis 4.5 corresponds to an enclosed volume in the following sense,
where the algebraic volume does not depend on the point xg € R.

Proposition 4.8 Suppose V, H, E, © satisfy Hypothesis 4.5 with spt vy compact. Then
V(V, x0) = /®d£3 = V(V) forallxg € R>.
E

Proof Since spt sy is compact, so is spt(£3L E) by Hypothesis 4.5. We may thus apply (4.19)
with X (x) = x — xo, suitably cutoff away from spt py and spt(£3|_E ). O

Under suitable assumptions, the concentrated volume can be computed by (4.19), too.

Lemma 4.9 Suppose V., H, E, © satisfy Hypothesis 4.5. Let xo € R> and assume

1
lim — / edc? =o. (4.20)
p—>00 O
ENB,(x0)
Then we have
®
Ve(V, x0) = / O dc3 ), 4.21)
Ix — xol?
E

provided both sides exist.

Remark4.10 (i) By Proposition 3.4, if V € VS(RY) and H € L} (uy;R3) satisfy

Hypothesis 2.2 and if V(V, xp) exists, then also V.(V, xq) exists.
(ii) Suppose [ © d£3 < 0o. By Lemma 3.2 applied to the measure ® £3L_E, the right hand
E

side of (4.21) exists if for some m > 2 we have

1
lim sup — / 0dL? < co. (4.22)
o—0+ o™

ENB, (x0)
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As a consequence of the Lebesgue differentiation theorem, this is true for m = 3
and £3-almost all xg € E (cf. [18, 2.9.8]). However, not all © € LIIOC(ESLE; N) and
xo € R3 satisfy (4.22). This can be seen by taking ® (x) := [|x — xol72].
Nevertheless, (4.22) is clearly satisfied if ® € L®(L3E;N).

Proof of Lemma 4.9 Since V.(V, x() exists, we have

/ e = x0 0 4y 4 ) < oo (4.23)
lx — xo?
GS(R?)
Now, let 0 < 0 < p and let B,, A, be as in Lemma 4.1. Moreover, let ¢ be as in (4.2),
X(x) :=x —x0, P(x) := ¢(|x — xg|) forx € IR3. For £3-almost every x € R? we find

3072 —p7?) for x € By

div (®X)(x) = { [X(x)|72 = 3p~2 forx € B,\B,
0 for x € R3\B,.
Thus (4.19) implies
i/X() av( >+i/X<> av(x. £) /de )
- 02 < X 7*5) xv%‘ )02 < X 7*‘%‘) xas - |X(x)|2 X,%-
Ay A, Ap\As
_3 i3 : / O0) 3
== / edL p / edc’ + XL dcd (x). (4.24)

ENB, ENB, ENB,\B,

We analyze each term in (4.24) separately. First, as o — 0+, the first term on the left
vanishes, since (4.23) yields

i/uX(x) BV (2, £) </Mdm £) =0
P ’ =) e ’ '

Ao

Here we used that wy ({xo}) = 0 by Remark 3.3(i). The first term on the right hand side of
(4.24) goes to zero as o — 0, since the right hand side of (4.21) exists. For the second term
on the left, taking 0 < r < p and splitting the integral we obtain

1
7/|(X(X),*E)IdV(x,$)
P

Ap

=

/ |(X(x), %)

1
xoop &8+ pzA/HX(x),*é)ldV(x,s),

GIRI\A,

which goes to zero by (4.23), if we send first p — oo and then r — oco. Taking p — oo the
second term on the right of (4.24) vanishes by (4.20). Thus, if we let first 0 — 0 and then
p — o0 in (4.24) and use that both sides of (4.21) exist, the claim follows. ]

By the preceding discussion, the statement of Corollary 4.4 can be simplified if V is a
varifold with enclosed volume. For simplicity, we only consider the case where spt iy is
compact.

Corollary 4.11 Suppose V, H, E, ® satisfy Hypothesis 4.5 with spt iy compact. Then

®
Py = Mo+ 5% [ 20 adw)
2 [x — x0]
E
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for all xo € R3, provided the second term on the right hand side exists.

Proof By Hypothesis 4.5 we find that spt(£3_E) is compact, so that using Remark 2.3 and
Remark 4.10(i) we find that the assumptions of Corollary 4.4 and Lemma 4.9 are satisfied.
The result then directly follows using (4.21). |

5 The smooth setting

In this section, we will transfer the general varifold Li—Yau inequalities to the setting of
smoothly immersed surfaces.

5.1 Proofs of the Li-Yau inequalities
Lemma 1.3 is an easy consequence of the varifold result.

Proof of Lemma 1.3 The claim follows directly from Corollary 4.4 if we consider the varifold
associated to the immersion f, cf. Example 2.4. |

We now show that any Alexandrov immersion induces a varifold with enclosed volume.

Lemma 5.1 Let X be a closed surface and let f: = — R3 be an Alexandrov immersion with
Y =9M, f = F|s and F: M — R3 as in Definition 1.4. Let V be the oriented 2-varifold
on R3 associated to (X, f) as in Example 2.4. Then, there holds

- / (X(x), %) dV (x, &) = / (div X) OHO(F~ ap d23 ()

G(R?) FIM]

for all Lipschitz X: R3> — R3 with compact support. In particular, with E := F[M],
O :=HO(F~'{-}) we see that V, H, E, © satisfy Hypothesis 4.5.

Proof By an approximation argument, it suffices to consider X € C!(R?; R?). Denote with
2 the Riemannian measure on M induced by the pullback metric gr := F*(, -), let u be
the induced measure on X, and let v be the inner unit normal on X. Given any vector field
X e CY(R3 R3), we define the vector field X* on M by X*(p) = (dF,)""(X(F(p))).
By (2.7) and since n = dF (v), we compute

- / <X<x),*s>dV(x,s)=—/<Xof,n>du=/gF(X*,—wdu.

GY(RY) by M

Since (M, gr) is flat, we have divg, X* = (div X) o F. Hence, by the divergence theorem
for Riemannian manifolds (see [36, Theorem 5.11(2)]) and the area formula,

/gﬂX*,—v)du:/(divX)oFdQ: /(divX)(x)HO(F_]{x})dL3(x)

oM M FIM]

which implies the conclusion. O

Equipped with this tool we can now prove Theorem 1.5.
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Proof of Theorem 1.5 By Lemma 5.1, V, H, E := F[M], ® := HO(F’I{-}) satisfy Hypoth-
esis 4.5. Since M is compact and F is a local diffeomorphism, there exists k& € N such
that

O(x)=HY(F'{x}) <k forallx € E = F[M],

and as a consequence of Lemma 4.9 and Remark 4.10(i) and (ii) we find

HO(F!
Ve(f, x0) = / &dﬁ(x) for all xo € R, (5.1)
lx — xo|?
FIM]
The statement then follows from Corollary 4.11. O

Remark 5.2 The results of Lemma 1.3 and Theorem 1.5 are sharp in the sense that equality
can be achieved asymptotically for every ¢y € R. Indeed, let S> C R? be the unit sphere, and
let f: S? — R3, f(x) = rx denote the parametrization of the round sphere 9 B, (0) C R3
with radius » > 0 and the orientation given by the inner unit normal. This is clearly an
Alexandrov immersion (with M = B1(0), F(x) = rx) and hence by (5.1), we have

Vc(f,x()) — / m d£3(x) _ {27'[}" ifxO S aBr(O)7 (52)

drr  if xg = 0.
B, (0)

To verify the last equality in (5.2) we use the original surface integral definition (1.7) for the
concentrated volume and that n = — f /r. The claim then follows from

— 2_
D B s
S2

|f = xol? rJ r?4lxol? = 2(f, xo)

S2
If now x¢ € 9B, (0), Inequality (1.8) reads
0 ;-1 1 o 1 )
1=H(f" {xo0}) < —Heo(f) + 5= Ve(f. x0) = — (cor —2)" +cor  forallr >0,
4 2w 4
where the right hand side converges to 1 as r — 0+. In the case cp = 0, equality is achieved
by any round sphere.

5.2 A scale-invariant version

Clearly, for xo = 0 the left hand sides of the Li—Yau inequalities in Lemma 1.3 and Theo-
rem 1.5 are invariant under rescalings of the immersion, whereas the right hand sides are not.
We will now prove a scale-invariant version of the inequality, involving the L?-CMC-deficit
of an immersion f: ¥ — R3 of an oriented surface X, given by

_ 1 _
() = 5 / (Hye — H)dpu = inf Heo(f).
coeR
>

cf. (1.3). Here Hy. := A( f )1 f Hg. du denotes the average scalar mean curvature, provided
)

the latter integral exists. Note that 7(f) = 0 if and only if f is an immersion with constant
mean curvature, a CMC-immersion, justifying the terminology. We obtain the following Li—
Yau inequality which is invariant under rescaling and also under reversing the orientation on
x.
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Corollary 5.3 Let f: ¥ — R> be an immersion of a compact oriented surface S without
boundary. Then for all xo € R3 we have

0 -1 1 - 1 - 1 2
HO(f ™ H{xoh) < EH(f) + EHsc Ve(f x0) A Vel S x0))" - (5.3)

Proof By Proposition 3.4, we find that V.(f, xo) exists. We may thus use Lemma 1.3 for

any c¢o € R. Expanding the right hand side of (1.8), we obtain a quadratic polynomial in cg.

. . . D Hye du—4 Ve (f,
By a direct computation, this polynomial is minimal for ¢cp = IEWT/M and the

minimal value is precisely the right hand side of (5.3). i

6 Applications

In this section, we discuss several applications of the Li—Yau inequalities. We first provide
a lower bound on the Helfrich energy resulting in nonexistence of minimizers for the penal-
ized Canham—Helfrich model in Sect. 6.1. In Sect. 6.2 we prove some important geometric
estimates involving the Helfrich energy. We then use these to prove Theorem 1.6. Lastly, we
discuss a criterion for positive total mean curvature in Sect. 6.4.

6.1 Nonexistence of minimizers for the penalized Canham-Helfrich model

Lemma 6.1 Suppose V € V‘Z’(R3) and H € leoc(uv) satisfy Hypothesis 2.2, spt juy is
compact, ¢ < 0, and xo € R3 such that 6**(uy, xo) > 1 and V.(V, xy) > 0. Then there
holds

Heo (V) > 4m.
Proof This is a consequence of Corollary 4.4 in combination with [39, Theorem 3.6]. O

Remark 6.2 The proof of the above inequality for the Willmore functional (i.e. co = 0) [44,
Theorem 7.2.2] also works for the Helfrich functional provided V is given by an Alexandrov
immersion f : X — R3 with inner unit normal field 7. Indeed, denoting with K * the set of
points in ¥ where both principal curvatures are nonnegative, we find

1
Hco(f)21/|Hf—00"|2dM
K+

1 2 c(% 1 2
21 |H | dM+1A(f)> 1 [Hp|"dpu > [ Kdu
K+ K+ K+

where K denotes the Gauss curvature. Similarly to [44, Lemma 7.2.1] we see that if f is an
Alexandrov immersion, then

/Kd/,LZ4JT.
K+

For all real numbers cq, A, p we define the energy functional

He () 1= Heo (f) + 2AS) + p V()
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for all smooth immersions f: ¥ — R of a closed oriented surface . The constants A
and p are referred to as tensile stress and osmotic pressure. The energy was considered by
Zhong-Can and Helfrich [45, Equation (1)] in the study of spherical vesicles. Each minimizer
of the constrained minimization Problem 1.1 is a critical point of the functional H?(;p for
some A, p by the method of Lagrange multipliers. This is one of the reasons why the energy
Hé‘(;p is subject of numerous works in mathematical physics, biology and mathematics, see
for instance [5] and the references therein.

Denote with S* the set of smoothly embedded spheres in R3. In view of (1.2), we see
that

inf HLP(f) < 4. 6.1)
fese

In [37, Theorem 3] (see also [31, Theorem 1.9]) the existence of spheres minimizing Hﬁ(;”

was shown, provided X, ¢co > 0 and p > 0. However, in view of [13], c¢o < O is empirically
more relevant in the study of red blood cells. Lemma 6.1 now reveals that the infimum in (6.1)
is not attained whenever c¢o < 0 and X, p > 0. This is actually in accordance with the results
on the gradient flow in [6, 28]. Notice also the different behaviour of the constrained gradient
flow [35]. Examining the scaling behaviour of Hﬁ(;p evaluated at round spheres, we see that
the energy functional is unbounded from below if p < 0; in particular, the infimum in (6.1)
is not attained. Similarly, if A < O and c% + A < 0, one can use surfaces of degenerating
isoperimetric ratio found in [38, Theorem 1.5] to construct a sequence of embeddings f; in
S°° such that Hg(;p(fk) — —oo as k — oo.

Despite the nonexistence of minimizers explained above, the energy functional Hﬁ(;p

remains an important subject of study, since it is the critical points of Hﬁ(;" that are of
interest.

6.2 Diameter estimates

In this section, we will show that the Helfrich energy can be used to obtain bounds on the
diameter.

Lemma 6.3 Suppose V € VS(R3) and H € leOC (wy: R3) satisfy Hypothesis 2.2, spt juy is
compact, and H, (V) > 0. Then for all xy € spt vy we have

12y (R?) = 3co V(V, x0)|

2/ 1y (R3)He,y (V)

Proof. Using Hypothesis 2.2 for the vector field X (x) = x — xo (multiplied with a suitable
cut-off function away from spt ny ), we have

< diamspt py.

/2duv(x>—3cowv,xo)=— / (H (), x — x0) AV (x, £)

R3 G(R3)

+eo / (58, x — x0) AV (x. £).

G3(R3)
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Thus, by the Cauchy—Schwarz inequality

210y (RY) = 3o V(V, x0)| < /IH(X)—CO(*«%)IIX—XOIdV(x,é)
GY(R3)

< V4He, (V)py (R3) diam spt py . O

In the case ¢p = 0, this is just Simon’s lower diameter estimate, cf. [43, Lemma 1.1].
Note that here we did not use the Li—Yau inequality but merely the first variation formula,
see (2.1) and (2.4).

Lemma 6.4 Suppose V, H, E, © satisfy Hypothesis 4.5, 0% (y, x) > 1 for puy-almost all x,
spt wy is connected, and co < 0. If He, (V) < 00, wy (R3) < o0, ® € LY(L3LE), and

O(x)

43 (x) < 00 6.2)
[x — xo/?

Sor py-almost all xo, then spt vy is compact and

. 2
diam spt puy < C\/HCO(V)<MV(R3) + Sleol V() 6.3)
where C = % andV(V) = fE ©dL3 is the algebraic volume (see Proposition 4.8).

Remark 6.5 For cy = 0, we recover the diameter bound in terms of area and Willmore energy
by Simon [43, Lemma 1.1]:

diam spt uy < Cv/W(V)y (R3).

This inequality holds true for all 2-varifolds in R? with generalized perpendicular mean
curvature, finite Willmore energy, and whose weight measure is finite and has connected
support (see [39, Theorem 1.5]). Hence, by (2.5) we obtain

- 3 1, 3
diam spt 1y < C\/ILV(R ) (2 (V) + 5y ()

for all V satisfying Hypothesis 2.2 with W(V) < oo, uy (R?) < oo, and such that spt .y
is connected. In view of Remark 6.11, our diameter bound (6.3) will be particularly useful
since it has the Helfrich functional rather than the weight measure as prefactor.

Proof of Lemma 6.4 We will follow the proof of [43, Lemma 1.1]. Suppose spt uy # @
(otherwise the statement is trivial), let xo € spt wy and define the Radon measure

1
Hey(V, B) i= 7 / |H(x) — co(*£)|>dV (x,€)  for all Borel sets B in R>.
BxG°(3,2)

Using the Cauchy—Schwarz inequality as in (4.13) and Young’s inequality, we estimate

1 B 1
s / [(x — x0. HGO) — o)) dV (x, ) < Wﬁm(v, B, (x0))
B, (x0)xG°(3,2)
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for all p > 0. Hence, since 82(uy, xo) > 1 by [39, Theorem 3.6] in combination with
Remark 2.3, we can let 0 go to zero in Lemma 4.1 and use (4.13), (4.14) to infer

3uy (Bp(x0)) <o (x — x0, *§)

3
< -H.(V,B dVv(x,
7 < Ha (V. Bowo)) + == 5 : e
B, (x0)xG°(3,2)
C
o (x — x0, +£) AV (x, £). (6.4)
2p
B, (x0)xG°(3,2)
Multiplying (4.24) with 9 and using ¢y < 0, for any 0 < o0 < p we have
¢ X — X0, * ¢
-2 [ B wen+ [ weneadves
2 [x — xo] 2p
(Bp\Bo)(x0)xG°(3,2) By (x0)xG°(3,2)
3 e
_ 3leol / ®d£3—@ idﬁ(x)
2p? 2 lx — xol?
ENB,(xo) ENB,(x0)\Bs (x0)
3] col 3 ol
iy / edL ) / (x — x0,*E)dV (x, &).
ENBg (x0) By (x0)xG°(3,2)

Sending 0 — 0+ and using (6.2), Lemma 3.2 and Remark 3.3(i), we find that

¢ X — XQ, * ¢
-2 [ R Pavee+ss [ woxenaves
2 = ol 2%
Bp(xo)XG°(3,2) Bp(xo)XG“(?),Q)
c 3 1 c
= M / — — — =] 60() d£3(x) < M / @(x)[ZS(x). (6.5)
2 P> |x —xol? p?
ENB,(xo) ENB,(xo)

Combining (6.4) and (6.5), we thus obtain

3 3
T < ZHCO(V, B, (x0)) + T/)ZMV(B,O(XO)) + %' (OLLE) (B, (x0)). (6.6)

The right hand side of this inequality corresponds to the Radon measure

Y v -)+i +@(®L3 E)
Mcy,V,E = 2 colV, 2,02'1“/ ,02 L .

The set of xo € R3 that satisfy (6.2) is dense in spt iy . Hence, given any x € spt iy and any
& > 0 we can always find x| € spt uy which satisfies (6.6) such that B, (x1) C Bj4¢(x0).
Thus, letting ¢ — 04, we see that (6.6) remains valid for all xo € spt wy. By Remark 3.3(i),
we see wy (N) = 0 whenever N is finite and consequently ¢, v g(N) = 0 whenever N
is finite. Let d := diam spt uy (possibly d = o0), 0 < p < d, and N be a positive integer
such that 2(N — 1)p < d. By the connectedness of sptuy, we can choose points
X0,...,XN—1 € sptuy such that x; € 9Bj,(xp) fori = 1,...,N — 1. The balls
B,(x0), ..., Bp(xy—1) intersect in at most N — 1 points. Applying the inequality (6.6)
for each x; and summing over i yields

N7 < ey v £(RY). (6.7)
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Since the right hand side is finite, it follows that the diameter d is finite. Hence, we can choose
N such that 2(N — 1)p < d < 2Np. Then (6.7) and Proposition 4.8 imply

d=< zi (pHco(V) + %MV(R3) + Aleol V(V)> . (6.3)
b4 P 3p

Now, in view of Lemma 6.1, we may take

p:\/ZMV(R3)+§|co|V(V):\/MV(R3)+§|CO|V(V)
2Heo (V) Heo (V) '

Then, by Lemma 6.3, p < d and thus, (6.8) becomes

9 2
d < g\/HC()(V)(w(R% +Sleol V()

which concludes the proof. i

6.3 Regularity and embeddedness of Canham-Helfrich minimizers

We start with a survey of the variational setting in [33] (see also [22, 23, 31]). This includes
the definition of Lipschitz immersions. Then we introduce the space Qy, of Lipschitz quasi-
embeddings which consists of those Lipschitz immersions whose associated varifolds are
varifolds with enclosed volume, cf. Hypothesis 4.5. We show that each injective Lips-
chitz immersion (in particular each smooth embedding) is a Lipschitz quasi-embedding
(see Lemma 6.6). Moreover, we prove a weak closure Lemma 6.8 which leads to our main
regularity Theorem 6.10.

Let X be a closed oriented surface and let go be a reference Riemannian metric on . A
map f: ¥ — R3 is called weak branched immersion if and only if

fewh = Ry nwr(z; RY), (6.9)
there exists a constant 1 < C < oo such that
Cdflgy < 1df Adflgy < Cldflg (6.10)
where in local coordinates
df Adf = (dx' Adx?)d,f A f,

there exist finitely many so called branch points by, ...,by € X such that the conformal
factor satisfies

log|dflg € Lige(E\{b1, ..., bN)),
and the Gauss map n defined as in (2.6) satisfies
newhi(z:RY. 6.11)
If in addition
18,1 f1 =182 f1 and (3,1 f, 32 f) =0 (6.12)

for all conformal charts x of (X, go), then f is called conformal. A chart x = (x!, x?) that
satisfies (6.12) is referred to as isothermal coordinates. Notice that (6.12) implies (6.10) and,
since X is closed, the conditions (6.9)—(6.11) do not depend on the choice of the Riemannian
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metric go. The space of weak branched immersions is denoted by Fx. The subspace s, of
Lipschitz immersions is defined to consist of all f € Fyx such that there exists a constant
0 < C < oo with

ldf Adflg = C. (6.13)

Notice that (6.9) and (6.13) imply log |d f]g, € L= (X).

Let f € Fx. Analogously to Example 2.4, we infer a (possibly degenerated) L°°-metric
g := f*(-, ), the induced Radon measure p over X, the oriented varifold V := (f, *n)su,
the classical mean curvature Hy of f (in the Sobolev sense), and the induced generalized
mean curvature H. If f is conformal, we have by [23, Theorem 3.1] that

HO(Fx)) = 0% (uy,x)  forallx e R
In view of [31, Equation (2.11)] there holds
sV = = [ (X, Hy duy
R3

forall X € C Cl (R3; R?). Moreover, by the definition of H and (6.11) we have that

/Ilede < /|Hf|2du < 0.
R3 P

In particular, H € L?(uy; R?) and V, H satisfy Hypothesis 2.2. Now, we can combine [17,
Section 6.1, Theorem 4] and [40, Theorem 4.1] to infer

H(f(p)) = Hy(p) for p-almostall p € X.

As in (2.9), it follows that for all ¢ € R we have

1 1
HeoV) = [ 1H = cot)Pavie. &) = 5 [ 1) = o an = Ho (). (614
R3 )

The space Qy is defined to consist of all f € Ex such that there exists an £3-measurable
set E with

diam spt(£3LE) < diam f[X] (6.15)
and
/dide£3 = —/(X o f,n)du (6.16)
E D)

for any Lipschitz map X : R? — R3 with compact support, i.e. the triple E, V, H satis-
fies Hypothesis 4.5 for ® = 1. The divergence theorem for sets of finite perimeter (4.16),
Eq. (6.16), and the area formula (see [18, 3.2.22(3)]) imply

ng(x)= Y n(p) forH -almostall x € R, (6.17)
pef~ix)

Notice that x ¢ spt(H>Ld, E) does not imply f~'{x} = @. In particular, in view of Fig. 2e,
f, the two oriented varifolds associated with d, E and f do not necessarily coincide. Hence,
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by Proposition 3.4, Proposition 4.8, Lemma 4.9 and Remark 4.10 there holds

1
P dc3(x) (6.18)

V(V.xo) = V(f) = LE), VeV, x0) = Ve(f, x0) = /
E
forallxg € R3.IfHO(f~'{x}) < 1 for H?-almost all x € R> then (6.17) impliesngo f = n,
3+E = f[Z] up to a set of H>-measure zero, the two oriented varifolds associated with 3, E
and f coincide, and since spt(HzLB*E) - spt(L‘3|_E), equality holds in (6.15). Inspired
by the terminology in the smooth case of [4], we refer to Oy as the space of Lipschitz
quasi-embeddings. By definition, there holds

Qs C€&y C Fx.

Lemma 6.6 Let X be a closed oriented surface and f € Ex be injective. Then, possibly after
changing the orientation of S, there exists a connected open bounded set U C R of finite
perimeter such that 3,U = f[X] up a to a set of H>-measure zero, and

/diVXdE3 = —/(XOf,ﬂ)d/L (6.19)

U z

for any Lipschitz map X : R> — R3. In particular, f € Qs and Qs contains all smooth
embeddings f: ¥ — R3 (up to orientation). However, not all f € Qs are injective.

Remark 6.7 Notice that changing the orientation on X is equivalent to changing the sign of
the (nonzero) algebraic volume. Hence, if additionally V(f) > 0, no change of orientation
is necessary in Lemma 6.6.

Proof of Lemma 6.6 We may assume that (X, gg) C R3 is embedded and go is the metric
induced by the inclusion map. Since f is injective, we can apply the Jordan—Brouwer sepa-
ration theorem [9] to obtain a connected open bounded set U C R3 such that 93U = f[%]
and R3\0 is connected. Since 9, U C dU = f[X] and Hz(f[E]) < 00, Federer’s criterion
implies that U is a set of finite perimeter. Moreover, for p € X, one can show that if f is
differentiable at p, then f(p) € 9,U. Hence, by Rademacher’s theorem, the sets d,,U and
fIX] are H2-almost equal. We still need to show that

/(x,ndez:/(xof,n)dp,

U z

for all Lipschitz maps X : R? — R3, where ny is the measure theoretic inner unit normal of
U (see Sect. 4.3), and n is the Gauss map of f, cf. (2.6). Let v be the unit normal induced by
the orientation of ¥ C R3. We define the 2-current T on R3 by

T(0) = — / wp(xv(p)) dH(p)

=

for all differential forms w of degree 2 on R3. Since ¥ is closed, we have

oT =0 (6.20)
(see for instance [18, 4.1.31(1)]). Given any positive chart x of X, there holds
a a a Ad
V= M, (Azdf)(*v): M(*n)
[0,1 X 0y2] [0,1 X 0,2]
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where for H?-almost all p € ¥, the linearmap \,df,: A, TpE — /A\,df,[T,E]is defined
as in [18, 1.3.1]. Recalling that in any local chart x, the area elements of the immersion f
and the inclusion ¥ C R are given by |01 f A 9,2 f]and 9,1 x 9,2], respectively, we have
by [18, 4.1.30] that

R(w) := (f#T)(w) = — /wf(p> (n(p)) du(p)

z

for all differential forms w of degree 2 on R3. Thus, by [18, 4.1.14] and (6.20)
OR = 3(fuT) = f4(dT) =0.

Therefore, we can combine [18, 4.5.17] and [18, 4.5.6] to deduce the existence of sets of
finite perimeter E; C E; 1 C R3, j € Z such that

R=Y"Rj. py=)Y (HWIE)) (6.21)
JEZ JEZ

where

Rj() = — / wy (g, (x)) dH? (x)
UE;

are the currents induced by 94 E ;. Since U is open and connected, we see from [3, Proposi-
tion 2] that U is indecomposable. Given any set of finite perimeter E C R3 with 8, E C 8,U
up to a set of ‘H2-measure zero, we see that 9, (UNE) C 0,U uptoasetof ‘H2-measure zero
and thus, by [3, Proposition 4], either L3(U NE) =0or £L3(U\E) = 0. The same holds
true for U replaced by R3\U. By (6.21) we have for all j € 7Z that 0+Ej Csptuy = 0,U
up to a set of H>-measure zero and therefore either E ji= R3or E j=UorE; = R3)\U or
E; = @uptoasetof £3-measure zero. Since f is injective, we have that Gz(uv, ) <1.We
thus deduce the existence of jy € Z such that (up to a set of £>-measure zero and possibly
after changing the orientation on X)

R3 for j < jo,
E;j=U forj=jo,
g for j > jp.

In particular, R = R}, and (6.19) follows. To see that not all f € Qy are injective, one may
consider surfaces like in Fig. 2b, d, e. O

In the following, we abbreviate F := Fg, £ 1= g, and Q := Oge.
Lemma 6.8 Suppose fi is a sequence in Q, 0 € fi[S*] forallk € N, cg € R,

Ag :=sup A(fy) < oo, inf diam f[S*] > 0, (6.22)
keN keN

and

lim infy o0 (Heo (fi) + 2c0 inf ¢ g 1s21 Ve (fi X)) < 87 ifco < 0,

. . (6.23)
lim 1nfk_>oo(HCO(fk) + 2¢0 Supye g (s21 Ve (i x)) <8 ifco > 0.
Then, after passing to a subsequence, there exists [ € Q injective such that
Vi >V inVS(R?) ask — oo, (6.24)
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where Vi, V are the oriented 2-varifolds in R3 associated with fi, f (cf. Example 2.4) and

Hey (f) < liminf Py (fo)- (6.25)

Proof Let gg be the standard metric on S2. By [33, Theorem 1.4], after reparametrization,
we may assume that all f are conformal. After passing to a subsequence, we may further
assume that for all k € N,

Heo (fi) + 2coinfy ¢ 52 Ve (fis x) < 8w ifco <0,

Hey (fi) + 2¢o Supye f(s21 Ve (Sie, X) < 87 ifco = 0.

Let Ej be the sequence of sets of finite perimeter corresponding to f; according to (6.16).
Using (6.18), for all xg € R? and k € N there holds

1
Vehox) £ [ 5 dL 0+ LB =4+ V(R
|x — xo
Bi(x0)

and thus, by (6.15) we can apply the isoperimetric inequality for sets of finite perimeter (see
[18, Corollary 4.5.3]) to deduce from the uniform area bound (6.22) that

Vo :=sup V(fx) < o0, sup sup V¢(fk, x) < C(Vp) < oo. (6.26)
keN keN xeR3

Hence, by [31, Equation (2.8)] and (2.5), there holds

[ 110 B i < Ao+ AW < Ao+ 8740, (0 + 2680
S2
< Ao + 8(87 + 2|co|C (Vo) + c§Ao) (6.27)

for all k € N. Therefore, we can apply [31, Theorem 3.3] (see also Theorem 1.5 and
Lemma 4.1 in [30]) to infer that after passing to a subsequence, there exist a positive integer

N and sequences ¢,3, ey qb,fv of positive conformal C*-diffeomorphisms of S? such that
foreachi € {_1, ..., N}, there exist f' € Fg conformal, N' € N, and finitely many points
bt b e ST with

fli=frogi—f"  weaklyin W2ASA\B!, ... bV L R ask — oo, (6.28)

1og 1A fileoll ) o , N < 00. 6.29
zlelll\){ ” Ogl fk'go ”LIOC(SZ\{bhl _____ bz.N }) < ( )

Moreover, there exist a sequence v/ of C*-diffeomorphisms of S? and f € W1 (S?; R?)
such that

N
feoyn > f inCOSH R ask — oo, f1S71 =[] FIS°]. (6.30)
i=1
Furthermore, there holds

N N
DU liminf W(fo), Y Heo(f) < Tim inf Hey(fe). (6.31)

i=1 i=1

Denote with V' the varifolds associated to f% and set V := ZlN: , Vi.In order to show (6.24),
let ¢: R® x G°(3,2) — R be any continuous function with compact support. Fix an
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integer i € {1,..., N}, choose a conformal chart x: S2\(bi!, ... bV} > R2, and let
K C S2\{p""!, ..., b""N'} be a compact set. Denote by

Pi=loglog fil, Al :=loglag £

the conformal factors and recall that the area elements of fk" and f! are given by e

and 2. Let n};, ng, and n! be the Gauss maps of f,f, fi, and fi. Following the proof of
[31, Lemma 3.1], we infer that by the weak convergence (6.28), the Rellich—-Kondrachov
compactness theorem, and the uniform bounds on the conformal factors (6.29), after passing
to a subsequence,

Piox! 5 ox7l in LP(x[K])ask — ooforalll < p < o0,

fk’ ox ! — fi ox!
1 1

pointwise almost everywhere on x[K ] as k — oo,

n}< ox ' > niox™ pointwise almost everywhere on x[K] as k — oco.  (6.32)
Hence, since ¢ is continuous, and also the Hodge star operator « is continuous,
<p(f,§, *n};) ox ! > (p(fi, *n')ox! pointwise almost everywhere on x[K |

as k — oo. Thus, since ¢ is bounded, the dominated convergence theorem and (6.32) imply
(<p(fkf, *n;;)e“i) ox! ((p(f", *ni)eZ)‘i) ox~! in LP(x[K]) ask — oo

for any 1 < p < oo. Therefore, inductively passing to a subsequence, we can achieve that
for all kg € N and all kg < k € N, there holds

gl
oxld2 < —.  (633)
ko

/ oL e = p(f anye

[s\UL B 0]

Successively passing to a subsequence, we infer that (6.33) holds true simultaneously for all
i €{l,..., N}.(Notice however that the chart x actually depends on i.) Moreover, since ¢ is
bounded and by the fact that finite sets have i r, -measure zero by Remark 3.3(i), there holds

lim / o(f' *n")dp i =0,
ko— 00 .
UM B @)
ko
foralli € {1,..., N}. Writing s; := 1/k, by (2.7) it follows
/ pdVi = /(p(fiv*ni)dufi = lim / go(f,j,*n;;)dufi. (6.34)
k— 00 Jr

G3(R?) §? S\ UY., By (b))
By the_ proof of [31, Theorem 3.3] (see also the proof of [30, Theorem 1.5]), there exist Borel
sets S,l(” C S? such that (see Equations (3.19) and (3.20) in [31])

lim [ 1du; =0 forallie{l,...,N}jandje{l,...,N} (6.35)
k— o0 k
spd
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and

/ pdVy = /w(fk,*nk)dﬂfk Z / (p(fklv*n;()duflf
Gg(R3) SZ\U/ IBSk (bi-J)

N Ni-1
+> ) /w(f,i,*n};)dufk,-. (6.36)

i=l j=1 7,
Sk

By (6.35) and the boundedness of ¢, there holds

/fﬂ(f;f,*n};)dufki < lellco@gm3)) / ldpy — 0 ask — oo.

N i
k Sk

Thus, (6.36) and (6.34) imply

hm /(pde_Z / pdVi = / pdV

G" (R3) G" (R3) GS(R3)

which proves (6.24).
By (6.27) there holds

Dy := sup W( fr) < oo.
keN
Thus, by Lemma 3.7, there exists a constant C (Ag, Do) depending only on the energy bound
Dy and the area bound Ag in (6.22) such that

| Ve(fir X) = Ve(fi, ¥)| < C(Ag, Do)lx — y|'/? forallk e Nandall x, y € R®. (6.37)

Hence, by the varifold convergence (6.24), we can apply Lemma 3.6 and (6.30) to deduce
first

Jm Ve(Vie, fe(p)) =Ve(V. f(p))  forall p e s? (6.38)

and secondly, by (6.23), the lower semi-continuity (6.31), and (6.14)
Heo (V) +2c0Ve(V,x0) < 8 forall xg € spty.

Therefore, we can apply the Li—Yau inequality for general varifolds Corollary 4.4 to infer
0%(py, -) < 2. Now, it follows from (6.30) that f = f' € Fand f is injective. In particular,
(6.25) follows from (6.31). Moreover, by [23, Theorem 3.1], f has no branch points. That
is log|d flg, € L>®(S?) and thus f € &. It remains to show that f € Q. Recalling that
{x € R? | ng,(x) # 0} = 3,E up to a set of H>-measure zero, we see from (6.17) that
0+Er C fk[Sz] up to a set of H2-measure zero, and thus HZ(9,Ex) < A( fr). Hence, the
uniform area bound (6.22) and the uniform volume bound (6.26) imply that the sequence x g,
is bounded in BV (R3). Therefore, by compactness (see [17, Section 5.2, Theorem 4]), there
exists an £3-measurable set E of of finite perimeter such that, after passing to a subsequence,
XE, — xgin L! (R3) and pointwise almost everywhere as k — oo. In particular, the left
hand side in (6.16) converges as k — co. Moreover, the right hand side of (6.16) converges

@ Springer



Li-Yau inequalities for the Helfrich functional... Page390f43 45

by (2.7) as a consequence of the varifold convergence (6.24). Noting that L3 Ey — L3 E
as Radon measures for k — 0o, we see that by (6.15) and the C 0—convergence (6.30)

diam spt(£3LE) < lim inf diam f; [S?] < diam f[S?].
—00
Thus, f € Q and the proof is concluded. |

Remark 6.9 The minimizer in [31, Theorem 1.7] has positive algebraic volume V. However,
in view of Example 3.8 this is in general not enough to deduce that also the concentrated
volume is nonnegative. Thus, we could not apply the Li—Yau inequality Corollary 4.4 directly
to the minimizer in [31, Theorem 1.7].

Theorem 6.10 Suppose co € R, the numbers Ag, Vo > 0 satisfy the isoperimetric inequality
361 Vo2 < AS, and there exists a minimizing sequence fy of

n(co, Ag, Vo) :=1inf{He, () | f € Q, A(f) = Ao, V(f) = W} (6.39)
such that

lirninfk_)oo(HcO(fk) + 2¢o infxefk[Szj Vel fis x)) <87 ifcy <O,

o . (6.40)
lim 1nfk%oo(7'£c0(fk) + 2¢o SUPye f[S2] Vel fre, x)) < 8m ifco > 0.
Then the infimum is attained by a smooth embedding f: S* — R3.

Remark 6.11 (i) In view of (6.15), (6.18) and Lemma 6.4, we see that if ¢ < 0, then

. Q) V(f) 1
£ Ve(f.x0) >
et Y Z G+ 2l V) Heo )

forall f € Q. Thus, an elementary computation shows that (6.40) is satisfied provided

n(co, Ao, Vo) < 4m (1 + 1+ L(co, Ao, Vo))

for
lcol Vo

L(co, Ag, Vo) :=
2-92(Ag + %col Vo)

(i1) Using (6.16), (5.2) and (6.18), for all » > O and f € Q we have

sup Ve(f,x0) = sup /Ix —x0|72dL3(x) < dmr +r 2 V().
x0€ fIS?] x0€ fIS?] z

Minimizing over r > 0 yields the estimate V.(f, xo) < 3472 V(f))%. Thus, (6.40)
is satisfied for ¢y > 0 provided

fi(co. Ao, Vo) < 87 — 6co(472Vp)3.

(iii) For all ¢co < 0 and o > 36m, there ez(ists Ao, Vo > 0 such that Ag / \_/02 = o and
ii(co. Ao, Vo) < 87 forall 0 < Ag < Ag, 0 < Vp < Vo with A3/Vg = o. Indeed, in
view of (1.2), this is a consequence of [41, Lemma 1].
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Proof of Theorem 6.10 By (6.27), we have that

sup W(fx) < C(co, Ao, Vo) < o0.

keN
Hence, by Lemma 6.3 applied for cp = 0, there holds infycn diam fi [S?] > 0. Moreover,
after translations, we may assume 0 € f;[S?] for all k. Therefore, we can apply Lemma 6.8
to obtain f € Q injective such that, after passing to a subsequence,

Vi =V in V(R ask — oo,

where Vi, V are the oriented 2-varifolds in R3 associated with fx» f- The varifold conver-
gence implies A(f) = Ag and V(f) = Vp. Thus, by (6.25), f attains the infimum (6.39).
Let w € C®(S?, R?) and define f; := f + tw for t € R. By (6.9) and (6.13) we have

fi—> f in Wheo S R N w22(S% R ast — 0,
df, Adf, > df Adf in L2(S?; (A, T*SH) @ \,RY) as 1 — 0,
n; — n in L*S* Ry ast — 0

and the associated varifolds converge in V§ (R3). Moreover, it follows that f, € & for |¢]
small and W(f;) — W(f), Heo(ft) = Heo(f), and A(f;) — A(f) ast — 0. Hence,
similarly as in (6.37) and (6.38), we can combine Lemma 3.6 and Lemma 3.7 to deduce that
for some ¢ > 0 there holds

Heo (ft) +2c0 Ve(fi, x0) < 8w forall |t| < e and xp € f,[Sz].

It follows by Corollary 4.4 that f; is injective for |f| < ¢ and thus, by Lemma 6.6 and
Remark 6.7, f; € Q. Therefore, we can proceed as in [31] and [33] to deduce that f satisfies
the Euler—Lagrange equation givenin [31, Lemma 4.1]. Now, we can apply [31, Theorem 4.3]
to conclude that f is smooth. |

Theorem 1.6 is now a direct consequence.

Proof of Theorem 1.6 We will prove the theorem in the case where

47 (VT+ Lico, Ag, Vo) — 1) ifco <0,

[ (co, Ao, Vo) = N .
—6¢o (471' V0)3 if cg > 0,

with L(cg, Ag, Vp) as in Remark 6.11(i).

Let fi € Q be a minimizing sequence for (6.39). By Remark 6.11(i) and (ii), the choice
of I, and since 7(co, Ao, Vo) < n(co, Ao, Vo) as a consequence of Lemma 6.6, we find
that (6.40) is satisfied and hence the infimum (6.39) is attained by a smooth embedding
f: S? — R3, which implies that f is also a minimizer for (1.9) and thus 7(co, Ao, Vo) =
n(co, Ao, Vo). The last part of Theorem 1.6 follows from Remark 6.11(iii). ]

6.4 Positive total mean curvature

We recall the following inequality due to Minkowski [29]. If 2 C R? is a bounded convex
open subset with C2-boundary 92, then

1
3 / He dH? > VAnH2(0R), (6.41)

Q2
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with equality if and only if €2 is a ball. The quantity on the left hand side of (6.41) is called
total (scalar) mean curvature. With the help of Corollary 5.3, we can generalize (6.41) to a
class of nonconvex surfaces.

Theorem 6.12 Let f: = — R3 be an immersion of an oriented closed surface . If there
exists xo € R with Ve(f,x0) > 0and H(f) < 4717-[0(]‘_1 {x0}), then we have

1 -
= / He di =\ (47H0(F = (xo]) — ) A (6.42)

The assumption V.(f, xo) > 0 is especially satisfied if f is an Alexandrov immersion
and xo € R3 is arbitrary, see (5.1).

We would like to point out that it is possible to deduce (6.42) with the absolute value on
the left hand side from the classical Li—Yau inequality for the Willmore energy. However,
the question whether the total mean curvature is positive remains. In general, this has to be
answered in the negative; however, under certain convexity or symmetry assumptions on the
surface, the total mean curvature can be shown to be positive, cf. [12, Table 1]. In the case of
Alexandrov immersions, Theorem 6.12 provides a sufficient criterion for positive total mean
curvature if the CMC-deficit is not too large, depending on the concentrated volume and the
multiplicity at a point.

Proof of Theorem 6.12 Set § := 4nH°(f~'{xo}) — H(f) > 0. By Corollary 5.3 we have

SA(f) <2 / Hye die Ve(f. x0) — 4Ve(f. x0)°.
>

and therefore, using Young’s inequality and V.(f, xo) > 0, we find

stc du > SACS)
2 T AV(f, x0)
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